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We consider the following problem: Let G be a group with
distinct automorphisms B and ¢ and an anti-automorphism o such
that

(1) xe G o(x) = B(x) or of(x).
What can be said about G?

If 0 =a, c is both an automorphism and an anti-automorphism
so that G is abelian. Hence we assume that ¢ # «. In this case, we
show that G is non-abelian, but has an abelian subgroup of index 2.
Conversely, for such a group G there always exist distinct
automorphisms B and o and an anti-automorphism o« such that (1)
holds.

The case when P is the identity mapping and o is the mapping

x - x_"l was the content of a problem (# 5471) in the Monthly.
It was required to prove that G is solvable. Theorem 4 shows what

structure G must have.

THEOREM 1. Let G be a group, o an anti-automorphism of
G, and o ¥ o a non-trivial automorphism of G and assume

(2) xe GHo(x) = x or o(x) = ofx).

Then G has a (normal) abelian subgroup H of index 2. o induces

a non-trivial automorphism on H. If G =<H, g>, g—1 hg = a(h) for
h e H. Furthermore, o(g) =bg, where 1 #be¢ H and a(b) = b~ {

Proof. Let H={x¢ G I o (x) =x}. Then H is a proper
subgroup of G. If he H, g g H, o (hg) = a(hg) = o(g) a(h) =
o(h) o(g) = ha(g). Hence we have

3) o(h) = olg) 'halg), for heH, gy H.
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From (3) we see that for x and y in H, a(xy) = a(%)e(y), but
a(yx) = a(x) a(y). Hence xy = yx and H is abelian.

If there exists an element g, in G\H such that a(go) e H,
we have: a(h) = alg ) ha(g) =h, forall he H. Thisimplies that
o(g) = a(g) for all ge G, or that ¢ =, contrary to hypothesis.
Hence oz-i(H) < H. Applying a—i to (3) we get

(4) a—i(h) = g-ihg for he H, gy¢ H.

Since a_i(h) ¢ H, (4) shows that H is normal in G.

Now let x, y ¢ GNH. Then for he H, (xy)—1 h(xy) =

y‘1 a-i(h)y = a/-z(h) since a-i(h) ¢ H. On the other hand, if

-1 -1 - -2
xy ¢ H, (xy)" P h(xy) =« "(h) so that o (h) = °(h) 3 a(h) = h for
he¢ H. But this implies that o= 0, contrary to hypothesis.

Hence if x, y ¢ GN\H, xy ¢ H and a—z(h) =h for he H. Thus
G/H has order 2, and ¢« induces an automorphism of order 2 on H.

If we let G=<H, g>, then gz = a e H; and by (4), g_ihg = a(h)
for he H. Clearly o(a) = a. Since oafg) g H, we have ofg) = bg,
where be H. If b=1, o(h) =h and o(hg) =c(h) c(g) = ha(g) = hg
for he H, i.e. ¢ is the trivial automorphism of G. Hence b # 1.

Now a = ala) = a(g?) = a(g)® = (bg)® = bg > ¢ " bg = ba a(b).

Thus o (b) =b .
THEOREM 2. Let G be a non-abelian group with an abelian

subgroup H of index 2. Then there exists an anti-automorphism «
of G and an automorphism ¢ of G such that

(5) o (h)
{

It

h for heH

o(x) = a(x) # x for x g H.

Proof. Let G =<H, g>, and let gz =ae¢ H. Let afh) = g_1 hg
for he H. We note next that there exists an element b # 1 such that a(b) =

b-i. In fact, if we choose he¢ H with g—1 hg # h (h exists since G is
non-abelian) and let b = nt a(h), then b #1 and

-4 2 - -

a(b) = a(h) ~ a (h) = a(h) ! h=»b ! since H 1is abelian. Define
a(hg) = bhg for he H. Then a(hg) = bg~! hg = o(g) a(h). Define o
by equations (5).
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We have to verify that o is an anti-automorphism and ¢ an

automorphism of G, i.e. for X, x2 ¢ G we have to show that

a(xixz) = oz(xz) a(xi) and v(xix = cr'(xi) cr(xz). There are four cases

5)
to distinguish:

(i) xi, x2 ¢ H.

(ii) x, € H, x, ¢ H.

e H.

(iii) x, ¢ H, x,

(iv) x, ¥ H, xz/ H.

It is a simple matter to compute that the required equations hold
in each of these cases. We prove case (iv) as an example: Let

= = H. Th =h,ghg=h h.);
x, hig,x2 hzg where hi'hZE en xix2 1g Zg 1a af 2)

af(xixz) = a(hi) a h2 ;

"

-1
oz(xz) a(xi) bhnghig = bh.2 ag (bhi)g = bh2 a a(b)a(hi)

bhzab_i a(h,) = a(h,) ah

Hence a(xixz) = ar(xz) a(xi). (r(xixz) = xix2 since xix2 e H.

0'(x1) cr(xz) = a(xi) oz(xz) = a(xzxi) = a(hz) ah = x1x . Hence

1 2

cr(x1x2) = cr(xi) O'(XZ).

Note: If H is an abelian group of order '# 1 and # 2, then H
has a non-trivial automorphism of order 2, and hence there exists a
non-abelian extension G of H such that G/H has order 2.

THEOREM 3. Let G be a group with distinct automorphisms
B and ¢ and an anti-automorphism &7 o such that
(1) xe GDo(x) =p(x) or oa(x). Then G is non-abelian and has an
abelian subgroup H of index 2.

-1
Proof. ILet p =B "~ o. Then p is an automorphism of G and
- -1
p(x) =x or p(x) =8 B a(x). f ~ o is an anti-automorphism of G and
p # [3-1 o, since ¢ #a. The theorem follows by applying Theorem 1.

THEOREM 4. Let G be a group and assume that G has a
non-trivial automorphism o such that (6) xe Gz o(x) = x or

o (x) =x-1. Then either: (a) o(x) = x—1 for all x in G, G is

abelian and C}2 #1, or: (b) G=<H, g> where H is an abelian

group which contains an element a of order 2, and H2 #1.
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gZ =a and g-1 hg = h-1 for all he H. Then:

i

™) . a (x) x for xe H

x for x¢ H

1"

o (x)

Conversely, if G is defined by (b) the mapping given by (7) is an
automorphism of G.

Proof. If o(x) = x ! for all x in G, then G is abelian;

G2 # 1 since o is nottrivial. Let o be defined by o(x) = x_1 and

assume that o # 0. By Theorem 41, G =<H, g>, where H is abelian,

-1

g-‘1 hg=h 7, gz =ae H. Since o is non-trivial on H, HZ #1. Also
-1

- 2
ai=a(a):g ag=a sothat a =1. If g2:1, o(hg) = o(h) ofg) =

h g-1 = hg for all he H and this implies that ¢ 1is trivial, contrary
to hypothesis. Hence a has order 2. (7) holds from the definition
of H in Theorem 1.

Conversely, suppose that G =<H, g>, where H is abelian,

g_1 hg = h-i, gz =ae H has order 2, and HZ # 1. Then by Theorem
2 there exists an anti-automorphism o« of G and an automorphism
o of G such that (5) holds. To show that (7) holds it is only

necessary to show that a(h) = h-i. But in the proof of Theorem 2, we

defined o so that o(h) = g-i hg. Hence «o(h) = h.1 for he H, and

the theorem is proved.
Remark. If instead of studying the problem stated in the

introduction, we require that o and B both be automorphisms and ¢
an automorphism such that (1) holds, it is easy to see that o = o. For
let A={geG|a(g)=alg)} and B={ge G| o(g) =8(g) }. Then
A and B are subgroups of G and G = AUB. This implies that
G=A or G=B. But G#B and hence G = A, o =oq.

If on the other hand, we require both o« and B to be
anti- automorphisms, the answer seems to be much more difficult.
I was not able to determine when this could happen.
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