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ABSTRACT. We compare interferometric synthetic aperture radar (InSAR) obser-
vations of tidal flexure on Antarctic and Greenland glaciers with a finite-element model
simulation of tidal flexure on an elastic plate of ice. The results show that the elastic-plate
model is able to reproduce with good fidelity the pattern of tidal flexure observed with
InSAR. In the case of David Glacier, Antarctica, the model provides independent confirm-
ation of its grounding-line position and unusual pattern of tidal flexure. A detailed analysis
of temporal changes in tidal flexing on Petermann Gletscher, Greenland, and Pine Island
Glacier, West Antarctica, however, reveals thatYoung’s elastic modulus of ice, E, employed
in the simulations to match observations, needs to vary between 0.8 and 3.5 GPa.This time
dependence of E is attributed to visco-plastic effects, not to a migration of the grounding
line with tide, or measurement errors.

INTRODUCTION

Floating ice shelves along the coast of North Greenland and
around the periphery of Antarctica undergo a continuous
cyclic vertical motion forced by oceanic tides (Holdsworth,
1969,1977). Most of the differential motion caused by oceanic
tides is accommodated over a few km-wide band at the
transition between grounded and floating ice called the tidal
flexure zone.This narrow zone is the site of important glacio-
logical processes, which include cyclic bending and cracking
at tidal frequencies, transmission of longitudinal stress gradi-
ents across the grounding line, and transition in flow style
between ice-sheet mechanics and ice-shelf dynamics.

Tidal flexing has been studied with tiltmeters (Robin,
1958; Stephenson, 1984; Smith, 1991), kinematic global
positioning system (GPS) (Vaughan, 1994; Reeh and others,
2000) and interferometric synthetic aperture radar (InSAR)
(Goldstein and others, 1993; Rignot, 1996). InSAR offers
greater precision than other methods (see Rignot, 1998c, for
a comparisonwith GPS) and is the only method that provides
snapshots of the differential tidal displacement of an ice shelf,
simultaneously, at a high spatial resolution (20 m), over
extensive areas (100 km). With quadruple difference InSAR,
it is possible to precisely locate grounding lines (Rignot,
1996), detect grounding-line migration with time (Rignot,
1998a,b, c) and changes in ephemeral grounding (Schmeltz
and others, 2001), which have important implications for the
study of the mass balance of an ice sheet.

Several authors have compared measurements of tidal
bending along a profile with model predictions of an elastic
beam of ice (Holdsworth, 1969; Vaughan, 1995; Rignot,
1996). The one-dimensional elastic model, with a tuned
value of Young’s modulus of ice, can reproduce observed
data fairly well. Furthermore, Vaughan (1995) showed that
most glacial tidal bending zones could be modeled with a
value of E about 0.88 § 0.35 GPa.

In this study, we compare InSAR observations of tidal
bending with model predictions from an elastic plate of a
variable thickness, hence a two-dimensional model of elastic
bending, with a varying ice thickness. The model is first
validated using computer-generated data for which an
analytical solution is available. A forward model approach
is then employed to compare model predictions with InSAR
observations. Two examples from Antarctica are analyzed.
A detailed analysis of the time variability of the results is
then conducted on Pine Island Glacier, West Antarctica,
and Petermann Gletscher, North Greenland, using multi-
year InSAR observations. We conclude by assessing the
applicability of the elastic bending model to real situations.

2.TWO-DIMENSIONAL ELASTIC BENDING

The deformation of an elastic beam of ice was discussed by
Holdsworth (1969,1977). From the more general case of the
equilibrium of plates (e.g. Landau and Lifshitz, 1970), the
deformation of a beam of variable flexural rigidity,
supported by ocean waters underneath, may be written as
(simplified equation in Hetënyi,1946, p.99)

r2…Dr2²† ‡ »wg…² ¡ T † ˆ 0: …1†
r is the gradient operator @

@x ; @
@y

± ²
, x; y are the horizontal

axis, ² is the vertical displacement, »w is the density of sea
water, g is the acceleration of gravity, T is the tidal ampli-
tude, and D is the flexural rigidity of ice, defined as

D ˆ Eh3

12…1 ¡ ¸2† : …2†

E is the elastic (Young’s) modulus, ¸ is Poisson’s ratio, and h
is ice thickness.

The dimensions of the ice shelves considered in this
study are greater than their thickness, so they may be
considered semi-infinite slabs. The horizontal displacement
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due to tidal bending is neglected, as well as the vertical
shear stress gradient.

The bending stress generated at the grounding line at
the surface and calculated from the analytic solution of the
elastic-beam theory for a semi-infinite slab is (Holdsworth,
1969; Hughes,1977):

¼ ˆ 3»wgE

…1 ¡ ¸2†h

³ ´1
2

T:

With an average thickness of 1000 m at the grounding line
and E ˆ 3 GPa, we obtain for Pine Island Glacier ¼ ˆ 1.6
bar for a deflection of 50 cm.The same calculation forPeter-
mann Gletscher (thickness 600 m) gives ¼ ˆ 2 bar. These
values are within the limits of the elastic theory (¼5 2 bar;
Budd andJacka,1989). However, the tidal amplitude reaches
80 cm in the Pine Island area and 90 cm for Petermann
Gletscher, so that at high tide the bending stress may exceed
the elastic limit. The use of the elastic theory is therefore
justified for small deflections (550 cm). For large displace-
ments, observations must be compared with the elastic
bending theory to determine whether the deformation is
still elastic.

Following Holdsworth (1969), we impose the limit
conditions:

² ˆ 0; r² ˆ 0 on land boundaries …3a†
² ˆ T; r² ˆ 0 on ice-front boundaries (3b):

…3†

(3a) means that there is no vertical displacement along the
hinge line, and the slope is zero, and (3b) means that the
vertical displacement is equal to the ocean tide at the ice
front, with zero slope.

We define an elastic damping factor,  e, as

 4
e ˆ »wg

4D
: …4†

To solve Equation (1) numerically, we operate a change in
variable

’ ˆ Dr2²: …5†
The differential equation of fourth degree with one
unknown (Equation (1)) is replaced by a non-linear system
of two equations of degree two with two unknowns

r2’ ‡ »wg² ˆ »wgT

’ ¡ Dr2² ˆ 0:

(
…6†

This system is solved using a variational approach for ² and
’. The model is implemented using MatLab (www.
mathworks.com), and the finite-element meshing is
generated using Argus (www.argusint.com), with the
geometry of ice shelves observed in European Remote-
sensing Satellite (ERS) imagery.

3. RESULTS

3.1. Perfectly rectangular slab of ice of uniform
thickness

To test the elastic model, we compare its output with an
analytical solution (Holdsworth,1969) in the case of a finite-
length beam of ice of rectangular dimensions.The beam is 30
km wide,1.5 km thick and100 km long.The elastic modulus of
ice is E ˆ 0.88 GPa (Vaughan, 1995); the Poisson ratio is
¸ ˆ 0.3 (as in the rest of the paper); »w ˆ 1030 kg m^3, and
g ˆ 9.81m s^2. The hinge line, where the beam is rigidly
anchored to the ground, is positioned at x ˆ 0. The tidal

amplitude is T ˆ 1m. The wavelength number  e
^1 is 3.2 km.

The spacing between mesh nodes is 1km on average, and 500
m in the vicinity of the hinge line (x ˆ 0). Figure 1 shows the
vertical displacement of the beamalong the center line (y ˆ 15
km). We see that tidal bending is concentrated in a region
about 8 km wide, and reaches an extremum before converging
to an asymptotic value that corresponds to the ocean tide.

In this simple situation, the agreement between model
and simulation is 0.35% (or 3.5 mm in this case for a tide of
1m), which is probably of the order of precision of the
numerical results.

3.2. Perfectly rectangular slab of ice of varying
thickness

The thickness of glaciers typically decreases rapidly down-
stream of the grounding line.This pattern was interpreted as
plastic necking by Holdsworth (1977), or evidence of basal
melting by Robin (1958). Plastic necking may be of
importance when basal friction is significant upstream of the
grounding line, and the glacier velocity at the bed needs to
adjust to the surface velocity as basal drag becomes negligible
on the ice shelf. In the case of more active outlet glaciers,
however, basal sliding velocities are already close to surface
velocities, and plastic necking is presumably negligible. The
gradient in ice thickness is then due to a combination of basal
melting and ice-shelf lateral spreading. Basal melting is most
intense near the grounding zone since this is where the ice
draft reaches the greatest depth and the pressure-dependent
melting point of ice is the lowest.

We simulate the effect of a thickness gradient by using a
rectangular plate of linearly decaying thickness in the along-
flow direction, at a rate corresponding to a basal melt rate of
50 m a^1 and a glacier velocity of 2.5 km a^1 (typical of Pine
Island Glacier: Rignot, 1998a). The thickness slope is thus
2%. On Petermann Gletscher, basal melting is 24 m a^1 in
the vicinity of the grounding line, ice flows at 1.2 kma^1, and
the thickness slope, again, is 2% (Rignot and others, 2001).

The model simulation for a plate of varying thickness is
compared with the analytical solution for a plate of fixed
thickness (equal to the glacier thickness at the hinge line)
in Figure1.The result shows that the thickness gradient does
affect the bending of ice. The flexure zone is narrower by
about 1km and the two profiles differ by up to 2%. The
effect of a thickness gradient is therefore small, but not

Fig. 1. (a) Modelled tidal flexure for a rectangular plate of
constant thickness (solid line) and varying thickness (dashed
line); (b) model solution minus analytical solution for the
case of constant thickness (solid line) and varying thickness
(dashed line).
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negligible. We expect many glaciers to exhibit a thickness
gradient comparable to those employed here. Detailed
comparisons of InSAR observations with an elastic model
of tidal bending therefore ought to incorporate the effect of
a varying ice thickness if a modelling precision better than
a few per cent is expected.

3.3. Effect of grounding-line migration

The vertical displacement measured in a tidal interferogram
is not a direct expression of the displacement due to tide. It is
a difference in tidal displacement recorded between different
dates, hence at different tides (Rignot and others, 2000). As
the ocean tide goes up and down, the point of contact of the
glacier will move back and forth with high tide or low tide.
This effect may be large if the bed slope is small. This migra-
tion introduces non-linearities in our model.

To investigate the effect of grounding-line migration on
tidal modelling, we did the following simulation. We use a
semi-infinite beam, 1000 m thick, with a thickness slope of
1% at the grounding line, and E ˆ 1GPa. At zero tide, the
grounding line is at x ˆ 0. At high tide (T ˆ 1m), the
grounding line retreats to x ˆ ¡100 m. At low tide (T ˆ
^1m), the grounding line advances to x ˆ ‡100 m. The dif-
ference in tidal displacement between low and high tide is,
so to speak, equivalent to what would be measured in a tidal
interferogram between the two epochs. The mean position
of the grounding line between the two epochs should be

x ˆ 0 m. Using model fitting on the difference (the differen-
tial vertical displacement is then 2 m), we infer a grounding-
line position at x ˆ 0, with E ˆ 1.01GPa. Hence, the mean
grounding-line position is estimated accurately, but E is
estimated with a 1% error. This error is small, however, so
in the rest of the study we assume that the migration of the
grounding line with tide does not have a significant impact
on model fitting. This is equivalent to assuming that the
grounding line is rigidly anchored at x ˆ 0, which is the
mean-sea-level position of the grounding line.

3.4. Pine Island Glacier,West Antarctica

Pine Island Glacier is a fast-moving outlet glacier which
develops a 50 km long ice shelf in the Amundsen Sea, West
Antarctica. Its sinuous grounding-line profile is shown in
Figure 2, at the outer blue-colored boundary of the model
domain (Rignot,1998a).The thickness data used in the model
combine ice-shelf elevation from Bamber and Bindschadler’s
(1997) digital elevation model (DEM) of Antarctica at 5 km
spacing, and ice-sounding radar measurements collected by
the British Antarctic Survey (BAS) (Corr and others, 2000).
The data are interpolated between grounded and floating ice
using a triangle-based cubic interpolation in MatLab which
insures a smooth transition in ice thickness between the two
domains. In our mesh, the spacing between nodes is 3.5 km,
decreasing to 1.3 km in the vicinity of the grounding line.

The two orbit pairs used to generate the first tidal inter-

Fig. 2.Tidal flexure (in m) on the floating part of Pine Island Glacier, observed with InSAR (a) and modelled with an elastic
plate of varying thickness (b), and difference between InSAR and the model in reference to InSAR in per cent (c). (d) The
thickness map used in the model. Coordinates are in km on a polar stereographic grid.
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ferogram are 23627/3954 (ERS-1/-2) and 24128/4455 (ERS-1/ -
2).The tidal displacement is 35 cm.Two values of E are tested:
0.88 GPa (Vaughan, 1995) and 3 GPa (Rignot, 1996), which
encompass the minimum and maximum values quoted in
the literature (e.g. 1.1^1.8 GPa for Smith, 1991; 2.7 GPa for
Holdsworth,1969,1977).

Comparison of the model results with InSAR shows good
agreement for the main characteristics of the grounding line
(maximum vertical displacement, length of the flexure zone),
and regions of extending or contracting grounding zone (sinu-
ous contours) where two-dimensional effects are important.
Figure 2 shows the comparison for E ˆ 0.88 GPa. Areaswhere
the model output and InSARdiffer include: (1) zones of partial
grounding (i.e. which do not display the full range of tidal dis-
placement because the ice shelf is only grounded at low tide);
and (2) areas where the map of ice thickness is less reliable.

For a more detailed comparison, we extracted several
profiles (p1^p5 in Fig. 2a) in a direction perpendicular to the
grounding line, andcompared the vertical displacement from
InSAR and the model for E ˆ 0.88 GPa and E ˆ 3 GPa.The
results in Figure 3 show that the same Young’s modulus does
not fit all profiles.The precision in ice thickness is one limiting
factor. Fora given flexural rigidity of ice, a10% uncertainty in
thickness yields a 40% uncertainty in E. The pattern of
flexure is also distorted in places where crevasses and bumps
and hollows in surface topographyare present.

In Figure 4, we compare a profile along the BAS transect
(profile A in Fig. 2). This profile is not perpendicular to the
grounding line, but provides a comparisonbetween our thick-
ness map and observation. The standard deviation is 96 m.
The best data fit is obtained for E ˆ 0.88 GPa on this profile.

This example shows that a simple elastic-plate model is
able to reproduce the main pattern of tidal bending, the

sinuous contours of a grounding line, provided that ice
thickness is reasonably accurate.

3.5. Drygalski Ice Tongue, East Antarctica

David Glacier is the largest outlet glacier inVictoria Land,
Antarctica. It develops into the Drygalski IceTongue, which
extends 100 km into the ocean (Fig. 5). David Glacier flows
down a deep subglacial trough (Swithinbank, 1988). The
grounding line was initially positioned at C (Fig. 5) by
Frezzotti (1993) and later revised to B (Fig. 5) by Frezzotti
and others (2000) based on GPS data. No GPS data were
collected upstream of location B. InSAR places the
grounding line at point A (Fig. 5) (Rignot, 2002), which is
15 km upstream of the position suggested by GPS. The zone

Fig. 3. Comparison along the profiles, p1^p5 (Fig. 2). Left:
thickness along each profile, in m; right: vertical displacement
along each profile, in m, from InSAR (solid line) and from
the two-dimensional elastic-plate model with E ˆ 0.88 GPa
(dashed line) or with E ˆ 3 GPa (dot-dashed line).

Fig. 4. (a) Thickness along traverse A (Fig. 2) measured
with radio-echo sounding (solid line) and extracted from
our thickness map (dashed line); (b) tidal flexure from In-
SAR (solid line),and from the two-dimensional elastic-plate
model with E ˆ 0.88 GPa (dashed line) or E ˆ 3 GPa
(dot-dashed line).

Fig. 5. ERS amplitude image of David Glacier and Drygalski
Ice Tongue on a polar stereographic grid. The grounding line
inferred from InSAR is shown in black, thick line. Points A^C
are discussed in the text.
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of tidal flexure along the glacier center line stretches over
30 km, rather than the usual 8^10 km.

Ice thickness on Drygalski IceTongue may be estimated
from surface elevation. Because of the presence of numerous
mountain peaks in the vicinity of the glacier, satellite radar
altimetry data are not reliable in that sector. Instead, we
employed a topographic map generated from InSAR, with
a vertical precision no better than 20 m. From this map, the
glacier thickness is estimated to exceed 3000 m at the
grounding line, and to decrease rapidly toward the ice front.
No direct measurement of ice thickness exists close to the

InSAR grounding line to confirm our estimate (personal
communication from M. Frezzotti 2000). The thickness
estimate near B is, however, consistent with ice-sounding
profiles described by Frezzotti and others (2000).

Using the InSAR-derived thickness, we obtain a
reasonable fit between InSAR observations and model
predictions, using E ˆ 1GPa and a tidal forcing of 19 cm
(Fig. 6), especially on the center line (Fig.7), for the length of
the flexure zone and the vertical displacement. The agree-
ment is poorer on the sides. The comparison between model
and InSAR is shown in more detail in Figure 8, with a zoom
on the eastern part. Model simulations that employ a con-
stant or lower ice thickness improve the agreement on the
sides, but fail to reproduce the observed tidal pattern along
the center line where the tidal flexure extends over a large
distance. The unusual stretching of the flexure zone results
fromtidalbendingalong the glacier sides (where ice is thinner
than at the glacier center according to InSAR), combined
with tidal bending in the longitudinal direction where a pro-
nounced ice-thickness gradient exists (Rignot, 2002).

3.6. Non-elastic behavior

There is no general agreement on the value of E to be used
in model simulations of tidal bending, or on the effective
thickness to be used in the calculation since bottom and
surface crevasses generated by tensile stresses at the bottom
and top surfaces of the glacier may reduce the effective
thickness of the ice slab that undergoes tidal flexing (Lingle
and others, 1981). Doake (1978) suggested that flexing of ice
shelves may represent 30% of global tidal dissipation, while
Vaughan (1995) argued that most glacier data fit a model
with E ˆ 0.88 § 0.35 GPa using the full thickness of the ice

Fig. 6. Same as Figure 2 for David Glacier.

Fig. 7. Comparison between InSAR and model along the
profile shown in Figure 6. (a) Thickness along the profile
(extracted from our thickness map); (b) vertical displace-
ment along the profile, from InSAR (solid black line), and
extracted from two-dimensional model (dashed red line).
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slab, and hence tidal dissipation is unlikely. Rignot (1996)
found that a higher value of E (3 § 0.2 GPa) was required
to fit InSAR observations of Petermann Gletscher.

The reason for the lack of agreement between the various
inversions may be that ice does not deform elastically. Reeh
and others (2000)reached that conclusion as they observed a
time delay of about 35 min between the tidal cycle and the
ice-shelf response in northeast Greenland. Such a time delay
is not explained by the elastic theory.

One way to detect non-elastic behavior of tidal bending
of ice is to examine the temporal evolution of the pattern of
tidal bending. This may be done using InSAR on different
dates. If the deformation is elastic, a model inversion should
yield the same value of E, within errors, because ice thick-
ness does not change.

Table 1 shows the results of model inversions performed

on Pine Island Glacier and Petermann Gletscher (one-
dimensional model fitting, along profiles perpendicular to
the grounding line). The bottom row of Table 1corresponds
to the result published by Rignot (1996), with a high value of
E, for Petermann Gletscher, using ERS data collected by
ERS-1 in 1992 during a 3 day repeat cycle of the satellite.
Ice thickness is constrained on all four profiles by ice-
sounding radar measurements. Profiles p3^p5 are shown
in Figure 2.The profile on Petermann Gletscher runs down
the center of the glacier.

On profile p4, E varies between 0.8 and 2.3 GPa, i.e. a
factor three. The largest value is obtained for ERS data
acquired in 1992, when the satellite revisit period was 6 days
and hence the glacier experienced the largest changes in tide
from one satellite pass to the next, as revealed by the
maximum value of the tidal bending (last column of Table 1).
The same conclusion is obtainedon profile p5, with E varying
between 1.7 and 3.6 GPa. Even with 1day separation ERS
data, the inferred value of E varies by a factor two. On profile
p3, we do not observe such variation with tide, however, and
the inferred values of E are lower on average.

On Petermann Gletscher, E varies between 1.2 and 2.4
GPa, and the highest values are again obtained when the
glacier experiences the largest changes in tide between
successive passes of the satellite.

Overall, E must vary between 0.8 and 3.5 GPa in order
to best fit the InSAR observations.This result conflicts with
the elastic theory. It cannot be attributed to grounding-line
migration with tide as discussed earlier. It is also well
beyond measurement errors (2%).

Holdsworth (1977) and Hughes (1977) examined more
comprehensive mechanical models of tidal bending of ice
shelves that include viscous, plastic and primary creep
processes. Their analysis recognized that although the curve
of elastic deformation fits well with observations, the param-
eter  e to be used in the model is generally smaller than that
predicted by the elastic theory. The explanation is that visco-
plastic effects tend to delay the ice-shelf response, or resist the
action of ocean tides, resulting in an apparent increase in the
rigidity of ice during tidal flexing, and hence a lower value of

Fig. 8.Tidal deformation in the vicinity of the grounding line of David Glacier, using (a) an elastic-plate model and (b) InSAR.

Table1. Model inversion of the pattern of tidal flexure of polar
glaciers observed with InSAR

Glacier ERS-1 and -2 pairs H E ²max

Pine Island p3 23627/3954 - 24128/4455 1050 1.0 38
Pine Island p3 23616/3943 - 24117/4444 1050 1.0 17
Pine Island p4 22625/2952 - 23627/3954 1100 0.8 20
Pine Island p4 3346/3260/3432 (6 day) 1100 2.3 48
Pine Island p4 23627/3954 - 24128/4455 1100 1.6 34
Pine Island p4 23616/3943 - 24117/4444 1100 0.9 16
Pine Island p5 22625/2952 - 23627/3954 1180 1.7 21
Pine Island p5 3346/3260/3432 (6 day) 1180 3.6 48
Pine Island p5 23627/3954 - 24128/4455 1180 3.3 37
Petermann 22373/2700 - 23876/4203 600 1.6 20
Petermann 23332/4212 - 23833/4160 600 1.2 16
Petermann 2947/2904/2990 (3 day) 600 1.9 43
Petermann 3248/3291/3205 (3 day) 600 2.4 35

Notes: The pairs of ERS-1 and -2 orbits used to detect the grounding line are
listed in the secondcolumn. H is the glacier thickness at the grounding line
along profile p3, p4 or p5 (Fig. 2), or along the center line of Petermann
Gletscher (Rignot,1996), in m. E is the elastic modulus inferred from model
fitting, in GPa. ²max is the maximum differential displacement recorded
along the profile, incm.
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 e. As a result, values of E inferred from an elastic model tend
to be higher than predicted.

CONCLUSIONS

A simple elastic-plate model of varying thickness is capable of
explaining the major characteristics of InSARobservations of
tidal flexingalong ice-sheet margins. It is also able to replicate
the unusual tidal bending of David Glacier flexure zone along
the center line. Model simulations, however, show that the
thickness gradient characteristic of many large outlet glaciers
in Antarctica and Greenland has a detectable effect on the
pattern of tidal bending. The precision in ice thickness and
thickness gradient is an important limiting factor for the
two-dimensional modelling. Furthermore, a detailed analysis
of temporal variations in tidal bending suggests that the value
of Young’s modulus of ice to be used in elastic models must
vary with tide, which is in violation of the elastic theory.
Although the shape of the tidal deformation is well described
by the elastic model, the elastic properties of ice are ill-
observed. This suggests that visco-plastic effects must be
included in the model. The same conclusion was reached by
Reeh and others (2000) from measurements of the time delay
between tidal forcing and ice-shelf response. Our examin-
ation of InSAR analysis supports their result. Initially, we
may expect these non-linearities to be small since the
observed deformation is within the elastic regime. Yet this is
not confirmed by observation. One consequence of this is that
the conclusion that ice-shelf tidal deformation is not
dissipative should be revisited. A more detailed study of the
variability of E with time will be pursued in future research.
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