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Introduction

The purpose of this paper is to determine the b-functions of all the prehomogeneous
vector spaces of Dynkin—Kostant type for all the complex simple algebraic groups
of exceptional type.

Let G be a complex reductive algebraic group and let g be the Lie algebra of G. For
each nilpotent element N of g, the ad(G)-orbit of N gives a prehomogeneous vector
space via the Dynkin—Kostant theory. The obtained prehomogeneous vector spaces
are called prehomogeneous vector spaces of Dynkin—Kostant type. Their b-functions
play an important role in the harmonic analysis involving the ad(G)-orbit of the
original nilpotent element, and therefore we want to know their explicit form.
For classical groups, the b-functions of such prehomogeneous vector spaces have
been studied by F. Sato [19] and Y. Kaneko [9]. In this paper we determine them
for exceptional groups.

For exceptional groups, the list of all the weighted Dynkin diagrams associated to
nilpotent orbits via the Dynkin—Kostant theory is given by A. J. Alekseevsky [1] and
A. G. Elasvili [3]. We give the explicit form of b-functions for all such weighted
Dynkin diagrams. Our method of calculating b-functions is as follows. First we
determine the characters of the irreducible relative invariants. Next we calculate
the a-functions of several variables defined in Lemma 1.3.1. Then the b-functions
of relative invariants are expressed with some positive rational numbers «;, in
Corollary 1.3.6. Hence, it is enough to determine these numbers a; , for our purpose.
We mainly use the following fact to determine them. It is known that a certain func-
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tional equation holds for a b-function of several variables defined in Lemma 1.3.4,
which is due to M. Sato [23]. This equation gives a relation among positive rational
numbers o .

The plan of this paper is as follows. In Section 1, we review some basic results on
prehomogeneous vector spaces. In Section 2, we exhibit our method of calculating
the b-functions by taking up the prehomogeneous vector space represented by
the diagram 020020. We determine the b-functions of all the prehomogeneous vector

spaces of Dynkin—Kostant type for all the complex simple algebraic groups of excep-
tional type. We summarize these results in the tables of Section 4.

1. Preliminaries

In this section we review basic notions about the theory of prehomogeneous vector
spaces and give some properties used in the later sections.

1.1. PREHOMOGENEOUS VECTOR SPACES

Let G be a connected reductive group defined over the complex number field C and
let p:G— GL(V) be a finite dimensional rational representation. The triple
(G, p, V) (or simply the pair (G, V)) is called a prehomogeneous vector space if
V has an open dense G-orbit, say Oy = Gvy. Let f be a nonzero polynomial function
on V and ¢ € Hom(G, C*). We call f a relative invariant whose character is ¢ if
f(gv) = ¢(g)f (v) for all ge G and v € V. Then (G, V) and f have the following
properties given in Propositions 1.1.1-1.1.6. The proofs are found in the literature
assigned there.

PROPOSITION 1.1.1 ([21, §4, Proposition 3]). Let f| and f> be relative invariants
which have the same character. Then f) is a constant multiple of f>.

PROPOSITION 1.1.2 (21, §4, Proposition 5]). Let Sy, . .., S; be the irreducible com-
ponents of V\Oy with codimension one and suppose each S; is the zeros of some
irreducible polynomial f;, namely S; = {v € V; fi(v) = 0}. Thenfi, ..., frarealgebraic-
ally independent relative invariants. Every relative invariant f is of the form
f=cf" - f" (ce Com; € 7).

We call the polynomials f1, ..., f; the fundamental system of relative invariants.

PROPOSITION 1.1.3 ([21, §4, Proposition 19]). Let X*(G, V) be the totality of the
characters associated to some relative invariants of (G, V) and let G, be the isotropy
group at the point vy of the open orbit. Then

X*(G, V) = {¢ € Hom(G, C*); ¢l = 1}.

Y0
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PROPOSITION 1.1.4 ([4, Lemma 1.5]). Let p¥: G — GL(V") be the contragradient
representation of p. Then the triple (G, p¥, V) is a prehomogeneous vector space.
It has a relative invariant of degree d = degf, say [V, whose character is ¢p~".

PROPOSITION 1.1.5 ([4, Lemmas 1.6 and 1.7]). There exists a polynomial
by(s) = bos” +bis™ + -+ by
with by # 0 such that

[ (grad )f () = by(s)f (x)',
f(grad )Yy = br(s)f " (),

forall s € 7 - . Here we put

d il 0 il
d,o={—,....— d d=(—.,....—).
grad, <8x1 8x,,> and grad, <8y1 8y,,>

We call by the b-function of f. We put ay := by. The following fact about the
b-functions is known.

PROPOSITION 1.1.6 ([11, Corollary 5.2]). Let by(s) = bo ]_[_;l:1 (s + ocj). Then each o
is a positive rational number.

DEFINTION 1.1.7 (Direct sum of prehomogeneous vector spaces). Let V" be a direct
sum of G-submodules V; C V' and assume that any relative invariant f € C[V] is of
the form f(v) = ¢[]; hi(v;) for v="7",v; € V with ¢ € C* and h; € C[V;]. Then we
call V adirect sum of subspaces V; C V as prehomogeneous vector spaces. It is clear
that by(s) = [, bp,(s).

1.2. PREHOMOGENEOUS VECTOR SPACES ASSOCIATED TO NILPOTENT ORBITS

Let G be a reductive group defined over the complex number field C and let g be the
Lie algebra of G. The reference of this subsection is [26, Chapter III, Section 4].

LEMMA 1.2.1. Let N be a nilpotent element of g. Then there exists a filtration
{W < mSlmez Of a satisfying following conditions.

(1) Wémflg C W<n7g-

2) Wenmg=0ifm<k0, and Wg,,g=gif m>0

(3) ad(N)( W< mg) C W< m—-28-

4) ad(N)" is an isomorphism from gr,,q to gr_, g, where gr,,6 = W < 6/ W < m_18.

Let W< ,,G (m < 0) be the subgroup of G whose Lie algebra is W ¢,,g, and put
groG = W< oG/ W< _1G.
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PROPOSITION 1.2.2. Consider the action of gryG on gr_,g induced by the adjoint
action of G on g. Then the pair (gryG, gr_,q) is a prehomogeneous vector space.

We call the prehomogeneous vector space obtained as (gryG, gr_,g) a pre-
homogeneous vector space of Dynkin—Kostant type. Since it is known that the generic
isotropy group of gr, G is reductive, these prehomogeneous vector spaces are regular.

It is known that there exists a homomorphism =n:SL, — G such that
(dn)(} §) = N. Let T be a maximal torus of G containing {r(; %); e C*}. Put
b := Lie(T), and choose a root basis {a1, ..., o} C h” as in [26, III, 4.24]. Consider
the Dynkin diagram whose vertices correspond to the root basis. It is known that

t 0 ; o
oc,-(n(o t1>)_t (m;=0,1,2).

Write the number m; on the vertex associated to o;. The resulting diagram is called
the weighted Dynkin-diagram.
1.3. a-FUNCTIONS AND »-FUNCTIONS

We give here the definitions of a-functions and b-functions of several variables and
some properties of them. The references of this subsection are [8, §8] and [22,

§3, 4].
Let fi, ..., f; be the fundamental system of the irreducible relative invariants of a
prehomogeneous vector space (G, V) and let f7’,...,f” the irreducible relative

invariants of (G, V) such that the characters of f; and f;” are the inverse of each
other. We put f :=(fi,....f1), f¥ :=(s....f;"), and Vj:=(_, V}. For each
I-tuple s = (s1, ..., ), we put /£ :=[]'_, /% and /¥ := [T, /7.

First we define the a-functions of several variables and give their properties.

LEMMA 1.3.1 (][22, Proposition 10]). For any I-tuple m = (my, ..., m;), we have
12O P (gradlog f2(v)) = am(s),

Sorallv € Vy with some nonzero homogeneous polynomial a,(s) which is independent

of v.

We call ay,(s) the a-functions ofi. Whenm =¢;:=(0,...,0,1,0,...,0), where 1
appears only at the ith place, we write a;(s) instead of a,(s) for an abbreviation.
We can easily see that g, = ]_[f=1 a’" by definition. The following theorem about

the structures of a-functions a,,(s) is given in [22, §3, 4].

THEOREM 1.3.2 ([22, Theorem 1]). The a-function a,(s) is expressed as

2

ap(s) = H (7, ()"
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Here A" = ]_[f:1 A" with A€ C*, N € 7o, and W € Lo, while each y,(s) is a
Z-linear function Zi:l Vit with y; € 750 and GCD(yy;, ..., y;) = L.

It is clear that a» = a,,(m) by definition. Hence we have the following corollary by
Theorem 1.3.2.

COROLLARY 1.3.3. The leading coefficient as of the b-function bgn(s) of the

relative invariant /™ (m € (Z > o)) is given by am = A™ ]_[;i1 (){j(m)"f(m))_uf )

Next we define the h-functions of several variables and give their properties.

LEMMA 1.3.4 ([22, Proposition 14]). For any I-tuple m = (my, ..., m;) € (Z > o), we
have

S (grad)f*™ = by (9)f*
with some nonzero polynomial by(s).

These polynomials by,(s) are called the b-functions of f. We write b;(s) instead of
b,(s) for an abbreviation. Let a-functions a,,(s) be as in Theorem 1.3.2. The following
theorem about the structures of b,(s) is given in [22, §3, 4] and [11].

THEOREM 1.3.5 ([22, Theorem 2], [11]). The b-function b,(s) is expressed as

N vi-1

b =A2TT TT TT10A® +o5r +v)
j=1 v=0 r=1

with some a;, € Q..

It is clear that bgx(s) = b, (ms) by definition. Hence, we have the following
corollary by Theorem 1.3.5.

COROLLARY 1.3.6. The b-function bsx(s) of the relative invariant f* (m € (Z > o))
is given by -

=1 g
byn(s) = 4" [ ] (7m)s + 0, + v).

j=1 r=1

S

,
Il
o

For any regular prehomogeneous vector space, the b-function of several variables
satisfies a certain functional equation, which is due to M. Sato [23]. We note that
it is known that a prehomogeneous vector space of the Dynkin-Kostant type is
regular.
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LEMMA 1.3.7. If (G, V) is a regular prehomogeneous vector space, there exists
a relative invariant whose character is det(g|,)*. Let ]:25 be such a relative
invariant.

THEOREM 1.3.8 ([23, Theorem 4]). Put f, (u) := ]_[f.ll(u+ozj,,.), and let k be in
Lemma 1.3.7. Then for each j, we have the functional equation

ﬁ”,‘/(u) = (_1)#/ﬁ}'j(_u - VJ(E) - 1)
holds for any u.

Comparing zeros of both sides of the equation in Theorem 1.3.8, we get the
following corollary.

COROLLARY 1.3.9. For each j, we have

fo, (1 <7 < ﬂ,)} = {“/j(ﬁ) +1—0,(1<r< ﬂ,)}

2. Method of Calculating b-Functions

In this section, we shall exhibit how we actually calculate the b-functions using the
facts in Section 1.

Consider the weighted Dynkin diagram 020020 as an example. The pre-

homogeneous vector space arising from this diagram is given as follows. Let
2 2
G=GLyx GLy x SL, and ¥V =\ C'+ )\ C*+ My4(C),
where /\2 C* = {X € M4y(C);'X = —X}. Define the action of G on V by

gv= (&1 X'g.a1Y'¢) g2 g3Wg;")

forg=(g1,22,23)€eGandv=(X, Y, W)e V.
The kernel of this action is {(¢, 1, ¢); e = £1}. Let

0 1 0 0 0 0 0 1
b — -1 0 0 0 00—10(1000)
0= o 0 o 1pPPJo 1 0 OpP\O1 0O
0 0 -1 0 -1 0 0 O

Then the isotropy subgroup at v, is given by

A 0 1 0
GVO:{((O FA)’(O 8),A>,A€SL2,8::|:1},

This prehomogeneous vector space has two irreducible relative invariants f; and f>
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given by f1(v) = det('(WX), (WY)) and
f2(v) = discriminant of the binary quadratic form Pf(X¢ + Yr)

in the variables (&, n) € C. Their characters are

¢1(g) = (detgr)(detgs)’ and  ¢y(g) = (detg))’(detgr)’.

Let d¢;: Lie(G) —> C be the character of Lie(G) induced by ¢; and let
{(-,): V¥V x V — C be the pairing between V¥ and V. Then we have the equation
(gradlogfi(v), Av) = d¢,(A) for any v € V, and 4 e Lie(G). See [4, Lemma 1.9 (1)].
Solving these equations, we have that

0 200\ /0 0 0 1

wadiogrion= || 2 2 0 0] [0 0—10’(2000>’
o 00 o0llo 1 0 ol\o200
0o 000/ \=10 0 o0
0 1 0 0\ /0 0 0 1

; 10 0 o|l]lo o =1 o0]/0000

gradloghGo) =0 o o || 0 1 o 0’(0000)

0 0 -1 0/ \=1 0 0 o0

We can calculate a-functions a;(s) and a»(s) along the definition in Lemma 1.3.1 as

ai(s) = sT(s1 + $2)*(2s1 + $2)%,
ax(s) = s2(s1 + 52)*(2s1 + 52).

Hence we have that

N =4,

ne=s, =4

72(8) = 52, ty =1,

73(8) = 51+ 52, Hy =2,
P4(8) = 251 + 52, pe =1,

in Theorem 1.3.2. The leading coefficient as» of the b-function b (s) of the relative
invariant f = f" /" (my,my € Z > ) is given by -

m 4 m m m 2 m m
am = )™} (mo)™ {(my + ma)™ " 2my + mp)?™ .

Since the a-functions are as above, the b-function of the relative invariant
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m o i mz
f7=h (my,my € 7Z 5 ) is expressed as

mp—1 my—1
b_zm(s) = { l_[ 1_[ m1s+oc1, —l—v)}{ 1_[ (m2s+oc2,1 +v)}><

v=0 r=1 v=0

my+m—1 2
{ 1_[ 1_[ (ml—i—mz)s—}—ocg,,.—i—v)}x (1)

v=0 r=1

2my+np—1
X { l—[ ((2m1 + my)s + o + v)}

v=0

with some a;, € Q. by Corollary 1.3.6.

For the purpose to determine positive rational numbers o;,, we use Corollary
1.3.9. Since det(gly)’ = (detg))(detg»)!?, k in Lemma 1.3.7 is given by
x =(2,1). By Corollary 1.3.9, we get that

{o, (1 <7r <4} ={3—0(l <r<4), )
o1} = {2 =021}, 3)
{3 (1 <7r<2))={4—o3,(1 <r<2), 4)
{og1} = {6 — 041} Q)

Hence, we get that oy ; = 1 from (3) and a4 | = 3 from (5). Now, we show that (s; + 1)
divides bi(s), that is, {o, (1 < r < 4)} contains 1. We have that

BIOL) = bIOGTA))
= Y erad)(££57) ()
= (51 + DO, DT + 17 (U (grad) £57(0)

with a differential operator Q(s, x) whose coefficients belong to CJs, x]. Since
fi/(grad)f5*(x) is a relative invariant whose character is qﬁl_qu‘;Z, we get that
S (grad) £57(x) = ¢f 71 (x)f3>(x) with ¢ € C by Proposition 1.1.1. On the other hand,
fi/(grad) f3*(x) is a polynimial. Hence we have that f,"(grad)f;*(x) = 0, and that
(s1 + 1) divides b (s). Thus we may put o; 3 = 1 and a; 4 = 2 from (2). Then (1) yields
that
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m—1

bzm(s) = { H (mis+ 1+ v)(mys+2+v)x
v=0

2 my—1
X H(mls—i—oc],,, + v)}{ H(mzs—l— 1 ~|—v)}><
v=0

r=1

my+m,—1 2 (6)
X { 1_[ H((m1 +m2)s+oz3,r+v)}x
v=0 r=1

2my+my—1
x{ I1 ((2m1+m2)S+3+V)}

v=0

with o, € Q_p such that o) + a1 =3 and o3 + o3> =4.
If we take m = (0, 1), then byn(s) is the h-function of f5, which is given by

br(s) = (s 4+ D(s+3)(s +3) (s +3).

See [13, (15)]. Hence we get that {031, 23} = {3,3}.

In order to determine the remaining o;,’s, we consider the localization of /™.

In general, the local b-function of a regular function f in a neighborhood of a p_oint
vV eV is defined by the polynomial by ,(s) of minimal degree such that
P(s, x, 9)f ! = by y(s)f* for some P(s,x,d) whose coefficients are regular in the
neighborhood of v'.

For any v € V, take a linear subspace W’ C V such that T,(Gv)® W' =V, and
define a polynomial f,(w) in the variable we W’ by f,(w):=f(/ 4+ w). Then
fv(w) is a relative invariant with respect to the action of G, on W’. Define a
map uw:G x (V' + W) — V by u(g, v +w) := gV + gw. Then we have that

W v +w) =g v +w) =1(gV +gw) = d(g)f(w). (7

Let e be the unit of G. Since the map w:G x (vVV + W) — V is smooth in the
neighborhood of (e, V'), we have by, = byr (). Hence, the local b-function by,
coincides with the b-function of f,,. For any v" in the G-orbit containing v/, the local
b-function by, coincides with by, from (7). Consider the equation
P(s, x, 9)f** = bro(s)f* in the neighborhood of 0. Since the coefficients of
P(s, x, 9) is regular in the neighborhood of 0 and since the above v’ can be taken
in this neighborhood, this equation also holds in the neighborhood of v’. Hence
by (= by,) divides by, which is the h-function of f.
Now recall our situation. Let

0 I 0 O 0 0 0 1

Y= -1 0 0 O 0 0 -1 0 (0000)
0o 0 0 1Pl o0 1 0 Oop\O O OO))
0 0 -1 0 -1 0 0 O

and take W' ={(0,0, W)} Cc V. Then the isotropy algebra g, is isomorphic to
gly x gly x sly, and its action on W’ is A; ® A} ® A;. The relative invariant (f}),
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is the irreducible relative invariant on W’, whose b-function is

by, (8) = (s + (s + (s +3)’.

The relative invariant (f2), is a constant. Hence, the local b-function by ,, coincides
the b-function of the relative invariant (f{"') . Thus we have that

m1—1
b y(s) = l_[ (mis+ 14 v)(mys + 24 v)(mys +3 + v)z.
- v=0

Since it devides the b-function of /™, we get that o | = o5 = %
-y LMy

Therefore the b-function of the relative invariant f = =" (mi,my € L) is
given by

mlfl
bH(s) = { [ ] s+ 1+ v)0mis +2 4 v)(mis +3 + v)z} x
- v=0

nmy—1
X n(m2s+1+v)}x
v=0

my+my—1
X l_[ ((m1—i—mz)s—l—%—i—v)((ml+m2)s+§+v)}x
v=0
2my+nmyp—1
X 1_[ ((2m1+mz)s+3+v)}.

v=0

3. b-Functions of Prehomogeneous Vector Spaces of the
Dynkin—-Kostant Type

The list of all the weighted Dykin diagrams associated to nilpotent orbits via the
Dynkin—Kostant theory is given in [1] and [3] for exceptional groups. Some of
such diagrams are not necessary as far as we are exclusively interested in the
prehomogeneous vector spaces associaed to them.

(1) Suppose that a diagram contains 1. For any root oo = ), c;oi;, put h(er) := ), cin;
with the same m; as in Section 1.2. Let ¢’ = h @ (D, ;<27 9-)- Then the pre-
homogeneous vector space arising from (g, N) is the same as the one arising
from (g, N).

(2) If a diagram contains two 2’s connected by an edge, consider two diagrams I'
and I, which can be obtained from I' by removing the edge. Then the pre-
homogeneous vector space arising from I' is the direct sum of the two pre-
homogeneous vector spaces arising from I'; and I'; in the sense of Definition 1.1.7.
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Hence, we do not need to consider such diagrams. The remaining diagrams appear
in Subsection 3.1 for type G»; in Subsection 3.2 for type Fy; in Subsection 3.3 for type
Eg; in Subsection 3.4 for type E7; in Subsection 3.5 for type Es. We determine the
b-functions of prehomogeneous vector spaces of Dynkin—Kostant type arising from
these diagrams.

Some prehomogeneous vector spaces are irreducible or simple. Their b-functions
have been determined. The summaries appear in [13] and [21] for iirreducible cases
and in [10] and [14] for simple cases. For other prehomogeneous vector spaces whose
b-functions have been already determined, the literatures are given there. The
remaining task is to determine the b-functions of the other prehomogeneous vector
spaces. The method of calculating b-fuctions is the same as that for 020020 in
Section 2. 0

3.1. TYPE G,

(1-1) Weighted Dynkin diagram 2=0

This is the irreducible prehomogeneous vector space (GL,, 3A1, C*. This pre-
homogeneous vector space has the irreducible relative invariant f of degree 4.
Its b-function is determined by T. Shintani [24]:

bp(s) = (s + 1 (s +3) (s +2).

We note that x = (1) in Lemma 1.3.7, and that Corollary 1.3.9 holds in this case.

3.2. TYPE F,

(2-1) Weighted Dynkin diagram 20 = 00

This is the irreducible prehomogeneous vector space (Spg x GL1, Az ® Aj, CH e QC).
This prehomogeneous vector space has the irreducible relative invariant f of degree
4. Its b-function is determined in [13, (14)]:

br(s) = (s+ (s +2)(s+3)(s+3).

We note that k = (3).

(2-2) Weighted Dynkin diagram 00 = 02

This is the irreducible prehomogeneous vector space (Spin; x GLy, spin rep. ® Ay,
e (C). This prehomogeneous vector space has the irreducible relative invariant
S of degree 2. Its b-function is determined in [13, (16)]: bs(s) = (s + 1)(s + 4). We
note that k = (4).

(2-3) Weighted Dynkin diagram 02 = 00

This is the irreducible prehomogeneous vector space (SLz x GL;, 2A1 ® Ay,
C*'® Cz). This prehomogeneous vector space has the irreducible relative invariant
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f of degree 12. Its b-function is determined by T. Kimura and M. Muro [16]:
2 2 2 2
bp(s) = (s+ D s +3) (s +3) (s +) (s +2)"
We note that k = (1).

(2-4) Weighted Dynkin diagram 02 = 02
This prehomogeneous vector space is given as follows. Let

G=GLyx GL, and V =SC*+4§*C* 4 C?,
where S2C* = {X € M>(C); 'X = X}. Define the action by
gv= (g1 X'g1.21Y'g1)'g>. 'g7'p)

forg=(g1,g»)eGandv=(X,Y,p)eV.
Let

=03 9 5)(0)

Then the isotropy group at vy is given by

o (B O ()]

We can see that this prehomogeneous vector space has two irreducible relative
invariants f; and f; given by

f1(v) = the discriminant of the binary quadratic form det(X¢+ Yy)
in the variables (¢, ) € C* and

S2(v) = det(Xp, Yp)

= (X11712 — X12Y1)PT + (X112 — X2011)P1P2 + (X12922 — X22)12)P3-

Their characters are

¢1(g) = (detg)'(detgs)’,  ¢y(g) = (detgi)(detgy).

Define the pairing between VY and V by

(W, v =PX", X)+P(Y,Y)+' p'p

for v = (XY, YV, p")e V¥ and v= (X, Y,p) € V. Here

V V
XY, x X1 X
P P N B B = XY1X11 + XY5X12 + X3, X20.
X2 Xy X12 X2

Then the relative invariants f;” and f,’ are given by

f1(v") = the discriminant of the binary quadratic form AY (X" + YVy)
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in the variables (¢, ) € C?, where h(X") = 4x},x}, — x}3, and

LOY) = (e yps = 000 )Py + 20103 — x50, )Py 3y +
+ (2y3, — x5Y2)p3 7

We have that

gradlog fi () = ((

O =
S T )

gradlog fr(vo) = ((

N|— B|—

Hence we get that
ai(s) = s1(s1 + 52)(2s1 + $2)%, ax(s) = $3(s1 + $2)(2s1 + 52).

We have k = (1, 1).
Therefore the b-function of the relative invariant f* = f{"' ;"> (m1,my € Z > o) is
given by

my—1 nmy—1
bf(s) = { l_g(mls—}— 1 +v)} H(M2S+ 1 +v)2]><

v=0

my+nip—1
x{ 1_[ ((m1+m2)s+%+v)}x

v=0

2my+my—1
x{ l_[ ((2m1+mz)s+2+v)}.

v=0

3.3. TYPE E;

(3-1) Weighted Dynkin diagram OO%OO
This is the irreducible prehomogeneous vector space (GLg, A3, C*°). This pre-

homogeneous vector space has the irreducible relative invariant f of degree 4.
Its b-function is determined in [13, (5)]:

br(s) = (s+ (s +5)(s+3)(s+7).

We note that k = (5).

(3-2) Weighted Dynkin diagram 20002

This prehomogeneous vector spa%e is the direct sum of two irreducible
prehomogeneous vector space (Sping x GLi, vector rep. ® Ay, e C) and
(Sping x GL;, half spin rep. ® A, C* ® C) in the sense of Definition 1.1.7. The
former prehomogeneous vector space has the irreducible relative invariant f; of
degree 2, whose b-function is by (s) = (s + 1)(s +4). The latter prehomogeneous
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vector space has the irreducible relative invariant f; of degree 2, whose b-function is
br(s) =(s+1)(s+4). Hence the b-function of the relative invariant
S =111 (mi,my € Z 5 ) is given by

my—1
b/:m(s) = i H(Wl13+ 1 +v)(m1s+4+v)}x

v=0

my—1
X { n(m2s+ 1 +v)(mzs+4+v)}.

v=0

We note that k = (4, 4).

(3-3) Weighted Dynkin diagram 00200

This is the irreducible prehomogeneous vector space (SL; x SL3z x GL,,
AM®A ®A;, C'®C’®C*. This prehomogeneous vector space has the
irreducible relative invariant f of degree 12. Its b-function is determined by T.
Kimura and M. Muro [16]:

bi(s) =6+ s+ 0+ Y6+ )6+ 6+
We note that k = (3).

(3—4) Weighted Dynkin diagram 20002

This prehomogencous vector space is the direct sum of the irreducible pre-
homogeneous vector space (GLg, Ay, /\2 C4) and the simple prehomogeneous vector
space (SLy x GLy x GL{, A + A7, ct+ C4) in the sense of Definition 1.1.7. The
former prehomogeneous vector space has the irreducible relative invariant f; of
degree 2, whose b-function is by (s) = (s + 1)(s 4+ 3). The latter prehomogeneous
vector space has the irreducible relative invariant f> of degree 2, whose b-function
is bp(s) =(s+1)(s+4). Hence the b-function of the relative invariant
fE=A"0" (my,my € Zs) is given by

my—1
bf(s) = i H(mls—f— 1+v)(ms+3 —l—v)}x

v=0

my—1
X { l_[(mzs+ 1 +v)(mzs+4+v)}.

v=0

We note that k = (3, 4).

(3-5) Weighted Dynkin diagram 20(2)02

This prehomogeneous vector space is given as follows. Let

G=GL, x GL, x GL, and V = M,(C)+ M>(C)+ C* + C>.
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Define the action by
gv= (@1 Xe;" &1 Ye)'gs 'er'p, 29)

forg=(g1,82.83)€eGand v=(X, Y,p,q) € V.
The b-functions of this prehomogeneous vector space are determined by A. Gyoja
[8, §8]. This prehomogeneous vector space has three irreducible relative invariants f,

/>, and f3 given by
f1(v) = the discriminant of the binary quadratic form det(X¢ 4+ Yy)

in the variables (&, ) € C,

L) =det(‘"Xp.' Yp),  f3(v) = det(Xq, Yq).
We have that

ar(s) = s1(s1 + s2)(s1 + 53)(s1 + 52 + 53),
ax(s) = $3(s1 + 52)(s1 + 52 + 83),
az(s) = 53(s1 + 53)(s1 + 52 + 53).

We have k = (1,1, 1).
The b-function of the relative invariant

2 =10RA (i, my,my € 2 5)

is given by

my—1 np—1
bi(s) = { []ous+1 +v)H [ s +1 +v)2]><
y=0

v=0

ms3—1 my+my—1
X H(m3s+l+v)2}{ 1_[ ((ml—i—mz)s—l—%—i—v)}x
v=0

v=0

my+msz—1
X H ((m1+M3)s+g+v)}x
v=0

my+my+m3—1

X UO ((m1+m2+m3)s+2+v)}.

34. TYPE E;

(4-1) Weighted Dynkin diagram 200000

This is the irreducible prehomogenem(l)s vector space (Eg x GL, A} ® Ay, C*’ @ Q).
This prehomogeneous vector space has the irreducible relative invariant f* of degree
3. Its b-function is determined in [13, (27)]: bs(s) = (s + 1)(s + 5)(s + 9). We note that
k= (9).
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(4-2) Weighted Dynkin diagram 000002

This is the irreducible prehomogeneous vector space (Spin;y x GLj,
half spin rep. ® A;, C** @ C). This prehomogeneous vector space has the
irreducible relative invariant f* of degree 4. Its b-function is determined in [13, (23)]:
br(s) = (s + 1)(s + 8)(s + 3) (s + 1}). We note that k = (8).

(4-3) Weighted Dynkin diagram 000000

This is the irreducible prehomogengous vector space (GL7, As, C*%). This pre-
homogeneous vector space has the irreducible relative invariant f of degree 7.
See [15]. Its b-function is determined in [13, (6)]:

by(s) = (s + D(s +2)(s + 3)(s + 4)(s + 5)(s +3) (s +3)-

We note that k = (5).

(4-4) Weighted Dynkin diagram 020000

This is the irreducible prehomogeneous vector space (Spinjg x GL;,
half spin rep. ® A;, C'®® C?). This prehomogeneous vector space has the
irreducible relative invariant f* of degree 4. See [12]. Its b-function is determined
in [13, (20)]: br(s) = (s + 1)(s + 4)(s + 5)(s + 8). We note that k = (8).

(4-5) Weighted Dynkin diagram 200002
This is the simple prehomogenoeous vector space (Spinjg x GL; x GLy,
vector rep. ® A} ® 1 + half spin rep. ® 1 ® Ay, C'° + C'®). This prehomogeneous
vector space has two irreducible relative invariants f; such that deg.0f; =1 and
degqis f1 = 2, and f; of degree 2 on (o3

The b-function of the relative invariant f* = f{"' ;"% (m, my € 7Z - ¢) is determined
by S. Kasai [10, (13)]: -

m1—1

b_;_i.’(s) = { []ous+1 —|—v)(m1s+8+v)}><

v=0

my—1 my+my—1
X { l_[(mzs—l— 1 —l—v)}{ 1_[ ((my +m2)s+5+v)}.

v=0 v=0

We note that kx = (8§, 1).
(4-6) Weighted Dynkin diagram 000820

This is the irreducible prehomogeneous vector space (SLg x GL,, Ay ® Ay,
cP g Cz). This prehomogeneous vector space has the irreducible relative invariant
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f of degree 12. Its b-function is determined by T. Kimura and M. Muro [16]:

br(s) = (s + 17(s + 202 (s +3) (s + 3 x
X (s+D(E+3)(s+) (s +7)

We note that k = (3).

(4-7) Weighted Dynkin diagram 002800
This is the irreducible prehomogenecous vector space (SLs x GL3, A; ® Ay,

Cc’® C3). This prehomogeneous vector space has the irreducible relative invariant
f of degree 15. See [7]. Its b-function is determined in [13, (10)]:

br() = (s+ D’ s +2°(s+ ) (s +9 (s + (s + s+
We note that k = (2).

(4-8) Weighted Dynkin diagram 020002

This prehomogeneous vector spacg is the direct sum of two irreducible pre-
homogeneous vector space (Sping x GL,, vector rep. ® A, C® ® C*) and
(Sping x GLy, half spin rep. ® Ay, (o () in the sense of Definition 1.1.7. The for-
mer prehomogeneous vector space has the irreducible relative invariant f; of degree
4, whose b-function is

bi(s) = (s+ D(s+4)(s+3)(s+3).

The latter prehomogeneous vector space has the irreducible relative invariant f; of
degree 2, whose b-function is by, (s) = (s + 1)(s + 4). Hence the b-function of the rela-
tive invariant /™ = f{"' £;"* (mi, my € Z > ) is given by

mlfl

byn(s) = { l_[ (mis+1+v)mis+4+v)(ms+3+v)(ms+1+v) t x
v=0

v=0

my—1
X { l_[ (mys+ 1+ v)(m2s~|—4+v)}.
We note that k = (4, 4).

(4-9) Weighted Dynkin diagram 000200

This is the irreducible prehomogeneous vector space (SLyx GL3 x SL,,
A @A @Ay, C*® C* ® C?). Denote it by (G, V) and let f be its irreducible relative
invariant.

Consider the irreducible prehomogeneous vector space (SL; x GL3 x SL,,
A ® AT QAT C?® C* @ C?), which is isomorphic to the irreducible pre-
homogeneous vector space (SO4 x GL3, A1 ® Ay, C'® C3), and denote it by
(G¢, V°). Then (G, V) is the castling transform of (G¢, V¢). The irreducible pre-
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homogeneous vector space (G¢, V) has the irreducible relative invariant f“ of degree
6, whose b-function is given by

bre(s) = (s + 1P(s + 2% (s +3)°.

See [13, (15)]. We see that f is of degree 12, and that b-functions of relative invariants
f and f* satisfy the relation

2 4
br(s) = b []]Bs+i+))
i=0 j=3

by the transformation formula for b-functions given in [25]. Hence the b-function of
the irreducible relative invariant f is given by

be(s) = s+ 1’6+ 27 (s+ ) (s + 9 (s + 9%
We note that k = (2).

(4-10) Weighted Dynkin diagram 002002
This prehomogeneous vector space is given as follows. Let

2 2 2
G=GLyxGLy and V=A\C'+ A\C'+ A\C'+C
where A? C* = {X € My(C); 'X = —X}. Define the action by
gv=((e1X'¢1.81Y'¢1.812'¢1)'g2. 21p)

forg:(gl,gz)eGand V:(X7 Y7Z,P)€ V.

Let
o 1 0 O 0 0O 1 0 0 0 0 1 1
y -1 0 0 O 0 0 0 1 0 0O 1 0 0
0= o 0 o 1pPf-1r 0 O OP1 O -1 0O0O})1tO
0O 0 -1 0 0O -1 0 0 -1 0 0 O 0

Then the isotropy group at v is given by
1 0 O

Lo 1 0 0
G,, = ((0 A),‘A‘l>;AeSL3,A 0 -1 o|lu=[0 -1 o]}.
0 0 1 0 0 1

This prehomogeneous vector space has two irreducible relative invariants. Let
f1(v) = the discriminant of the ternary quadratic form Pf(X¢ + Yn + Z{)

in the variables (£, n, () € C*. Here the discriminant of the ternary quadratic form

X1 E 4 0om? + 30 4 x4 + xsnl + x6EC
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is given by

4x1X2X3 + X4X5X6 — xlxg — X2X§ — X3xi.
Then f] is an irreducible relative invariant of degree 6, whose character is
$,(g) = (detg))’(det gy)*. The other irreducible relative invariant f» of degree 5 is
explicitly constructed in the same way as in [27]. Let © = &4 x S3 C G be the group
which permutes the bases. Then ¢ = (01, 02) € © acts on the polynomial ring C[V] as

a1 permutes the subscripts of x, y, z, and p, and g, permutes the set {X, Y, Z}. The
irreducible relative invariant f, is given by

HO) =D Exmyuzipt — ) £X13924734P102-

Here ' +m means the sum of the distinct terms of

> sgn(oa)(o1, o2)m.

(4] 654,172953
Its character is

$,(g) = (detg)*(det g2).

We have that

grad log f1(v)
o 1 0 o 0 0 1 0 0 0 0 1 0
_ -1 0 0 O 0 0 0 1 0 0 1 0 0
B 0o 0 0o 1|'l-t o oo’ o —-1o0wO0]]O ’
0O 0 -1 0 0 -1 0 0 -1 0 0 O 0
grad log f>(vo)
00 0 O 0O 0 0 O 0O 0 0 O 2
_ 00 0 O 0 0 0 1 0O 0 1 0 0
B 00 0o 11'lo o oo0l'lo —1 0 0})]O
00 -1 0 0 -1 0 O 0O 0 0 O 0
Hence we get that
ay(s) = si(s1 + 52)°, ax(s) = $3(s1 + 52)°.

We have k = (2,2). Hence, the b-function of the relative invariant /™ = f"' /7" is
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given by

my—1
b_,:-m(s) = { l_[ (mys+ 1+ v)(mys+2+ v)(mls + % + v) } X
v=0

my—1
X { l—[(mzs—l— 1 +v)(mzs—|—2+v)}x
v=0
my+my—1
X 1_[ ((ml +mz)s+§+v)((m1 + my)s + a3 +v)><
v=0

x ((my +ma)s + a3 + V)}

with some o3, € Q¢ such that oz | 4 a3, = 5. If we take m = (1, 0), then byx(s) is the
b-function of f;, which is B

bri(s) = (s + 1)(s +2)*(s + 3)(s +3) (s +2).

See [13, (15)]. By an easy consideration, we get that {a3, a3,} = {2, 3}.
Therefore the h-function of the relative invariant f* = f{"' £ (my,my € Z > o) is
given by

mp—1
byn(s) = [ []ous+1 +v)(mls+2+V)(m1S+%+v)}x
- v=0

my—1
X { n(m2s+ 1 +v)(mzs+2+v)}x

v=0

mi+my—1
x{ [T (@ +mos+24 )G +ma)s +3 +v)x
v=0

x ((m +m2)s+%+v)}.

(4-11) Weighted Dynkin diagram 020820
See Section 2.

(4-12) Weighted Dynkin diagram 200200
This prehomogeneous vector space is given as follows. Let

G=GL3; x GL; x SL, and V = M3(C)+ M3(C) + C>.

Define the action by
gv= (g1 Xg> " &1 Yg, ")'gs. £op)

for g =(g1,g2,83)€eGandv=(X,Y,p)e V.
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The b-functions of this prehomogeneous vector space are determined in [27]. This
prehomogeneous vector space has two irreducible relative invariants f; of degree
12 on M3(C) + M3(C), and f; such that deg(y y)f> = 6 and deg, f> = 3.

The b-function of the relative invariant /™ = "' (m1,my € 7Z > o) is given by

}’n]fl
bj:m(s) = { 1_[ (mys+1 +v)2(m1s+g+v)(m1s+%+v)}x

my—1
{l_[(mzs+1+v)3}

my+nmy— 1
{ ((m1 + ma)s +34v)’ x

y=|

X ((my 4+ ma)s +3 + ) ((my + ma)s +3 + v)}

2my+mp—1
X { l_[ (2my +m2)s+2+v)2}.

v=0

We note that k = (1, 1).

(4-13) Weighted Dynkin diagram 020200
This prehomogeneous vector space is given as follows. Let
G=GLy x GLy x SLy x SL; and V = M,(C)+ M»(C) + M»(C) + M»(C).
Define the action by
o= (g1 Xey' &1Y8, " 8128, ") g3, 82 W, ')
for
g=1(g1,8,8.840)€G and v=X,Y,Z, W)eV.

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector spaces, namely, the one consisting of the first three matrices
and the one consisting of the last matrix in the sense of Definition 1.1.7. The former
prehomogeneous vector space is isomophic to the irreducible prehomogeneous
vector space (SO4 x GL3, A1 ® Ay, Cte C ). Hence it has the irreducible relative
invariant f; of degree 6, whose b-function is

b(s) = (s + (s +2)°(s +3)".

See [13, (15)]. The latter prehomogeneous vector space has the irreducible relative
invariant f, of degree 2, whose b-function is

b(s) = (s + D(s +2).
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Hence the b-function of the relative invariant f* = f{"' ;"> (m1, my € Z o) is given

by

m—1
byn(s) = [ l_[ (mys + 14 v)2(mys + 2 4+ v)* (mys +3 + v)2] N
v=0

my—1
X { n(m2s+ 1 +v)(mzs+2+v)].

v=0

We note that k = (2, 2).

(4-14) Weighted Dynkin diagram 200202
This prehomogeneous vector space is given as follows. Let

G=GLy x GLy x GL, and V = M3,(C)+ M3,(C) + C* + C*.
Define the action by
gv=((g1Xg;", g1 Y )'gs. ‘g1 'p. £29)

for g =(g1.82.83) € Gandv=(X,Y,p,q) e V.
Let

EDEHE L)

Then the isotropy group at v, is given by

1 00
1 0 1 0
GV(): 010 5 5 s
0 1 0 1
0 0 1

0 0 1
0 1 0 1
X 01 0], ), (
1 0 10
1 00
This prehomogeneous vector space has three irreducible relative invariants f; of
degree 7, f> of degree 6, and f3 of degree 4. The irreducible relative invariant f

is explicitly constructed in the same way as in [27]. Let G =G3 x S, x S, C G
be the group which permutes the bases. We write

(,l'liz kika >
S , 8, L1l
2 lib

for a monomial x;j, Xi,j, Vi1, Vo Psqn G- Then o = (o1, 62, 03) € S acts on the poly-
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nomial ring C[V] as
iy kik
(01,02, 1)<l.ll.2, U2, lllz)
22 hb

_ (01(i1)01(i2) a1(k)o1(k2)
~ \o2()o2()” aa(l))oa(l)

o e i
(1,1,(12»(’.".2, ) l1l2) z( ky by zl,rz).
Joir b hb " jij

o1 (5)62(11)0“2(12)),

The irreducible relative invariant f; is given by fi(v) =Y (Y. +m;). Here
monomials m; and coefficients «; are listed in Table I, and }_" +m; is the sum of
the distinct terms of

Z sgn(c102)(a1, 02, 03)m;.

01€CG3,02,03€35,

Its character is ¢,(g) = (detg;)(det 2>)"'(detg3)®. The second relative invariant is
given by

f>(v) = the discriminant of the ternary quadratic form

()= (2 (29

in the variables (¢, 1, ) € C* for

X Y,
X = X2 and Y = Yz
X3 Y3

For the discriminant of ternary quadratic forms, see (4-10). Its character is

¢2(g) = (detg1)’(det g2) (det g3)’.

Table 1

Representative Coefficient Isotropy group

mi = (.15, 1.11) o =1 1

my = (1.7, 1.11) % =0 S = (23),1,1)

my = (i7.15. 1.11) ow =1 1

my = (17,5 1.11) =1 1

ms = (1.5 1.12) 25 =0 S = (23).1,1)

me = (3. 73.1.12) o =2 S, > ((23).(12). 1)
m = (7. 5. 1.12) =0 S, > ((23). (12), (12))
ms = (3313 1.12) % =0 S, > ((23). 1,(12))
my = (3.5 1.12) % =2 S, =((23). (12). (12))
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The third relative invariant is given by f3(v) = det(*Xp, ' Yp), whose character is
$3(2) = (det gy) "' (det g3).We have that

Lod (- o) (3,
gradlogfi(v) = I 1 1|1 <1> ,
VAN IRVAY
2 0 0 0 0 0
gradlog f2(vy) = 0O 11,11 01],10 <O) ,
0 0 0 2 0
0 0 0 0 0 0
grad log f3(vo) = o 11,11 0,121, <0>
0 0 0 0 0

Hence we get that

ai(s) = s1(s1 + 52)(s1 + $3)(s1 + 252)(51 + 52 + 53)°,
ax(s) = sa(s1 + 52)(51 4 22)° (51 + 52 + 53)%,
a3(s) = s3(s1 + 53)(s1 + 52 + 53)°.

We have k = (1, 1, 1). Hence the b-function of the relative invariant f’ =00

is given by

mp—1 my—1
b_zm(s) = { H(m1s+ 1 —i—v)z}{ n(mzs—i— 1 —}—v)}x

y=0 v=0
m3—1 my+my—1
X l—[(m3s+ 1 +v)}{ H ((m1 +mz)s+;+v)}x
v=0 v=0
my+m3—1
<1 1 ((m1+M3)S+%+v)}x
v=0
my+2my—1
X l_[ ((my +2my)s+24+v) ¢ x
v=0
my+my+m3—1 2
X 1_[ l_[((ml +my +m3)s + o7, + V)
v=0 r=1

with some a7, € Q. such that a7 1 + a7, = 4. If we take m = (0, 1, 0), then by (s) is
the h-function of f>, which is -

bi(s) = (s + 1>(s + 22 (s +3)°.

By an easy consideration, we get that {a7, 275} = {2,2}.
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Therefore the b-function of the relative invariant f* = f"f"f;"
(my, my, m3 € Z ) is given by

m—1 my—1
byu(s) = [ []oms+1 +v)2} : [] s +1 +v)}x
v=0

v=0
m3—1 my+my—1
X H(M3s+1+v)}{ H ((m1+m2)s+%+v)}x
v=0 v=0

my+msz—1
X 1_[ ((m1+M3)s+§+v)}x
v=0

my+2my—1

<4 [T m +2m2)s+2+v)}x

v=0

my+my+m3—1

X 1_[ ((my + my + m3)s + o7, + v)]
v=0

(4-15) Weighted Dynkin diagram 020202

This  prehomogeneous  vector (s)pace is given as follows. Let
G=GLy x GLy x GL, x SL, and V = M5(C) + M>(C) + M>(C) + C*>. Define
the action by

gv=((e1Xg;". g1Ye;") g3, g4 Wgi". 2p)

for g =(g1,82,83.849)€Gandv=(X, Y, W,p)e V.

This prehomogeneous vector space is the direct sum of two prehomogeneous
vector spaces {(X, Y, p)} and {(W)} in the sense of Definition 1.1.7. The former pre-
homogeneous vector space is the submodule of (3-5), which has two irreducible
relative invariants f; and f; given by

f1(v) = the discriminant of the binary quadratic form det(X¢+ Yy)
in the variables (¢, n) € C? and fo(v) = det(Xp, Yp). The latter prehomogeneous
vector space has the irreducible relative invariant f3 given by f3(v) = det(W), whose

b-function is by (s) = (s + 1)(s +2). Hence the b-function of the relative invariant
™ =" (my, my, my € 7 > ) is given by

my—1 nmy—1
bj_rm(s) = { n(m1s+ 1 +v)(m1s+%+v)}{ H(m2s+ 1 +v)2}x
v=0

v=0

m3—1
X { H(n@s—i— 1 +v)(m3s+2+v)]><

v=0

my+my—1
X { 1_[ ((m1 —i—mz)s—l—%—i—v)((ml +mz)s+2+v)}.
v=0

We note that k = (3, 1,2).
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3.5. TYPE E;

(5-1) Weighted Dynkin diagram 2000800
This is the irreducible prehomogeneous vector space (E7 X GL, A} ® Ay, C* g Q).

This prehomogeneous vector space has the irreducible relative invariant f of degree
4. Its b-function is determined in [13, (29)]:

br(s) = (s + 1)(s + 14)<s+%> <S+¥>'

We note that k = (14).

(5-2) Weighted Dynkin diagram 0000002

This is the irreducible prehomogeneous vector space (Spinia x GLj,
half spin rep. ® A;, C** @ C). This prehomogeneous vector space has the
irreducible relative invariant f of degree 8. See [7]. Its h-function is determined
in the appendix of [13] due to I. Ozeki:

br(s) =(s+ D(s+4)(s+5)(s+ 8)<s+§> <s+;> (s+%> (s+1—23>.

We note that k = (8).

(5-3) Weighted Dynkin diagram 0200000

This is the irreducible prehomogeneous vector space (Eg x GLy, A; ® Ay, ® Cz).
This prehomogeneous vector space has the irreducible relative invariant f of degree
12. Its b-function is determined by T. Kimura and M. Muro [16]:

B = 6 170+ B4 T P B+ 4D+
We note that k = (3).

(5-4) Weighted Dynkin diagram 20()0802

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector space (Spin;; x GLy, vector rep. ® Ay, cPg C) and
(Spini» x GLy, half spin rep. ® A, C** ® C) in the sense of Definition 1.1.7. The
latter prehomogeneous vector space has the irreducible relative invariant f; of
degree 4, whose b-function is

byi(s) = (s + 1)(s + 8)(s + D) (s +11).
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See [13, (23)]. The former prehomogeneous vector space has the irreducible relative
invariant f, of degree 2, whose b-function is

by(s) = (s + D)(s +6).

Hence the b-function of the relative invariant /* = f{" £ (my, my € 7 > ) is given
by
mp—1
byn(s) = { l_[ (mis+ 14 v)(mys + 8 4 v)(mys + 1+ v)(mis + 5 +v)  x
B v=0

my—1
X { H(M2S+ 1 +v)(m2s+6+v)}.

v=0

We note that k = (8, 6).

(5-5) Weighted Dynkin diagram 0000800

This is the irreducible prehomogeneous vector space (GLg, A3, C°®). This pre-
homogeneous vector space has the irreducible relative invariant f of degree 16.
See [15]. Its b-function is determined by I. Ozeki [18]:

bp(s) = (s + (s +2)°(s + 3)*(s +§)2(s + %)3(s + D+ D+ +L) (s +1).
We note that k = (3).

(5-6) Weighted Dynkin diagram 0020000

This is the irreducible prehomogeneous vector space (Spinjy x GLs,
half spin rep. ® A, C'* ® C*). This prehomogenecous vector space has the
irreducible relative invariant f* of degree 12. See [7]. Its b-function is determined
by T. Kimura and I. Ozeki [17]:

by(s) = (s+ Ds +2°(s + 3+ D +) s+ D +) s+ D+ (s +D).

We note that k = (4).

(5-7) Weighted Dynkin diagram 2000800
This is the simple prehomogeneous vector space (GL; x GL;, Az + AF, C¥ + C7).

This prehomogeneous vector space has two irreducible relative invariants f; of
degree 7 on C* and f, such that degcssfo =3 and deg7 f> = 2.
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The b-function of the relative invariant f* = /"' " (m;, my € 7 > o) is determined

by S. Kasai [10, (11)]:

m1—1

b.[ﬂ(s) = { l_[ (mys+1+v)(ms+2 +v)(mls+%+ v)(m1s+%+ v) X
y=0

v=0

my—1
X { l—[(mzs+ 1 +v)(mzs+%+v)}x

my+my—1
x { l_[ ((my +ma)s + 3+ v)((my +m2)s + 4 +v)x
v=0

X ((my +my)s+ 5+ v)}.
We note that k = (3, 7).

(5-8) Weighted Dynkin diagram 0200002

This prehomogeneous vector space is given as follows. Let G = Spinijg x GLy x GL,
and V = C'® 4+ M1 (C). Define the action by

p(Q)v = (Mgp'es. 1(g1)X'g2)

for g = (g1,42,23) € G and v=(p, X) € V. Here 1 denotes the half spin represen-
tation and y denotes the vector representation. We use the same notation as in [21,
110-114] about the half spin representation.

The kernel of p is generated by

<11i[<‘/jeifi+\/%—1fiei),—l,\/:).

We take a point
vo = (1 + erezeses, e41 + €52 + 0.1 + £102) € Oy,

where ¢; ; is the matrix whose (i, j)-element is 1 and other elements are 0. The isotropy
algebra at vy is isomorphic to the algebra of type G,. Let G’ = G/Kerp. Then we see
that G'/(G'), = 7, by [1]. Let

1 1 0
Then g’ belongs to G,, and not to the group generated by (G,,), and Kerp. Hence we
see that the isotropy group G,, is generated by (G,,),, Kerp, and g’. We see that
X*(G, V) in Proposition 1.1.3 is generated by (det g,)* and (det g3)*. Hence this pre-
homogeneous vector space has two irreducible relative invariants. Let

fo(v) = det(*XJX), where J = (2 15) and 75 is the unit matrix of size 5. Then it
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is an irreducible relative invariant of degree 4, whose character is ¢,(g) = (det o).
Hence, the character of the other irreducible relative invariant f; is expressed as

$1(2) = {(det g2)*} x (¢2(2))"

with some ¢ = +1 and k € Z.
Let

v = (1 + ejezeses, &4 + 652 + 89,1)~

Since v, belongs to an open G-orbit in S, = {v € V; f,(v) = 0}, we see that f1(v;) # 0.
We have that fi(vi) = fi(gvi) = ¢,(g)f/1(v1) for g € G,,. Hence we have that

{¢1) C {q> € Hom(G, C*); §lg, = 1}'

By calculating the isotropy subalgebra g, , we see that (det g>)(det g3)° divides b1(2).
Hence the character of f; is determined as ¢,(g) = (det g2)*(det g3)*. We have that

degpis fi = degy,, o) /1 =4
We have that

gradlogfi(vo) = (2 + 2ejeze3e4, e41 + 2652 + €9.1),
gradlogf2(vo) = (0, &4,1 + 52 + €91 + £10,2)-
Since the relative invariant f, is given explicitly, the a-function ay(s) can be

calculated. Then using the structure theorem for a-functions (i.e., Theorem 1.3.2),
we can derive the explicit form of a;(s) from that of a(s), and hence we get that

ai(s) = s1(s1 + 52)°(2s1 + 52)°,
ax(s) = s2(s1 + 2)*(2s1 + 52).

We have k = (4, 1). Hence the b-function of the relative invariant f* = /"' f;" is
given by

my—1
byn(s) = { [T s+ 1+ v)mis + 4+ v)(mys + g + ) (mis + o2 +v) } X
- y=0

my—1
X l—[(mzs—i— 1 +v)}x
v=0

my+my—1
X l_[ ((m1 + my)s + a31 +v)((m1 + my)s + o3 +v)}><
v=0

2my+my—1

<1 I] ©@m +m2)s+5+v)} (1)

y=0

with some o, € Q.9 such that a;;+o2=35 and o3 +a3,=6. If we take
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m = (0, 1), then b/u(s) is the b-function of f>, which is

br(s) = (s 4+ D(s+5)(s +3) (s +3).

See [13, (15)]. By an easy consideration, we get {a31,03,} = {3.3}.
Let

/
vV = (0,41 + 852 + 891 +£10,2),

and take W’ = {(p, 0)} C V. The isotropy algebra g, is isomorphic to sog + gl; + gl

and its action on W’ is even half spin rep. + odd half spin rep.. Let &y and /; be

irreducible relative invariants on W’'. Their b-functions are by, (s) = (s + 1)(s + 4).

Considering the degree of (f}),,, we see that (f1), is one of {3, hohy, h1}. On the other

hand, the relative invariant (f3),, is a constant. Hence the local b-function by

coincides with the h-function of (f{"'),. Since it divides b=, we have -
my—1

bym () = 1_[ (mis + 14+ v)(mis + 4+ v)(mys + on ) +v) (ms + o2+ v)

v=0

with the same o), as in Equation (1). Hence, the b-function of (f;), is given by

by, (8) = (s + 1)(s 4+ 4) (s + a1,1) (s + o1.2).

Since

bip(s) = bja(s) = (s + (s +2)(s +3) (s +3).

we see that (f1),, = hoh; and that its b-function is
by, (8) = (s + 1)*(s + 4)%.

Hence we get that {01, 212} = {1, 4}.
Therefore the b-function of the relative invariant f™ = f{"'f;"> (my, my € Z ) is
given by

mp—1
byn(s) = { l_[ (mys+ 1+ v)z(mls + 4+ v)2} X
- v=0
my—1
X l—[(mzs+1+v)}x
v=0
my+my—1
X l_[ ((m1+m2)s+%+v)((m1+m2)s+%+v)}x
v=0
2my+my—1

<1 [T @m +m2)s+5+v)}.

y=0
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(5-9) Weighted Dynkin diagram 0002000

This is the irreducible prehomogencous vector space (SLs x GLg, Ay ® A,
cg C4). This prehomogeneous vector space has the irreducible relative invariant
f of degree 40. Its b-function is determined by T. Yano and I. Ozeki [28]:

)= 6+ 06+ D 6+ 96+ 6+ 6+ 6+
X (s 70) (s +10) (s + 1) (s + 1)
We note that k = (1).

(5-10) Weighted Dynkin diagram 0020802

This prehomogeneous vector space is the direct sum of two irreducible pre-
homogeneous vector spaces (Sping X GLs, vector rep. ® Aj, e C3) and
(Sping x GLy, half spin rep. ® Ay, P C) in the sense of Definition 1.1.7. The for-
mer prehomogeneous vector space has the irreducible relative invariant f; of degree
6, whose b-function is

byi(s) = (s + D(s +2)(s + 3)s + D (s +3) (s + D).
See [13, (15)]. The latter prehomogeneous vector space has the irreducible relative

invariant f, of degree 2, whose b-function is bg(s) = (s+ 1)(s +4). Hence the

b-function of the relative invariant /™ = f{"'£;" (m;,my € Z > ) is given by

my—1
byn(s) = { l_[ (mis+ 1+ v)(ms+2+v)(ms+3+v) x
B v=0

X (m1s+4+v)(m1s+%+v)(mls+%+v)}><

my—1
X { l_[(mzs—i— 1 +v)(m2s+4+v)}.

v=0

We note that k = (4, 4).
(5-11) Weighted Dynkin diagram 2002800
This prehomogeneous vector space is given as follows. Let
2 2 2
G=GLsxGL; and V=/A\C+A\C+/\C+C,
where /\2 C° = {X € Ms(C);'X = —X}. Define the action by
o= (@ X'q.a1Y'e1,212'21)'¢2. '8, 'p)

forg=(gi,@»)eGandv=(X,Y,Z,p)eV.
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Let
0 0 010 0 0 001 0 0 0 00O
0 0 100 0 0 010 0 0 0 01 0
Vo= 0 -1000},] O 0 00O0O[,JO 0 0 10],]1
-1 0 000 0 -1000 0 0 -100 0
0 0 00O -1 0 000 0-1 0 00O

Then the isotropy group at v is given by

@00 0 0

00 a0 0 O al 00

001 0 0.0 1o0]]:acC,

0 00a! 0 0 0 a

000 0 a2

Gy = 00001

00010 001

J=1loo100].{fo10
01000 100
10000

Hence, X*(G, V) in Proposition 1.1.3 is generated by (detg))*(detg,) and (detg,)?,
and this prehomogeneous vector space has two irreducible relative invariants.
One of them, say fi, is the same as in the case (4-7), whose degree is 15, and its
character is ¢,(g) = (detg;)°(detg,)’. Hence the character of the other irreducible
relative invariant f> is expressed as

$5(2) = {(detgi(detgr)) x (¢1(2))".

with some ¢ ==+1 and k € Z.

Let
0 0 010 0 00O0°1 0 0 0 0O
0 0 100 0 00O0O 0 0 0 01
v = 0O -100O0}f,] O OOO0OO0],J]0 O O 1 0],10
-1 0 00O 0 00O0O 0 0 -1 00 1
0 0 0O0O0 -1 0 0 00 0 -1 0 00O

Since v; belongs to an open G-orbit in S = {v € V; f1(v) = 0}, we see that f5(v;) #0.
By calculating the isotropy subalgebra g, , we see that (det 21)*(detg,) divides
¢,(g) in the same reason as in the case (5-8). Hence the character of f; is determined
as ¢,(g) = (detg))*(detg,). We have that degx vy »/2=>5 and deg,f, = 2.

https://doi.org/10.1023/A:1021768026536 Published online by Cambridge University Press


https://doi.org/10.1023/A:1021768026536

b-FUNCTIONS OF PREHOMOGENEOUS VECTOR SPACES 81

Take another generic point v as

0 0 010 0 0 001 0O 0 0 0O
0 0 100 0O 0 010 0 0 0 01 0
Vo= 0 -1000],J] O 0 00O0}],J]O0 0 0 10},]1
-1 0 000 0 1000 0 0 -100 0
0 0000/ \=1 0o000/\o-1 000
Then we have that
0 0 020 0 0 O0O0 4
0 0 300 0O 0 010
gradlogfi(v)) = 0 -30001[,] 0 0 00O0],
-2 0 000 0 -1 000
0 0 00O -4 0 000
0 0 0 00O
0 0 0 02 0
0 0 0 301(,]160 ,
0 0 =300 0
0 -2 0 00
0 0 00O 0 0 00 2
0 0 100 0O 0 010
gradlogfs(vy) = 0-1000,] O 0 00O0],
0 0 00O 0 -1 000
0 0 00O -2 0 000

S O O o O
S O O o O
o
S o = O O
S O O o O

Since f is explicitly constructed in [7], we get that

ai(s) = st(s1 +52)(2s1 +52)* 351 +52)°,
ax(s) = s3(s1 +52)(2s1 +52)* (351 +52)%,

in the same reason as in the case (5-8). We have k = (%,%). Hence, the b-function of
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the relative invariant f™ =f/"'f;"* is given by

my—1
byn(s) = { l_[ (mis+1+v)(mis+34v) (mis + a1 —i—v)(m]s—i—oc],z—i—v)}x
v=0

my—1

X H (mys+1 +v)(m2s+§+v)}x
v=0

my+my—1
X 1_[ ((m1+mz)s+2+v)}x
v=0

2m+myp—1

X l_[ ((2m1 +my)s+ a3 +v)((2m1 +mz)s+oc3’2+v)}
v=0

3my+my—1
X l_[ ((3m1 +my)s+aa +v) ((3m1 +np)s + 042 +v)}
v=0

with some «;, € Q. such that

1
wgtoa=3, ozitoza=4 and oui+asr=7.

If we take m = (1,0), then bsn(s) is the h-function of f;, which is determined as

bi(s) =+ 1+ (543 s+ (s +) (s +3) (s +).
See [13, (10)]. By an easy consideration, we get that

A1, %125 = L5, (93,1, %327 = (9,5, 4an 04,1, 0421 =19, 45
{ b={13}{ p=1{3.3}. and { b=10.4

N

Therefore the b-function of the relative invariant f = f"'f)" (my,my € Z ») is
given by

m171
byn(s) = l_[(mls—i—l—l—v)z(mls—i—%—i—v)z}x
- v=0

my—1

X 1_[ (mas+1 +v)(m2s+%+v)}x
v=0

my+my—1
X l_[ ((m1+mz)s+2+v)]><
v=0

2my+my—1

X 1_[ ((2m1+m2)s+3+v)((2m1—}—mz)s—i—g—}—v)}><
v=0
3my+my—1

X l—[ (Bmy +mo)s + 3+ v)((3m +m2)s+4+v)}.

v=0
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(5-12) Weighted Dynkin diagram 2020002

This prehomogeneous vector space is the direct sum of two prehomogeneous
vector spaces (Sping x GLy x GL;, vector rep. @ A @ 1 + 1 ® A ® A], Cle C+
C? @ C) and (Sping x GL;, half spin rep. ® A;, C®) in the sense of Definition 1.1.7.

When we identify the representation space of the former prehomogeneous vector
space with M ,(C) + M, 5(C), the action is given by gv = (g3Xg5", g2 Y'z(g1)) for

g=1(21,22,83) € Sping x GLy x GL; and v=(X,Y)e Ml’z(C) + M;g(@).

Here y denotes the vector representation of Sping. It has two irreducible relative
invariants f of degree 4 on M;3(C) and f; such that degy /o = degy f> = 2. Their
b-functions are determined by F. Sato [19].

The latter prehomogeneous vector space has the irreducible relative invariant f3 of
degree 2, whose b-function is by (s) = (s + 1)(s + 4). Hence the b-function of the rela-

tive invariant /= = f{"' )3 (m;, my, m3 € 7 > ) is given by

m—1 nyr—1
byn(s) = [ H(M1S+ 1 +v)(m1s+%+v)” H(mszr 1 +v)2}x

v=0 v=0

v=0

m3—1
X { l_[(rn3s+ 1 +v)(m3s+4+v)}><
my+my—1
X { 1_[ ((my +m2)s+4+v)((m1 +m2)s+%+v)}.
v=0

We note that k = (3, 1, 4).

(5-13) Weighted Dynkin diagram 2000(%00
This prehomogeneous vector space is given as follows. Let G = GLy x GL3 x SL;
and V = M4 3(C) 4+ M4 3(C) + C*. Define the action by
gv=((s1Xe:". &1 78" ) g3, ‘g7 'p)
for g =(g1,22,23) € Gandv=(X,Y,p)e V.

Let

Vo =

(e e R
oo - O
O = OO
SO = O
O = OO
—_o O O
—_—0 O -
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Then the isotropy group at v is given by

10 0 0 )
0 o0 of (S OO0 2 0\| .,
2 .10 1 0], )8 =1,
00 & of{0 ! 0 ¢
o _1\No o o1 ¢
w = 000 1
0010 001 0 1
v=ilo 1 ol v=i
010 0 Lo 10
100 0

Hence X*(G, V) in Proposition 1.1.3 is generated by (detg;) and (detg»)*, and this
prehomogeneous vector space has two irreducible relative invariants f; and f>.
The irreducible relative invariant f; is the same as in the case (4-9), whose degree
1s 12, and its character is ¢,(g) = (det g1)*(det g»)~*. Hence the character of the other
irreducible relative invariant f; is expressed as ¢,(g) = {(det gl)}sx((bz(g))k with
some ¢ = *1 and k € Z.

Since dim G = dim V, this prehomogeneous vector space has the following relative
invariant fy. Fix linear bases of g:= Lie(G) and of V. Put fy(v) :=det(g — V;
Ar—Av) for v € V and ¢(g) :=det(V — V; v—gv) for g € G. Then f; is a relative
invariant whose character is ¢, and V\f;!(0) = Oy by [2, Remark 6.3.1].

We have that fy = f"' /7 with my, my > 0 and that ¢,(g) = (detg;)’(detg,)*.
Comparing the characters of f;, we have that

(e + 3k)ym; 4+ 3my =5, —4kmy — 4m, = 8.

Since f] is a polymonial, we can easily see that k > 0. Hence we get that ¢ = —1 and
k = 1. Thus the character of f; is determined as ¢,(g) = (det g;)*(det 2)"*. We have
that deg(y y) /1 = 12 and deg, f; = 4.

We have that

gradlogfi(vo) =

gradlog f2(vy) =

S OO WO O N
S O N OO O o
S = O O O o o O
S O = O O O O O
(= S BN eI o= S e =]
W O O O h OO N
S O O OO O N

Since fj is determined, we can calculate as

ai(s)as(s) = fy’ (grad log f*(vo))fo(vo)
= sTs2(s1 + 52)° (251 + 2)° (251 + 3s2)°.
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Hence we get that
_ 4 4 6 2
ar(s) = s7(s1 + 52)"(2s1 +52)°(2s1 + 3s2)°,
ar(s) = s%(sl + S2)4(2S1 + sz)3(2S1 + 3sz)3,

by Theorem 1.3.2. We have k = (1, 1). Hence the b-function of the relative invariant
fm=1"A" is given by

my—1
b_,:m(s) = { 1_[ (mis+1+ v)z(mls +o1+ v)(mls +opa+ v) } X
v=0

my—1
X l_[(mzs+ 1 +v)2}x
v=0
my+nmy—1 4
X 1_[ l_[((rm +rn2)s+oc3,,+v)}x
v=0 r=1
2my+my—1
X l_[ (2my +m2)s+2+v)((2m1 + my)s + o4 1 +v)><
v=0

X ((2m1 + my)s + o + v) } X

2my+3my—1

x UO ((2my + 3my)s + 3 + v)}

with some «;, € Q. such that
o o =2, 03,1 + 032 =3, o33 +o34 =3, and o) +osr =4

If we take m = (0, 1), then bm(s) is the b-function of f>, which is determined as

bu(s) = s+ DY+ 2 (s 3+ (s +9°.
See the case (4-9). By an easy consideration, we get that

{aa 1,030,033, 034} = {3.3.5.3}and{oy 1, 040} = {2, 2}

Let

SO O -
SO = O
SO = O O
SO = O
S = OO
—_ o o O
SO OO

and take W’ = {(0, 0, p)} C V. Then the isotropy algebra g, is isomorphic to gl,, and
its action on W’ is 3A,. The relative invariant (f), is the irreducible relative invariant
on W’. The relative invariant (f2), is a constant. Hence the local b-function b ,, is
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given by
m—1
byn () = l_[ (mys + 14 v)*(mys + 2 +v) (mis + 2+ v).
v=0

Since it devides the b-function of /™, we get that {o 1, 012} = {g,%}.
Therefore the b-function of the relative invariant /™ = f{"' ;"> (m1,my € Z > o) is
given by

mp—1
byn(s) = [ l_[ (mys +1 +v)2(m1s+%+v)(m1s+%+v)}x

v=0

my—1
{ l_[(mzs—i— 1 +v)2}x

my+my—1
{ (m1 —i—mz)s—i—%—i—v)z((rm —i—mz)s—i-%—}—v)x

V=

2my+my—1
x((ml—i—mz)s—}— +v)}{ l_[ ((2m1+mz)s+2+v)3}x

v=0

2m+3my—1
x{ ]‘[ ((2m1+3m2)s+3+v)}.

(5-14) Weighted Dynkin diagram 2002802
This prehomogeneous vector space is given as follows. Let
2 2 2
G=GLyxGLyx GL; and V= \C'+ \C'+ AC'+C*+C°,
where A? C* = {X € My(C); 'X = —X}. Define the action by
o= ((@aX'e,a1Y'e.a1Z'01) e 210, '¢5 ' 4'¢3)

forg=(g1,8,83€Gandv=(X,Y,Z,p,q)e V.

Let
0 1 0 0 0 0 1 0
10 0 0 0 0 0 1
"Z1lo o o 1||=1 0o 0oo)
0 0 —1 0 0 -1 0 0
00 0 1y (1)
o o 10]]o
o —10of|lof]?
10 0 0) \o)\?
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Then the isotropy group at v is given by

1 0 O
I3 0
0 ¢ O ,(0 tA_1>,.s;
Gy = 00 4
AeGLz,A(_Ol ?)M:(‘J ?),detA:a,s::l:l

This prehomogeneous vector space has three irreducible relative invariants. Note
that this prehomogeneous vector space has (4-10) as a submodule. Hence, two
of the irrducible relative invariants are the same as in the case (4-10). Let f] be
the irreducible relative invariant of degree 6, whose character is
¢,(g) = (detg))*(det g2)*.and let f> be the irreducible relative invariant of degree
5, whose character is ¢,(g) = (detg;)*(detgs). Let f3(v) = Pf(X, Y, Z)'q). Then
f3 is the remaining irreducible relative invariant of degree 4, whose character is

$3(g) = (detgy)(det g3)".
We have that

01 00y /0 0 10
, 100 o0][o o001
gradlogho)={1 0 o o 1 |'[ 21 0 00l
0 0-10/\0o —100
0 0 01\ /0
o o 10| [o](°
o —100|fol |}
10 00) \o) \°
00 0 0\ /0 0 00
gradloght) = [ | © © ° 0), 000y
00 0 1100 00
00-10/\o-100
0 0 00\ /2
00 10|[o](°
o —1o00llol|°]]
00 00/ \o) \°
0 1.0 0\ 0000y 0000\ /0y
wadiogrom= || 10 0 o] {o0ooo]foooof ol T
o 1]'loooollooool]o
10/ \oooo/\oooo \o) \°
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Hence we get that

a(s) = 57(s1 +52)°(51 4 53)(51 + 52+ 83),

ax(s) = $3(s1 +52)°(51 + 52+ 53),

a3 () = 53(s1 +53)(s1 + 52+ 53).
We have k = (%, 2, %). Hence the b-function of the relative invariant f =R s
given by

m;—1
b_,:m(s) = { 1_[ (mys+1 +v)(m1s+%+v)}x

v=0

mz—] m3—l
X H(mzs+l+v)(mzs+2+v) {n(mgs+l+v)(rn3s+g+v)}x
v=0 v=0

my+my—1
<1 T1 ((nﬂ+mz)S+oc4,1+V)((m1+mz)S+oc4,z+v)}x
v=0

my+mz—1
X 1_[ ((m1+m3)s+2+v)}x
v=0

my+my+m3—1

<1 Tl (MH+Merﬂ+3+ﬂ}

v=0

with some oy, € Q- such that oy | 404> =3. If we take m = (my, m», 0), then byn(s) is
the b-function of (4-10). By an easy consideration, we get that {oc4,1,oc4yz} :_{2, %}

Therefore the b-function of the relative invariant f[™ =f"f"f"
(my,my,m3 € Z »¢) is given by B

my—1

byn(s) = { 1_[ (mys+1 +v)(m1s+%+v)}><

- v=0

my—1

X l—[(mzs—f— 1 +v)(m2s+2+v)}><

v=0

m3—1

X H(M3s+ 1 +v)(1743s+%+v)}x

v=0

my+my—1

X l_[ ((m1+m2)s+2+v)((m1+m2)s+%+v)}x
v=0

my+m3—1

X l_[ ((m1+m3)s+2+v)}x
v=0

my+my+m3—1

X UO ((m1+mz+7n3)s+3+v)}.
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(5-15) Weighted Dynkin diagram 0200200

This prehomogeneous vector space is given as follows. Let

G=GL; x GLy x SLy x SL, and V = M;(C)+ M3(C) + M;,(C).
Define the action by

gv=((g1Xe;" &1 Ye;")'gs, 22 Wey ")

for g =(g1,22,83,849)€eGandv=(X, Y, W)e V.
Let

1 0 O 00 O 1 0
Vo = 0O -1 0}),f0 1 0 ), -1 -1 .
0 0 O 0 0 -1 0 1

Then the isotropy group at v is given by

(e, 1,6, 1); 6 = £1,
1 0
-1 0 -1 -1
8(1))”_1(1 1)”‘1(0 1))
0
—(1 1 —(1 0
(1) (1)) _1<0 —1)’ _1<—1 —1>)

This prehomogeneous vector space has two irreducible relative invariants f; and f5.
The irreducible relative invariant f] is of degree 12, which is given by

[e)

f1(v) = the discriminant of the binary cubic form det(X¢ + Yn)

in the variables (&, ) € C?, and its character is o) = (detg)*(detg»)™*. The
irreducible relative invariant f, is of degree 12, which is given by

f>(v) = the discriminant of the ternary quadratic form
(XW), (XW), (XW)s
det(((YW)l )5 " ((YW)z)” " ((YW))C)
in the variables (¢, 4, () € C* for
((XW)I) ((YW)1)
XW=|@&Ww),| and YW=\ (YW, |.
(XW); (YW),

For the discriminant of ternary quadratic forms, see (4-10). Its character is
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d,(g) = (detg;)*. We have that

4 0 0 2 0 0 00
gradlogfi(vo) = 0 -2 0 J],10 2 0 ],]0 O ,

0 0 =2 0 0 —4 0

2 -1 -1 1 -1 0 2 -1
gradlog f2(vy) = 0o -1 1 |,|-1 1 01, | -1 -1

0 1 -1 1 1 =2 -1 2

Hence we get that

ar(s) = st(s1 + 2 2s1 + 52)°,
ax(s) = s5(s1 + 52)4(2s1 + 52)°.

We have k = (1, 1). Hence, the b-function of the relative invariant f* = f["' f;" is

given by

m—1
byn(s) = l_[ (ms+1+ v)z(m1s +ap1 4 v) (s + oo + v)}x
v=0

my—1 4
X 1_[ (mas + 1+ V)zl_[(mzs + w0+ V) } X

v=0 r=1
mi+my—1 4
X l_[ H((ml + my)s + a3, + V) } X
v=0 r=1

2my4+m;—1 2

X 1_([) 1 ((2m1 +mp)s + o, + v)}

with some o, € Q. such that

o1 oy =2, o1 F o2 =023+ 4 =2,
031tz =033+034 =3, and a4 +oyr =4

If we take m = (1, 0), then bm(s) is the b-function of fi, which is determined as
b (s) = (s + 1)4(s+%)4(s—i—%)(s—i—%)(s—i—%)(s—i—%).
See [16]. By an easy consideration, we get that
{ors ez} = {5,
33

{ot3,1, 03,2, 03,3, 053,4} — {%E
{054,1,064,2} ={2,2}.

)

Wl

}.
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Let
1 0 O 0 0 O 0 0
vV = 0O -1 0},{0 1 0 }J,{0 O ,
0O 0 0 0 0 -1 0 0

and take W' ={(0,0, W)} Cc V. Then the isotropy algebra g, is isomorphic to
gl; + gl + gl + sk, and its action on W' is A; @1 Q@1 QAT +1@A; @1 @A+
1®1®A; ® Aj. The relative invariant (f}), is a constant. The relative invariant
(f2), is the product of irreducible relative invariants on W’. We see that

(B () =det( M1 W12 ) der( M2 M2 ) gey( M3 M2
W21 W22 w3p W32 w11 Wiz

for
w11 w12
W/ = Wa1 W S W’
w3 w3

by the direct calculation. Hence, the local b-function byx ,, is given by

mel

blmqvf(s) = l_[ (mas + 1+ v)4(m2s + % + v) (mgs + % + v).
v=0

Since it devides /™, we get that {01, 02,2, 023, 02,4} = {1, 1,3, 3}.

Therefore the b-function of the relative invariant f* = f"'f;"* (my, my € 7 > o) is
given by

my—1
b_,:-m(s) = { l_[ (mys+1 +v)2(mls+g+v)(m1s+g+v)}x
v=0
my—1
{ l—[(mzs—f— 1 +v)4(rn2s+§+v)(mzs+‘3‘+v)}x
ml+mz 1 )
{ (ml—{—mz)s—l—%—l—v) ((ml—{-mz)s—i—%—l—v)x
v=0
X ((m1 + m2)s +3 +v)}

2m1+mz 1
{ (@my +my)s +2 + v)z}.

(5-16) Weighted Dynkin diagram 0200602

This prehomogeneous vector space is given as follows. Let

G =GL; x GLy x GLy x SLy and V = M3,(C) + M3 ,(C) 4+ M>3(C) + C2.
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The action is given by
gv=((g1Xg;". 178" ) g3, gaWei', gop)

for g =(g1.82.83.8) e Gandv=(X, Y, W,p)e V.
Let

EDEDE D)

Then the isotropy group at v is given by

10
<1 0) (1 0) (1 0)
0 1 : , , :
o 1)°\o 1)°\o 1
o _ 00
n oo 1 0 10 1 0
antd I ’(0 —1)’“_1<0 1)"_1(0 —1)
0 0 1

This prehomogeneous vector space has three irreducible relative invariants f, />, and
/3 as follows. The first relative invariant is given by

f1(v) = the discriminant of the binary quadratic form det(WX¢&+ WYn)

in the variables (&, n) € C2. Its character is $,(2) = (det g2)(det g3)>. The second
relative invariant is given by

f>(v) = the discriminant of the ternary quadratic form
det X, i X n X3\,
e
Y, v )"\

in the variables (&, 1,() € C? for

X1 Yl
X = X2 and Y = Yz .
X3 Y3

For the discriminant of ternary quadratic forms, see (4-10). Its character is

¢2(g) = (detg1)*(det g2) (det g3)’.

The third relative invariant is given by f3(v) = det(WXp, WYp), whose character is
$3(g) = (detgs).

https://doi.org/10.1023/A:1021768026536 Published online by Cambridge University Press


https://doi.org/10.1023/A:1021768026536

b-FUNCTIONS OF PREHOMOGENEOUS VECTOR SPACES 93

We have that

gradlogfi(vo) =

gradlog f2(vy) =

gradlogf3(vo) =

—_ O = O O N = O
S O O O = O O = O
S = O O = O O = O
(=R e =l

Hence we get that

ai(s) = s1(s1 + 52)(s1 4+ 53)(2s1 + 53)7 (51 + 52 + 53)(2s1 + 252 + 53)7,
ax(s) = $3(s1 + 52)(s1 4 2 4 53)(251 + 252 + 53)°,
ay(s) = s3(s1 + s3)(251 + 83)(s1 + 52 + 53)(2s1 + 255 + 53).
We have k = (1,1, 1).
1y N3

Therefore the b-function of the relative invariant _ﬂ =f1”“ 7
(my, my,m3 € Z > ) is given by

m—1 my—1
byu(s) = [ [[ous+1+ v)}{ [] s +1 ~|—v)2}x

v=0 v=0
m3—1 my+my—1
X l_[(mgs—f— 1 +v)2}{ l_[ ((m1 —|—mz)s+%+v)}x
v=0 v=0
my+msz—1
X 1_[ ((m1+m3)s+g+v)}x
v=0
2my+mz—1
X l_[ ((2m1+m3)s+2+v)}x
v=0

my+my+m3—1

X 1_[ ((my +my +m3)s+2+v) ¢ X
v=0

2my+2my+msz—1

X 1—[ (2my + 2my +m3)s~|-3+v)}.
v=0

(5-15) Weighted Dynkin diagram 2020602

This prehomogeneous vector space is given as follows. Let

G =GLy x GL, x GL, x GL, and V = M»(C) + M»(C) + M»(C) + C* + C2.
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Define the action by
gv= (@ Xe,' &1 ey )'es. 2 Wey ' ey ' p. 2aq)

for g =(g1,82.83.@a9) €eGand v=(X, Y, W,p,q) € V.
Let

(D60

Then the isotropy group at v is given by

(GGG )
B (GBI IEHIE)

This prehomogeneous vector space has four irreducible relative invariants f1, f>, f3
and f; given by

fiv) = det(XWq, YWy),

f>(v) = the discriminant of the binary quadratic form det(X¢ 4+ Yy)
in the variables (¢, ) € C%,

f3(v) = det(tXp, ¢ Yp), fa(v) = det(W).

Their characters are

d1(g) = (detgi)(detgs),  ¢,(g) = (detg)*(detgr) *(detgs)’,
¢5(g) = (detgr)'(detgs),  ¢4lg) = (detgr)(detgs) ™.

We have that

warwroo= (1 -4 L) D))
gradlogfz(vo)=<((l) (1)><(1) _01><8 8)(8)(3))
wvsion=((1 )0 210 DO
gradlogﬁt(Vo)=<(g g)(g g>’<(l) ?)’(g)’<g>)
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Hence we get that

ai(s) = s1(s1 + $2)(2s1 + 54)°(s1 + 52 + 53),
ax(s) = s2(s1 + $2)(s2 + 53)(51 + 52 + 53),
as(s) = s3(s2 + s3)(s1 + 82+ 53),

as(s) = sa(2s1 + s4).

We have k = (1,1, 1, 1).
Therefore the b-function of the relative invariant f™ = f"/"f"f™
(my, my, m3, myq € 7 5 ) is given by

mi—1 nmy—1
byn(s) = { 1_[ (mys+1 —l—v)z}{ 1_[ (mas + 1 —l—v),x

v=0 y=0
ms—1 my—1

X H(m3s+ 1 +v)2}{ H(m4s+ 1 —|—v)}x
v=0 v=0

my+my—1
X l_[ ((ml—i—mz)s—i—%—i—v)}x
v=0

my+m3—1
X l_[ ((mz+m3)s+%+v)}x
v=0

2my+mg—1
X 1—[ ((2m1+M4)s+2+v)}x
v=0

my+my+mz—1

X lj! ((m1+m2+M3)s+2+v),.

4. Tables

We give the summary of the results obtained in Section 3. Notations in the tables are
the same as in Section 1.

The prehomogeneous vector space arising from the diagram in the table has /
irreducible relative invariants fj,,f;. The b-function of the relative invariant
fr= 4"y, omy € 7o) s given by

N -1

b)) =T TT TT0s@ws+ s +v).
Jj=1 v=0 r=1

The ordering of irreducible relative invariants is the same as in Section 3. The symbol
** about o, means multiplicity. For example, 1*2, 2, Tmeans that {o;, (1 < r < 4)} =

{11 11 % 9 %}'
The degrees d; = (d;, . . ., dy) of irreducible relative invariants in the fourth entries
of the row of s; in the table mean the following. Let V1, ..., Vj be the set of subspaces
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corresponding to the 2 of the diagram, whose ordering is from left to right. Then we
define d; = (di, ..., dy) := (degy, fi, ..., degy, f).

4.1. TYPE G,
Diagram ! d; 7 o,
(1) 2=0 1 4 51 <231
4.2. TYPE F4
Diagram / d; V; o (1)
1) 20 = 00 1 4 51 1,2,31
%) 00 = 02 1 2 51 1, 4
?) 02=00 1 12 51 14,32 52 52 12
4, 0) 51 1
2,2 $ 1%2
o) 02=02 2 S1+ 8 3
281 + 852 2
4.3. TYPE E;
Diagram / d; Vi %.r
0] oogoo 1 4 51 1,541
(2,0 5 1, 4
®) 20002 2 0, 2) 5 1, 4
0
3) 00300 1 12 51 14,4 4 5 57
0, 2,0) 1 1,3
“) 20002 2 (1,0, 1) 5 1,4
2
0, 4,0) 51 1
2,2, 0) 5 1%2
0, 2,2 83 1%2
5) 20202 3 51+ 8 3
0 S|+ 83 %
S1 4+ 52+ 53 2
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44. TYPE E;
Diagram d; Y o,
o 200000 3 51 1,59
0
) 000802 4 51 1,824
3) ooogoo 7 51 1,2,3,4,531
“) 020000 4 51 1,4,5,8
0
1,2 51 1,8
) 200002 2, 0) $ 1
0
ST+ 52 5 s
© 000020 12 st I R
) 002000 15 51 193,23, 39 42 92 s 7
0 > 52 23 3 44
4, 0) 1 1,4,31
®) 020002 (0, 2) $ 1, 4
0
(9) 000%00 12 51 1><3, 2><3’ %X2, %x2’ %XZ
(6, 0) 51 1,2,3
(10) 002002 3,2 $ 1,2
0 S1+ 82 2, 3, %
@, 4 51 1,2,3°
0, 4) 8 1
(11) 020820 s1+ 52 33
251 + 82 3
(0, 12) 51 1°2, 51
3, 6) $ 1%3
(12) 200200 s1+ 5 32 & 5
O 2S1 —+ Ayl 2X2
©, 6) ) 172, 222, 3
(13) 020200 2, 0) $ 1,2
0
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Diagram d; Vi %
(1,4,2) 51 12
(0, 6, 0) 5 1
(2,2,0) 3 1
(14) 200202 Si+ 5 3
0 S1 + 53 %
s1+ 28 2
S1+ 852+ 83 2x2
0, 4,0) 1 1,3
©,2,2) $ 1%2
(15) 020202 (2,0, 0) 5 1,2
0 S1+ 52 2, %
4.5. TYPE Eg
Diagram d; Vi %.r
0 2000800 4 5 1,14, 4.5
2) oooogoz 8 5 1,4,58,3 211
(G 0200000 12 5 12,32, 5 9% 13 14 5 1
©, 4) 51 18,44
@) 2000002
0 2, 0) 5 1,6
1 2><3 3><2 %XZ %X3
) 0000000 16 51
2 778 113
2233 6° 6
(6) 0020800 12 51 1,292,3%2,4,3 7318
0,7 51 1,2,31
%) 2000000 2,3) 5 1,1
2 s1 482 3,4,5
@, 4) 51 122, 472
@, 0) $ 1
®) 0200002 5145 32
0 251 + 5o 5
1><8 x4 4x4 3x4 sx4 s5x4
53 93 24 4 06 o
©) 0002000 40 51 P4 12 ax2 12 132
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Diagram d; V) o,
(6, 0) 1 1,2,3,4,31
(10) 0020802 (0, 2) $ 1, 4
(0, 15) 5 12, 32
2,5) $ 1,3
(11) 2002000 S1+ 8 2
0 281 + 852 3, %
351+ 52 3,4
(0, 4, 0) s1 1,1
2,2,0) 5 1%2
(12) 2020002 (0, 0, 2) 53 1, 4
0 s1+82 4,3
@, 12) 81 172,31
(0, 12) $ 1%2
(13) 2000200 s1+ 8 32,45
0 251 + 52 2%3
251 + 35 3
(0, 6, 0) 51 1,3
(0, 3,2) 5 1,2
2, 2,0) 53 13
(14) 2002002 S1+ 8 2,3
0 851+ 83 2
S1 452+ 53 3
(0, 12) st 172,31
(6, 6) 5 174, 2 4
(15) 0200200 s+ 32,4 3
0 2S1 + 52 2X2
@, 4,0) 81 1
(0, 6, 0) $ 1%2
2,2,2) 53 1%2
S|+ 82 %
(16) 0200202 s1+ 83 3
0 2S] + 53 2
1+ 82 + 53 2
2s1 + 257 + 253 3
(2,2,2,0) 1 1%2
(0, 0, 4, 0) $ 1
(0,0, 2,2) 3 1%2
(0, 2,0, 0) 4 1
(17) 2020202 S1+ 85 E
0 852 + 83 %
251 + 84 2
1+ 82+ 53 2
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