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AMENABILITY AND TRANSLATION EXPERIMENTS 

ALAN L. T. PATERSON 

In [11] it is shown that the deficiency of a translation experiment with 
respect to another on a cr-finite, amenable, locally compact group can be 
calculated in terms of probability measures on the group. This interesting 
result, brought to the writer's notice by [1], does not seem to be as well-
known in the theory of amenable groups as it should be. The present 
note presents a simple proof of the result, removing the (7-finiteness con
dition and repairing a gap in Torgersen's argument. The main novelty 
is the use of Wendel's multiplier theorem to replace Torgersen's ap
proach which is based on disintegration of a bounded linear operator 
from Li(G) into C(G)* for G cr-finite (cf. [5], VI.8.6). The writer claims 
no particular competence in mathematical statistics, but hopes that the 
discussion of the above result from the "harmonic analysis" perspective 
may prove illuminating. 

We then investigate a similar issue for discrete semigroups. A set of 
transition operators, which reduce to multipliers in the group case, is 
introduced, and a semigroup version of Torgersen's theorem is established. 

The author is greatly indebted to the referee for pointing out an error 
in the original version of Theorem 1, and for his suggestions which have 
clarified the exposition. 

We now discuss some preliminaries. Let X be a Banach space and S 
be a semigroup. Let B(X) be the algebra of bounded linear operators on 
X. Let $: S—>B(X) be a homomorphism (anti-homomorphism) with 
sups€,s || $(5)111 < 00 . Then X is called a left (right) Banach S-space (with 
respect to <£). We write sx(xs) for 3>(s) (x) (x Ç X). If X is a left (right) 
Banach S-space, then the dual X' is a right (left) Banach 5-space, where 
fora £ X', we have as(x) — a(sx) (sa(x) = a(xs)). 

Now let G be a locally compact group. A left Haar measure on G will 
be denoted by X, and L\(G) is the group algebra of G. The convolution 
algebra of bounded, complex, regular Borel measures on G is denoted by 
M(G). Then M(G) is a left (right) Banach G-space where x/x = 8X * y. 
(fix = /i * ôz). We shall often write x * JU (/x * x) in place of x/x (nx)> 
It is well known that Li(G) can be regarded as an ideal in M(G). The 
semigroup of probability measures in M(G) (Li(G)) is denoted by 
PM(G) (P(G)). The Banach space of essentially bounded, complex-
valued, measurable functions on G is denoted by Lœ(G). The following 
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closed subspaces of Lœ(G) will be relevant: 

C(G) = {0 6 Lœ(G): 0 is continuous} 
C(Gœ) = {0 6 C(G): 0(x) tends to a limit as x —+ oo } 

Co(G) = {0 6 C(G): «(*) ^ O a s x - ^ o o ) . 

Note that C(Gœ) "is" the space of continuous, complex-valued func
tions on the one-point compactification Gœ of G. We can make Lœ(G) 
and the three subspaces above into left (right) Banach G-spaces by 
defining 

x<t>(y) = <t>(yx), <t>x(y) = <t>(xy). 
We can regard M(G) as a subspace of the dual of each of C(G), C(Gœ) 
and Co(G), and the following important equalities hold: 

X * / z ( 0 ) = fJ.(<t>x)y / i * x ( 0 ) = n(x<t>). 

Similar spaces and properties apply in the case of a discrete semi
group S. 

As in [9], Section 2, it is convenient to use the framework of (complex) 
L-space theory for our discussion. The reason for this is that a number of 
naturally occurring spaces (e.g. C(G)r) are L-spaces but are not ex
plicitly given as Li-spaces. Complex L-spaces are defined in [10], p. 138, 
and it is noted that the obvious analogues of many standard, real L-space 
results are valid. In particular, every L-space 21 can be identified with 
some Li(X, JU), where /x is a positive, regular Borel measure on a locally 
compact, Hausdorff space X, the order structures on 21 and L1(XJ /x) 
corresponding. Under this identification, we write fa for Jx a d\x. Recall 
([10], p. 56) that a vector subspace A of 21 is called an ideal if whenever 
a 6 A, x 6 21 and \x\ ^ |a|, then x 6 A. A version of the Lebesgue de
composition theorem states ([10], Proposition (8.3), (hi)) that if A is 
a closed ideal in 21 and ([10], p. 50) 

A1- = {x 6 21: |x| A \a\ = 0 for all a 6 A], 

then 21 = A © A1-. If II is the associated projection from 2( into A, then 
J|IX|| = 1 and n(x) ^ 0 if x è 0. 

We note that the dual of any complex M-space (e.g. C(G)) is an 
L-space ([10], p. 121). 

The definitions of this paragraph are based on [8], [9]. An experiment $ 
is a pair {2t, {Pe : 6 6 Q}} where 21 is a complex L-space and Pe is a norm 
one, positive element of 21 for each 6 in the index set 9. The closed ideal 
generated by the set {Pe : 6 6 0} in 21 is denoted by i f (<f ). If 53 and 
S are L-spaces, then a transition from S3 to 6 is a positive linear map 
L: $ - > £ such that ||rM|| = ||/x|| for all M 6 33 with M ^ 0. Every 
transition has norm one, and the set 3(33, S) of transitions is obviously a 
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convex subset of B(%5, S), the Banach space of bounded linear operators 
from © to S. If 

<f = {», {Pe : 6 6 9}} and ^ = {53, ( Q , : ^ 0 | | 

are experiments, then a measure of the amount of information yielded by 
(Û relative to Ĵ ~ is given by the number ô(<#,c^

r), where 

(1) «(<f,«F) = inf {sup, \\Q, - T(Pe)\\ : T € 3 ( if (<*"), ^ ( ^ ) ) } . 

In general, the computation of ô(<^, Ĵ ~) is difficult. However, the 
situation is better when we consider translation experiments. A transla
tion experiment is one of the form <o Py where P £ P(G) and 

( f P = [Ll(G),{y*P'.y£G\\. 

It is easy to see that ££\$P) = Li(G). (Indeed, it is obvious that 
x *J£{£*P) = i f ( < ^ P ) , so that ^£($p) is a closed (algebraic) left ideal 
in Li(G). We can suppose that e} the identity of G, belongs to the support 
of P. If V is open and relatively compact in G with e £ V and Ç = P ( F , 
then <2/ll(?l|i £°Sf(<^p). Thus we obtain an approximate identity for 
Li(G) in i f (<f P) ([7], (20.15)) so t h a t i f (<f P) = Li(G).) 

In [11], Torgersen defines b{S)
P, (£%) for P , Q in P(G) as in (1) above 

except that 3 ( i f ( ( fP ) , i f ((f e ) ) (= 3(Z-i(G), L^G))) is replaced by 
3(Li(G), C(G)')- It follows from the following simple proposition that 
the above difference does not matter. 

PROPOSITION 1. Let {(£, {Pe : 0 G 6}} arcd {$),{(?*: 0 É 0}} 6e ea#eri-
raen/s and /e£ Ë and 35 be closed ideals of L-spaces 21 and S3 respectively. 
Then 

(2) inf {sup, !|<2* - 7\P#) | | : T <E 3 ( « , 33)} 

= inf {sup, | | e , - P(P,) | | : T £ 3 ( 6 , 35)}. 

Proof. Write 21 = 6 © 6X and 93 = 35 © 35-1-, and let P1 and P 2 be 
the canonical projections from 21 onto 6 and from 93 onto 35. Pick ft (; 93 
with M è 0, ||/i|| = 1. Let P G 3 ( 6 , 25). We can define 5 <E 3(21, 93) by 
setting 

S(a) = T{P,{a)) + ( J > - Pi(fl)))p. 

Then ||Ç, - 5(P,) | | = \\Q, - T(P,)\\ and LHS g RHS in (2). 
We now establish the reverse inequality. Pick v £ 35 with v â; 0, 

IMI = 1. Let 5 ' G 3(21, 53). Define P ' 6 3 ( 6 , 35) by: 

T'(c) = P2(S'(c)) + (j(S'(c) - P2(S'(c))))v. 

Then \\Q, - 5 '(P,) | | = ||Q, - T'(Pe)||, and the reverse inequality is 
established. 
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COROLLARY. If S is an L-space with L\(G) as a closed ideal, then 

*(#P, &Q) = inf {sup, \\x*Q- T(x * P)\\ : T Ç 3(Li(G), » ) } . 

The above corollary applies when 33 is M(G), C(G)', Lœ(G)' or C(Gœ)'. 
For our purposes, it will be convenient to use S3 = C(Gœ)f. 

Observe that C(Gœ)' = M(Gœ), the space of bounded, complex, 
regular Borel measures on Gœ. We now make X = B(L\(G), M(Gœ)) 
into a left Banach G-space. We give M(Gœ) the dual Banach G-space 
structure induced by C(Gœ): so 

x * £(</>) = *(**) M G , ^ C(GJ , £ 6 M(Gœ)). 

For r G X, define xP Ç X by 

xT{v) = x* ( r ( x - U M ) ) (M 6 L:(G)). 

One can check directly that X is a left Banach G-space. Let 5^ be the 
topology on the unit ball Xx of X regarded as a subset of (M(Gœ)x) c^iC^))^ 
(M(Gœ))i being given the relative weak* topology. So T?>—*T in X\ if 
and only if 7^M —> T\x weak* for all \i Ç L\(G). One readily checks that 
(Xi, y) is compact Hausdorff. (A more instructive approach to the 
above is to make Li(G) ® C(Gœ) into a right Banach G-space by re
quiring (M ® <j>)x = (x_1 * /x) ® </>x, and then to identify X with 
(Li(G) ® G(Gœ))/. Then X is given the dual G-space structure, and S^ 
is the restriction of the weak* topology to Xi.) 

The following theorem in the cr-finite case is stated in [11]. In [11], 
Torgersen uses a set similar to K€ below but in B(L\(G), C(G)f) rather 
than B(Li(G)} M(Gœ)). Unfortunately, his topology on K€ is not Haus
dorff, so that the fixed-point theorem (in [3]) he wishes to use does not 
apply. Further, as pointed out in [4], the fixed-point theorem for C(G)f 

given in [3] is incorrect. 

THEOREM 1. Let G be amenable. Then if P , Q £ P(G), we have 

(3) 5((fP, <fQ) = inf { | | e - P * HI iv eP(G)}. 

Proof. Let v £ P{G) and define Tv G 3(Li(G), Li(G)) by: 

r„(ju) = n * v. 
Then 

K&p, <$Q) ^ l i e - r ,(P) | | = lie -P* HI 

so that LHS ^ RHS in (3). It remains to prove the reverse inequality. 
Let € > 0 and let 

Kt={T £ 3 ( i i ( G ) , M(GJ): 

\\y*Q- T(yP)\\£ô((?P, <?Q) + e, y € G}. 
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(In the obvious way, y * Q is regarded as an element of C(Gœ)' = 
M(GJ.) If T8->T in Xx with {Th) C Kt, then TV -> T» weak* for 
each M Ç P(G), so that 7> ^ 0 and 

Z>(1) = lim 7>(1) = 1. 

It follows that T £ K€, so that i£e is a compact subset of X\. Clearly K€ 

is also convex in X. Further, using Proposition 1, Corollary, K€ is not 
empty. 

As \\y * Q — {ocT){y * P) | | = ||x-1;y * Q — T(x~ly * P) | | , we have 
xi£e = i£€ for all x £ G. 

Now let x8 —» x in G and Ps —» T in i£€. If /x G Li(G), <j> £ C(Gœ), then 

||xa * M — X * JU||I —> 0 

([7], (20.4)), and since </> is uniformly continuous, we also have 

\\<t>x8 — 4>x\\ —> 0. 

So 

(x^Pa - xr)(/i)(</)) = (Pa(xs-1 * fx)(<t)X8) - T{x~l * JU)(<£X)) —> 0. 

Hence the map (x, 2") —> x l is jointly continuous on Ke, and since G is 
amenable, there exists ([6], Theorem 3.3.1) an element T £ Ke such 
that xT = T for all x £ G. Unravelling xT, we see that P is a multiplier 
in the sense that 

P(x * /x) = x * T\i (x G G, JU £ Pi (G)). 

Obviously, Pi(G) is a closed ideal of the L-space ikf(Gœ). The elements 
of Li(G)-1 are of the form v + fcôœ, where y G M(G) and the Haar 
measure X are mutually singular, K C and oo is the "point at infinity". 
Observing that x * ôœ = ôœ for all x £ G, we see that the canonical pro
jection II : M(Gœ) —>Li(G) is such that U(x * fi) — x * IIJLC for all \i. 
Hence II o P is a multiplier on Pi(G), and so by Wendel's theorem ([12]), 
there exists *> ^ 0 in M(G) such that II o P = P„. Find vx ^ 0 in Pi(G) 
such that (*> + i/i) G P ¥ ( G ) and let Pj = T(v+n). Then if M G P(G), we 
have 

| |noP(M) | l + Umll = ||rlM|| = 1 = ||PMII 

= | |noP( M ) | | + | l ( i - n ) o r ( M ) | | 

so that H/x̂ ill = | |(I - n ) o r(/i) | | . Hence 

\\y*Q- Tx(y*P)\\ ^ \\y*Q- (UoT)(y*P)\\ + \\(y * P) * vi\\ 

= \\y*Q- (JloT){y*P)\\ 

+ | | ( 7 - IL)oT(y*P)\\ 

= \\y*Q- T(y*P)\\. 
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So Ti 6 Kt. Now replace (vi + v) by e^* (vi + v), where [e&\ is an 
approximate identity for L\{G) in P(G), to obtain the required inequality. 

Note. The present writer does not know if the converse is true, i.e., 
if every group G for which (3) holds, is amenable. The case of the free 
group on two generators is obviously worth investigating in this context. 
The main difficulty involved seems to be the computation of b(<o P, $Q) 
when G is not amenable. The present writer speculates that the converse 
is false. 

We now investigate an analogous theorem for the case of a left amenable 
(discrete) semigroup S. The present writer is unsure of what significance 
(if any) the following results have for statistics. 

Let S be a semigroup and P, Q G P(S). (So P, Q are of the form 
2 5 e s «A» where as ^ 0 for all s, and ^,ses<xs = 1.) We define 

(4) ô(P,Q) = mi\supxeS\\Q-x*(T(P*x))\\: T £ 3(Zi(S), Zi(S))}. 

If 5 is a group, then 5(P, Q) = ô(<f P*, <f Q) , where P*(x) = P(x~l). 
(Indeed 

lie - x* (T(p*x))\\ = \\X-I*Q - r*^-1*^*)!! 

wrhere T*(n) = T(n*) for n 6 P(S).) It follows using Proposition 1, 
Corollary, that we can replace 3(/i(S), h(S)) in (4) by 3(/x(5), /co(5) /). 

The analogue of the multipliers arising in the proof of Theorem 1 
is now introduced. We take X to be B(h(S), lœ(S)'). (Note that we can
not use the analogue C(5QO) of C{GQO) since <t>x need not belong to C(Sœ) 
if <j> does.) In the obvious way, lœ(S)' is a Banach 5-space and we define 
a left Banach S-space structure on X by requiring 

(XT)(IJL) = x* (T(n * x)). 

The set of elements T £ 3(h(S), lœ(S)f) for which xT = T for all 
x G S is denoted by 3m(5) . 

LEMMA I. If S is left amenable and P, Q £ P(S), then 

5(P,Q) = i n f | | | < 2 - r ( P ) | l : T € 3»(5)}. 

Proof. We modify the proof of Theorem 1 in the obvious way. Define 

Kt = [T € 3 (^ (5 ) , /œ(5)') : ||(2 - (*r ) (P) | | 
g 5(P, Q) + e,x £ S}. 

The topology .5^ is defined in the obvious way on Xi, and Ke is a non-
void, weak* compact, convex subset of X\. Further, xT (j Kc if T £ i£e 

and x G 5. By Day's fixed-point theorem [3], we can find T £ $m(S) C\ 
K(1 and the desired result follows. 
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With 5 identified as a subset of lœ(S)', the Stone-Cech compactification 
W of 5 can be regarded as the weak* closure of S in lœ(S)'. With the 
relative weak* topology, W is a compact Hausdorff space. Further, 
sw Ç W if w Ç W, and the map w —> sw is continuous for each s Ç S. 
Also to (S) is canonically identified with C(W)y and hence lœ(S)f with 

LEMMA 2. If S is left amenable and r\{tS : / G S} = 0, /ften <5(P, Q) = 2 
for all P, Q e P(5) . 

Proof. Let IF be the Stone-Cech compactification of 5. Let JH 6 3m(5). 
Let M G P(5) and SrM C ^ be the support of r M (6 M{W)). Since 
sr(ju<>) = 7>, we have STlJL C sW for all s £ S. So Y = r\{sW : s £ S\ is 
a non-void compact subset of W, and 5 r M C Y. If 5 G 5 P\ F and / G 5, 
then /a = 5 for some a G W, and by considering a net in 5 converging 
to a, we obtain s £ tS since S is discrete. Consequently if 5 is left amen
able and n{tS : / £ 5} = 0 , then 5 H F = 0, 7> G (h(S))1- and, using 
Lemma 1, ô(P, Q) = 2 for all P, Q £ P(S). 

We now define 

3m '(S) = {T 6 3ro(S) : r(/x(5)) C Zi(S)}. 

LEMMA 3. Let S be right simple, T £ ^sm{S) and II be the canonical 
projection map from lœ,{S)f onto h(S) associated with the decomposition 
lœ(S)' = h (S) 0 li(S)1-. Suppose that II o T ^ 0. Then there exists 
U G 3?OT'(S) such that 

l i e - t/(P)|| ^ n o - r(P)|| (P,ee?(5)). 
Proof. Let 7\ = II o T. Then for x Ç 5, JU G P (5), we have 

(6) xTx(nx) = uixTiifix)) g n(xr(Mx)) = ri(/x). 
We show that xTi(nx) = 7\(/x) for all M G P(S), x £ 5. It is sufficient 
to show this when \x = y (y £ S). Let x G 5. Since S is right simple, 
we have yxS = 5, and we can find a £ S with ;yxa = y. Then 

xaTitj) = x[ajfi((;y;x;)a)] ^ xTifjx) fg 2"i(y). 

So ||x7"i(3^x)|| = \\Ti(y)\\, and hence xTi(yx) = Ti(y). Since every a G 5 
is of the form yz for some 2 G 5, we have 

\\Ti (a) || = lirxfcOH = m . 

Since n o T ^ 0, we have m > 0. Let U = ro^TY Then [/ G 3™'(S), 
and 

lie - c/(P)|| ^ ||<2 - r,(P)|| + a - m) = \\Q - r(P)||. 
LEMMA 4. L^ S be right simple and left reversible and be such that 
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S m (S) y6 0- Then S is a direct product G X E of a group G and a right 
zero semigroup E. For \i G P{S) define /x* £ P(S) by: 

fjL*(x, e) = ix{x~l, e). 

Then the map a is a bisection from P(S) onto 3m ' (S), where 

(7) «WW = M**^. 

Proof. Let T G 3»™'(S). Since S is left reversible we can define a 
congruence ~ on S by setting a ~ b whenever as = bs for some s £ S 
([2], (1.10)). The semigroup S' = S / ~ is then right cancellative and 
right simple. Let Q : 5 —» S' be the quotient map. If as = 6s in S, then 

7 » = sr(as) = sT(bs) = T{b). 

So we can define T G 3m'OS') by setting 

2/€<S 

where 

Let w G S', and find » Ç S' with uv = u. Then uT(u) = T(u). Write 
T(u) = ]E awW and let 

X = {w : aw = sup {a2 : z G S'}}. 

Then X is a non-void finite set, and uX = X. For some positive integer k, 
there exists x0 £ X with (2 Xo — XQ. Then (a*) Xo — a Xo, and cancelling 
Xo, we obtain an idempotent e in S'. From [2], 1.27, 5 ' is a right group, 
and since 5 ' is right cancellative, Sr is actually a group with identity e. 

Let E = <2-100- Then £ is a subsemigroup of S. Since e ~f for all 
e, f G £ , we have T(e) = T(/) = /x for some M 6 P(S). For each e G £ , 
eju = /x, and, arguing as above, we can find a non-void finite subset Y 
of S with eY = Y for all e G E. If F contains n elements and y G F, 
then ^ = 31 (e G £ ) . Find x G 5 with Ç(x) = Ç(^)"1. Then en(yx)n = 
(yx)n, and putting e = 3/x, we obtain an idempotent in 5. Again applying 
[2], 1.27, we have that 5 is a direct product G X E where G is a group 
and £ is a right zero semigroup. 

For each e G E, define Te G 3m'(G) by: Te{x) = QeT(x} e) where 

Qe\J2cxss) = Y<a(y,e)y \ ] C <*8S G / i ( 5 ) l . 

One readily checks that there exists ve ^ 0 in h(G) such that 

Te(x) = x~lve (x G G). 
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Let 

" = Z) ve(y)(y,e). 
(y,e)es 

Then T(x, f) = (ar1, f )v and v 6 P(S), and it follows that P(M) = 
u* * v. The remainder of the proof is routine. 

THEOREM 2. L^ S be a left amenable semigroup. If S has a kernel R 
which is a right group G X E and u is a left identity for R, then 

(8) 5 (P ,0 ) = inf {|le — (P«)**HI -v € P ( G X P ) } 

/or a// P,Q £ P(S). Otherwise, <5(P, 0) = 2/or a// P , Ç 6 P(5) . 

Proof. Let II be as in Lemma 3. If II o Pi = 0 for all Pi G 3™(S), 
then Pi (5) C /i(S)-1- for all Pi £ 3US) , and so using Lemma 1, <5(P, Q) = 
2 for all P , Q £ P(S). Suppose that for some Pi 6 3m(S), we have 
II o Pi 7e 0. Using Lemmas 3 and 1, we have 3m'(S) 9e 0 and 

5(P, 0 = inf {||0 - T(P)\\ : T e 3fm'(5)} (P, <? G P(5) ) . 

Let P G 3>m' (5). As in Lemma 2, P/x is supported on R = C\tç.stS for all 
M G P(5) . Let r = P u . Then P' G 3™'(P). The semigroup P is 
obviously left reversible and right simple, and so, by Lemma 4, is a 
direct product G X E, and there exists vT G P ( P ) such that P'/x = 
/x* o r ( / i e /i(R)). Now R is the kernel of 5 ([2], p. 84, 13(b)). Let u 
be a left identity for P ; so u = (1, e) where 1 is the identity of G and 
e G P. Then for M G P(5) , 

P(ju) = uT(fXU) = T'(fJLU) = ((JLU)* * VT. 

It is easy to check that the map P —» *>r is a bijection from 3V (S) onto 
P(R), and the equality (8) now follows. 
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