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Abstract

In this paper, we discuss MDP-the moment optimal problem for the first-passage model. A
policy improvement iteration algorithm is given for finding the k-moment optimal stationary

policy.

1. Introduction

Allowing for the risk factor Jaquette [5, 6] posed a moment optimality model for a
discounted Markov decision process. Sobel [15] presented a formula for the k-th
moment of the total discounted return. A minimal variance problem (that is, a two-
moment optimal problem) in optimal policies for the discounted MDP was discussed
in [2, 12]. A moment optimality model in which the discount factor is dependent on
history was discussed in [10]. For other works in the field see also Baykal- Giirsoy
and Ross [1], Filar, Kallenberg and Lee [3], Filar and Lee [4], Kawai [7], Chung {8,
9], Sobel [13, 14] and White [16].

This paper discusses the moment optimal problem for the first-passage model on
the basis of [11]. The first-passage model is also of practical interest. In particular,
the model can be applied to solve optimal control problems of reliability and queueing
systems and other controlled stochastic systems.

A k-moment is defined in Section 2. Some formulas for k-moments are given by
Theorem 2.1 in Section 2. Sufficient and necessary conditions for a policy & to be
a k-moment optimal policy are given by Theorem 2.6. Theorems 2.7 and 2.8 state
that the problems of the existence and calculation of a k-moment optimal policy (or
a moment-optimal policy) in the space of general policies can be changed into the
same problems in the space of deterministic stationary policies. Theorem 2.9 states
that there exists a stationary policy which is moment optimal if A is nonempty and
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finite. An algorithm of policy-improvement type is given in Section 3 for finding the
k-moment optimal stationary policy.

The first-passage model with denumerable state space is {S, A, q, r, Vi}, where the
state space S and action set A are nonempty and countable. Let S = {0,1,2,...},
So = {1,2,3,...}. A one-step reward r satisfies |r(i,a)] < M and r(0,a) = 0,
i € §,a € A. The symbol g denotes the family of stationary one-step transition laws:
when the system is in state { and we take an action a, the system moves to a new
state j selected according to the conditional probability g (jli, a), where g satisfies
q(0|0,a) = 1,a € A. A definition of criterion V, is given in Section 2.

The set of general policies w1 = (g, m), 72, ...) is denoted by I1. A mapping
f S — A is called a deterministic decision rule. Let F denote the set of all
deterministic decision rules f. For f € F, f® = (f, f,...) is called a stationary
policy. I1¢ denotes the set of all stationary policies. Obviously I1¢ C T1.

At any stage t(> 0), X, and A, denote respectively a state of the system and an
action taken in that state.

ASSUMPTION A. There exists a real number o > 0 and a positive integer N such that
Pixy =0lxg =i} > aforVm € I1, Vi € .

In the following, we assume that Assumption A is always true.

Let Xo = ip, Ag = ap, X1 = iy, A, = ay, ..., X, = i,. The sequence h, =
(io, ag, iy, ay, . .. , i,) is called a history up to stage n and H,(n > 0) denotes the set
of all A,,.

Let 1 = (o, 7, 72, ...) € I, h, = (i, ap,i1,a1,...,i,) € H(n > 1). The
policy n’ = (mg, 7y, ...) € Il is defined as follows. For ¥t > 0, Yh, € H,, define

JT;(alhl) = ﬂn+,(a|i0, Ao, ilvalq EE/ P hl)’ ac A'

Write 7’ = (g, dg, - - - » in-1, n_1) OF T’ = 7 (h,).
The following facts stated here without proof are derived in [11].

LEMMA 1.1. Letn > N, iy € Sy, w € I, then

Z PN{Xn = iIXO = 10} < (1 — a)["/N]’
ieS

where [ X] denotes the greatest integer which does not exceed X.

LEMMA 1.2.

* N
ZZP,,{X, =jlXo=i}s—  forVieS, Vz eIl

=0 jeSo
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PROOF. This follows immediately from the proof of Lemma 2.2 in [11].

Suppose X, = i and let T denote the smallest integer ¢ such that X, = 0. Let

T

V(r,i)=E, [Zr(X,, A)|Xo = i] , mell,ies.

=0

V(m, i) is the expected total reward obtained using the policy m starting from i. Let
V*(i) =supV(m, i),i €8S.

nell

THEOREM 1.1 (Optimality equation).

V*(i) = sup {r(i,a)+Zq(j|i,a)V*(j)], ies.
acA j€So
Let m € I, h, = (i, ap, 1, 4ay,...,i,) € H,. If P.{Xy = iy, Dy = ap, X) =
i, Ay =aiy, ..., X, = iy|Xo = ip} > 0, then h, is called a realizable history under
the policy 7.
Let

A*(Q) = la € Alr(i,a) + Y _ q(jli, @)V*(j) = V*(i)} , ieS.

jeSo

THEOREM 1.2. Leti € S, m € Il. Then a necessary and sufficient condition that
V(@r,i) = V*(@) is that for Yvn > 0, if h, = (i, ay, ... ,i,) is a realizable history
under the policy m and n,(alh,) > 0, thena € A*(i,).

PROOF. Similar to the proof of Theorem 2.4 in [11].

By Theorem 1.2 we have

COROLLARY 1.1. (1) If f(i) € A*(i) foralli € S, then V(f*,i) = V*(i) for all
i €S

2) Letie S, m = (my,my,...) € Nand V(m,i) = V*(i). If mp(ali) > O, then
a € A*(i).

COROLLARY 1.2 (Bellman’s optimality principle). Leti € S, 7 € Il and V(x,i) =

V*@i). Ifh, = (i,ae,i1,a,...,i,) (n = 1) is a realizable history under the policy
7, then V(r(h,), in) = V*(in).
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PROOF. Let 7w (h,) = (7§, |, 4, ... ) ¥m > 0. Lethy, = (iy, @0, i1, @1, - - . , i) € Hy
be a realizable history under the policy n(h,) and m, (alfl,,,) > 0. It is easy to see,
(i, @0, 01,1, - - ,in, @0, 11,8, ... ,in) is a realizable history under policy 7. By the
definition of w (h,),

7[,,+,,,(a|i, ap, il9al, ey in—lvan—l!hm) = ”,,n(alhm) > O,

by Theorem 1.2 (necessity), a € A*(i,). So, by Theorem 1.2 (sufficiency),
V(”(En), ln) = V*(ln)

THEOREM 1.3. If f* is optimal in T1¢ (that is, V(f*®,i) > V(g*®,i) for Vi € S,
Vg* € H‘;.), then f* is also optimal in 11 (that is, V(f*,i) = V(xn,i) for Vi € §,
Vo e I).

LEMMA 1.3. Let S be finite, f € F. If a set of numbers {V (i) : i € S} satisfies

Vi) =) _qGli, OV, i€,

j€So
then V(i) =0,i € .
Let V|, V, € R*(n = 1),V; = (V:(1), V:(2), ..., Vi(n)), i = 1, 2. Define
Vi =V, & Vi(i) = Va(i) for i=1,2,...,n.

ViV V>V, and Vi ;\é V..

2. The moment optimal problem

By the Cauchy criterion, we know that ) . ., n”(1 — &)!"~'/M is convergent for
p=12,....Let

e

D(a, N, p) = [ > —a)l"-‘/”l] + N?, p=12....

n=N+1
LEMMA 2.1. Leti € Sy, m €1, p=1,2,.... Then

E;[t?|Xo =il < D(a, N, p).
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PROOF. By Lemma 1.1,

o0
Exlt’|Xo=i1=) n’Pa{r =nlXo=1i)

n=1

N 00
=Y n'Plr=nlXo=i}+ Y n"P.it =n|Xo =i}
n=1 n=N+1
N
<N Y Pdr=nlXo=il+ 3. 1P PylXemy £ 01X = )
n=1 n=N+1
o0
< NPt < NiXo=i}+ ) n?(1—a)""V
n=N+1

< D(a, N, p).

So,by Lemma 2.1, wheni € S, m € I1, p=1,2,...,

E,[

DEFINITION 2.1. Let

T 14

D or(X, A)

=0

1Xo = i] < EIMP(x + 1) [Xo = ]

< CM)PEx(t” |Xo = i]
< 2M)"D(a, N, p). @1

k

Vi(m, i) = E, [Zr(X,,A,)] |Xo=ip, ieSmell, k=12,....
t=0

Let Vo(r,i)=1, i e S, m e Il

Itis easy tosee, V,(,0) =0, mr eIl, k=1,2,....
Because r (0, a) = 0 and ¢ (00, a) = 1, we have

k
o0
Vi(m, i) = E, [Zr(X,,A,)] Xo=i}, ieS,mel, k=1,2,.

1=0

THEOREM 2.1. Letw = (mp, 3, ... ) €I, i e S, k=1,2,.... Then

Vi(m, i) = ) molali) {Rk(i,a, )+ Y q(ili, a)Ve(n G, a), j)} ,

acA j€Ss
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where

k—1
Re(i,a,m) =) CIr'**(i,a))_ q(jli, @)V, (x(i, a), ),
p=0

jeSs
r*P(,a) = [r(i, a)]".
The definition of 7 (i, a) can be found in Section 1.

PROOF. Leti € Sy, k = 1, 2, .... By the total mathematical expectation formula,

00 k
Ve, i) = Ex § | D r(Xe, A) | [Xo =i
t=0
—w k
= m@DE, { | r(X, A) | [Xo=i,Mp=a
acA t=0

—

k
. (22}
=) mlali)E; r(i,a)+}:r(x,,A,)] 1Xo=1,40 =a
=1

acA

—

k-1
=) " mo(ali) [Z CirtrGi,a) Y q(jli, @)V, (x G, a), )+
p=0

acA j€S

Y qili,a)Velr G, a), j)]

jes
=Y mali) [Rk(z‘,a, )+ Y aGli, a)Vi(n (i, @), j)] :
acA jes

The proposition is obviously true for i=0.

Let M,(7t) = (-1D)""'Vi(n), m € 1,1 =0,1,2, ..., where V,(r) is a vector and
its i-th component is V,(,i),i € S.
Let M*(m) = (Mo(m), My(r), ... Mi(m)),mell, k=1,2,....

DEFINITION 2.2. Let k > 1, my, m, € T1. M*(m)) > M*(my) & 3n,1 <n <k,
such that M,(m,) = M,;(m,) forl < n and M, () > M,(r,).

Mt () > MY (m) <= M*(m) > M*(r,) or  M*(m) = M*(my).

DEFINITION 2.3. Let k > 1, n* € 1. If M*(*) > M*(x) for Vrr € II, then m* is
called a k-moment optimal policy in I1.

If 7* is a k-moment optimal policy in IT for all kK > 1, then 7* is called a moment-
optimal policy in IT.
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The set of the k-moment optimal policies in IT is denoted by IT(k)(k > 1). Let
IT1(0) = I1. The set of the moment optimal policy in IT is denoted by IT(0c0).

Obviously, I1(c0) = ﬁl [1(k). Itis easy to see by the definition that [T1(k) C TI1(k—1),
k>1. -

DEFINITION 2.4. Let Mj(i) = —1, 11(0,i) = I, i € S and define M:(i) and
Mn,i)i € S,n>1) asfollows. If [T(n — 1, i) # @, then

M(i)= sup M,(m,i),
nell(n—1,i)
(n,i) ={r € l(n - 1, )M, (n,i) = M, (i)},
where M, (, i) = (=1)"*'V,(n, i).
ItiseasytoseethatI[1(n,0)=11,n=0,1,2,.... By (2.1),
IM; ()| < 2M)"'D(a, N, n), ieS, n=12,.... 2.2)

DEFINITION 2.5. Let

n—1
R,G,a) = (=1)"" Y " CH=D"*'r"*(,a) > q(ili, a)M; (),
k=0 jes
ieS, acA, n=12,....

Let Aj(i) = A, i € Sand define A} (i) (i € S,n > 1) as follows. If AZ_ (i) # @
and I1(n — 1, j) #@forall j € S, then

%) = [a € A (D)IR.G, @) + Y qUili, )M ()

j€s
= sup [R"(i,&)+Zq(j|i,&)M:(j)“.
aeA;_, () jes

It is easy to see that R,(0,a) =0, ae€ A, n=1,2,...;and AX(0) = A, n =
0,1,2,....

THEOREM 2.2. Let k > 1.
(1) Let A;_,(i) # @ foralli € S, then

sup {Rk(i, a) +Zq(j|i, a)M,:‘(j)] = M; (i) forall ieS.

aeA;_, (i) jes
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(2) If f(i) € Ay(i) foralli € S, then f> € 'ﬂsl'l(k, i).
i€
Q) Let A;_,(j) # @D forall j € S. Leti € S,m € II(k,i). If mp(ali) > O, then
a € A;(i).
4 Let A;_,(j) #Oforall j €8 Leti € S,m € Il(k,i). If h, = (i, ap, i1,
ai,...,i,) € H(n > 1) is a realizable history under the policy n, then w(h,) €
I(k, i,).

PROOF. (Apply induction to k). We know that proposition (Theorem 2.2) is true for
k =1 by Theorem 1.1, Corollary 1.1 and Corollary 1.2.

Inductive hypothesis I: the proposition (Theorem 2.2) istrue for 1 <k <! — 1.

(1) Let A} (i) # @ foralli € S. We take f(i) € A;_,(i) for Vi € S. By the
inductive hypothesis I and (2) in Theorem 2.2, f* € .'an (-1,i). Soll(—1,i) #0
foralli € S.

ForVi € §,Vm € I1(l — 1, i), by Theorem 2.1,

My(m,i) =) mo(ali) {(—D’*‘R,(i, a,7) + ) _q(jli, )M, a), j)] :
acA jes

By the inductive hypothesis I and (4) in Theorem 2.2, 7 (i, a) € I1({ — 1, j) when
mo(ali)g(jli,a) > 0. So

Y~ m@li)(—D"*' R, a,7)

acA
molali)>0
-1
= Y m@li)(=1)* Y CIr PG a) Y gl a)M, (G, a), j)(—1)P"!
acA p=0 jes
no(ali)>0 q(jli,a)>0
-1
= Y mlal) =) Y CI=1 P a) Y gl a) M)
acA p=0 jes
molali)>0 q(jli,a)>0
= Y m@l)R(,a),
a€A
mo(ali)>0
and

Zjno(alz) Z q(jli,a)My(z (i, a), j) <Z7To(a|l)zq(1|l aM; (j).

ﬂo(ﬂ|1)>0 q(jli, a)>0 no(a|1)>0 q(jll a)>0

That is,

M, i) < Y mo(ali) {R,(i, )+ qUili, )M} ()

acA jes
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By the inductive hypothesis I and (3) in Theorem 2.2, a € A}_,(i) when mo(ali) >
0. Therefore we have

My(m,i) < sup {R,u, a)+ Zq(ju,a)M;(j)] .

aEA;_l (i) jes

By definition,

M;G) < sup {R,(i,a>+Zq<j|i,a)M,*<j)], ies. @3

acA;_ (i) ies

For each € > 0, we take f (i) € A}_,(i) for Vi € § such that

RGO gl F VMG sp )[R,o a+Y_ q(ili, a)M*(J)}
jes acA;_ (i jes

> M (i) — %‘" (2.4)

PROPOSITION Al. Leti € Sy. Then

m~1
D) Pred Xy = inlXo = i}Rilin, FGn)) + D Prod X = im| Xo = i}M; (i)

n=0 i, €So im€So

>M*(z)———ZZmeX =i |Xo=i}, m=12,....
n=0 i, €S
PROOF OF PROPOSITION Al. This follows immediately on applying induction to m (or
see the proof of (2.2) in [11]).

PROPOSITION A2. If g(i) € A}_,(i) foralli € §, then

m-—1

M(g®,i) =Y 3 PeolX, = ial Xo = i}Rilin, (i)

n=0 i,es
+ ) Peol Xy = inl Xo = i}M(g%, i) i€S, m=12,....
i €S
PROOF OF PROPOSITION A2. By inductive hypothesis I and (2) in Theorem 2.2, g™ €
NI{ —1,i). By Theorem 2.1,

i€eS

Mi(g%, i) = (=)' RiGi, 8G), ) + ) q(jli, g@)Mi (g%, j)

jes

= RiG, g0 +)_qGli, giNMi(g®, j), i€S. (25

Jjes
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By (2.5), we can prove that Proposition A2 is true by applying induction to m.
By Propositions Al, A2 and Lemma 1.2,

Mi(f®,0) = M} () — €+ ) Pro{Xm = im|Xo = iXM,(f®, im) — M} (im)),
in€S0
i€eS, m=12,....
By Lemma 1.1 and (2.1), (2.2)
M (f®,i)=M; (i) —€ —2(1 —a)"™M@2M)' D(e, N, 1), i€ Sop,m=N,N+,....

Letm — co. We have M,(f*,i) > M (i) —€,i € S.

So, by (2.5), (2.4)
M; (i) = Mi(f*,i) = Ri(i, f()) + gq(ni, FEMIF®, ))
r
> R, £()) + qu(jli, FENIM; () — €]
I
= RiGi, f() + ijqmi, FOIM () —€
Jj€

> sup {R,(i,a)+Zq(j|i,a)M,"(j)]—e—a—e, ies.

achi, () ies N
That is,
. . . . €a .
M:()> sup {R(G.a)+ ) q(li,a)M; () - -6 ie€s
acA;_ (i ;
€A]_ () jes

If we let ¢ — 0, we see that (1) is true for £ = [ combining (2.3).
(2) Let f(i) € A;(i) foralli € S. Obviously f(i) € A;_,(i) foralli € S. By the
definition of A} (i),

R f Q)+ _gGili.f@)M; ()= sup {R,(i, a+y_ qGli, a)M,‘(j)] , i€Ss.
j€s acA;_ (i) jeS
We have from the above proof of (1) that
M, (f*, i) = M (i), ies. (2.6)

By inductive hypothesis I and (2) in Theorem 2.2, f*® € .nsl'l(l - 1,i). So
1€
M(f*,i) < M/(i), i € S. From (2.6) we have f* € _ﬂsl'l(l,i), that is, (2) is
1€
true for k = I.
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(B) Let A} ,(j) # D forall j € S. Leti € S,m € I1({,i). Obviously 7 €
I( — 1, i). By inductive hypothesis I and (3) in Theorem 2.2, a € A;_,(i) when
n(ali) > 0. So

mo(ali) { RiG, @)+ _q(jli, a)M;(j)} <
jes

mo(ali) sup {R,(i,E) + Zq(jli,b’)M,*(j)} , acA. 2.7

aeA;_, () s
We know from the above proof of (1) that

M} () = My(m, i) < Y molali) [ R, a)+_ q(ili. a)M,*(j)}

acA jes

<> molali) sup [R,(i,a)+Zq(j|i,a>M,*<j>]

acA aeAl () jes

= sup [R,(i,a)+Zq(j|i,a)M,*(j)}=M,*<i>.

aeA;_ () jes
So

Y molali) { R, a)+ ) _ q(li, a)M,*(j)}

acA jes

= 7o(ali) sup {R,(i,a)+Zq(j|i,a)M,*(j>}. 2.8)

acA aeA; jes
By (2.8) and (2.7),
molali) [R,(i, a) + Zq(ju,a)M,*(j)]
jes

= mo(ali) sup {Rl(i,t_l) + Zq(jli,E)M,*(j)} , acA.

aecA;_, (i) ies
Therefore, when mo(ali) > 0, we havea € A;_(i) and
R, a)+ ) qUli, M () = sup {RG. @)+ q(li, a‘)M,*(j)l :
jes aeA;_ (i) jes

that is, a € A/ (i). So (3) is true for k = 1.
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(4) Let A;_,(j) # @D forall j € S. Leti € S, 7 € II{,i) and h, = (i, ap, iy,
ay,...,i,) (n > 1) be a realizable history under the policy 7. We shall prove that
n(h,) € 11, i,).

(Applying induction to n). Let n = 1 and hy = (i, ao, {;) be a realizable history
under the policy . Obviously 7 € (I — 1,i). We have from the above proofs of
(1) and (3),

M} G) = M(n, i) = Y mo(ali) lR,a, &)+ q(jli, )M (G, a), j)}

acA jes

<Y mo(ali) {R,(i,a) +Y_qGli, a)Mf(j)]

acA JjesS
< M/ ().
Therefore
Y mo(ali) Y qili, a)Mi(x (i, @), j) = ) _ mo(ali) ) q(jli, a)M; (j). (2.9)
acA jes acA jes

By inductive hypothesis I and (4) in Theorem 2.2, w(i,a) € II( — 1, j) when
no(ali)g(jli,a) > 0. So

mo(alidg(jli, )My (e (i, a), J) < mo(alidg(jli, a)M;(j), acA,jeS. (210)
By (2.9) and (2.10),
mo(ali)g(jli, )M, (e (i, a), j) = mo(ali)g(jli, )M (j), a€ A, j€S.

So, when mo(apli)q (i1 i, ag) > 0, we have m (i, ap) € IT1(I —1,i;) and M,(;w (i, ap), i))
= M} (i), that is, n(h) € T1{, iy). The proposition is true for n = 1.

Suppose the proposition is true for n. Let b,y = (i,a0,i1,ay,... ,ip11) be a
realizable history under the policy 7. It is easy to see that h, = (i, aq, i1, a1, ... , in)
is also a realizable history under the policy w. By the supposition that w(h,) €
I, i,), it is also easy to see that 7, (a,|h,)q (ins11in, az) > 0, that is, (i,, a,, ip41) iS
a realizable history under the policy 7 (h,). Applying the result for n = 1, we have
T () = 7(hy) (i, ax) € T1(, i,+1), that is, the proposition is also true for n + 1.
So (4) is true fork = [.

COROLLARY 2.1. Letk > 1, A:_,(j) # @ forall j € S. Leti € S, TI(k, i) # ©. Then
AL # 0.

PROOF. This follows immediately from Theorem 2.2(3).
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COROLLARY 2.2. Letk = 1. If A;(i) #@ foralli € §, then _ﬂsI'I k,i) #0.
i€

PROOF. This follows immediately from Theorem 2.2(2).

COROLLARY 2.3. Letn > 1. Then
Mn, j)#0Oforallje S > A,(j)#Bforall j €S.

PROOF. (<=) This follows immediately from Corollary 2.2.
(=) (Apply induction to n). The proposition is true for n = 1 by Corollary 2.1.
Supposeitis true forn. Let [T(n+1, j) # @ forall j € S. Obviously [(n, j) # @
forall j € S. So A;(j) # @ forall j € S. By Corollary 2.1, A}, (j) # @ for all
j € S. That is, the proposition is also true for n + 1.

THEOREM 2.3. Let k > 0, A;(i) # D foralli € S. Then Ve > 0, 3f* such that
f@) € A;(i) foralli € S and

M (f%,0) = M, (i) — e, ies.

PROOF. The case for k = O corresponds to Theorem 2.2 in [11]. We know that the
proposition is true for £ > 1 from the proof of Theorem 2.2(1).

THEOREM 2.4. Let k > 1, A;_(j) # @ forall j € S. Leti € S. Thenm €
Mk,i) <= Vn >0, ifh, = (i,a,i1,ay,...,i,) is a realizable history under the
policy w and m,(alh,) > O, then a € A;(i,).

PROOF. (=) Let n > 1. By Theorem 2.2(4), n(h,) € T(k,i,). Let m(h,) =
(g, ), 7y, ...). It is easy to see that my(ali,) = m,(alh,), a € A. By Theorem
2.2(3), a € A;(i,) when m,(alh,) > 0.

Let n = 0. By Theorem 2.2(3), a € A;(i) when my(ali) > 0.

(<) (Apply induction to k). The proposition is true for k = 1 by Theorem 1.2.
Suppose the proposition is true for 1 < k <! — 1. We consider the case that k = /.

Let A} ,(j) # @ forall j € S andleti € S. By the inductive hypothesis and the
sufficiency supposition, m € IT(I — 1,i). We have from the proof of Theorem 2.2(1)

that
My(m, i) =) _ molali) {R,(i, @)+ q(ili, a)M,(n (i, a), j)] @1
acA jes
Let m > 0. By Theorem 2.2(4), when P,{Ag = ap, X, =i, A =a),... , Xny1 =

ins11Xo =i} > O, wehave (i, ap, i1,a;, ... ,im, an) € TI(I—1,iny). So,by(2.11),
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when P, {A¢g =ay, X, =i, Ay =ay, ..., Xny1 = inp1|Xo =i} > 0, we have

Ml(ﬂ(i, a, ilyal, sy imy am)’ im+l)

= Z n’,,,+1(a,,,+1|i, ap, il,alv ey im+l) [Rl(im+l’ am+l)

m+1€A

+ 3 qlimsalimets Gms) M (TG, G0, iy, @1, iy @) (st Gt )

im42€S
Therefore, we have

Y Pldo=an Xi=inAr=an,..., Xpi = inna]Xo = i} x

ag€A i ES,
a€A,... im31€S

M[(ﬂ'(i, qap, i], Ay, ...y imy am)aim-H)
= Y PlAo=ag,Xi=ir,Ai=ay, ..., Xpp = inn|Xo =i} X
apg€eA i €S,

ay€A,... ins1 €S

Y i1 @nilis o, it @1 - ims1) Rilimsr, Q)

m | EA

+Y i1 @nilis G0, 11,015 - s ims1)G Gimszlimsn, Gma) X

am41€A,
im+2€s

Ml(ﬂ(i’ ap, ilv ay, ..., imy an, im+11 am+l)a im+2)

= PelXmi1 = ims1, Ang1 = @it} Xo = i} R (ims1, Q)

im+lES
An+1€A

+ ) PelBo=a0, Xi =i, Ay =ay, ..., Xniz = imsal Xo = i} X

ag€A i\ €S,
ay€A,... ins2€S

M[(ﬂ'(i, Qo, ilyaly-~- ,im+lsam+l),im+2)y m 20- (2'12)

By (2.11) and (2.12), it is easy to prove by induction that

m

M, i) =" 3" PulXp =i, &y = aa|Xo = i}Ri(in, @n)

n=0 i,€S,a,€A

+ ) PlAo=a0, Xy =i, Ay=ay, ..., Xns1 = imnl Xo = i} X

Qp€A €S,
ay€A,... im4) ES

Ml(n(ia o, il9al’ e ,imy am)a im+l)9 m = 01 1) 2’ e
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By the sufficiency supposition, a € A; (i) when my(ali) > 0. So, by Theorem 2.2(1),

M; (@) =) mo(ali) {Rl(i, a)+ ) q(ili, a)M,‘(j)} : @.13)
acA j€s

Let m > 0. By the sufficiency supposition, when P, {A¢ = ao, X, = i}, A, =

aiy -y Xmy1 = ima1lXo = i} > 0, if mpiy@nitli, ao, i1, ar, ..., imy1) > 0, then

Ami1 € Af(imy1). So, by Theorem 2.2(1), when P,{Ay = ap, X; = i1, A =

Aly ooy Xmyp1 = ims1|1Xo =i} > 0, we have

M (ins1) = ) Tomp1@niilis @0, v, a1, . i) [R,(im+,, Oms1)+

am41 EA

D qGlims1, amH)M;(j)} :

j€s
Therefore, we have

D Plbo=a0, Xy =i Ar=ai, ..., Xpst = imst] Xo = i}M] (i)

ag€A.i €S,
a €A, ... imy1 €S

= Y PdAo=a0, Xy =i, A =ay,..., Xnp1 = iny|Xo = i}

aoGA,hGS,
a €A,... ,im+| €S

+ Z Tms1@mytli, a0, iy, a1, .., igy) [Rl(im+lv Apy)

A1 €A

+ D q(lime, am+,>M,*(j>}

jes
=E Pn{Xm+l = im+la Am+1 = am+l|X0 = i}Rl(imH, am+l)

im+l€s
amy €A
+ Y PlBo=ao, Xy =i, Ai=ai,..., X2 = ims2l Xo = i} M} (ims2),
aoéA,ﬁES,
a|€A,... .int2€S
m > 0. (2.14)

By (2.13) and (2.14), it is easy to prove by induction that

m

Mi@D)=) Y. PulXy=in Ay = a,|Xo = i}Ri(is, @n)

n=0 i,€S,a,€A

+Y P{Ao=a0, Xi = i1, Ar=ay,..., Xps1 = imi1| Xo = ()M} (imsa),

ag€A i €S,
aj€A,... ,i,,,+|ES

m=20,12,....
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So, when i € S, by (2.1), (2.2) and Lemma 1.1,
|My(r, i) — M; (i) < Y PiMo=ap,Xi =i, A =a,...,

ag€A i €S,
A1€A, ... in€S.07€A,in1€S

X+t = ims11Xo = i} 2QM)' D(e, N, 1)
= D PulXp1 = imnlXo = i)2@M)' D(@, N. 1)

im+l ESI)

< (1 —-a)™VN202M)Y D, N, 1), m=N,N+1,....

Letm — oo. We have M;(m,i) = M/ (i). Sonw € I1{,i) (ifi =0, thenw € I1 =
I, 0) obviously). The proposition is also true for k = I.

Obviously Theorem 2.4 is an extension of Theorem 1.2.
THEOREM 2.5. Let k > 0. Then T1(k) = _nsn(k, i).
i€

PROOF. (Apply induction to k.) The proposition is true for k = 0 obviously. Suppose
the proposition is true for0 < k <! — 1.

Let w € T1(l). It is easy to see that ¥ € I1(! — 1). By the inductive hypothesis,
e .-an(l — 1,i). By Corollary 2.3, A;_,(i) # @ foralli € S. By Theorem 2.3,
Ve > 0,3 such that f(i) € A;_ (i) foralli € S and

Ml(fwvi)zM[*(i)_e, ie€es.

By Theorem 2.2(2) and the inductive hypothesis, f* € Il(I — 1). Since &, f* €
M — 1), therefore M'~!(x) = M'“'(f*). Since n € TI(l), therefore M'(r) >
M'(f*). Hence M;(m,i) > M,(f*,i)foralli € S, that s,

M, (i) > M (i) — €, i €8S.

Let € — 0. We have M;(m,i) = M(i) foralli € S. Som € .ﬂsI'I(l,i), that is,
1€
Iny) c .F}I'I(l,i).
1€
Letm € _ﬂsl'l(l, i). Itis easy to see that m € QH(! — 1,i). By the inductive
i€ 1€

hypothesis, 7 € T1(I — 1). Choose any # € I1. Obviously M'~!(z) > M'-'(7). If
M'~'(m) > M'-'(7), then

M () > M' (7). (2.15)

If M'-Y(r) = M'"'(), then # € TI( — 1). By the inductive hypothesis, 7 €
‘ﬂsﬂ(l —1,i). Since 7 € .ﬂsl'l(l, i), we have M;(;t) > M,(ir). Hence
i€ i€

M'(r) > M' (7). (2.16)

https://doi.org/10.1017/50334270000000850 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000850

558 Liu Jianyong and Liu Ke [17y

By (2.15)and (2.16), M'(r) > M'(). Therefore m € T1(}), thatis, .ﬂsl'l(l, i) C Iq).
i€
To sum up, we know that the proposition is true for k = /.

THEOREM 2.6. Letk > 1. Thenn € T1(k) <= Vn > 0ifh, = (iy, a0, i1, Q15 - - - , ip)
is a realizable history under the policy w and n,(alh,) > 0, thena € A;(i,).

PROOFE. (=) Let m € I(k). By Theorem 2.5, = € 'ﬂsl'l (k,i). By Corollary 2.3,
i€

Ai(i) # P foralli € S. Obviously m € Il(k,ip). By Theorem 2.4,if h, =
(ig, ag, iy, a1, ... ,i,) (n > 0) is arealizable history under the policy 7 and 7, (a|h,) >
0, thena € A;(i,).

(<) Choose any i € S. We take a € A such that my(ali) > 0. By the sufficiency
supposition, a € A;(i). So A;(j) # @ for all j € S. By the sufficiency supposition
and Theorem 2.4, 7 € I1(k, i) foralli € S. By Theorem 2.5, & € I (k).

Obviously this theorem is an extension of Theorem 2.4 in [11].

COROLLARY 2.4. m € I1(00) < Vn >0, if h, = (i, ao, i1, ay, - .. , i) is a realiz-
. o]
able history under the policy w and ,(alh,) > O, thena € kr_llA,’:(i,,).

PROOEF. This follows immediately from Theorem 2.6.

THEOREM 2.7. (1) Letk > 1. IfTI(k) # @, then 3f* e T1(k).
(2) IfTI(00) # B, then Af™ € TI(cc).

PROOF. (1) By Theorem 2.5 and Corollary 2.3, A;(i) # @ foralli € S. We take
f@) € Aj(i) foralli € S. By Theorem 2.2(2) and Theorem 2.5, f*° € T(k).

(2) We take € T1(00) and Vi € S takea € A such that my(ali) > 0. By Corollary
24,a € [\ A;G). Thatis, § A7) # O foralli € S. We take £(i) € A A}() forall
i € S. By Corollary 2.4, f* € I1(c0).

THEOREM 2.8. (1) Let k > 1. If f* is a k-moment optimal policy in T1¢ (that is,
MK (f®) > M*(g™) for all g* € T1%), then f* € (k).
(2) If f* is a moment optimal policy in T1¢, then f* € T1(00).

PROOF. (1) (Apply induction to k.) The proposition is true for K = 1 by Theorem 1.3
and Theorem 2.5. Suppose the propositionis trueforl <k <l - 1.

Let f* be a /-moment optimal policy in I1¢. It is easy to see that f* is a
(I — 1)-moment optimal policy in I1¢. By the inductive hypothesis and Theorem 2.5,
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fPenid -1 = .ﬂSI'I(l —1,i). By Corollary 2.3, A;_,(i) # @ foralli € S. By
113
Theorem 2.3, Ve > 0, 3g* such that g(i) € A;_,(i) forall i € § and

M(g®,i) > M (i) —€, i€S.

By Theorem 2.2(2) and Theorem 2.5, g® € I1(l - 1). So M'~'(g®) = M'"'(f*).
By the supposition, M'(f®) > M'(g*). So M;(f>, i) > M;(g®,i),i € S. Hence

M, (f,i) = M/ () — ¢, ies.

Lete — 0. Wehave M;(f*°,i) = M;(i),i € S. By Theorem 2.5, f* € _QSH(I, i)=

T1(}). That is, the proposition is true for k = I. The proof of (1) is complete.
(2) This follows immediately from (1).

Theorems 2.7 and 2.8 state that the problems of the existence and calculation of a
k-moment optimal policy (or a moment optimal policy) in IT can be changed into the
same problems in IT¢.

THEOREM 2.9. If A is nonempty and finite, then 3f* € T1(co).

PROOF. Let A be nonempty and finite. By the definition of A; (i) and Corollary 2.3,
A;(i) # @ forVi € §,Vk > 1. Because A is finite and A; (i) C A;_,(i),i € S,k > 1,

it is easy to see that lﬁA,‘(‘(i) # P foralli € S. Wetake f(i) € ﬁlA;(i) foralli € S.
By Corollary 2.4, f*° € T1(00).

THEOREM 2.10. Fork > 1, let f* € TI(k — 1). If

M (f®,i) = sup {Rk(i,a)+Zq(jli,a)Mk(f°°,j) foralli €S,

acA;_, (i) es
then f* e (k).

PROOF. By Theorem 2.5 and Corollary 2.3, A;_,(i) # @ for alli € S. By Theorem
2.3, Ve > 0,3g* such that g(i) € A;_,(i) foralli € S and

M (g7, i) > M;(i)—¢, i€S.
By the supposition,

R (i, g(1) + ZQ(J'II', EUNM(f™, ) < M (f%, ), ies.

jes
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Imitating the proof of Theorem 2.2(1), we have
Mk(foo) I)ZMk(gm, l)! i € Sa

that is,
M (f®, i) > M (i) — ¢, ies.

Let ¢ — 0. We have
M (>, 1) > M; (D), ies.

By Theorem 2.5, f* € _ﬂsﬂ(k—],i). So, by Theorem 2.5, f* € .ﬂsl'l(k, i) = I(k).
1€ 1€

3. Algorithm

We shall now give an algorithm of policy-improvement type for finding a k-
moment optimal stationary policy. In this section we suppose that S and A are finite.
By Theorem 2.9, there exists a f°° which is a moment-optimal policy. Obviously, f*
is also a k(= 1)-moment optimal policy.

THEOREM 3.1. Letk > 1, f* € II(k — 1). The equation

R, fG)) + ) qli, FUNV () = V), i €S, 3.1

j€So
possesses a unique solution V(i) = M, (f*,i), i € S.

PROOF. By Theorem 2.1 and 2.5, {M,(f*,i) : i € S} is a solution of (3.1). By
Lemma 1.3, the solution of (3.1) is unique.

By solving (3.1), we can find M, (f*, i),i € S.

THEOREM 3.2 (Policy improvement). Fork > 1, let f* € II(k—1). Ifg(i) € A;_, (i)
foralli € S and

Ri(i, g + D q(ili, giNWM(f™, J) = Mi(f, i) foralli € S,

jes ’
then M (g®) > M, (f*).

PROOF. The proof is similar to that of Theorem 2.2(1). Note that, by Theorem 2.5 and
Corollary 2.3, A;_, (i) # @ foralli € §.
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Let k > 1. By Theorem 2.9, 3f* € IN(k — 1). We take f5° € IT(k — 1). By
Theorem 2.5 and Corollary 2.3, A;_,(i) # @ foralli € §. fX(n =1,2,...)is
defined as follows: Vi € S, we take f,(i) € A;_,(i) such that

max {Rk(i, a) + Y _q(jli, M2, J)

acA;_ (i) o~

= Ri(i, f2(i)) +Zt1(jli, FaOIM(f2 ). (3.2)

JjEeS

THEOREM 3.3. Let k > 1. For f>° (n =0, 1,2, ...) defined above, we have
M) M(fP) = M (f2),n=12,....

(2) 3ng > O such that Mk(fn?) = My (fo)-

) IM(f7) = Mi(£2,), then [ € TI(k).

PROOF. (1) By Theorem 2.2(2) and Theorem 2.5, £ € I1(k — 1), n > 0. By
Theorem 2.6, f,(i) € A;_,(i),i € S, n > 0. By Theorem 3.1 and 3.2, (1) is
true.

(2) Because S and A are finite, l'l‘j is finite. Condition (2) is true from (1).

(3) From Theorem 3.1 and Theorem 2.10, (3) is true.

Letk > 1. An iteration algorithm for finding a k-moment optimal stationary policy
is stated as follows:

(1) I < 1. Choose any f§° € IT¢.

(2) By (3.2), with the policy improvement iteration starting from f5°(replace k
by I in (3.2)), we can find g™ € I1({!) (see Theorem 3.3). By Theorem 2.5,
M (g®,i) = M}(i),i € S.

(3) Ifl =k, then stop. We have g* e TT1(k). If | < k, then go to (4).

(4) By the definition of Aj (i), we find A (i), i € S. Obviously A;(i) #0,i € §.

5) l<l+1. Let fy=g. Goto (2).

By the above algorithm, we can find A;(i),i € S,k > 1. We take f(i) € :rle,j(i)
foralli € S, then f* € I1(00) (see the proof of Theorem 2.9).
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