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CONTRACTIONS WITH FIXED POINTS
AND CONDITIONAL EXPECTATION

BY
A. N. AL-HUSSAINI

1. Introduction. Let (L, «, ) be a o-finite measure space. By L,(Q, «, u) or
L, for short we denote the usual Banach space of pth power u-integrable functions
on Q if 1<p<+ o and u-essentially bounded functions on Q, if p=+co. In
section (2) we characterize conditional expectation, by a method different than
those used previously. Modulus of a given contraction is discussed in section (3).
If the given contraction has a fixed point, then its modulus has a simple form
(theorem 3.2). In section (4) we use results from section (3) to relate projections
conditional expectation. Finally in section (5) we give a version of Chacon-
Ornestein ratio ergodic theorem. 1, will denote the indicator function of 4 i.e.
1,=1o0n4,1,=0off 4.

2. Conditional expectation. Let (£, «, u) be an arbitrary measure space. For
a given sub-g-algebra f <, the conditional expectation E{f | B} of f given f is a
function measurable relative to §, such that

*) [EC 1B = ran an pep

If u(Q)=1, then a linear operator T on L, is a conditional expectation relative
to some sub-c-algebra f< o if and only if |T||<1, T?=T and T1=1 ([6], [2]).
The condition T1=1 does not make sense if u(2)=+oc0. As it will turn out,
our conditions for a o-finite x# include the case when u is finite. If T is a linear
operator on L;, we denote its adjoint by T* i.e.

(%) fog dp =ff T*gdu, feLl,, gelL,

THEOREM 2.1. A linear operator T on L, is a conditional expectation relative to
some sub-c-algebra f<o if and only if (1) |T|<L1, (2) T*=T, (3) If=f some
0<felL,, (4 T=T*on L, N L.

Proof. We give the if part of the proof only. Due to existence of one-dimen-
sional projections, the condition (4) cannot be removed. By (1) and (3) of the
hypothesis 7*1 - f<f and [T*1-f={f. Hence T*1=1, which together with (1)
would imply that T* is positive. The rest of the proof depends on relating (x)

Received by the editors November 6, 1974 and, in revised form, February 12, 1975.
475

https://doi.org/10.4153/CMB-1975-086-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-086-3

476 A. N. AL-HUSSAINI [October

to (xx). Let B={B:T*1z=13}. p is a sub-c-algebra of « as it can easily be verified
by using additivity and positivity of 7*. Conditions (3) and (4) imply that § is
o-finite. To complete the proof let &, 7 be the class of all conditional expectations
and the class of linear operators on L, satisfying the hypothesis of the theorem,
respectively.

Define ¢:7 —&, by ¢(T)=C where Cg=E{g | B}, g € L1, and f={B:T*1z=
15}. By the only if part § <=7, ¢ is one-one by (2) and (4). The proof is complete.

COROLLARY 2.1. A linear operator T on L, is a conditional expectation relative
to some o-finite sub-o-algebra if and only if (1) |T||<1, (2) T*=T, (3) T*Tg=Tg
Jor some Tg>0.

Proof. Let f=Tg. By (2) Tf=f implying that T, T* are positive as before. We
will show that T=T%* on L, N L. Define dv=fdu, then T on L,(Q, «, ) satisfies
the hypothesis of the corollary and further that 7* is contraction in L,. Therefore
(by the Riez-Convexity theorem) || T],<1 for 1<p<+4 o0, and in particular for
p=2. Thus T=T* on L,(Q, a, ») O\ L,(Q, «, ), and consequently Th=E,{k | },
where E, refers to conditional expectation relative to », from which we conclude
that Th=E{h | p} as fis f-measurable.

This corollary was proved in [1] by a different method and under further con-
dition that T is positive, which is redundant.

CoroLLARY 2.2 (R. G. Douglas). Suppose u(€2)=1. A4 linear operator T on L,
is a conditional expectation if and only if (1) |T| <1, (2) T*=T, (3) T1=1.

Proof. T*1=1 using (1) and (3). The proof follows from the previous corollary
by putting 1=g.

3. Modulus and consequences. Throughout this section (L, , #) is a o-finite
measure space. Modulus of a linear operator T on L, is denoted by |T7. Its def-
inition and some properties are given in the following theorem.

THEOREM 3.1. For a linear operator T on L,, there exists a linear operator |T|
the modulus of T, satisfying:

M T < |7

@ ITgl < IT| [glallge Ly

() ITIh = supjy<a [T8l, 0 < he Ly

Proof. See [4].

LemMmA 3.1. If T is contraction on Ly with Tf=f, then |T| | f|=| f].

Proof. By (2) of theorem 3.1 |T| | fI=|Tfl=]| f]|. However by (1) of the same
theorem f|T'| | f|<[| f]. Therefore |T| | f]=] f].
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LeMMA 3.2. If T is a contraction with Tf=f for some 0#£f € Ly, then T*(f/| f|=
SIS

Proof. f| fI—fI fI=J((fN fD=T*(f/I fI)) - f, since Tf=f. But |T*(f/| fDI<
|(f/1 f])] for T* is contraction. Hence T*(f/| f))=f]| fI.

THEOREM 3.2 (representation). If T is a linear contraction on L, with Tf=f
for some 0#fe L, then

_ Lol . e Lo (L
T (lfl g)’ or equivalendy - Tg =7l '(m g)

Proof. We shall show that |T|g=(f]| fDT((f]| f])g). Equivalence of this with
Tg=(fI1 SOIT1((f]] f1)g) follows by observing that (f]| fD=(l f1/f)

We may and do assume that g>0. Now |T|g>(f/| f)T((f/| f) - &) using (3)
of theorem 3.1. By Lemma 3.2 and property (1) of |T|; we have:

s ) -fofn

lTlg=l—jfcIT(§—l'g)-

4. Projections on L,. In this section we imploy the representation theorem
of the previous section, to represent projections defined on L,(£2, «, ) where
is o-finite. The representation we prove is different than those given in ({2], [S]).

Hence

THEOREM 4.1. Let T be a linear operator on L, satisfying (1) |T|<1 (2) T*=T
(3) T=T* on L, N L, then there exists a unique C € « such that:

F oS
1, T1,g = ~— E{— - ,
oo {Ifl g"g}

where C=support of f, and f is a o-finite sub-c-algebra of C.

Proof. Let C be the largest support among the supports of all Tg, as g ranges
over L,. By [2] there is a g € L, such that f=Tg and C=support of f. Actually in
[2] this is proved when u is finite, but extension to the case when y is o-finite is
easy. It is easy to check that 1,71, is contraction, idempotent and fixes 1, - f.
By theorem 3.2

f (f .
1,Tlpg = — 14T 15— " 2}, since |T| fixes | f].
clle 1 c c T
But 1,|T|1og=E{g| B} using theorem 2.1. Here f={B:15|T*|1,1p=1g}.

The proof is complete. We must remark that condition (3) cannot be removed.
See other representations in ([2], [5]).
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5. A version of Chacon-Ornstein theorem. Let 7' be a positive contraction
on L,(Q, «, x) some o-finite measure space (€2, «, x). The Chacon-Ornstein
theorem [3] says:

25 T'h

25T
converges almost everywhere to a finite limit as n—co on the set {3g® Tg>0}
where g>0. If T is a contraction and Tf=f>0 then T is positive as is shown in
the preceeding sections so that such a 7" will satisfy the Chacon-Ornstein theorem.
However if T is a contraction and Tf=f>0 then T is not necessarily positive,
and the Chacon-Ornstein Theorem fails in this case. The version we have in mind
is:

THEOREM 5.1. If T is a linear operator on L, such that Tf=f#0 then

20 (p Tlp)ih

25‘ (11) TlD)ig
converges almost everywhere on {3 (1,T1)"g>0} where g>0. Here D={f>0}
or {f <0}.

Proof. 1,T1, is positive by theorem 3.2.

6. REMARKS. Chacon’s identification theorem ([5], pp. 104) could be utilized
in characterizing conditional expectation as a linear operator (see [1]) for example.
However our approach in section (2) would seem to be more direct and in a sense
a head on.

Also one may give an alternative proof to theorem 5.1, and as follows: Assume
D={f>0}. The case where D={ f<0} is handled by considering —f'instead of f.
Now if |g]<| f| on D then |1,T1,g|<|1pT1y f]. Using theorem 3.1. Setting P,=
Ipf, n=1,2,.... The proof follows from Lemma 4 of ([5], pp. 102).
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