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WEAKLY PROJECTIVE AND WEAKLY INJECTIVE MODULES

S.K.JAIN, S. R. LOPEZ-PERMOUTH, K. OSHIRO AND M. A. SALEH

ABSTRACT. A module M is said to be weakly N-projective if it has a projective cover
m: P(M) —» M and for each homomorphism ¢: P(M) — N there exists an epimorphism
o: P(M) — M such that p(kero) = 0, equivalently there exists a homomorphism
@:M — Nsuchthat go = ¢. A module M is said to be weakly projective if it is weakly
N-projective for all finitely generated modules N. Weakly N-injective and weakly injec-
tive modules are defined dually. In this paper we study rings over which every weakly
injective right R-module is weakly projective. We also study those rings over which ev-
ery weakly projective right module is weakly injective. Among other results, we show
that for a ring R the following conditions are equivalent:
(1) Ris a left perfect and every weakly projective right R-module is weakly in-
jective.
(2) Ris adirect sum of matrix rings over local QF-rings.
(3) Ris a QF-ring such that for any indecomposable projective right module eR
and for any right ideal I, soc(eR / el) = (eR / eJ)" for some positive integer n.
(4) R is right artinian ring and every weakly injective right R-module is weakly
projective.
(5) Every weakly projective right R-module is weakly injective and every weakly
injective right R-module is weakly projective.

0. Introduction. The purpose of this paper is to study certain relations between the
concepts of weakly injective and weakly projective modules. Let M and N be right R-
modules. We say that M is weakly N-projective if M has a projective cover m: P(M) — M
and every homomorphism ¢: P(M) — N can be factored through M via some epimor-
phism (not necessarily equal to 7). Equivalently, a module M is weakly N-projective if it
has a projective cover m: P(M) —» M and given any homomorphism ¢: P(M) — N, there
exists X C ker ¢ such that P(M) / X = M. A module M is said to be weakly projective
if it is weakly N-projective for every finitely generated module N. Dually, a module M
is said to be weakly N-injective if for each homomorphism ¢: N — E(M) there exists a
monomorphism o: M — E(M) and a homomorphism ¢: N — M such that ¢ = 0¢. M is
called weakly injective if it is weakly N-injective for each finitely generated module N.
Equivalently, a module M is weakly injective if for every finitely generated submodule
N of the injective hull E(M) of M there exists X C E(M) suchthat N C X = M. A mod-
ule M is said to be tight if for all finitely generated modules N, N embeddable in E(M)
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implies N is embeddable in M. Clearly, every weakly injective module is tight. However,
the converse does not hold (¢f, [11]).

It is well-known that quasi-Frobenius rings can be characterized by any one of the
following properties: (1) each projective module is injective; (2) each injective module
is projective. Theorem 3.7 of our paper characterizes those left perfect rings R over which
each weakly projective right R-module is weakly injective precisely as direct sums of
matrix rings over local QF-rings. Under the hypothesis that each weakly injective right
module over aring R is weakly projective, it is shown that R is a two-sided perfect right
pseudo-Frobenius ring (PF-ring). (Proposition 4.2 and Theorem 4.5). Theorem 5.4 shows
that R is a finite direct sum of matrix rings over local QF-rings if and only if each weakly
projective right module is weakly injective and also each weakly injective right module
is weakly projective. The proofs of our main results depend upon several key lemmas,
and other known results contained in [1, 6, 7, 8, 9, 11].

1. Definitions and notation. A submodule N of a module M is said to be a small
(superfluous) submodule if the only submodule K of M suchthat K+ N = M is K = M.
A small module N in M is denoted by N < M. A superfluous cover of a module M
is a module P together with an epimorphism p: P — M such that kerp is small in P.
Equivalently, one may think of a superfluous cover for M as being a module P such that
P/K 2 M for some small submodule K C P. A projective superfluous cover of M will
be referred to, as is customary, as a projective cover, denoted by P(M). An essential (or
large) submodule N of M is denoted by N C’' M. E(M) will denote the injective hull
of M. soc(M) and rad(M) will denote respectively the socle and radical of a module M.
A ring R is called a right q.f.d. ring if and only if every cyclic right R-module has a
finitely generated (possibly zero) socle. This is equivalent to saying that every cyclic
(finitely generated) right module has finite Goldie dimension. All rings with right Krull
dimension are right q. f. d. In particular, right noetherian rings are right q.f.d. A ring R
is called a right CEP-ring if every cyclic right R-module is essentially embeddable in a
projective module. For any submodule K of a module N the natural inclusion map will
be denoted by ix: K — N and the natural projection by mx: N — N/K. The arrow —»
serves to emphasize that the corresponding map is an epimorphism.

In this paper we assume all modules are unital right R-module unless otherwise indi-
cated. Our terminology is same as [3], [5] and [10], unless otherwise defined.

2. Preliminaries. In this section we begin with listing some of the basic results on
weakly injective and weakly projective modules which we shall need throughout this
paper.

LEMMA 2.1 [7, PROPOSITION 1.1]. Let M and N be R-modules. If M is weakly N-
injective, then M is weakly N | K-injective for each submodule K of N. In particular, M
is weakly injective if and only if M is weakly R"-injective for all n € Z*.

LEMMA2.2. (1) Thefinite direct sum of weakly injective modules is weakly injective.
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(2) Let N C' M be right modules such that N is weakly injective. Then M is weakly
injective.

(3) A right module M is weakly injective iff for any n € Z* and x4, ...,x, € E(M)
there exists a submodule X C E(M) such that x; € X = M, for all i. In particular, M
is weakly R-injective if and only if every cyclic submodule of E(M) is contained in a
submodule X of E(M) isomorphic to M.

PROOF. (1) See [8, Proposition 1.7 and Remark 1.5].
(2) Clear.
(3) See [8, Remark 1.5].

LEMMA 2.3 [8, THEOREM 1.11]). A semiperfect ring R is right CEP if and only if R is
right artinian and every indecomposable projective right module is weakly R-injective.

LEMMA 2.4 [11, THEOREM 3.1]. Over aright q.f.d. ring R, a module M is weakly
injective if and only if each finitely generated module N which is embeddable in E(M) is
indeed embeddable in M (i.e. M is tight).

LEMMA 2.5 [1, THEOREM 1]. The following statements are equivalent for a ring R:
(1) Risarightq.f.d. ring.

(2) Eachdirect sum of indecomposable injective right R-modules is weakly injective.
(3) Each direct sum of weakly injective R-modules is weakly injective.

LEMMA 2.6 [11, PROPOSITIONS 2.1 AND 2.3]. Let R be aring and let M be a semisim-
ple right module. Then there exists an infinite cardinal R such that M & E(M®™) is weakly
injective. Consequently, this result holds also for any right R-module with essential socle.
Moreover, if R is a right q.f. d. ring then the result holds for any right module M.

The remark which follows gives that over a q. f. d. ring there exists a weakly injective
module K such that M @ K is weakly injective for all modules M.

REMARK 2.7. Let R be a q.f.d. ring and F be the family of all indecomposable
injective R-module (up to isomorphism). If K = @ger T (E)“ where w is countably
infinite then M @ K is weakly injective for all modules M.

PROOF.  Since every indecomposableinjective module is the injective hull of a cyclic
module, the replacement axiom of set-theory yields that ¥ is a set (rather than a class).
Over a q.f. d. ring each finitely generated module N is embeddable in a finite direct sum
of indecomposable injective modules. This yields that N is embeddablein K. Thus M@K
is weakly injective.

LEMMA 2.8. [2, THEOREM 3.3]. Let R be a left or right perfect ring. Then R is right
weakly injective as a right R-module iff R is right self injective.

For reader’s convenience we provide here the proofs of basic results on weakly pro-
jective modules contained in [9], which will be used in the sequel.
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LEMMA 2.9. A right module M is weakly projective if and only if M is weakly R"-
projective for all positive integers n.

PROOF. We need only show that if M is weakly R"-projective for all positive integers
n, then it is weakly projective. Let N be a finitely generated module and let ¢: P(M) — N.
Since N is finitely generated, there exists an epimorphism p: R" —» N for some n € Z*.
The projectivity of P(M) yields the existence of a homomorphism ¢’: P(M) — R" such
that pp’ = . Since M is weakly projective, there exists X C ker ¢’ such that P(M) /X =
M. On the other hand ker ¢’ C ker ¢, proving M is weakly N-projective.

LEMMA 2.10 [9, PROPOSITION 2.7 AND LEMMA 2.9]. (1) Over an arbitrary ring,
a finite direct sum of weakly projective right modules is weakly projective. Over a right
perfect ring, any direct sum of weakly projective right modules is weakly projective.

(2) Let M be a weakly projective right module over a semiperfect ring. If the pro-
Jjective cover P(M) may be expressed as S ® K, with S finitely generated, then M has a
direct summand isomorphic to S. In particular, a finitely generated or an indecomposable
weakly projective right module is projective.

Proof. (1) This is straightforward.

(2) Since S is finitely generated, M is weakly S-projective (Lemma 2.8). Thus the
projection map m;: P(M) — S factors through M, yielding an epimorphism 7j: M — .
Since S is projective we get that M =2 S @ Ker 7/, proving our claim.

REMARK 2.11. Let R and S be Morita equivalent rings with T: Mod -R — Mod -S,
being an equivalence between the categories of right R-modules and right S-modules.
If M is a weakly projective (weakly injective) right R-module then T(M) is a weakly
projective (weakly injective) S-module.

PROOF. Straightforward from Lemmas 2.1 and 2.9.

LEMMA 2.12 [6, COROLLORY 1.12]. A left perfect and right self-injective ring R is
QF iff every cyclic right R-module embeds in a free module.

LEMMA 2.13 [12, THEOREM 2(4)]. Every right module over a QF-ring can be ex-
pressed as a direct sum of a projective module and a singular module.

We conclude this section with some examples of weakly projective modules which
are not projective.

EXAMPLES 2.14. (1) Let R be a uniserial ring which is not a division ring (e.g.
Z/(p"),p prime), and § = soc(R). Then, as a right R-module, R/S X R is weakly R-
projective but not R-projective (see [9, Proposition 2.11]).

Furthermore, the right R-module M = R/S x R“), where w is infinite cardinal, is
weakly projective but not projective.

(2) Let R be a right perfect ring, and L be the direct sum of submodules (up to iso-
morphism) of all finitely generated free right R-modules. Then M = L&® (P(L))(a) where
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a > |R| is weakly projective. Indeed for each right R-module K, M @ K is also weakly
projective. (see [9, Theorem 3.1]).

We should emphasize that the definition of weakly projective module requires that the
module has a projective cover.

3. When weakly projective modules are weakly injective. It is an open question
whether a (one-sided) perfect, one-sided self injective ring is QF (cf., [4], [6]). The next
theorem is a result in that direction.

THEOREM 3.1. Let R be a left perfect ring such that every projective right R-module
is weakly R-injective. Then R is a QF-ring.

Proof. We first show that every cyclic right R-module embeds in a free module. Since
R is projective then, by hypothesis, R is right weakly injective. Using Lemma 2.8 we
conclude that R is right self-injective. Then R is a right PF-ring [10, Theorem 12.5.2]. If
C is a cyclic right R-module, then § = soc(C) is essential in C and S embeds in a free
right R-module F, say. Now E(C) = E(S) C E(F) and F is weakly R-injective. Thus
C C X & F for some submodule X. By Lemma 2.12, we conclude that R is a QF-ring.

PROPOSITION 3.2. Let R be a QF-ring and let Mg be an R-module. Express M =
E®K, where E = @ Y*_,(e;R)* is a projective module and K is a singular module. If
we write K[ radK = @ ¥5_, g}j)(ﬂ-’) and soc(K) = @ z{;,(gf)m, then

(a) M isweakly projective ifand only ifforalli = 1,...,kif B; # Othen «; is infinite.

(b) M is weakly injective if and only if foralli = 1,...,kifY; # Othen o is infinite.

PROOF. (a) The necessity is clear. For, if a; is finite and 8; # 0 then P(M) =
(BT (eR) ™) @ (© =X (e:iR)P) yields by Lemma 2.10 (2), ;R@*) C® M, a con-
tradiction.

For the converse, let us start by writing M = @ Tiea(e:R) ) @ Tjep(ejR) @ K,
where A = {i | B; # 0} and B = {i | B; = 0}. It suffices to show @ Yica(e;R)* © K
is weakly projective. So we may assume 3; # O for all i. Consider an epimorphism
p: P(M) —» I, where I C R". Letm: P(I) —» I be a projective cover map. The projectivity
of P(M) yields a map ¢: P(M) — P(I) such that m¢ = ¢. Since Kerm < P(I), ¢ is an
epimorphism. Furthermore because P(I) is projective, ¢ splits and therefore we may
write P(M) = P@Ker ¢ for some submodule P C P(M) isomorphic to P(]). Let us write
P() = O (eR)™ = P,and Kerp = @ v (eR)®), and P(M) = @ T, (e;R)®,
where §; is infinite. It follows that Ker ¢ = P(M). Thus there exists X C Ker ¢ such
that Ker ¢ /X = M. Now, X C Ker¢ C Kergp, and P(M)/X = Kerp @ P/X & 0 =
(Ker/X)® P = M & P = M, proving our claim.

(b) To prove necessity, assume on the contrary that there exists ¥; such thaty; # 0
and o is finite. Put N = (¢;R)**D. By the weak injectivity of M, (e;R)**! embeds in
M, contradicting our assumption.

To prove the converse, one can argue in a similar way as in part (a) and assume that,
for all i, \; # 0. Consider a finitely generated submodule N C E(M) = @ T*_ (e;R)™?,
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where each ); is infinite. Then there exists positive integers ny,...,n; such that N C
® % (e;R)™ and thus we conclude that M is tight, hence weakly injective by
Lemma 2.4.

Recall aring R is called local if it has a unique maximal right ideal.

THEOREM 3.3. Let R be a local QF-ring and let M be a right R-module. Then M is
weakly projective if and only if M is weakly injective.

PROOF. By Lemma2.12, we may express M = E@® K, where K is a singular module
and E is a free module. By Proposition 3.2, M is weakly projective if and only if K = 0
or E = R® with « infinite. This is equivalent to M being weakly injective.

COROLLARY 3.4. Let R be a direct sum of matrix rings over local QF-rings and let
M be a right R-module. Then M is weakly projective if and only if M is weakly injective.

PROOF. The proof follows from Morita equivalence between R and M, (R) (see Re-
mark. 2.11).

PROPOSITION 3.5. Let R be a left perfect ring such that every weakly projective
right R-module is weakly R-injective. Then for indecomposable projective modules eR
and fR, if fR/fJ embeds in eR /el for some right ideal I, then eR = fR. Equivalently,
soc(eR/el) = (eR/el)" for some positive integer n.

PROOF. Note that, by Theorem 3.1, R is QF. Suppose on the contrary that soc(fR)
embeds in eR /el and fR is not isocmorphic to eR. We will show that N = (eR)“) @ eR /el
is weakly projective but not weakly injective. Since E(N) = (eR)“ ®fR®K,fR C E(N).
On the other hand, fR is not embeddable in N, and so M is not weakly injective.

To show that N is weakly projective, consider an epimorphism ¢: P(N) — K, where
K C R". Let m: P(K) — K be the projective cover map. The projectivity of P(N) yields
a map @: P(N) — P(K) such that mp = ¢. Since Kerm < P(K), we get that ¢ is an
epimorphism and therefore we may write P(N) = P @ Ker ¢ for some submodule P C
P(N) isomorphic to P(K). Therefore, (eR)“> = Ker ¢ @ P, where P is finitely generated.
This implies that (eR)® = Ker . Let X = 0 @ el. Then P(N)/X = (eR)“eR)/(0 &
el) = (eR)“ @ (eR/el) = N, as desired. Hence N is weakly projective which is not
weakly injective, a contradiction to our hypothesis. Therefore, soc(eR) embeds in eR / eJ
and thus, soc(eR) = eR/eJ. Consequently, soc(eR/el) = (eR/eJ)" for some positive
integer n.

PROPOSITION 3.6. Let R be a QF-ring such that for any indecomposable projective
right module eR and for any right ideal I, soc(eR/el) = (eR/eJ)" for some positive
integer n. Then R is a direct sum of matrix rings over local QF-rings.

PROOF. Write R = @ X, e;R, where {e; | i = 1,...,n} is a complete set of or-
thogonal primitive idempotents, and let A = {e;R | i = 1,...,k} be a complete set of
representatives for the indecomposable projective right R-modules. Let [¢;R] = Y ¢;R,
where the summation runs over all j for which e;R = ¢;R. Renumbering if necessary we
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may write R = [e;R] @ - - - @ [exR] where k < n. By our hypothesis (see also Proposi-
tion 3.5), [e;R] is an ideal in R and so R = M, (e1Re;) ® - - - @ M,, (e, Re;) where n; is
the number of summands in [e;R].

THEOREM 3.7. Let R be a left perfect ring such that every weakly projective right
module is weakly injective. Then R is a direct sum of matrix rings over local QF-rings.

PROOF. The proof follows directly from Proposition 3.5 and Proposition 3.6.

4. When weakly injective modules are weakly projective.

LEMMA 4.1. Let R be a ring such that every weakly injective right R-module has a
projective cover. Then R is semiperfect.

PROOF. Let S be a simple right R-module. By Lemma 2.6, there exists an infinite car-
dinal X such that S® E(S®™) is weakly injective. Therefore, by our hypothesis, S® E(S™)
has a projective cover. Our hypothesis also implies that E(S®™) is weakly projective and
therefore, it has a projective cover. Consequently, S has a projective cover. Thus R is
semiperfect.

PROPOSITION 4.2. Let R be a ring such that every weakly injective right R-module
is weakly projective. Then R is right self injective with a finitely generated and essential
socle containing a copy of each simple right module, i.e. R is a right PF-ring.

PROOF. By Lemma 4.1, R is semiperfect. So we may write R = @ X!, e;R, where

A = {eR : i = 1,...,k} is a complete set of representatives for the indecompos-
able projective right R-modules. Then B = {-2‘5 1 i = 1,...,k} is a complete set of

representatives for the simple right R-modules. By the hypothesis and Lemma 2.10(2),
each indecomposable injective right R-module is projective. In particular, for each simple
right R-module S, the injective hull E(S) is isomorphic to eR for some idempotent e in R.
Therefore, every simple right module embeds in R. Define f: B — A by f(S) = e;R, where
e;R = E(S). Clearly, f is one-to-one and therefore onto. Hence each indecomposable pro-
jective right module is injective and has a nonzero socle. Consequently,R = @ ¥, e;R
is injective and the right socle of R is finitely generated and essential, containing a copy
of each simple right R-module. Thus R is a right PF-ring.

PROPOSITION 4.3. Let R be a ring such that every weakly injective right R-module
is weakly projective. Then R is a right and left perfect ring.

PROOFE. We will prove first that R is left perfect. By Lemma 4.1, R is semiperfect.
Thus we may write R = @Y, e;R, where {¢;R : i = 1,...,k} is a complete set
of representatives for indecomposable projective modules. Let M be a right module.
Then by hypothesis, E(M) is weakly projective having a projective cover P(E(M)) =
D T%  (e;R)®). By Lemma 2.10(2), ¢;R is a summand of E(M) for each i such that
a; # 0. Hence soc(e;R) C soc(E(M)) = soc(M). Thus by Proposition 4.2 each nonzero
right module has a nonzero socle and therefore R is left perfect.
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Now, let N be a right module. Since soc(N) C’ N, Lemma 2.2(2) and Lemma 2.6
yield that N @ E(N®) is weakly injective for some infinite cardinal R. Therefore, by our
hypothesis, N ® E(N®™) and E(N®) are weakly projective. This implies N @ E(N®) and
E(N®™) have projective covers, yielding that N has a projective cover. Consequently, R
is aright perfect ring.

LEMMA 4.4. Let R be a ring such that every weakly injective right module is weakly
projective and let eR be an indecomposable projective right R-module. Then for any right
ideal I, soc(%) = [L1® for some cardinal c.

PROOF. First we will show that soc(eR) = (eR / eJ). By Lemma 2.6 and our hy-
pothesis, there exists an infinite cardinal X such that eR/eJ @ E((eR / eJ)(m) is weakly

projective. Since eR C® P(eR /e] ® (E(eR / eJ)R)), Lemma 2.10(2) yields that eR C®

eR/e] @ E((eR / eJ)(N)). Therefore, soc(eR) C® soc (eR JeJ ® E((eR / eJ)N)) and thus
soc(eR) (eR/eJ).

Next we will show that %’13 appears in the socle of every nonzero homomorphic image
eR/el of eR. Since eR = P(%), eR C® P[£ @ E(Z)M] But £ @ E(Z)™ is weakly
injective, hence weakly projective, so eR C® £ ¢ E()®_ Hence, soc(eR) embeds in
soc(i—'f P E(‘;—I;)(N)). Thus, we conclude that & embeds in soc(eR/el).

Finally we will show that no other simple module appears in soc(eR/el). Let
SOC %’,5) = [%](“) @ K where % does not embed in K and K # 0. Since [eR/eJ](“) ®
KC'eR/el, K embeds essentially in (eR/el)/[eR/eJ]® = eR/eA for some submod-
ule eA of eR. Therefore by the first part of the proof, soc(K) contains a copy of %, a
contradiction. Thus soc[eR /el] = [£]® for some cardinal a.

THEOREM 4.5. Let R be a ring such that every weakly injective right module is
weakly projective. Then R is a finite direct sum of matrix rings over local (right and
left) perfect right PF-rings.

PROOF. Since R is semiperfect we may write R = @ >\, ¢;R as a direct sum of
indecomposable right ideals. We first show that if ¢:e;R — ¢;R is any nonzero R-
homomorphism then e;R = ¢;R. Let ¢:e;R — e;R be a nonzero homomorphism. Then
%ér% embeds in e;R. Therefore, by the previous lemma, %'TR embeds in soc(ejR) =
ejR/ejJ. So it follows that e;R = e¢;R. Now let [e;R] = Y ¢;R, where the summa-
tion runs over all j for which ¢;R = e¢;R. Renumbering if necessary we may write
R = [e1R] ® - -+ @ [exR] where k < n. By the first part of the proof, [¢;R] is an ideal in
Randso R = M, (eiRe)) ® - -- ® M, (exRe,) where n; is the number of summands in
[e;R].

REMARK 4.6. It would be interesting to know if the ring R in Theorem 4.5 is also
left PF. If this were true, then R will be QF.
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5. Furtherresults. In this section we consider those rings over which every weakly
injective right module is weakly projective and every weakly projective right module is
weakly injective. Theorem 3.3 shows that this is the case over local QF-rings. Indeed, in
Theorem 5.4, we show that these conditions characterize the direct sum of matrix rings
over local QF-rings. We note that over the ring of integers Z, every weakly projective
right module is weakly injective (this is true since the only Z-modules having a projective
cover are the projective modules). However, the injective Z-module Q is not (weakly)
projective.

THEOREM 5.1.  Let R be a semiperfect ring such that every injective right R-module
is weakly projective and every projective right R-module is weakly injective. Then R is a
QF-ring.

PROOF. By hypothesis each indecomposable injective right R-module is weakly pro-
jective and hence projective. This implies any direct sum of indecomposable injective
right R-modules is projective, and so by hypothesis the sum is also weakly injective. It
follows then by Lemma 2.5, that R is a right q. f. d. ring.

We show now each cyclic right R-module is essentially embeddable in a projective
module. Let C be a cyclic module. Since R is a q. f. d. ring, there exists a finite direct sum
U @ ®U,C'C. Then E(C) = E(U;) @ - - - ® E(U,). Therefore, E(C) is projective,
proving that C is essentially embeddable in a projective module. Thus R is right artinian
(Lemma 2.3). Therefore, by Lemma 2.8, R is right self-injective, and so R is a QF-ring.

REMARK 5.2. The proof of Theorem 5.1 shows that if R is a semiperfect q. f. d. ring
and each injective right module is weakly projective then R is a QF-ring.

The next theorem characterizes QF-rings in terms of weak-injectivity and weak pro-
jectivity.

THEOREM 5.3. Let R be a ring. Then the following conditions are equivalent:

(1) Risa QF-ring.

(2) R is aleft perfect ring such that every projective right module is weakly injective.

(3) R is a semiperfect right q.f.d. ring such that every injective right module is
weakly projective.

(4) R is a semiperfect ring such that every injective right module is weakly projective
and every projective right module is weakly injective.

PROOE.  (2) = (1) follows by Theorem 3.1.

(3) = (1) follows by Remark 5.2.

(4) = (1) follows by Theorem 5.1.

(1) = (2), (3) and (4) are clear.

We conclude with a characterization of matrix rings over local QF-rings.

THEOREM 5.4. Let R be a ring. Then the following are equivalent:
(1) R is left perfect and every weakly projective right R-module is weakly injective.
(2) R is a direct sum of matrix rings over local QF-rings.
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(3) R is a QF-ring such that for any indecomposable projective right module eR and
for any right ideal I, soc(eR [ el) = (eR ] eJ)" for some positive integer n.
(4) R is right artinian and every weakly injective right R-module is weakly projective.

(5) Every weakly projective right R-module is weakly injective and every weakly in-
Jjective right R-module is weakly projective.

PROOF. (1) = (3) follows by Proposition 3.5.
(3) = (2) follows by Theorem 3.6.

(2) = (1), follows by Corollary 3.4.

(4) = (2) follows by Theorem 4.5.

(2) = (4) follows by Corollary 3.4.

(5) = (1) follows by Proposition 4.3.

(2) = (5) follows by Corollary 3.4.

REMARKS 5.5. (1) A question that remains open is whether one can replace the
requirement of “left perfect” in condition (1) of Theorem 5.4 by “right perfect” or even
weaken it to semiperfect.

(2) As we stated in section 3, it is an open question whether a two-sided perfect, one
sided self-injective ring is QF. If this were true, the condition “right artinian” in (4) of
Theorem 5.4 could be removed.
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