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NUMERICAL INVARIANTS IN HOMOTOPICAL 
ALGEBRA, I 

K. VARADARAJAN 

I n t r o d u c t i o n . Classically CW-complexes were found to be the best suited 
objects for s tudying problems in homotopy theory. Certain numerical invariants 
associated to a CW-complex X such as the Lusternik-Schnirelmann Category 
of X, the index of nilpotency of Œ(X), the cocategory of X, the index of co-
nilpotency of S ( X ) have been studied by Eckmann, Hilton, Berstein and 
Ganea, etc. Recently D . G. Quillen [6] has developed homotopy theory for 
categories satisfying certain axioms. In the axiomatic set up of Quillen the 
duali ty observed in classical homotopy theory becomes a self-evident phenome­
non, the axioms being so formulated. In addit ion to the category of based 
topological spaces there are a t least two other familiar categories which satisfy 
the axioms of Quillen. For any ring A the category C+(A) of chain complexes 
over A which are bounded below is known to satisfy the axioms of Quillen [6]. 
T h e category of semi-simplicial sets also satisfies the axioms of Quillen. This 
paper is devoted to the development of the theory of Lusternik-Schnirelmann 
Category and Cocategory etc. in the axiomatic set up of Quillen. 

Pa r t of §1 deals with some known facts about categories which we need 
later. A reference for this is [5]. For the sake of completeness we include them here 
without proofs. 

1. Pre l iminar ie s a b o u t categories . Let ^ be an arbi trary category. 
Recall t ha t a m a p j £ Horn (X, Y) is called monic if <p, 6 Ç Horn (A} X), 
j o (p = j o 6 => <p = 6. By a subobject of X in ^ we mean a pair (E, i) where 
E is an object in *$ and i : E —» X is monic. 

1.1 LEMMA. Suppose 

£ i — ^ — + E 2 

X 

Diagram 1 

is a commutative diagram in *$ with i\, i2 monic. Then p is unique and monic. 
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Let / : X —> Y be a given map in ^ . Let ^ be the family of subobjects 
(£ , i) of Y satisfying the condition t ha t there exists a map g : X -+ E with 
1 ° £ = /• Since i is monic it follows tha t whenever such a g exists it is unique. 
For any (Ei, ii) and (£ 2 , i*) in J^ a map of (£1, ii) into (£ 2 , '̂2) is defined to be 
a map <£> : £ x —» £ 2 in ^ satisfying i2 o <p = i\ From 1.1 it follows tha t <£>, 
whenever it exists, is unique and monic. 

1.2 LEMMA. Le/ ( £ b i i) and (£ 2 , i2) be objects in ^ and cp : Ei —> £ 2 be a map 

in ^ . Suppose gi : X —» £1 and g2 : -X" —» £ 2 are £&e unique maps satisfying 
iio gi = f = i2o g2. Then <p o gx = g2. 

Proof. We have i2 o (^ o gi) = (i2 o <p) o gi) = ii o gi = f = i2 o g2. The fact 
t ha t i2 is monic now yields <p o gi = g2. 

1.3 Definition. The image of / is defined to be a universal object in &, t h a t is 
to say it is an object (D, j) in J^~ with the proper ty t ha t if (E, i) is any other 
object in J^~ there exists a map 6 of (D, j) into (£ , i). 

Such a 0 is necessarily unique by (1.1). Also the image of / when it exists is 
unique up to an isomorphism in the category ^ since it is defined by a universal 
proper ty . We denote the image o f / b y I m / . 

1.4. Definition. Let (£1, i\) and (£1, i2) be subobjects of X in ^ . By their 
union (in X) we mean a subobject ( £ , i ) of X having the following propert ies: 

(a) There exist maps j \ : Ei —» E, j 2 : £ 2 —> E satisfying i oji = i\ and 
i o 72 = i2. 

(b) If (£ , &) is any subobject of X with maps &i : £1 —> £, k2 : E2 —> F 
satisfying k o ki = iu k o k2 = i2 then there exists a unique map I : E —> F 
satisfying k o I = i. 

1.5. Definition. Two subobjects (£ , i) and ( £ ' , 2V) of X are said to be iso­
morphic as subobjects of X if there exists an isomorphism 6 : E —» E' in ^ 
satisfying i' o 6 = i. 

The union of subobjects (£1, Û), (E2, i2) of X being defined by a universal 
property, it follows tha t whenever there is a union it is unique up to an iso­
morphism as a subobject of X. 

Let Ai, A2 denote the following axioms. 
(Ai) Any m a p / : X —» Y in 9f admits an I m / . 
(^42) Any two subobjects (Ei,ii), (E2fi2) of any object X of ^ have a union. 

1.6. Remark. I t is clear t h a t in Definition 1.4 the roles of (£1 ,ii) and (£ 2 , i2) 
can be interchanged. T h u s if ( £ , i) is the union of (£1, ii) and (£ 2 , i2) it 
follows tha t ( £ , i) is also the union of (£ 2 , i2) and (£1, Û). 

We denote the union of the subobjects (Eu ii), (£ 2 , i2) of X by (£1, ii) VJ 

(£ 2 , i 2 ) . 

1.7. PROPOSITION. Let (EQ, iq) q = 1, 2, 3 be any three subobjects of X. Let 
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(£, i) = (Elf Ù) U (£2, it) ; (F,j) = (£, *) U (£3, *8) and (£' , if) = (£2, i2) U 
(£3, ^3); (F',f) = (£1, ii) ^ (£' , i')- Then (F,j) and (F',f) are isomorphic as 
subobjects of X. 

1.8. THEOREM. Let *$ be any category satisfying axioms A\ and A2. Let 

h 
B-

u Ml 

M2 
X2 ' " > Y 

Diagram 2 

be a push-out diagram in (if. Let (£fl, iQ) = Im /zff(g = 1, 2) a#d (£, i) = 
(£i, ii) W (£2, i2). T̂Aew i : £ —> Y is an isomorphism. 

Proof. Let aff : X ç —» £tf be the map satisfying iQ o aq = nq (q = 1, 2). Since 
(£, i) = (£1, ii) KJ (£2, £2) there exist mapsj ç : Eq —> £ such that i o j c = iff. 
Write 0? for jç o aq. Then i o 6q ofq = i ojq o aq ofq = iq o aq ofq = ^q o fq. 
The commutativity of Diagram 2 gives i o 0i 0/1 = i o 62 o/2 . Since i is monic, 
0i 0/1 = 02 o/ 2 . Hence 

is a commutative diagram. Since by assumption Diagram 2 is a push-out 
diagram it follows that there exists a unique map X : Y —» £ such that 

* i M2^ 

Ml/ and X2 

- • £ 
Diagram 4 Diagram 5 

are commutative. From io\Ofjii = iodi = io jicti = i'i o «i = pu and 
i o X o /X2 = i o 02 = i oj2 oa2 — i2oa2 = ^2 we see that 

* ! 

Ml/ 

Diagram 6 

x2 

M2^ 

M2 

Y 

i o X 

F 
Diagram 7 
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are commutative. From the fact that Diagram 2 is a push-out diagram it 
follows immediately that i o X = IdF . 

Also i o (X o i) = (i o X) o i = Id F o i = i = i o Id#. Since i is monic we 
get X o i = ldE. 

Thus i : £ —> F is an isomorphism with X : F —> £ as its inverse. 

1.9. Definition. Suppose/ : X —> Fis a map in ^ and (£, i) a subobject of F. 
The inverse image of (E, i) by / is defined to be a subobject (F, j) of X satisfy­
ing the following conditions: 

( i ) / o j factors through i, i.e. there exists a map cp : F—> E such that 
i o p = / o j . 

(ii) If (F\f) is any other subobject of X with the property that there exists 
a map <p' : £ ' —» £ with i o <p' = f o j ' then there exists a unique map /* : £ ' —> 
F satisfying j o / i = j v . 

Remarks, (a) Since i : £ —> F is monic, whenever a map <p: F —> £ exists 
satisfying io<p = / o j then it has to be unique. 

(b) The inverse image being defined by a universal property is unique up to 
an isomorphism as a subobject of X} whenever it exists. 

(c) The map /x : F' —> F postulated to exist in (ii) above is monic by (1.1). 

Axiom Az. For every m a p / : X —> F in *io and every subobject (£, i) of F 
there exists an inverse image by / . 

1.10. LEMMA. Let ^ be a category satisfying axioms A\ and A%. Let f : X —> F 
be any map in *$ and (E,i) = Im/ . Let (F, j) be the inverse image of (£, i) by f. 
Then j : F —» X is an isomorphism. 

Axiom A±. Let / : X —» F be any map in ^ and Im / = (E, j). For any 
subobject (£, i) of E there exists a subobject (D, /z) of X satisfying 

(00) I m / o / i = ( ^ j o i ) . 

1.11. PROPOSITION. Let ^ be a category satisfying axioms A\, Az and A A and 
f : X —> F aw^ ma£ -m fé\ Let Im / = (£, i) and (£, j ) any subobject of E. Let 
(C, v) be the inverse image of (£, j o i) by f. Then Im / o v = (£, j o i). 

1.12. PROPOSITION. L ^ ^ be a category for which axioms Au A2 and A^ are 
valid. Let f : X —> F be any map in të. Let (Ek, ik) be subobjects of X and 
(Bkt jk) subobjects of Y (for fe = 1, 2). Let (£, i) = (£i, i\) \J (£2, ii) and 
(B, j) = (Bi, j i ) W (B2, ji) with \k : Ek —> £, M* : Bk—+ B the unique maps 
satisfying ioXfc = ik,jonk = jk(k = 1,2). Suppose there exists maps 6k : £* —• 
J3* satisfying f o ik = jkodk(k = 1, 2). TT&ew /feere exis/s a map d : E—> B 
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{necessarily unique) such that the following diagram is commutative. 

Diagram 8 

1.13. LEMMA. Let ^ be a category satisfying axiom A%. Let f : X —> Y and 
g : X —> Z be any two maps in *£. Let (E, i) be any subobject of Z. Let (F, j) be 
the inverse image of (£, i) by g and (C, v) the inverse image of (F, j) by f. Then 
(C, v) is the inverse image of (E, i) by gof. 

2. Some propositions on model categories. In this section ^ denotes 
a model category in the sense of D. G. Quillen [6]. The notations and the 
terminology we follow are those of [6]. In particular by a trivial fibration we 
mean a fibration which is also a weak equivalence. We use the abbreviation 
w.e. to denote a weak equivalence. We briefly recall the definition of a model 
category. 

Definition. By a model category we mean a category *$ together with three 
classes of maps in ^ , called fibrations, cofibrations and weak equivalences, 
satisfying the following axioms. 

Mo: *io is closed under finite limits and colimits. 
Mi: Given a solid arrow diagram 

M2 

-+X 

B >Y 

Diagram 9 

where i is a cofibration, p a fibration and where either i or p is a w.e., 
then the dotted arrow exists. 

: Any m a p / may be factored/ = pi where i is a cofibration and w.e. and 
p is a fibration. Also/ = qj where j is a cofibration and p a fibration 
and w.e. 
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M%: Fibrations are stable under composition, base change, and any iso­
morphism is a fibration. Cofibrations are stable under composition, 
cobase change and any isomorphism is a cofibration. 

M\\ The base extension of a map which is both a fibration and a w.e. is a 
w.e. The cobase extension of a map which is both a cofibration and 
a w.e. is a w.e. 

Mh\ Let 

be maps in ^. Then if two of the maps / , g and g of are weak 
equivalences then the third is. Any isomorphism is a w.e. 

2.1. PROPOSITION. Le/ / , g G Horn (X, F) and f < 
trivial fibration. Then fop ~l g o p. 

1 g. Let p : E —> X be any 

Proof. Let X X / be a cylinder object for X such that there exists a left 
homotopy h : X X I —> I between / and g. Let 

xvx do + d\xxi- >x 
be such that d0 + di is a cofibration, a a w.e., cr o (d0 + di) = V j and Diagram 
9(a) below commutative. 

X V X 

Let 

XXI 

Diagram 9(a) 

xxi 
Diagram 10 

denote the pull-back of p by a. Since p is a w.e. and a fibration by axioms Af3 

and M4 for model categories [6] it follows that p' is a trivial fibration. By 
axiom M5, a- o p' is a w.e. But <J o p' = p o a'. Hence £ o a' is a w.e. Since 
p is a w.e. again by axiom M$ a' is a w.e. 
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In Diagram 11 below we have a o (d0 o p + di o p) = p o V#. 

Diagram 11 

Since the inner square in Diagram 11 is a pull-back diagram there exists a 
unique map <V + <V : E V E —> P along the dotted arrow making Diagram 
11 commutative. Let h! — h o p' : P —» F. Then 

/*\ / ^ ' ° ^o' = h o p' o do' = h o dQo p = f o p 
^ \h' o di = h o pf o di = h o di o p = g o p. 

From the commutativity of the triangle marked (a) in Diagram 11 and the 
equations (*) we see immediately that 

>Y 
A 

r 
p 

is a commutative diagram. In here o' is a w.e. Hence/ o p ~l g o p. 

2.2. Remark. Proposition 2.1 can be contrasted with the following facts already 
proved in [6]. 

(0 If f> g £ Horn (B, C) satisfy f ~l g then u of ~l u o g for any map 
u : C —» D in ^. 

ii () If further C is fibrant then f o v ~l g o v for any v : A —» B in ^. 

2.3. PROPOSITION. Letf, g Ç Horn (X, Y) be such thatf ~T g. Let i : Y-> Yf 

denote any trivial cofibration. Then i of ~T i o g. 

This is precisely the dual of 2.1. 

2.4. PROPOSITION. Let F, Z be fibrant and i : Y—* Z a w.e. If f, g £ Horn 
(X, F) are such that i of ~r i o g then f ~r g. 

fop + gop 

Diagram 12 
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Proof. Let Z 7 be a path object for Z with a right homotopy k : X —» Z z 

between i o / and i o g . Let 

z T >z' (do'dl\zxz 
be such that r is a w.e., (i0, d\) is a fibration, (rf0, rfi) o T = V z and Diagram 13 
below commutative. 

X* -+Z1 

(iof, iog) 
fcVt 

Let 

ZXZ<— 

Diagram 13 

N-

(,<Po, <Pi) 

-+Z1 

Udo, di) and 

M- •+N 

Y y Z i-hZ X Z 
Diagram 14 

F X Y 

("o, vi) 

l y X Î 

(<P0, <Pl) 

+ YX Z 
Diagram 15 

be pull-back diagrams. If 6 = fi o a then it follows that Diagram 16 below is a 
pull-back diagram. 

M-

(j'o, v\) 

+Z1 

\(do, di) 

i X i 
F X F *Z X Z 

Diagram 16 

We have (dQ, di) o T o i = (i X i) o AF in Diagram 17 below. 

Diagram 17 
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Since the inner square is a pull-back diagram it follows that there exists a 
unique map n : Y —> M along the dotted arrow making Diagram 17 commuta­
tive. Clearly 

YXZ-
i X 1, 

-+z x z 

Diagram 18 

-*z 

where pi : Z X Z —> Z, pY : Y X Z —» Y are projections to the first factors, is 
a pull-back diagram. This together with the fact that Diagram 14 is a pull-back 
immediately yields that Diagram 19 below is a pull-back. 

N- -+Z7 

<Po 

>Z 

Diagram 19 

Now, do : Z 7 —» Z is a trivial fibration since Z is fibrant. Hence by axioms Mz 
and MA it follows that <po : N —> Y is a. trivial fibration. In particular <p0 is a w.e. 
Moreover i o <po = d0 o fi and i, do, <po are weak equivalences. By axiom M5 we 
see immediately that 0 is a w.e. From di o fi = <pi (Diagram 14) and the fact that 
d\ is a w.e. it follows that <p± is a w.e. 

Similarly it is possible to show that 

Diagram 20 

is a pull-back. Since Y is fibrant the projection p2 : Y X Z —•> Z to the second 
factor is a fibration. Moreover <pi = p2 o (<p0, <pi). Hence by axiom M3 the 
map <pi is a fibration. We have earlier shown that <pi is a w.e. Thus <pi is a 
trivial fibration. By axiom Af4, J>I : ikf —» F is a w.e. From *>i o /z = l y (Dia­
gram 17) and axiom M5 we immediately see that /x is a w.e. 
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In Diagram 21 we have (d0j d\) o k = (i X i) o (/ , g). 

Diagram 21 

Since the inner square is a pull-back, there exists a unique map fe' : X —» M 
along the dotted arrow making Diagram 21 commutative. 

From the commutativity of the triangle marked (a) in Diagram 17 and of 
the triangle marked (b) in Diagram 21 we immediately see that Diagram 22 be­
low is commutative. 

U,g) 

YX Y + 

Diagram 22 

Moreover pi is a w.e. This proves that / ~T g. 

2.5. COROLLARY. Let Y, Z befibrant and i : Y —> Z a w.e. Then i* : IF(X, Y) 
—> IF (X, Z) is a set theoretic injection for any X in fê. 

2.6. PROPOSITION. Let A, B be cofibrant and h : A 
Horn (B, C) are such that f o h ~l g o h then f ~l g. 

This is the dual of Proposition 2.4. 

B any w.e. If f, g Ç 

2.7. COROLLARY. Let A, B be cofibrant and h : A —> B any w.e. Then 
h* : TT1(B, C) —» T1(A, C) is a set theoretic injection for any C in ^ . 

As in [6] for any object A of ^ , pA : Q{A) -> A (respectively iA : A ~> R(A)) 
will denote a trivial fibration (respectively a trivial cofibration) with Q(A) 
cofibrant (respectively R(A) fibrant). Then as explained in [6] given any map 
/ : A —» B in ^ it is possible to find a map Q(f ) : Q(A) —> Q(J3) (respectively 
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R(f) :R(A)->R(B)) such t h a t / opA = pBoQ(f) (respectively R(f ) o iA 

— iBof). Moreover such a Q(f ) (respectively R(f )) is unique up to left-
homotopy (respectively right homotopy). 

2.8. LEMMA. Let f, g Ç Horn (A, B). Then RQ{f) 
iB of opA ~ iB o gopA. 

' RQ{&) tf an^ onh */ 

Proof. Diagram 23 below is clearly a commutative diagram for any 
<p G Horn (A,B). 

RQM 
RQ(A) >RQ(B) 

iQU) 

Q(A) 

\PA 

QM 

PB 

*«(B) 

- * £ • 
IB 

->RQ(B) 

\R(PB) 

Diagram 23 

Since RQ(B) is fibrant and iQU) : Q(A) —> RQ(A) is a trivial cofibration, by 
the dual of Lemma 7, § 1, Chapter I of [6] it follows that 

iQU)* : T'(RQ(A), RQ(B)) - • *'(Q(A), RQ(B)) 

is a set theoretic bijection. Since both Q(A) and RQ(A) are cofibrant and 
RQ(B) is fibrant we have 

*r(RQ(A), RQ(B)) = TT1(RQ(A), RQ(B)) = T(RQ(A), RQ{B)) and 

T'(Q(A),RQ(B)) = T'(Q(A),RQ(B)) = T(Q(A), RQ(B)). 

Thus iQU)* : T(RQ(A), RQ(B)) -» ir((?(4), RQ(B)) is a set theoretic bijec­
tion. From the commutativity of the upper square in Diagram 23 for / and g 
separately in place of <p we now get 

(5) RQ(f ) - RQ(g) « ig(fl) o Q ( / ) ~ *<,(*> o e(g). 

Let us assume that RQ(f) ~ RQ(g). Then iQ{B) o Q{ f ) ~ iQ{B) o Q(g). 
From (i) of Remark 2.2 we immediately get R(pB) o iQ(fî) o Q ( / ) ~ ! R(PB) O 
^?CB) O Q(g). However, since Q(-4) is cofibrant and i?(J5) is fibrant 7r'((?(-4), 
R(B)) =T'(Q(A),R(B)) = ir(Q(A),R(B)). Hence R(pB) o iQiB) o Q(f ) ~ 
R(PB) O iQ(J5) oÇ(g). From Diagram 23 we see that R{pB) o iQ(B) o Q(f) = 
i* o / o ̂  and £(£*) o iQ(B) o Q(g) = iB o g o pA. Hence i?<2(/ ) ~ ^<2(g) => 
i* ofopA ~iB o gopA. 

Conversely, assume iB of o pA ~ iB o go pA. Then R(pB) o i0(B) o Q ( / ) ~ 
^ ( £ B ) O W ) O Ç(g). Since RQ(B) and j?(5) are fibrant and R(pB) : i?Q(J5) -> 
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R(B) is a w.e. from Proposition 2.4 we get iQiB) oQ(f) ~r iQ(B) o Q(g). Again 
since *r(Q(B), RQ(B)) = *(Q(B), RQ(B)) it follows that iQiB)oQU)~ 
ÎQ(B)oQ(g). Now (5) gives RQ(f) ~ RQ(g). This completes the proof of 
Lemma 2.8. 

From now on we will assume that the model category ^€ in addition to 
satisfying the axioms Mi, M2, Af3, M\, Mb of Quillen also satisfies the axiom W 
mentioned below. 

(W) lî f : A —* B, g : C —> D are weak equivalences then f X g : A X 
B—>CXD and f \/ g\A V B-^C V D are also weak equivalences. 

2.9. LEMMA. Letfu gi Ç Horn {AuBt) andft~
lgt{i = 1, 2). Thenfi Xf2~l 

gi X g2 andfi V f2 ~l gi V g2. 

There exist commutative diagrams 

/ i + gi 

Ai V i4i 

/2 + 2̂ 

A2 V 4 S 

with <7i and <T2 weak equivalences. It follows that Diagrams 26 and 27 below 
are commutative. 

4 / X A2' 
hi X h2 

Ax X A2 + 041 X A2) V 0*i X i42) 

V ^ i V A i 
041 V A2) V Oli V i42) 

Diagram 27 
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From axiom (W) we see t ha t di X c2 and v\ V <J2 are weak equivalences. Hence 

fi X / 2 ~l gi X g2 a n d / i V f2 ~ * gi V g2. 

2.10. L E M M A . L e / / i f gi 6 Horn (i4<, B*) a n d / * ~r gt{i = 1, 2) . Thenfi X 

/2 ~ r gi X g2 awd / i V / 2 ~ r gi V g2. 

Proof. There exist commutat ive diagrams 

fei 

( / i , g i ) 

S i X S i « 

42 -+52' 

( / 2 , g2) 

^ X f t 4 

Diagram 28 Diagram 29 

with n and r2 weak equivalences. I t follows tha t Diagrams 30 and 31 below are 
commutat ive . 

kx X k2 
Ax X A, - * i V X B2' 

(fl X / 2 , gl X g 2 ) 

^J 

(^ ^ 
&Q> 

^ 
r i X r2 

( 5 i X 5 2 ) X (JBi X J32) « 

Ai V 4 2 -

Diagram 30 

ki V &2 

5 i X B2 

-KBi' V 5 2 ' 

(fi V / 2 , g i V g2) 
vl 

^ 

vj &*J 
^ 

^ > 

T\ V T2 

( £ i V B2) X ( £ i V J3 2 )« 

Diagram 31 

"5 i V B2 
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By axiom (W) n X r2 and n V r2 are weak equivalences. Hence / i X / 2 ^ r 

gi X g2 and / i V / 2 ~ r gi V g2. 

2.11. Remark. T h e three categories which we mentioned in the introduct ion 
do satisfy axiom (W) also. Hence our results apply to all these three categories. 

2.12 PROPOSITION. Letfh, gk £ Horn (Ak,Bk)(k = 1,2) be such that RQ(fk) ~ 

RQ(gk). Then 

(a) RQ{h X ft) ~ RQ(gi X g2), and 
0>)RQ(fi Vf2)~RQ(gl V g2). 

P roo / 0/ (a) . By hypothesis, RQ(fk) ~ RQ(gk)- Lemma 2.8 gives 
iBk ofko pAk ~ iBk o gk o pAk. Lemma 2.10 now yields 

(ÎBiOfiOpAl) X (iB2 of2.opAt) ~r (iBl ogi opAl) X (iBtOg2opAs). 

In other words, 

(6) (iBl X iB2) o (fiXf*) o (PAI X PAI) ~T (iBi X *B2) o (gi X g2) o 

(PA, X p A l ) . 

Since £ A l and pA2 are flbrations it follows t ha t pAl X £u2
 : Q(A\) X (K^.2) —* 

^4i X 4̂2 is a fibration. By axiom (W), pAl X £u2 is also a?£>.e. Since Q(AX X ^42) 
is cofibrant it follows from axiom M\ t h a t there exists a map \\Q(A\ X A2) —> 
QC4i) X 0 ( ^ 2 ) along the dot ted arrow in Diagram 32 making it commuta t ive . 

4> >Q(AX) X Q(A2) 

PAX X pM 

Q(AX X 42) 7 • ^ 1 X A2 
PAIXA2 

Diagram 32 

From (6) and the dual of (i), Remark 2.2 we get 

Osi X iBi) o ( / i X f2) o (pAl X pAi) o À - r ( i B l X iB2) o (gi X g2) o 

(PAI X ^ 2 ) o X. 
But (pAl X ^ 2 ) o X = pAlXA2- Hence 

(7) (iBl X **2) o ( / i X f2) o ^ I X A 2 ~ r OBI X if l2) o (gi X g2) o £ A I X A 2 -

Since t'Blx£2 is a trivial cofibration and R(Bi) X R(B2) is fibrant by axiom 
Afi there exists a map n : R(Bi X U2) -> -R(Si) X 1?(£2) along the dot ted 

> 

https://doi.org/10.4153/CJM-1975-097-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1975-097-5


NUMERICAL INVARIANTS I 

arrow in Diagram 33, making it commutative. 

915 

5 l X 5 2 

Bi X 

lBiXB2 

R(Bi X B2) 

-> R(BX) X R(Bt) 

- • * 

Diagram 33 

By axiom (W) iBl X iB2 is a w.e. It follows from axiom M^ that n is a w.e. 
Now, relation (7) is the same as 

(8) 

Also, both £ (Bi X J52) and J R ( 5 I ) X R(B2) are fibrant. Hence Proposition 2.4 
yields 

(8) ÎBIXB2 ° ( / l X / 2 ) O £>AiXA2 ^ ^ ÎBIXBÎ O (gi X £2) O £>AiXA2-

Since Q(AX X 4 2 ) is cofibrant and 2?(Bi X J52) is fibrant (8) gives 

IB1XB2 ° ( / l X / 2 ) O ^AiXA2 ~ *BiX2*2 O (gi X gi) O pAiXAf 

Lemma 2.8 now gives RQ(fi X /2) ~ RQ(gi X £2). 

Proof of (b). As in (a), 

^Q(/*) ~ ^<2fe) * is* o/fc o pAk ~ iBk ogko pAk. 

The second part of Lemma 2.10 yields 

(iBl 0/1 opAi) V (iB2 0/2 o£A 2) ~ ' (iBi ogi op A l ) V (iB2 o g2 opA2). 

In other words, 

(9) (iBl V îB2) o (/1 V /2) o (pAl V pA2) ~l (isi V iB2) o (gl V g2) o 

(PAI V pA2). 
Since 

Q ^ x V A2) *AlV A\A! V 4 2 

is a trivial fibration and Ç(^4i) V Q(A2) is cofibrant, by axiom M\ there exists 
a map a : <204i) V Q(A2) —» Q(4i V 4 2 ) along the dotted arrow in Diagram 
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34 below making it commuta t ive . 

4> + Q{AX V A2) 

s* 

y 

Q{AX) V Q{A2) + Ax V A2 
PAY V pA2 

Diagram 34 

By axiom (W), pAl V pA2 is a w.e. Since pAlyA2 is a w-e- it follows from M5 t h a t 
a is a w.e. Also pAl V pA2 = PA\\A2° a together with (9) yields 

OBI V iB2) o (fi V f2) o pAlVA2 o a ^ 1 OBI V if i2) o (g! V g2) o 

Both Q(i4i) V Q(A2) and Q(^4i V -42) are cofibrant and a is a w.e. Hence 

Proposition 2.6 yields 

foi V îB2) 0 ( / i V / ^ O ^ ~< (iBl V i*,) o (gt V g*)opAlyA2. 

From (i), Remark 2.2 we now get 

ijzu?i)Vft(B2) ° OBI V ifi2) o ( / i V / 2 ) o^ A l v42 ~l ÎR(BI)VR(B2) O 

OBI V iB2) ° (gi V g2) OpAlyA2. 

Writ ing 0 for the composite iR(Bi)VR(B2) OBI V ^ 2 ) the above relation can be 
writ ten as 

(10) 0 o ( / i V / 2 ) o £A l V i l 2 - ^ o f e V g 2 ) o fcuv*,. 

By axiom (W7) iBl V ^ is a w.e. Hence 6 is also a w.e. by M 5 . 
Since R(R(B1) V J R ( £ 2 ) ) is fibrant and 

Bx V B2
BlW B\ R{B, V B2) 

is a trivial corporation it follows by axiom Mi t h a t there exists a m a p 7 : 

£ ( £ 1 V B2) -^RfJUBx) V i ? ( £ 2 ) ) along the dot ted arrow in Diagram 35 

making it commuta t ive . 
6 

£1 V B2 • R(R(B!) V R(B2)) 

R(Bi V B2) 
Diagram 35 
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Since 6 and IBIVBI are weak equivalences by M*> we see that 7 is a w.e. Since 
0 = 7 ^BIVJ32 relation (10) is the same as 

7 O iBlVB2 O (/l V /2) O pAiWAi ̂ 7 0 ^BiVB2 O (gi V g2) O pAlVA2' 

Since Q(^4i V ^42) is cofibrant, Lemma 5.1, § 1, Chapter I of [6] gives 

7 O iBiVB2 ° ( / l V / 2 ) O ^AlVA2 ^ 7 0 ^BlVBa ° (gl V g2) O ^AlVA2-

Both 2?(5i V 52) and ,R(2? (51) V 2? (52)) are fibrant and 7 a w.e. From Propo­
sition 2.4 we now get 

^BIVB2 O ( / l V / 2 ) O ^ i V A î ^ r ^?lVB2 O (gl V g2) O pAiVA2> 

The fact that Q(A 1 V ^42) is cofibrant and R(Bi V B%) is fibrant now gives 

^BlVB2 O ( / 1 V / 2 ) O pAiWA2 ~ ÎB1VB2 O (gl V g2) O ^AiVA2-

An application of Lemma 2.8 now yields 

RQUi vf2)~RQ(gi v g i ) . 

2.13. Definition. Let ^4, X be objects of ^. We say that X dominates A (or 
X dominates A in homotopy) if there exist m a p s / : 4̂ —> X, g : X —» 4̂ such 
that £ 0 ( g o / ) ~ W A ) . 

Since RQ(gof) ~ RQ(g) oRQ(f) the above condition is equivalent to 
RQ(g) o -RQ(/ ) ~ l«ou). By Lemma 2.8, the condition RQ(g 0 / ) ~ 1BQU) is 
equivalent to iA o ( g o / ) o ^ A ~ i A o £A. We write X > A (or A < X) to 
denote that X dominates ^4. If ^ is the model category of topological spaces, 
every object in 3T is fibrant. CW-complexes are also cofibrant. When X and A 
are CW-complexes the concept of homotopy domination introduced here agrees 
with the classical concept introduced by J. H. C. Whitehead [8]. When X and 
A are not CPF-complexes, in general the concept of homotopy domination 
introduced by us differs from the concept introduced by J. H. C. Whitehead. 
But it appears that Definition 2.13 is the best suited for our purposes. 

2.14. PROPOSITION. Let X > A and Y > B. Then 
(i) X X Y> A XB 

(ii) X V Y > A V B. 

Proof. Let 

A-lx^A and B^Y^B 

be such that RQ(g 0 / ) ~ lRQu) and RQ(<p o 0) ~ 1RQ{B). 
Consider the diagrams 

A X 5 ^ I X F ^ i X 3 a n d 

AXB^XXYÏ^ZAXB. 
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Now, 1RQU) ~ RQ(lA) and lRQ(B) ~ RQ(1B) and hence 

RQ(&of)~RQ(lA), RQ(<po6)~RQ(lB). 

By Proposition 2.12 we get 

RQ((gof ) X (<p o 6)) ~ ^ ( U X 1B) = i ? < 2 ( W ) ~ W A X * ) and 

RQ((g of) V (cpo 6)) ~ i^<2(l^ V lB) = RQ(IAWB) ~ W A V / » . 

In other words, 

^<2((£ X *>) o ( / X 0)) - W A X * ) and 

RQ((g V * ) o ( / V 0 ) ) ~ W A V * ) . 

This completes the proof of 2.14. 

2.15. PROPOSITION. If A > B and B > C then A > C. 

Proof. Let 

B^A-^B and C^B^C 

be such that i?Q(g of ) ~ l^u?) and RQ(<p o 0) ~ 1RQ(C)- Consider 

We have 

RQiivg) o (/*)) = RQ(<p o(gof)od) 

~ RQM o RQ(gof ) o RQ(6) 

~ RQM o RQ(0) (since RQ(g of ) ~ lRQ(B)) 

~ RQiBoip) 

~ 1/2Q(C)-

This proves 4̂ > C. 

As in [6] we will write [X, F] for the set T(RQ(X), RQ(Y)) of homotopy 
classes of maps of RQ{X) into RQ{Y). Recall that a model category ^ is 
called a pointed model category if the initial object </> is isomorphic to the 
final object *. In particular one can take <t> = *. From now on we will be con­
sidering a pointed model category *$ satisfying axiom W in addition to the 
axioms Mu M2, . . . , M5 of Quillen. 

2.16. Definition. An object X of *$ is said to be contractible if [X, X] — 0. 

Given any map a : RQ(X) —> RQ(Y) we denote the homotopy class of a 
by [a]. Given a n y / : X —» F we denote the homotopy class of RQ(f ) : RQ(X) 
—> RQ(Y) by ( / ) . Clearly ( l x ) = [ l ^ ^ ] . The following are trivial to see. 

(i) X is contractible if and only if (lx ) = 0. 
(ii) X is contractible <=> [X, Y) = 0 (respectively [F, X] = 0) for every 

F Ç V. 
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(iii) X is contractible <=> X is dominated by *. 
Let Ro^ denote the homotopy category of ^. In § 2, Chapter I of [6] a 

functor from (H o ^ ) ° X (H o ci) to the category of groups, denoted, by [,]i 
is constructed and further it is proved that there exist functors 2 (called the 
suspension functor) and 12 (called the loop functor) from H o ^f to H o Çf and 
canonical isomorphisms [2L4, $ ] ^ [\4, £]i ^ [A, S2B]. 

2.17. LEMMA. If A is contractible so are XA and QA. 

Proof. 

A contractible =» [A, B] = 0 for all £ G ^ 
=>[i4,J2C] = 0 for all C G ^ 
=>[2i4, C] = 0 for all CG ^ 
=> 2^4 contractible. 

Similarly, 

4 contractible => [5, A] = 0 for all B G ^ 
=»[SC,i4] = 0 for all CG ^ 
=> [C, ÎL4] = 0 for all C G ^ 
=> 1M contractible. 

Let i G ̂ c 0-e. 4̂ is a cofibrant object in ctû) and A X I any cylinder 
object for A. Let 

^ V ^ a° + d\ A X I °-^A 

be such that d0 + di is a cofibration, a a w.e and o- o (d0 + di) = VA- Since A 
is cofibrant the maps d0 : A —> A XI and di : A —> A XI are cofibrations. 
The cofibre CA of d0 will be called a cone object for A. Let v : A X I —> C4 
be the natural map. Then by the very definition of the cofibre of d0 Diagram 36 
below is a push-out diagram. 

A > * 

do 
i v i 

AXI >CA 

Diagram 36 

By axiom M2j <r —» CA is a cofibration. Thus CA G & c. 

2.18. LEMMA. For any A G ^ c aw;y cowe ofrjec£ C4 of 4̂ is contractible. 

Proof. The Puppe exact sequence corresponding to the cofibration sequence 

A^AXI-^CA 
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yields the following exact sequence 

[2(A X I), B] ^¥> [SA,B] —^-> [CA,B] —£-* [A X / , B] 

-^[A,B] 

for every B £ ^ \ Since d0 is a w.e. it follows that d0* and (2 do)* are isomor­
phisms ( ( 2d0)* is an isomorphism of groups and do* is an isomorphism of poin ted 
sets). By a standard argument we get [CA, B] = 0. Here B is an arbitrary 
object of *if. Hence CA is contractible. 

3. Lusternik-Schnirelmann category and cocategory. From now on 
unless otherwise mentioned ^ will denote a pointed model category in the 
sense of Quillen satisfying further axioms Ax, A2, A3, A4 mentioned in § 1, 
axiom W mentioned in § 2 and axiom A 5 below. 

A5. L e t / : X —> F be any map in ^, (Ek, ik) (k = 1, 2, . . . , r) a finite 
number of subobjects of F and (E,i) = the union of the subobjects 
(Ek, ik) (k = 1, 2, . . . , r), which is well-defined up to an iso­
morphism as a subobject of F because of Remark 1.6 and Proposi­
tion 1.7. 

Let (Fk, jk) be the inverse image of (Ek, ik) by / and (F, j) = the union of 
(Fk,jk) (k = 1, 2, . . . , r). Under these conditions axiom A-0 states that (F,j) is 
the inverse image of (E, i) by / . 

All the three categories mentioned in the introduction do satisfy all these 
axioms. 

For any integer k ^ 0 the diagonal map X —•> Xk+1 will be denoted by 
A*+i,x (on Ak+1 when there is no possibility of confusion). Let Ei>k+1 for 
1 ^ i g jfe + 1 be defined by Ettk+1 = X X . . . X ^ X * X X X . . . X X 
with * at the ith place and X at other places. Let niik+ix (or Hitk+i) be the map 
of Eitk+i to X*+1 given by 

M«.*+i = U X . . . X ljsr X 0 X lx X . . . X lx 

with 0 at the i-th place and lx at all other places. Then (Eiyk+i, MM-/-,I) is a 

subobject of X*+1. Let (Tk(X),jkyX) {or (Tk(X),j) when there is no possibility 
of confusion} be the union of (Ei>k+U /x1+A;ii) for 1 ^ i ^ k + 1. Motivated by 
G. W. Whitehead's definition [7] we introduce the notion of Lusternik-
Schnirelmann Category of an object X, denoted by Cat X (or W- cat X) in 
the following way. (W stands for Whitehead.) 

3.1. Definition. Let k be any integer ^ 0. We say that Cat X ^ k if there 
exists a map <p : X —> T*(X) satisfying i?Q(A^-+i) ~ RQ(j o <p). 

3.2. LEMMA. Cat X ^ & <=> /Aere a w / wa^5 a* : X —> X / o r 1 S i ^ k + 1 
satisfying 

(i)22Ç(aO~l*e«); 
(ii) (ai, . . . , a^+i) : ^ ~> X*+1 £#w &£ written as j o <pfor some cp : X —-> Tk(X). 
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Proof. Let Ca t X ^ k. Then there exists a map p : X —» Tk(X) such t ha t 
^ ( A f c + i ) ~ JRQO" o *>)• Let a , = pt (j o <p) : X k-> X where pt : X*+ 1 -> X is 

the i-th projection. Then 

RQfa) = RQ(pt o (j o <p)) ~ RQ(pt) o i?Q(j o <p) 

~RQ(pt)oRQ(Ak+l) 

~ RQ(Pi oAk+1) 

~RQ(lx) 

~ 1RQ(X)-

Clearly au . . . , a*+i) = j o <p. 
Conversely, assume there exist maps at : X —> X with RQ(at) ~ 1RQ(X) and 

(ai, . . . , «fc+i) = j o (p for some <p : X —> Tk{X). By Proposition 2.12 (a) we 
get i?Q(ai X . . . X a*+i) — 22<?(lx X . . . X lx) = # (?( W i ) . Hence 

RQ(au . . . , a*+1) = RQ((*i X . . . X a*+i) o A*+1) 

~RQ(pt! X . . . X a*+i) i?Q(Afc+1) 

~2?Q(A* + 1 ) . 

This shows tha t Cat X ^ k. 

T o make sure t ha t Definition 3.1 makes sense we have to prove the following: 

3.3. LEMMA. Cat X g k => Cat X ^ k + 1. 

Proof. Let a* : X —» X (1 ^ ^ ' ^ & + 1) be maps satisfying 
(i) i?<2(a*) ~ li2Q(x) and 

(ii) there exists a map <p : X —> Tk(X) such tha t («i, . . . , . . . , o^+i) = 
jV o <p where we write j k for j*,x-

Let \i : Eitk+i —» Tk(X) (1 g i ^ & + 1) be the maps satisfying j f c o X< = 
Mi,fr+i. By Lemma 1.1 the X/s are monic. Let (Fu lt) be the inverse image of 
(Eitk+ly \t) by (p. Then by axiom A5 the union of (F*, It) for 1 ^ i ^ fe + 1 
is X. Let di : Fi-+ Eitk+i satisfy X* o 0* = <p o lt. Then /Xi^+i o dt = j k o X i O 0 f 

= j k o <p o /i. Writing ^ for the map («i, . . . , o^+i) we see tha t /i*.*+i o 0 = 
\f/ o lt. Define ajfc+i = lx> Then RQ(ak+2) ~ 1RQ(X) clearly Eitk+i X X = Ei>k+2 

and /i*,t+i X l z = Mi.̂ +2- If c< : F* —> E<>Jfc+i X X is the map given by e* = 
(0*, l{), then nitk+2ei = 0A, 0^+2) O /*. Hence by Proposition 1.12, there exists 
a map 

e : X - > r 

where (T, v) is the union of (Ei>k+2, ixitk+2) for 1 ^ i ^ & + 1 satisfying 

v o e = Ws 0^+2) = («i, a2, . . . , ak+2). 

However Tk+1(X) = the union of Eitk+2 for 1 ^ i ^ fe + 2. Hence there exists 
a map X : Y —» TY^CX") satisfying j f c + 1 o X = v. Then y o e = j^+i o X o e. T h u s 
if we define ë : X —> r * + 1 ( X ) by <£ = X o e then 

(«i, a2, • • • , a*+2) = i*+i ° £• 
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Hence Cat. X ^ k + 1. 

3.4. Definition. The category of an object X of *% is defined to be & if Cat X ^ 
& and it is not true that Cat. X g k — 1. 

It is clear from the definition that Cat. X = 0 <=> X is contractible. 

3.5. LEMMA. If X > A then Cat 4 ^ Cat X. 

Proof. Suppose Cat 1 ^ . Let 

A-^X^A 

be such that RQ(g of ) ~ 1«QU) and at : X —» X (1 ^ i g fe + 1) satisfy 
(i) RQ(at) ~ IRQUX) and 

(ii) there exists ç> : X —> T*(X) with j * ^ o <p = («i, . . . , a*+i)-
Let /?* : yl —* yl be given by /3* = g o at of. Then 

tfjSBi) - RQ(g) o RQ(at) o RQ{f ) ~ RQ(g) o RQ(f ) ~ l a o U ) . 

Moreover it is clear from Proposition 1.12 that there exists a map 6 : Tk(X) —» 
r*(^4) satisfying 

j*,A o 0 = (g X X g ) ojk,x (k + 1 factors g). 

It is now easy to see t h a t j * ^ o (6 o <p of ) = (/3X, . . . , ftt+i)« Hence Cat A ^ k. 

3.6. COROLLARY. For any two objects X, Y in, Cat X g Cat ( X X F). 

Proof. This is because X X F > X. 

3.7. Definition. Two objects X and F of ^ are defined to be of the same 
"homotopy type" if there exist maps f : X —» F, g : F —* X satisfying 
^<2(g O / ) ~ 1/2QU). # ( ? ( / O g) ~ lRQ(Y). 

3.8. Remarks, (a) If X and Fare of the same homotopy type wi th/ : X —» F, 
g : F - > X satisfying RQ (gof) ~ 1RQ(X), RQ(f o g) ~ 1RQ(Y) then Y ( / ) : X 
—»F is an isomorphism in H o &. However X, F being isomorphic in H o *$ 
in general does not imply that X, F are of the same homotopy type in the 
above sense. 

(b) The usual definition of homotopy type in the category of based topologi­
cal spaces differs from the above definition given by us. But for our purposes 
Definition 3.6 appears to be the best suited. 

(c) Suppose X G ^ c / . Then clearly Xk+l is fibrant. In this case TF-Cat 
X ^ k 4=> there exists a map <p : X —•» Tk{X) such that A^+i ~ jk o (p. Actually 
in this case Q(Xk+1) is also fibrant and hence RQ(Xk+l) = Q(Xk+1). From the 
definition of TV-Cat X we have TV-Cat X ^ k <=> there exists a map ^ : X —» 
r*(X) such that RQ(jk o <p) ~ RQ(Ak+1). Since 2?Ç(X*+1) = Q(Xk+1) this 
condition is equivalent to Q(jk o < p ) ~ Q(AA+i). Since X is cofibrant and both 
Q(Xk+1) and X*+1 are fibrant and pXk+i : Ç(X*+1) -> X*+1 is a trivial fibration 
it follows from Lemma 7, § 1, Chapter I of [6] that Q(jk o ç) ~ Q(Ak+i) <=> 
jk o <p ~ Ak+1. 
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3.9. PROPOSITION. If X and Y are of the same homotopy type then Cat X = 
Cat F. 

Proof. This follows immediately from Lemma 3.5. 

Following Ganea [1 ; 2; 3] we would like to introduce the concept of inductive 
category of an object I Ç ^ 7 . Before doing this we will recall certain facts. 
Let A, Y £ &c (i.e. A and Y are cofibrant) a n d / : A —> Y a cofibration. Let 
u : Y —> C denote the cofibre of / . By the very définition of the cofibre of / 
Diagram 37 below is a push-out. 

A 
f 

-> Y 

* > C 

Diagram 37 

By axiom Mz, * —•» C is a cofibration. Thus C 6 ^ c . Let Diagram 38 below 

/ 

Diagram 38 

be such that each of the squares (a), (b), (c) is a push-out, where A X / is 
a given cylinder object for A. 

Since 

0 + 1 i 
A V A > 4 

Diagram 39 

is a push-out diagram it follows (from the fact that (a) is push-out) that 

A > * 

do 

AXI- -*L 

Diagram 40 
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is a push-out. Hence L is a cone object CA for A. Also 

A V -4 • * 

d0 + di 

AX I- -> N 
Diagram 41 

is a push-out. Hence AT' is a suspension object 2.4 for ^4. We denote M by 
F U / CA. We will refer to Y \Jt CA as got from Y by attaching a cone object 
of A by means of/. Now, Diagram 38 can be written as follows: 

Ay A 
0 + 1 

- • A 
f 

+ Y 

do + ôi (a) (b) (c) 

AX I-

•+* 

+ CA — • Y\J,CA >-LA 

Diagram 38' 

The fact that (b) is a push-out gives a unique map <p : Y \J f CA —> C making 
Diagram 42 below commutative. 

/ 
- • Y 

Diagram 42 

If we write (<p) for the homotopy class of RQ(<p) in HomH0^(Y\Jf CA, C) = 
w(RQ(Y\JfCA),RQ(Q) = [Y \Jf CA, C], then the dual of Proposition 3 in 
§ 3, Chapter I of [6] can be summarized as follows: 
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Let d : C —> 2^4 denote the composition of the maps 

C- JL+CVZA°±±ZA 

where n : C —> C V 2L4 is the right co-action of 2^4 on C constructed in § 3, 
Chapter I of [6]. Then 

(u) 
•>C-

(*) 
-> A 

<M> 
M 

(v) 
-*A 

Diagram 43 

is a commutative diagram in if o ^ with (<p ) an isomorphism in Ho &. 
The inductive category of an object X in &, denoted by Ind Cat X is 

defined inductively as follows. 

3.10. Definition. Ind Cat X = 0 if and only if X is contractible. Ind Cat 
X ^ k iî there exists a cofibration Af —* Y with ^4, F Ç ^ c satisfying the 
following conditions: 

(i) Ind Cat F ^ k - 1 and 
(ii) The cofibre C of / dominates X. 

3.11. Remarks. (1) Since (a) and (b) are push-outs in Diagram 38' it follows 
that v and JJL are cofibrations. Since A, Y lie in &c it follows that C4 and 
F U ; C i also lie in tfc. 

(2) Suppose in the category ^ every object is fibrant. Then <p : F \J f CA —> 
C is a homotopy equivalence. In fact, in this case Y \J f CA and C both lie 
in ^ c / . Hence {<p ) - 1 is represented by a map 0 : C —» 7 U ; C4. Then 0 o p = 
RQ(6 o <p) ^ l y y /CA and (p o 6 = RQ(<p o 6) ~ lc- Also in this case, condi­
tion (ii) in Definition 3.10 can be replaced by (ii)' below: 

(ii)' YKJfCA dominates X. 
Incidentally, it also follows in this case that (ii)' is independent of the 

cylinder object A X I chosen. 
(3) Let ^~* denote the pointed model category of based topological spaces 

and C+( A ) the category of chain complexes over A which are bounded below, 
where A is a given ring. The zero chain complex is the initial and the final 
object in C+( A). Serre fibrations are by definition the fibrations in ^~* and 
epimorphisms are by definition the fibrations in C+( A) [6]. Thus in J^* and 
C+(A) all the objects are fibrant. 

In the category of based semi-simplicial complexes the fibrations are by 
definition those maps which are also Kan fibrations. Thus not all objects are 
fibrant in this category. 
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3.12. LEMMA. If X > Z then Ind Cat Z ^ Ind Cat X. 

Proof. This is an immediate consequence of Proposition 2.15. 

3.13. PROPOSITION. If in the category *$ every object is fibrant then W-Cat 
X S Ind C a t X for all X £ <£. 

Proof. The proposition is trivially true when Ind Cat X = 0. Assume the 
proposition valid whenever Ind Cat X ^ k — 1. 

Let Ind Cat X = k. Then there exist a cofibration/ : A —> F with A, Y £ 
&c Ind Cat Y ^ k - 1 and Y U , C4 > X. 

By the inductive assumption W-Cat Y ^ k — 1. Hence there exist maps 
a{ : F—> F for 1 S i è k satisfying (i) and (ii) below: 

(i) at~lY (observe that RQ(Y) = Y) 
(ii) there exists a map <p : F—> r* - 1 (F ) satisfying jk-itY o <£ = («i, . . . , c^). 

Since /i : F —> F U r CA is a cofibration and F U / Ĉ 4 is fibrant, by the homo-
topy extension theorem (dual to the corollary of Lemma 2, § 1, Chapter I of 
[6]) we get maps 0* : F U , CA —> F U , C4 for 1 ^ i ^ & satisfying (iii) and 
(iv) below: 

(iii) 0 t ~ 1 F U / C A 

(iv) 0* o M = /x oa< ( 

Also j : CA —» F VJr CL4 is a cofibration (since (b) is a push-out in Diagram 
38'). Since CA is contractible we have j ~ 0. By the homotopy extension 
theorem there exists a map (3 : F W, CA —> F U r CM such that 0 ^ lY u /CA 
and /3 oj = 0. 

Define ft+1 = 0. Consider the map 

(ft, . . . , flt+i) : F U ^ i ^ t F U ^ i r . 

Since /VK o j = 0 o 7 = 0 it follows that there exists a map 0 : CA —* 
Tk(Yyjf CA) such that Diagram 44 below is commutative. 

k+lOJ) 
+ (Y\JfCA)k+l 

jk, Y\JfCA 

T\Y\JfCA) 

Diagram 44 

Also (0i o M, • • • , ft+i o / i l ^ ^ C ^ f F U ; CAY+1 is the same as the 
composition of the maps 

y ( a i , . . . , ak, l y ) y k+i 

M X . . . X M X (ft+io^) ) / I 7 l j C4)*+ 1 
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From the proof of Lemma 3.3 it follows tha t there exists a map <p : Y —> Tk(Y) 

such t ha t 

(«1, . . . ,ak, l y ) = jktyO(p. 

Also from Proposition 1.12 it follows immediately t ha t there exists a map 
0:T*(Y)-+_T*(YKJfCA) such tha t {/* X . . . X /* X (ft+i o /x)S o j * , F = 
Jk,Y\j /ÇA o6. In other words, Diagram 45 below is commutat ive . Define 
6' = 6 o<p. Then jkjYUfCA o 6f = (ft o/x, . . . , ft+i o/x). 

(I'^CJ)*-

'/^(Fvj.cij^y'Hi'^/C^i) >*, rU/C. - i 

Diagram 45 

Let the inverse image of (Tk(Y \Jf CA), j k > Y u /CA) by the map 

(ft, . . . , f t + 1 ) : F ^ a - . l F U ^ i P 

be denoted by (T, i). Since 

(ft, . . . , . . . , ft+i) O ju = ( f t o / i ft+i O jii) = jfc.ru / C A O 6' 

it follows t ha t the inverse image of 

(Tk(YKJfCA)JktYUfCA) by (ft, . . . , ft+i) OM 

is ( F , l y ) . Hence by Lemma 1.13, the inverse image of (T, i) by /x is ( F , l r ) . 
Similarly it follows tha t the inverse image of (T, i) by j : CA —> Y \J f CA is 
{CA, ICA)- I t follows tha t there exists maps ei : Y —» V, €2 : C 4̂ —> T such tha t 
i o €i = /x and i o €2 = j . 

Let (Li, ii) = Im /x and (L2, ^2) = Im j . Because of the existence of ei and e2 

satisfying i o ei = /x (respectively i o 62 = j ) it follows tha t there exists a map 
Xi : Li —> T (respectively X2 : L% —> T) satisfying i o Â i = ix (respectively 
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i o X2 = i<i). Since 

A 1 >Y 

\v I /x 

CA—L+YKJfCA 

Diagram 46 

is a push-out, it follows from Theorem 1.8 that ( 7 U ; CA, l y U / C A ) = (Lx, ii) 
U (L2, i2). (up to an isomorphism). The existence of Xi and X2 satisfying 
i o\\ = ii, i o X2 = ii now gives a map X : Y \Jf CA —> Y such that 

Y\JfCA ±-+T 

Y\JfCA 

Diagram 47 

is commutative. Thus i o X = lY\j /CA- Also i o (\ o i) = (i o X) o i = 
( l y u / c i ) ° i ~ i = i ° lr. Since i is injective X oi = l r . Thus i : T —* 
YKJ f CA is an isomorphism. This shows that the inverse image of ( Tk ( Y U f CA ), 

j * . r u / C A ) by (jSi, . . . , fo+i) is ( 7 U ; C4, 1 F U / C A ) . Hence there exists a map 
7 : Y\JfCA->Tk(Y\JfCA) satisfying (ft, . . . , &+1) = J * , F U / C A . Thus 
PF-Cat Y \Jf CA S k. Since Y \Jf CA dominates X it follows from Lemma 3.5 
that W-Cdit X ^ k. This completes the proof of Proposition 3.13. 

3.14. LEMMA. Ind Cat SX ^ 1 for any X 6 &c. 

Proof, v : A —» C4 is a cofibration with cofibre 2^4 (refer to Diagram 38'). 
Since CA is contractible we get Ind Cat 2 A ^ 1. 

The definition of inductive cocategory (or simply the cocategory) of an 
object X in *$ is exactly dual to the definition of inductive category. The 
cocategory of X denoted by Cocat X is defined as follows: 

3.15. Definition. Cocat X = 0 if and only if X is contractible. Cocat X ^ k 
if there exists afibration EP-*B with E, B in *% f satisfying the following conditions 

(i) Cocat £ S k - 1; 
(ii) F > X where i : F —> E is the fibre of p. 

3.16. LEMMA. If X > Z then Cocat Z ^ Cocat X. If X and Y are of the 
same homotopy type then Cocat X = Cocat Y. 

Proof. This is immediate consequence of Proposition 2.15. 

3.17. Remark. For defining the invariants Ind Cat X and Co-cat X for an 

\ 
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object X in *$ it is not necessary that the pointed model category ^f satisfy 
axioms A i to A5 introduced by us and 3.10, 3.12, 3.15 and 3.16 are all valid 
for pointed model categories satisfying axiom W. 

4. The invariants Nil X and Conil X. In this section ^ will denote a 
pointed model category in the sense of Quillen. We do not assume anything 
more (fé7 need not satisfy axioms A\ to A5 and W). Following Ganea we will 
introduce two invariants nil X and conil X. These will be invariants associated 
to an object X in H o ^ and will depend only on the isomorphism class of X 
in H o ^ . We denote the product of two objects A and B in H o^é'by A XH B. 
All the maps and diagrams in this section will be in H o &. 

For any X £ H o & it is known that SIX is a group object in Ho &. For 
any object A in H o ^ we write ^42 for 4̂ X# 4̂ and for any map / : A —> B 
in if o ^ we write /2 for f Xnf- Let <p : (Î2X)2 —» ŒX be the composition of 
the maps 

(or)2 A(0X)2) (ax)2 x (ax)2 l 2 x " 2 ) TO2 x* TO2 

/ Z X M ) MT x* ax —-—> ax 
where M : SIX X ŒX -> ŒX is the "multiplication" and *> : SIX -» Î2Z the 
"inversion" under which 12X is a group object in i J o fë. 

Write 0 X 1 for the map 

ax xH VX O X \ ax xH ax = (ax)2 

which is 0 on the first factor and lnx on the second factor. 

4.1. LEMMA. <p o (0 X 1) = 0 [aX XH VX, aX]. 

Proof. Since A(QX) = (l2, l2) where 1 = W we have 

<p = MO (M X M)O (l2 X v2)o (l2, I2). 
Also 

(M X M) O (l2 X ^2) o (l2, l2) o (0 X 1) 

= (/xo (1 X l ) o (1 X l ) o (OX 1), 
MO 0 X v) o (1 X 1) o (0 X 1)) 

= (/xo (0 X 1), MO (0 X v)). 

M o (0 X 1) : aX XH ttX —-> 12X is the same as £2, the second projection in 

[ax x ax, ax] = HomHo^(ax xH nx, ax) 
and 

M o (0 X v) = M o (0 X 1) o (1 X v) = p2 o (1 X ?) = v o p2. 

Hence <p o (0 X 1) = M o (p2, v o p2) = M O (1, X ) o £2. But M O (1, v) = 0 
(M is the "multiplication" in aX and *> the inversion and 0 the neutral element 
for the group object OX). Hence <p o (0 X 1) = 0. 
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The commutator map <pk : (aX)* —> aX of weight k (for any integer k ^ 1) 
is defined by induction on k as follows. 

4.2. Definition. The commutator map <pi of weight 1 is defined to be the 
identity map lax of aX. For k ^ 2 the commutator map ^ of weight & is 
the composite 

(ax) = (ax)*-1 x ax **~1 x *> ax x ax —?—> ax 
where <p is the map in (11). 

4.3. LEMMA. If <pk = 0 ï» [(aX)*, aX] *ftew <pk+1 = 0 in [(flZ)*+1, aX]. 

Proof. When cpk = 0 we have 

<£>*+! = ^ o f e X l ) = ^ o ( 0 X l ) = 0 by Lemma 4.1. 

4.4. Definition. For any X £ H o & we define nil X to be the smallest 
integer k ^ 0 such that ^ + i = 0 (if such an integer exists). If no such integer 
exists nil X is defined to be oo. 

Lemma 4.3 is needed to see that Definition 4.4 makes sense. 
The definiton of conil X is completely dual to the definition of nil X. We 

omit it. 
For any group -K let nil -K denote the index of nilpotence of the group w. 

4.5. PROPOSITION. For any Y £ Ho & we have 

nil Y = Sup nil [SX, Y]. 

Proof. We have [SX, Y] c^ [X, a F] (as groups) and the commutator of any 
k elements/i, . . . , / * in [X, a F ] is given by the composite 

X ^ >X*flX--Xfk>(flY)* >ÛF. 

This immediately gives nil [SX, F] S nil F. 
Conversely, suppose nil [X, a F ] ^ k — 1 for all X £ Ho *io . In particular 

nil[(aF) fc, a F ] ^ k - 1. Let pi : (aF)* -» a F be the i-th projection. (1 ^ i ^ 
&). Then the composite 

(aF)* A * ' W * ) ((OF)*)* ^ X — X ^ S (Q F)* 

is clearly the identity element in [(aF)*, (aF)*]. Hence 

¥>* = *>* o (p X . . . X pk) o A M O n * in [(aF)*, a F ] . 

Since ^ (pi X . . . X ^ ) o A^a^fe denotes the commutator of the elements 
plt . . . , pjc in [(aF)*, a F ] we have <pk o (p1 X . . . X pk) o A,.i(ny)fe = 0. 
Hence ^ = 0. Hence nil F ^ k — 1. This completes the proof of Proposition 
4.5. 
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4.6. PROPOSITION. For any X Ç H o *% we have 

ConilX = Sup nil [X, OF]. 

Proof. This is the dual of Proposition 4.5. 

It is clear that nil X and conil X depend only on the isomorphism class of 
XinHotf. 

For any two objects A, B in H o'if we denote their union in H o *$ by 
A VHB. (Actually R{RQ{)A V RQ(B)) where V denotes the union in ^ 
gives the union of A and B in H o ^ ) . It is known that for any I f H o &, 
SX is a cogroup object in Ho &. We write /x' : SX —> SX \ / H SX for the 
comultiplication in SX. 

4.7. LEMMA. L ^ a : SX -> SX X# SX and p : SX -» SX Xff SX tfewote 
^ wa^5 (lsx, 0) awd (0, lS x) respectively. Then in [SX, SX X# SX] we have 
a- p = P -a. 

Proof, a • P is given by the composite 

SX — ^ - > SX V* SX a + fi> SX X/7 SX 

and P - a is given by the composite 

SX M > SX Vtf SX A ± 4 SX X* SX. 

Let p! : SX XH SX -> SX and p2 : SX X# SX -> SX be the first and 
second projections. Then 

px o (a • P) = ^ o ((12 X , 0) + (0, W ) ) o M' 

= ( W + 0) o /*' = lsx since /*' : SX -» SX Vff SX 

is the comultiplication for the co-group structure on SX in Ho fë. Similarly, 

p2o(a-p) = p2 o ((12 X , 0) + (0, W ) ) o ?! = (0 + W ) o/i ' = lz j r 

Pi o (P • a) = px o ((0, W ) + ( W , 0)) o M
r = (0 + W ) o M' = lzx 

p2o{P-a) = p2o ((0, W ) + ( W , 0)) o M' = (lsx + 0) o M' = 1 » . 

Since fa*, p2*) : [SX, SX XH SX] -» [SX, SX] X [SX, SX] is an iso­
morphism we get a - P = P - a. 

4.8. PROPOSITION. Let 

(12) F^E^B, FXHVB™F 

be a fibration sequence in H o (tf. Let A £ H o *$ and 

. . . -» [EA, QB] -^ [SA, F\?$[2A,E]->... 
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be part of the "Eckmann-Hilton" exact sequence corresponding to the fibration 
sequence (12). Then the image of d : [2.4, 0J3] —> (2.4, F] lies in the centre of 
[ 2 4 , F]. 

Proof. Let g £ [241, F] and X G [ 2 4 , QJ3] be artitrary. Then d\ G [241, F] 
is given by the composite 

24 x ,ag (0 'HfxBag w )F. 
Let r : 2 4 —> 2 4 denote the inversion in the co-group object 2 4 . We want to 
prove that the commutator of g and d\ in the group [ 2 4 , F] is the neutral 
element 0 £ [4, F]. The commutator of g and d\ is given by the composite 

2 4 * , 2 4 V g 2 4 g + a X , F 

where ^ is the co-commutator map given by the composition of 

2 4 Hi > 2.4 V . 2 4 0 - ^ > 

(24 V* 24) V, (24 V„ 24) J l X l L ^ l X ^ 

(24 VH 2 4 ) VH (24 Vff 2 4 ) > 2 4 Vff 2 4 . 

Consider the following diagram 

(13) 2 4 Vff 2 4 a + / ? , 2 4 X„ 2 4 g X 1 Z A , F Xff 2 4 l p X X> 

where a = (ISA, 0) and f3 = (0, ISA). We have 

m o ( 1 F X X) o (g X ISA) O a = m o ( 1 F X X) o (g X ISA) O (ISA, 0) 
= m o (g, 0) 

= g 
since m is a right action of the group object SIB on 7\ 

Also 

w o ( 1 F X X) o (g X ISA) O S = m o ( 1 F X X) o (g X ISA) O (0, ISA) 

= m o (0, X) 

= m o (0, IQB) O X 

= d\. 

Thus the composition of the maps in (13) is g + dX. Denoting m o (1 F X X) o 
(g X ISA) by y we have g + d\ = y o (a + fi). 

Hence (g + dX) o ^ = 7 o (a + 0) o \p. The composite (a + 0) o ^ : 2 4 —» 
2 4 Xfl- 2 4 gives the commutator of a and /3 in [ 2 4 , 2 4 XH 2 4 ] . By Lemma 
4.7 this is the neutral element 0 Ç [ 2 4 , 2 4 XH 2 4 ] . Hence (g + dX) o ^ = 
y oO = 0 in [ 2 4 , F]. 
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This completes the proof of Proposition 4.8. 

4.9. Remark. In the case of ^ * Proposition 4.8 has been proved by Hilton. 
A proof can be found in [4]. 

4.10. PROPOSITION. Let 

(14) F^E^B, FXHVB™F 

be a fibration sequence in H o *$. Then 

nil F S 1 + nil E. 

Proof. Consider the part 

. . . -> [SX, QB] -^ [SX, F] H [SX, £ ] - > . . . 

of the "Eckmann-Hilton" exact sequence corresponding to the fibration se­
quence (14) where X G H o is arbitrary. From Proposition 4.8 we see that 
d[SX, ttB] C centre of the group [SX, F]. It follows immediately that 

nil [SX, F] g 1 + nil [SX, JE]. 

Since 

nil F = Sup nil [SX, F] 

we get 

nil F ^ 1 + nil E. 

4.11. PROPOSITION. L ^ 

(15) A-^X^C, n:C-+CV2A 

be a cofibration sequence in H o fë. Then 

Conil C ^ 1 + Conil X. 

Proof. This is the dual of Proposition 4.10. 

If *$ is a pointed model category satisfying axiom W in addition to the 
axioms of Quillen we have already observed (Remark 3.17) that for every 
X (E ^ we can define Ind Cat X and Cocat X (= the inductive cocategory 
of X) . Since X is also an object of H o *$ nil X, conil X are defined. 

4.13. THEOREM. Let ^ be a pointed model category satisfying axiom W. Then 
for any I f ^ , 

(16) nil X ^ Cocat X, and 
Conil X S Ind Cat X. 

Proof. If X is contractible nil X = 0 = conil X and so the inequalities (16) 
are trivially valid. The general case follows from the definition of Cocat X 
(respectively Ind Cat X) and Proposition 4.10 (respectively Proposition 4.11). 
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Finally we want to comment that all the results in § 4 of this paper are 
generalizations of results obtained by Ganea [3]. Ganea dealt with pointed 
CW-complexes. Our results are valid in the general set-up of Quillen. 
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