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Introduction

In an earlier paper, the author has obtained a solution [8] to Birkhoff's
problem No. 105 [1]: Is there a common abstraction which includes Boolean algebras
(Rings) and lattice ordered groups as special cases? The solution actually turns
out to be the direct product of a Boolean ring and a lattice ordered group.
Birkhoff’s problem has also been solved by Swamy, Wyler, and Nakano by
presenting respectively i) Dually Residuated Lattice Ordered Semigroups (D.R.1.
semigroups) [2, 3, 4, 5], ii) Clans [6], and iii) Multirings [7].

In this paper, starting with a lattice L and a single binary operation ‘—’
(just as in clans) satisfying (1.1) through (1.5) (see definition below), we obtain
one more common abstraction which we call a Boolean-/l-algebra (Boolean-
lattice-algebra); and which has more geometric structure than D.R.1. semigroups.
Also a Boolean-/-algebra turns out to be a clan with a total operation ‘—’. Thus
a Boolean-/-algebra is an improvement on clans, since by definition a clan is a
lattice with a partial binary operation. It may also be mentioned here that conditions
3 and 4 of the Main Theorem in [8] are too cumbersome.

It turns out that the class of Boolean-/-algebras is a subclass of D.R.1. semi-
groups also. Thus all the results of D.R.]. semigroups are valid here also, and in
addition a Boolean-l-algebra has interesting geometric properties (see section 3)
which in general are not true in D.R.1. semigroups. The reason for this situation
is not difficult to find. For D.R.l. semigroups include Brouwerian algebras also,
and many geometric properties common to Boolean rings and commutative-
lattice ordered groups will not hold in Brouwerian algebras. For instance, lattice
betweenness and metric betweenness are equivalent in both Boolean rings and
commutative-/-groups, but not in Brouwerian algebras. Thus it looks as though
the presence of Brouwerian algebras in D.R.1. semigroups is responsible for the
smaller number of geometric results for D.R.1. semigroups. We establish that this
is indeed the case by showing that Brouwerian algebras are completely excluded
from being Boolean-/-algebras.
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186 V. V. Rama Rao [2]

If A =(4;uU,n, +, —) is a D.R.1. semigroup, then (4; u, N, —) fails to
be a clan even if “—’ is restricted suitably. Since a Boolean-/-algebra is also a clan,
the class of Boolean-/-algebras may also be looked upon as the subclass of D.R.1.
semigroups which are also clans simultaneously.

This paper is divided into three sections. In section 1, we define a Boolean-
l-algebra, give examples, and show that the axioms are independent. Here we in-
vestigate the possibility of the class of Brouwerian algebras being a subclass of
Boolean-/-algebras, and show that this is never the case. In section 2, we show that
a Boolean-/-algebra is both a D.R.l. semigroup and a clan, while section 3 is
devoted to establishing the geometric properties.

Lastly, this paper is completely independent of the author’s earlier work
in [8].

1.

DEFINITION 1. A lattice L = (L; u, n) with a binary operation ‘-’ is called
a Boolean-l-algebra iff

(I.L1.y aub—c=(a—c)u(b-c),

(1.2.) a—(bnec)=(a=b)u(a—c),
a—(buc)=(a-b)n(a—c),

(1.3.) Ifa £ b, then c—b = (¢c—a)—(b—a),

(1.4) azbuc, then a—b = a—c implies ¢ = b,

(1.5.) Given a and b, there exists ¢ in L such that p—c¢ = (p—b)—a for all p.
Note that (1.5) is not needed in this section.

We shall now give examples of Boolean-/-algebras.

1) If B = (8; +, n) is a Boolean ring then (B; —) is a Boolean-/-algebra if
we define a—b = a+a n b. Verification is routine.

2) If A = (4; u, N, +) is a lattice ordered group, then (4; U, N, —)is a
Boolean-/-algebra, where ‘—’ is the usual group difference.

3) If N is the set of positive integers with ‘0’, then (N; —) with the usual
ordering is a Boolean-/-algebra with ¢—’ defined as follows: If @ = b thena—b =
usual difference, otherwise a—b = 0.

4) Any D.R.l. semigroup 4 is a Boolean-/-algebra if
i)a—(buc)=(a—b)n (a—c),

i) fazboucanda—b = a—cthenc = b.

The following examples show that (1.3) and (1.4) are essentially independent
of the rest.
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[31 Boolean rings and lattice ordered groups 187

[1.3]. Let L be any /-group. Define a~b = —~b fora, b e L. Then (1.1), (1.2),
and (1.4) are satisfied and (1.3) fails.

[1.4] Let L be any chain with ‘0’ as least element. Define a—b = aifa = b
and a—b = 0 otherwise. Then (1.1), (1.2), and (1.3) are satisfied but (1.4) fails.

We shall now study the consequences of our definition. Throughout this paper
L stands for a Boolean-/-algebra and a, b, c, x, y, t - + - denote the elements of L.

LeMMA . If bnc = a and b—a < c—a then b < c.
PrROOF. Put # = b U c. Then by (1.3) and (1.2)
t—c = (t—a)—(c—a) £ (t—a)—(b—a) =t-b
so that b < ¢ by (1.4).
LemMMA 2. The equation x —x = x has a unique solution, denoted by 0.

ProoF. Obviously by (1.3), a—a is a solution of this equation, for any a.
If x and y are any two solutions, put = x U y. Then t n (t—x) = x by (1.1)
and t—x = (t—x)—x by (1.3), so that t—x = ¢ by lemma 1. Similarly t—y = ¢
and by (1.4) x = y.

COROLLARY 1. If t = 0, then t —0 = t.
COROLLARY 2. a—a b =auwb—>b.

LemMa 3. Lis adistributive lattice.

PrROOF. If au b =a uc and anb = a n ¢, then by corollary above, and
(1.4) it follows that b = ¢. Hence L is a distributive lattice.

LEmMMA 4. Ifa Z banda—b = 0, thena = b.
PrOOF. a—b £ b—band anb = b, and so by lemma 1, a £ b.

The following theorem gives the degeneracy of L into a Boolean ring. How-
ever, its main use is in the subsequent corollary.

THEOREM 1. L is a Boolean ring iff x < a implies x n (a—x) = 0.

Proor. The first part is clear. For the other part we need several lemmas,
and from now on we assume x < g implies x N (a—x) = 0.

LeMMA 5. O’ is the least element of L and a—0 = a forallae L.

PROOF. Since a < a for all a, 0 = a n (a—a) = a n 0. Therefore a—0 = a
for all g, by corollary 1.

LEMMA 6. If x < a, then a—x = (a—x)—x.
PROOF. a—x = (a—x)—{(a—x) nx} = 0u {(a~x)-x} = (a—x)—x.
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LeMmMa 7. x U (a—x) =aifx Z a.

PROOF. {x U (a—x)}—x = a—x, by (1.1) and lemmas 5 and 6.
Hence x U (a—x) = a, by lemma 1.

COROLLARY 3. L is a section complemented lattice.
LemmA 8. L is a Boolean ring.

ProoF. L is distributive (lemma 3) and section complemented by the above
corollary. Let x < z < y. Then

zn{xu(y-2)} =(Cznx)u {zn(y—2)}
= (z n x) U 0 (by hypothesis) = x
and
zu{xu(p—z)} =xvzu(y—z)=xuy(bylemma?7) =y.

Hence L is relatively complemented and so L is a Boolean ring.
Lemma 8 completes the proof of theorem 1.

COROLLARY 4. If (B; —) is a Brouwerian algebra, then (B; —) is a Boolean-
l-algebra iff B is a Boolean ring.

PrOOF. Let (B; —) be a Brouwerian algebra, satisfying (1.1) through (1.4).
If x £ a, then a =auU x =x v (a—x) since (B; —) is a Brouwerian algebra.
Further,

a-x = {xu(a—x)}—x = (a—x)—{x n (a—x)} (by corollary 2)

and hence x N (a—x) = 0 by 1.4. Therefore by theorem 1, B is a Boolean ring.
The converse is routine.

2.

This section is devoted to establishing that a Boolean-/-algebra is both a
D.R.I. semigroup and a clan. We first show that (1.5) is independent of (1.1)
through (1.4).

[1.5]. Let 4 be the set of all integers = —p where p > 0. Define a—b =
usual difference if @ = b, otherwise a—b = 0. Then (1.1) through (1.4) hold in
A with the usual ordering; but (1.5) fails.

From now onwards we assume that L satisfies (1.5) also.

REMARK 1. The ‘¢’ which satisfies the equation (1.5) is unique by (1.4) and
we denote this by a-+b.

REMARK 2. If ‘4’ is commutative then a+b = au b+an b.
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In order to show that a Boolean-/-algebra is a D.R.l. semigroup, we need
some preparation.

LemMMA 9. (a—b) U 0+b = a U b and hence 0+b = b.
ProoF. By (1.3)
c—(aub)=(c—b)—(aub—-b)=c~{(aub-b)+b}.
Hence au b = (au b—b)+b = (a—b) U 0+b.
COROLLARY 5. a—b £ 0iffa < b.
Proor. By (1.2) and lemma 9.
COROLLARY 6. (b—a)+a = b
COROLLARY 7. (x+y)—y < x.
PROOF. Put @ = (x+y)—y and b = x in corollary 5.
LEmMMA 10. (@a+b)+c¢ = a+(b+c).
PROOF. We have for all p,
p—{a+(b+c)y = {p—(b+c)}—a = {(p—c)-b}—a

= (p—c)—(a+b) = p—{(a+b)+c}.
Hence the lemma.

LemMA 11. au b+c = (@a+c) U (b+c)andanb+c = (a+c)n (b+c).
PROOF.
p={(a+c)u (b+e)} = {p—(b+c)} n {p—(a+c);}

= {(p—c)=b} n {(p—c)—a} = (p—c)—(a L b)
=p—{(av b)+c}.
Hencea U b+c = (a+c) v (b+c). Similarlya nb+c = (a+c) n (b+c).
LemMa 12. a nb—c = (a—c) n (b—c).
ProoF. (a—c) n (b—c)—{(a n b)—c}
< [(a—c)—{(an b)—c}In [(b—c)—{(a n b)—c}]
=la—{(anb-c)+c}}n[b—{(anb—c)+c}]
< (@a—anb)n (b—an b) (by corollary 6) = 0.

Therefore (a—c) N (b—c) < a n b—c. The other part is by (1.1).
LemMA 13. c+au b = (c+a) U (ct+b)and c+a n b = (c+a) 0 (c+b).
PROOF. On the same lines of lemma 11, using lemma 12 and (1.1).
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LemmA 14. a—0 = a = a+0 for all a.
PrOOF. Letp = (a+0) u a U 0. Then
p—(a+0)=(p—0)—a=p—a
by lemma 2, and hence a+0 = a by (1.4). Also

a—0=(a+0)-0=<a
by corollary 7 and
a—0=(a-0)+0=a
by corollary 6.
Lemmas 10, 11, 13 and 14 will establish (L; U, N, + ) as a lattice ordered semi-
group with ‘0’ and by lemmas 2,9 and corollaries 6 and 7 we obtain the following
by theorem 1.1 of [5].

THEOREM 2.! If (L; U, 0, —) is a Boolean-l-algebra, then (L; U, N, —) is a
Dually Residuated lattice ordered semigroup.

We shall now show that L is a clan. In fact

LemMa 15. If 4 = (4; U, N, +, —) is a Dually Residuated lattice ordered
semigroup, with a—(bu c) = (a—b) n (a—c), then (4; U, N, —) is a clan iff
(4; U, n, =) is a Boolean-l-algebra.

PrOOF. Let > = {(a,b)eLxLla <b}, and 6:) — L be defined by
a(a, b) = b—a. It is a routine verification that C,, C,, C5, C, and C; (see [6])
are satisfied.

Conversely let Y = {(a,b)e AxAla £ b} and ¢:) — A4 be defined by
o(a, b) = b—a and let C,, C,, C3, C, and C, be satisfied in 4. We have only to
show that (1.4) holds in 4 on account of lemmas 6, 7, 8 and 11 of [5]. But (1.4)

is precisely C, and so A4 is a Boolean-/-algebra.

3.

In this section we study the geometry of a commutative Boolean-/-algebra;
i.e. we assume ‘+’ is commutative.

1 A system 4 = (4; +, = —) is called a Dually Residuated lattice ordered semigroup iff

(1.1) (4; +, =) is a lattice ordered semigroup with “0” L.e. a-+(b\U ¢) = (a+b)V (a+c)
and a+ (b nNne)=(a+b)N(a+c) and aubt+c=(@+c)V (b+c) and anb+c=
(a+c) N (b+c) for all g, b, ce A.

(1.2). Given a, b in A4 there exists a least x in A4 such that x+b = a we denote this x by
a—b.

(1.3). (a—b) U O0-+b =a\band,

(1.4). a—a = 0.

Th 1.1 {5): Any Dually Residuated lattice ordered semigroup A4 = (4; +, < —) can be
equationally defined as an algebra with the binary operations 4, U, N, — replacing (1.2) by the
equations (1.2.1) (y—x)+x =y (1.2.2) x—y < x\Uz—y and (1.2.3) (x+y)—y = x.
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[7] Boolean rings and lattice ordered groups 191

Since L is a D.R.1. semigroup by theorem 2, it is also an autometrized. lattice
[2, 3] with distance function d: LxL — L defined by d(a, b) = as=b = (a—b)
v (b—a). Also it is an autometrized lattice with distance d(a, b) = (a—b) U 0+
(b—a) v 0. The following lemma shows that these two metrics will coincide in
L, thought they may or they may not, in any arbitrary commutative D.R.1. semi-

group.
LEMMA 16. (a—b) U 0+ (b—a) U0 = (a—b) L (b—a).
PROOF.
O=aub—aub={0u(b-a)}n {0u (a-b)}
by (1.2) and (1.1). Since + is commutative,
(@~b) v 0+ (b—a)v 0= {(a—b)u0}u {(b—a)u 0} = (a—b) U (b—a).

‘b’ is said to be metrically between a and ¢ — in symbols, (a, b, ¢) M — if
and only if a% b+b % ¢ = a = c. Since L is distributive, there is already the notion
of lattice betweenness — in symbols (a, b, ¢) L — iffau ¢ = b = a n c. However
in a Boolean-l-algebra these two notions are equivalent; in fact

THEOREM 3. In any commutative D.R.l.semigroup A in which
a—(buc) = (a—b)n (a—c), the following are equivalent.

1. A is a Boolean-l-algebra

2. (a,b,c¢) Lifand only if (a,b,c) M

3. Metric betweenness has transitivity ‘t,’

4. (a,b,¢) M and (a, ¢, b) M imply b = c.

We need some lemmas in the proof of this theorem.
LEMMA 17. Forany a, b, cinL,axb+bxc=aucxb+b*anc.

PROOF. au cib+bsanc = {(axb)u (c~b)} n{(b*c)u (a~b)}+
{(axb) v (b—c)} n {(b*c) v (b—a)} (by routine computation) =
[{(axb)u (c=b)} N {(bxc)u (a=b)}]u [{(axb) U (b—c)} n
{Brc)u (b—a)}l+[{(axb)u (c=b)} n {(b*c)v (a—b)}]n
[{lasb)u (b—c)}n{(bxcyu (b—a)}l = (a=b)u (bxc)+
(2 * b) ~ (b = c) (again by routine computation) = a* b+b = c.

CoROLLARY 8. (a4, b, c) M ifand only if (aL ¢, b,a N c) M.

LeMMA 18. Under the hypothesis of theorem 3, (a, b, ¢) L implies (a,b, c) M.

PROOF. Letaavu ¢ = b = a n c. Then by lemma 15 [2],
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192 V. V. Rama Rao 81

axc=auc—anc=(avc-b)+(b—anc)
=aucsb+b*anc=axb+bxc
by corollary 8. Hence (a, b, ¢) M.
PROOF OF THE THEOREM 3. We shall prove that 1 =>2=3=2=1 and
2=4=1.

1 = 2. Let (a, b, ¢) M then by corollary 8, we can assume a = c. Hence

a=(a—c)+c=axct+c=axb+bxc+c
2 (b—a)+(b—c)+c = (b—a)+b.
Hence by (1.2)
0—(b—a) =b—{b+(b—a)} 2 b—aora=b.
So that by (1.4) b = csincea—c = a—b, or (a, b, ¢)L; the other part follows from
lemma 18.
2 = 3. Obvious.
3 = 2. See theorem 10.1 [9] and theorem 2.8 [5].
2 = 1. We have only to show that (1.4) holds in 4 on account of lemmas
4,5, 6and 8 of [2]. Leta = b u cand a—b = a—c. Then
asb=a-b=a—(bnc)=asbnc=axbuct+bucstbne
=a-(buc)+bxc=a—c+csb=axct+cxb.

Hence (a,c,b) L or ¢ = b.

2 => 4. Since 2 = 1, we shall show 1 = 4. Let (a, b, ¢) M and (a, ¢, b) M.
Then ave=zb=zanc and aub=zc=2anb. Hence aub =avuc and
anb=ancsothath = c.

4=1 Leta=bucand a—b = a—c. Since (a, b, b n ¢) L we have

asbnc+bnexb=a-(bnc)+b-bnc

(a—b)+b—bnc=axb+bsbnc=axbnc
=a—(bnc)=a—b=axbh,

so that (@, b ¢, b) M. Hence b n ¢ = b or ¢ = b. Therefore (1.4) holds in 4

and consequently A4 is a Boolean-l-algebra.

I

An interesting application of the above theorem is the following.

COROLLARY 9. If B is a Brouwerian algebra, with a—(bu ¢) = (a—b) n (a—c)
then the following are equivalent.

1) B is a Boolean ring.

2) (a,b,¢c) Liff (a, b, c) M.

3) (a,b,¢) M and (a, c, b)) M imply b = c.

4) Metric betweenness has transitivity t, .
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9] Boolean rings and lattice ordered groups 193

From now on we simply write (a, b, c) for (a, b, ¢) L or (a, b, ¢) M in L. The
betweennes relation (a, b, c) has the transitivities ¢, , ¢, T,, T2, T4, Ts, Tg, T7 and
T,,T,, T, t5 iff L is simply ordered (lemma 8.2, Th. 9.8 [9]).

A subset S of L is said to be a subgeometry iff a, b€ Simpliesa = b e S.

We shall treat any three distinct points a, b, ¢ € L as the vertices of a triangle
with sides a # b, b * ¢ and ¢ * a which will bz denoted by 4(a, b, ¢). A triangle is
said to have fixty iff each vertex is equal to its opposite side. The following theorem
throws some light on a 4(a, b, ¢) to have fixty, in L.

THEOREM 4. The following are equivalent in L.

1) A(a, b, ¢) has fixty.

Qyavb=buc=avcandanbnc=0.

3) d(a* b, b= c, c*a) has fixty and (0, a, b, c) is a subgeometry.

The proof of this theorem is contained in the next few lemmas.

LEMMA 19. In any commutative D.R.l. semigroup A in which
(a—b) n(b—a) £ 0, (for all a, b e A) the following are equivalent.

1) 4(a, b, ¢) has fixty.

2) A(a=b,b*c, c*a)hasfixty and (0, a, b, c) is a subgeometry.

Proor. That 1 = 2 is obvious.
2 = lisroutine (see Th. 2.16 [5]).

LemMA 20. If A is a commutative D.R.1. semigroup, such that
(a—b)n (b—a) <0 for all a and be A then A(a, b, c) will have fixty if
avb=buc=avucandanbnc=0.

PROOF. Letaub=buc=aucandan bnc =0. Then
ctanb=cu(@anb)y=avb

and henceanb Zaub—c=x(say),sothat xnc=0.Alsoxn (axb) =0
and
xu(azb)=auvb=x+c=xuvc

and hence a = b = ¢. Similarly the rest.

LEMMA 21. In any commutative D.R.l. semigroup A in which
(@a=b)n (b—a) 20 for all a and be A if A(a, b, c) has fixty, then au b =
buc=avucandaub—anbnc=avb.

PROOF. Suppose a = b%c,b = a=+c, and ¢ = g+ b. Then
auvub=axbtanb=ct+ranb=ec.
Similarlyboc 2 aandauc=b. Henceau b=buc=auc. Also

avb—anbnc=aubuc—anbnece

(@%b) v (b=c)u (axc) (by direct computation) = a U b.
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COROLLARY 10. If A is a commutativeD.R.l. semigroup in which (a—b) N
(b—a) £ 0, such that a—an bnc = a implies anbnc =0, then A(a, b, c)
has fixty iff avb=buc=aucandanbnc=0.

COROLLARY 11. If B is a Brouwerian algebra such that a—anbnc=a
impliesa N b ¢ = 0then B is a Boolean ring.

Proor. If 0 £ x £ a, then
a—anxn(a—x)=(a—x)v {a—(a—x)} = (a—x)va=a.

Hence x N (a—x) = 0 and so x U (a—x) = a and so B is section complemented
and hence a Boolean ring.

THEOREM 5. There exists no equilateral triangle in L.
PROGF. Let g+ b = b+ ¢ = @+ c. Then

avb=azbtanb=(bxc)u(cxta)tand
{(c=b)u (c—a)}+anb={c—(anb)}+anbzc

v

Similarly buczaandauc= b. Henceau b =buc =a v c¢. Now by 1.4
we havean b =anc=bn candsoa = b = c. Hence equilateral 4s will not
exist in L.

THEOREM 6. L is a chain iff it is free of As with fixty.

ProoF. If L is not a chain then there exist a, b € L, such that a is incomparable
with b. Then (a—b)u 0, (b—a) v 0, and (a—b) v (b—a) are three distinct
points such that A((a—b) v O, (b—a) v 0, (a—b) U (b—a)) has fixty (routine
computation) contradicting the hypothesis. Hence if L is free of triangles with
fixty, then L is a chain.

Conversely if L is a chain then by theorem 4, no triangle can have fixty.

One can easily observe that in the proof of the first part of the above theorem,
we have not made use of (1.4). And so we have the following,

COROLLARY 12. If A is a commutative D.R.I. semigroup such that (a—b) N
(b—a) £ 0 (for all a and b), is free of triangles with fixty, then A is a chain.

Following Blumenthal, Swamy introduced the notion of metrically convex
Boolean-/-group (A Boolean-/-group is the direct product of a Boolean algebra
and a lattice ordered group). See [5]: A Boolean-I-group is said to be metrically
convex if and only if given a # b, then there is an x such that @ # x # b, and
ax*x+x%b = a=xb. We extend this definition to Boolean-/-algebra and the fol-
lowing is an algebraic characterisation.

THEOREM 7. L is metrically convex iff it is atom free.

PROOF. Let L be metrically convex and ¢ > 0. Then there is an x, such that
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(¢, x,0) M. Hence (c, x,0) L or ¢ > x > 0. Hence c is not an atom. Therefore L
is atom free.

If L is atom free and a and ¢ are distinct, then there is an x such that
O<x<axcandsoanc=<x+ancand x+tanc=y (say). famnc=y
then

asc=auc—(x+anc)=a*c—x
hence by 1.4 x = 0. Similarly if a U ¢ = y then
axc=y—anc=(x+tanc)—anc=x
Hence a U ¢ # y # a n ¢ and y lies metrically between ¢ and a.

Blumenthal introduced the notions of B-linearity and D-linearity in a Boolean
geometry. An n-tuple (n = 3) of distinct points is said to be B-linear iff there exists
a labelling (p, - -p,) of its elements such that B (p;,p;,p;) hold where
1 £i<j<k < nandis said to be D-linear iff there exists a labelling (p, - - - p,)
of its elements such that d(p,p,) = Y 12| d(ppi+,) where d(p;, p;) is the metric
operation and B(p;, p;, p,) means p; lies between p; and p, (lattice betweenness).
There is no difficulty in extending this definition to Boolean-/-algebras and we

state the following.
THEOREM 8. B-linearity implies D-linearity in L.
PROOF. Routine, see 2.27 [5].

This theorem holds even in a commutative D.R.l. semigroup with
(a—b)n (b—a) £0 for all a and be A.

I take this opportunity to thank Prof. Dr. N. V. Subrahmanyam, for his
valuable help in the preparation of this paper. I am indebted to the Referee, whose
suggestions contributed much to the brevity of the paper.
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