HOLONOMY GROUPS OF HYPERSURFACES

SHOSHICHI KOBAYASHI

The restricted homogeneous holonomy group of an n-dimensional Rie-
mannian manifold is a connected closed subgroup of the proper orthogonal
group SO(n) [1]. In this note we shall prove that the restricted homogeneous
holonomy group of an #n-dimensional compact hypersurface in the Euclidean
space is actually the proper orthogonal group SO(#) itself. This gives a neces-
sary (of course, not sufficient) condition for the imbedding of an xn-dimensional
compact Riemannian manifold into the (7 + 1)-dimensional Euclidean space.

The method used here shows how the theory of connections in fibre bund-
les is efficacious for problems in classical differential geometry. In fact, the
essential part in this paper is the notion of induced cnnnection, which is out-
side of the frame of classical differential geometry.

I would like to say thanks to Professor Allendoerfer and Dr. Forrester for

their valuable suggestions.

1. Holonomy groups

Let P be a principal fibre bundle over a manifold M with Lie structure
group G and with projection . Let » be a g-valued linear differential form on
P defining an infinitesimal connection in P [3], where g is the Lie algebra of G.
Let #, be a point in P. If ¢ is a closed curve in M starting from x,=n(e),
then the point ¢(#,) obtained by the parallel displacement of #«, along the curve
¢ is in the same fibre as u,; hence there is a unique element s in G which

maps %o to c(u,):
c(u) = uos.

(The structure group G acts on P on the right, as P is a principal fibre bundle.)
The set of all elements s obtained in this way forms a subgroup (not necessarily

closed) of G, which is called the holonomy group of the connection w with refer-
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ence point #. We shall denote it by h(M, u,). If we consider only the closed
curves which are homotopic to zero, then we obtain a normal subgroup (M, uo)
of h(M, uy), which is called the restricted holonomy group. It is just the con-
nected component of the unit of k(M, u,),

Let U be a connected open set containing x.. If we consider only the closed
curves contained in U, we obtain a subgroup of #(M, u,), which will be denoted

by h(U, uy)). Take a decreasing sequence of connected open sets in M
UiDU.D ... such that NU; = {x} and U; D Uj+:.
Consider the group
B (uy) = N RA(U;, wo),

where (U, uo) is the conneeted component of k(Ui, uy). This Lie group 2*(u,)
is called the local holonomy group at u, [4]. It is known that, if the dimension
of n*(uy) is constant over P, then h*(u,) coincides with the restricted holonomy
group (M, u,) [4].

2. Induced connection

Let @ be a principal fibre bundle over a manifold S with group G and with
projection n’. If ' is a g-valued linear differential form on @ defining a con-
nection in @ and if 7 is a bundle map of P into @, then the induced form w
=7*(o') defines a connection in P. Let h(S, v,) be the holonomy group of the
connection defined by ', where v, = 7 (u,). We shall show that A(M, u,) is a
subgroup of (S, »,). Take an arbitrary closed curve ¢ in M starting from x,
and consider the corresponding curve f(c¢) in S, where f is a mapping of M into
S induced by /. Let ¢ be the horizontal curve [1] in P starting from u, and
covering ¢. Then the end point of ¢ is the point obtained by the parallel dis-
placement of uo along ¢. It is clear that the image / (¢) of the horizontal curve
¢ is horizontal. Therefore the element s of G corresponding to the curve ¢ is

the element of G corresponding to the curve f(c).
Thus we have proved the following

LemMA 1. The holonomy group h(M, wuy) of the induced connection is a
subgroup of the holonomy group h(S, v,) of the initial connection.

CoroLLARY. The 7estricted holonomy group ho M, u,) is a subgroup of
h°(S, 1)0).
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Now we shall prove the following

LEMMA 2. Suppose that the following two conditions are satisfied:

(1) There is a connected open set U in M such that f is a differentiable
homeomorphism of U into S;

(2) The dimension of local holonomy groups L*(v), where v € Q, is con-
stant on Q.

Then the restricted holonomy group hoM, uy) of the tnduced comnection

coincides with the restricted holonomy group ho(S, vs) of the initial connection.

Proof. Since the holonomy groups with different reference points are con-
jugate to each other in G, we may assume that =(2,) is contained in U. In

general we have the following relations:

KM, o) D BU, ) D B (a)
(S, vo) D ANV, vy) D EM(wo),

where V = f(U).
From assumption (2) it follows [4] that A"(S, ) = A" (vy); hence

RS, o) = KNV, v,) = K (w,).
By the same argument for Lemma 1, we obtain the following relation:
(U, uy) C RV, v).
As f is a homeomorphism of U onto V, we have also
(U, w) D KV, vo).
Therefore we have
B(S, v) = BV, vy) = WU, ).

Hence %'(S, vy) is contained in A°(M, wu,). It follows from the corollary to

Lemma 1 that A%S, v) = B (M, u,).

3. Spherical indicatrix

Let M be an orientable hypersurface in the (7 + 1)-dimensional Euclidean
space R”"' and S the n-dimensional unit sphere in R”"' with center O, origin
nt1

of R™!. M and S have the Riemannian metrics induced from that of R

We shall use the following notations :
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T«(M) (resp. T»(S)): the tangent space to M (resp. S) at apoint x in M
(resp. y in S).

Gy (resp. Hy): the set of all orthonormal frames on M at x (resp. on S at
y). Both G, and Hy are isomorphic to O(#n).

P (resp. Q): the set of all orthonormal frames on M (resp. S).

P= UGx, Q: UH)u

XEM yes
7 (resp. n'): the projection of P onto M (resp. of @ onto S) such that
7(Gy) = x, 7' (Hy) = .

It is well known that P (resp. @) is a principal fibre bundle over M (resp.
S) with group O(n) and with projection = (resp. n').

Let £, be a unit normal vector to M at x chosen in such a way that &:
becomes a continuous vector field (this is possible, since M is orientable). Let
7(x) be the end point of the unit vector in R”"" with origin O, which is parallel
to the vector &,. Then f(x) is a point on S. Thus we obtain a mapping f of
M into S. Let # be an element of Gy, 7.e., an orthonormal frame on M at x.
By the parallel displacement in the Euclidean space R"*!, we obtain from # an

orthonormal frame v on S at f(x). We denote by j~ the mapping # > v of P
into Q. Clearly / is a bundle map.

The Riemannian metric on S defines a unique linear (so-called affine) con-
nection without torsion on S. Let w’ be the g-valued linear differential form on
@ defining this linear connection, where g is the Lie algebra of the orthogonal
group O(n). The connection defined by the induced form f*(w') coincides with
the connection defined by the Riemannian metric on M. This fact can be veri-
fied by straightforward calculation [5]; however it follows also from the follow-
ing geometrical consideration. Let ¥ be an arbitrary tangent vector to M at x
and ¢ any curve in M starting from x. Let y be the tangent vector to S at f(x)
obtained by the parallel displacement of ¥ in the Eucliden space R""'. Let ' be
the tangent vector to S obtained by the parallel displacement of y along f(c)
with respect to the Riemannian connection on S. Let ¥’ be the tangent vector
to M at the end point of the curve ¢ obtained by the parallel displacement of
3 in the Euclidean space R”*'. Then ¥' is the tangent vector to M obtained
by the parallel displacement of ¥ along ¢ with: respect to the Riemannian con-

nection on M. This is the geometrical meaning of the induced connection. And
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this is also the classical interpretation of parallel displacement on the Rieman-
nian manifold imbedded in R”"'. Therefore the induced connection coincides

with the connection defined by the Riemannian metric on M.

4. Holonomy group of spheres

The orthogonal group O(n + 1) acts transitively on S as the group of iso-
metries. Therefore S has the homogeneous structure and assumption (2) of
Lemma 2 is satisfied.

Since S is an irreducible symmetric Riemannian space in the sense of E.
Cartan, the restricted holonomy group is equal to the connected component of
the isotropic subgroup of the group of isometries. As the isotropic subgroup of
O(n+1) acting on S is O(n), the restricted holonomy group of S is the proper
orthogonal group SO(n).

5. Dénouement

In the preceding section we showed that assumption (2) of Lemma 2 is
satisfied; in this section we shall prove assumption (1).

Let p(x) be the Euclidean distance between the origin O and x € M. As
M is compact, the function p attains its maximum at a certain point x, of M.
Then M is inside of the sphere with center O and with radius p(x,) and is
tangent to the sphere at x,. Therefore the mapping F : M — S is a homeomor-
phism in a neighborhood of x, (note that the second fundamental form is de-
finite at x,).

Now it follows from Lemma 2 that the restricted holonomy group of M
is SO(n). The condition of orientability of M was used only for the global de-
finition of /. We saw however that the mapping f defined in a neighborhood
of x, is sufficient for our purpose.

According as M is orientable or not, the homogeneous holonomy group of

M is connected or not. Hence we have proved the following

THEOREM. Let M be a compact n-dimensional Riemannian manifold imbed-
ded isometrically in the (n+ 1)-dimensional Euclidean space. Then the homo-
geneous holonomy group of M is the proper orthogonal group SO(n) or the

orthogonal group O(n), according as M is orientable or not.
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