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UNIVERSALITY ON HIGHER ORDER HARDY SPACES
L. BERNAL-GONZALEZ, A. BONILLA AND M.C. CALDERON-MORENO

We prove a Seidel-Walsh-type theorem about the universality of a sequence of
derivation-composition operators generated by automorphisms of the unit disk in
the setting of the higher order Hardy spaces. Moreover, some related positive or
negative assertions involving interpolating sequences and sequences between two tan-
gent circles are established for the class of bounded functions in the unit disk. Our
statements improve earlier ones due to Herzog and to the first and third authors.

1. INTRODUCTION AND NOTATION

In this paper, we denote by N, C, D, Ny the set of positive integers, the complex
plane, the open unit disk {z €C: |z| < 1} and the set N U {0}, respectively. The
boundary of D is the unit circle 8D = {z € C: |z] = 1}. If G C C is a domain,
(that is a nonempty connected open subset), then H(G) stands for the Fréchet space
of holomorphic functions on G endowed with the topology of uniform convergence on
compact subsets. A domain G is said to be simply connected whenever its complement
with respect to the extended plane is connected. The class A(D) is the Banach space of
all functions which are continuous on the closure D of I and holomorphic in D, endowed
with the supremum norm || - ||e. If 1 < p < 00, the Hardy space HP(D) is defined as

HP(D) = {f € H(D) : ||fll, < oo},

where
1 i0y|P i
11, =sup (55 [ lrtrean)
Then HP(D) becomes a Banach space if it is endowed with this norm. And H*®(D) is the
space of all f € H(D) which are bounded on D. It becomes a Banach space when endowed
with [|-[leo- It is well known that for every f € HP(D) the radial limit f(e*®) = lim f (re')
exists and is finite for almost all 8 € [0, 27). In addition, "

1 [ gy |P Ve
£l = (—%/o |£(e®)| de) .
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See [5] for an extensive study of Hardy spaces.
For N € N, denote the higher order Hardy space

HE(D) = {f € HD): f™ e H(D)},

which becomes a Banach space whenever it is endowed with the norm

N-1
HAE =150+ D 1 lloo.
Jj=0

For the sake of uniformity, the symbol H} (D) will denote HP(D). It is well known (see |5,
Chapter 5, Exercise 9]) that if f' € H?(D) then f € A(D), so the norm || f|| above makes
sense on HY (D). The polynomials are dense in H% (D). Higher order Hardy spaces are
extensively studied in [13]. Note that

HE(D) C AV"Y(D) := {f € HD): f9 € AD) forj =0,1,...,N —1}.

The group Aut(D) of automorphisms of D is the set of Mébius transformations
{oag : la| <1 =|k|}, where gox(2) = k-(2—a)/(1 —@z). In 1941 Seidel and Walsh [14]
established the existence of a function f € H(D) such that, given a simply connected
domain G C D and a function g € H(G), there is a sequence {a,};° C I depending on g
such that foo,,1 — g (n = oo0) in H(G). This result is in turn a non-Euclidean version
of Birkhoff’s theorem about density of translates of certain entire functions [4]. Both
results have been generalised and developed in several directions (see [9] for references),
but in this paper we are mainly interested in a special one, namely, a version where
composition-derivation make appearance. To this end, we need the next brief report.

In 1995, Montes-Rodriguez and the first author [3] extended Seidel-Walsh’s theo-
rem by showing that if {S, = Oa,k, : 7 € N} C Aut(D), then the set {f € H(D) :
{foSn} is dense in H(D)} is not empty if and only if it is residual if and only if sug |G|

ne

= 1 if and only if the action of {S,}$° is properly discontinuous on D, that.is, given a
compact subset K C D there exists m = m(K) € N such that KN S,(K) = 0. In
particular, if ¢ = g, (la| < 1, k = %) and S, = p o--- 0 ¢ (n times), then the set
{f € HD): {foSn} is dense in H(D)} is not empty if and only if it is residual if and
only if ¢ has no fixed point in D if and only if |sin(0/2), € la]. In 1995, Herzog [11]
proves the following “Seidel-Walsh theorem for derivatives”: If X is a Banach space of
holomorphic functions on D with A(D) C X such that convergence in X implies compact
convergence on D and polynomials are dense in X, then for every sequence {a,} C D
with |a,| = 1 (n — oo) the set {f € X : {f 004,1 : n € N} is dense in H(D)}
is a residual subset of X. Trivially, the expression f' o g,.; cannot be changed to
fo 04,1 (just take X = A(D)). The assertion of Herzog’s result is also obviously false
for X = AY(D). In 1999, the first and third authors [2] extended Herzog’s result to an
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operator of the form ®(D), where D is the differentiation operator (Df = f') and ®

is a nonconstant polynomial, and in fact to a C-bounded sequence of polynomials. A
N e

sequence {tI’,,(z) =3 bg»")zJ } of polynomials of the same degree N € N is C-bounded
j=0 1

whenever each sequence {bg-") : n€ N} (j =0,1,2,...,N) is bounded and there ex-

ists a positive constant o such that 5| > o for all n € N. In {2] the following is
shown: If X is an F-space of holomorphic functions in D with A(D) C X such that
convergence in X implies compact convergence on I and polynomials are dense in X,
and if {S,}{* C Aut(D) and {®,}{° is a C-bounded sequence of polynomials, then the
set {f € X: {®n(D)oSn: neN}isdensein H(D)} is a residual subset of X if and
only if it is not empty if and only if the action of {S,}{° is properly discontinuous on D.

All above density results can be expressed in the terminology of universality. If X
and Y are topological vector spaces, then a sequence T, : X — Y (n € N) of continuous
linear mappings is called universal or hypercyclic whenever the set U of elements z € X
such that the orbit {T,z}$° is dense in Y is not empty. Each element of I/ is said to be
universal for {T,,}3°. See [9] and [10] for good updated surveys about these topics.

In this paper, we extend the main results of [2] and [11] to the higher order Hardy
spaces H% (D), see Theorem 2.5 below. The conclusion is not true for H*(D). In fact,
we shall see in Section 3 that interpolating sequences and sequences lying on the region
between two circles which are tangent to a boundary point do not generate “good”
sequences of automorphisms in order to yield universality. This improves [11, Section 4].

2. UNIVERSAL FUNCTIONS IN HIGHER ORDER HARDY SPACES

Before establishing the main result of this section, we need the four following state-
ments, which can be found respectively in [8, Satz 1.2.2 and Satz 1.4.2] (see also [9,
Proposition 6]) and [2, Lemmas 1, 2, 3].

THEOREM 2.1. Let X,Y be metrisable topological vector spaces with X com-
plete and Y separable, and let A = {L,}{° be a sequence of continuous linear operators
from X toY. Then the following statements are equivalent:

(a) The set of universal elements for A is a residual subset of X.

(b) The set of universal elements for A is a dense subset of X .

(c) The set {(x, Lo(z)): z€X, ne N} isdensein X x Y.
If, in addition, there is a dense subset C' of X such that nl}_)r{.xo L,(z) exists for all z € C,
then (a), (b) and (c) are equivalent to

(d) The set of universal elements for A is not empty.

oo

N
LEMMA 2.2. Let {@n(z) = Zag-")z"} be a sequence of polynomials with
=0

n=1

the same degree N € Ny such that every sequence {afi") : neN}(=01,...,N)is
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bounded. Then there is a subsequence {®, : k € N} and a polynomial P satisfying
that ®,,, (D) — P(D)y (k — o0) in H(C) for every entire function .

LEMMA 2.3. Assume that G and §Q are two domains of C and that H : Q — C,
H,:Q->C(kkeN),V¥:G—C, ¥ :G—> C (k€ N) are functions satisfying the
following properties:

(i) Hy tends to H (k — oo) uniformly on compacts sets in Q.
(ii) P tends to ¥ (k — oo) uniformly on compacts sets in G.
(iii) ¥(G) C .
(iv) W is continuous on G and H is continuous on §2.
Then Hy o ¥, — H o ¥ (k — oo) uniformly on compact subsets in G.
LEMMA 2.4. Let G C C be a simply connected domain, a € G, F' € H(G) and,

for each k € N,

2 (z — k-1
R = [ roe ceo),

where the integration is taken along any rectifiable curve in G joining a to z. If we
set [yF = F, then ItF is well-defined for every k € {0,1,2,...}, I F € H(G) and
(I F)U) = Iy_;F for j € {0,1,...,k}.

For the sake of completeness, we extend (with the same definition) the notion of

C-boundedness to the case N = 0, that is, when all ®,, are constant.

TREOREM 2.5. Assume that N € Ny. Let X be an F-space of holomorphic
functions on D having the following properties:

(a) Convergence in X implies convergence on D.
(b) HX (D) C X for some p € [1,0).
(c) The polynomials are dense in X.

Assume that {S,}{° is a sequence of automorphisms of D and that {®, }{° is a C-bounded
sequence of polynomials of degree N. Denote T,, = ®,(D) (n € N) and consider the set

U= {f € X: {(Tuf)oSa: n €N} is dense in H(]D))}.

Then U is a residual set of X if and only if U is not empty if and only if the action of
{S.}$° is properly discontinuous on D.

PrROOF: Assume that V € N. We have that
N
Ou(2) = > b2 (n e N), |p| < B; < +00(j =0,1,...,N;n € N)
=0

and there exists a > 0 such that Ibff,')l 2> a(n€eN).
Each function S, has the form S, = g,,4,, where |a,| < 1 = |k,| for all n € N.
Suppose that the action of {S,}$° is not properly discontinuous on D, so (see Section 1)
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limsup |a,] < 1. If r € (0,1) then (see (2, proof of Theorem 4 |) we can associate it a

n—=00

number ¢ € (0, 1) such that |S,(z)| < ¢ for all n € N. Given f € H(DD), the set
U [(@(D)5) o sa] ({12 < 7})
neN

is bounded, because it is contained in the disk {|z| < s} where

N

§:= ZB,- sup| f)(z)| < +o0.
=0 lzlge

Thus, the set {((I>,,(D) floSn:ne N} cannot be dense in H (D). Hence U is empty.

Now, the only property to be proved is that 2 is residual whenever sup|a,| = 1. Let
us prove it first in the case X = H% (D). Define the mappings nen

L, : HY (D) —» H(D) (n € N)
by L.(f) = (Tuf) o S». Each L, is linear and continuous, because the fact g; — 0
(j = oo) in H%(D) implies gJ(.") — 0 (j — oo) compactly in D (v = 0,1,...,N). If we
prove that the set
G={(f,L(/) : f € H}(D), neN}

is dense in H% (D) x H(DD) then an application of Theorem 2.1 would yield the conclusion
in this case. Since the polynomials are dense in Hg (D) and in H(D), it is sufficient to
prove that given a compact subset K C D, two polynomials p, ¢ and € € (0,1), there
exist g € Hy(D) and ng € N such that

lp—gll <e

and
la(2) = Lnog(2)| <€ (2 € K).
From the facts sup |a,| = 1 and |k,| = 1 for every n € N, we can suppose with no loss of

neN
generality, by taking a subsequence if necessary, that there is a point v € 3D such that
Sn = v (n = 00) uniformly on compact subsets of . Consider the function

a(z) = > 2 Geo).
This is a “peak-function” at -y for D in the sense that a(y) = 1 and |a(z)l < 1 for all

z €D\ {7} (see [6, p. 189]).
N

Let =1+ lgflo + Z B;||pY|| o and choose m € N such that
j=0
28(1+ 375, Bj)(N +1)
ae

(1) m >
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and
m ae
(2 la™l, < ﬂ(N—-H)

The latter inequality is possible by the Lebesgue Bounded Convergence Theorem.
Moreover, since S, — v in H{D) and a(y) = 1, there exists 1y € N such that

(3) sup 1 - [a(S,,o(z))]m| < %.

Consider the function

a(z)™
F(z) = b§(,‘°’

[0(573()) = (@na(DIP)(2)]-

With the notation of Lemma 2.4, take a = 0 and define the function
h=INF

on the domain G = |an,|'D. Then h € H(|an,|'D) and so h € HY(D). If z € D and
j€{0,1,...,N — 1} then we have
|h(j)(z)]

o [ () " a(5:206) - (@D E)] 3

1 /01 2N=1-4(1 — t)N-1-i, (1 +7zt)m[q(5;°1(zt)) - (@nO(D)p)(zt)] dtl

) (N—1-;) 2

1 1 (1+e)m B 28 £
PN Bdt=—F_orr )< 2 ,

2 [ = )< am WD+ 2L B)

because of (1). Hence

[
(N +1)(1 + 3, By)

(4) 1AD|o < for j € {0,1,...,N —1}.

As for h™), we obtain that

27 ) . . p
149 = 171y = (5t ) T [o(S52(6) - (@nDp) ) )
N
g

«a

£
N+1

N-1

by (2). Thus [|A]| = [A™l, + Y~ AP <ce.

=0

< =lla™]l, <
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Define g = p + h. Then g € HR (D) and ||g — p|| = ||h|| < €. Moreover,

9(2) — (Lno9)(2)
= q(2) — (LnoP)(2) = (Lnoh)(2)

N-1
= 4(2) = (@no(D)P) (Sno(2)) = by7B™ (So(2)) = D 679 (800 (2))
= 4(2) = (2a0(D)P) (Sna(2)) ~ a(Sne(2) " [4(2) = (@ao(D)P) (Sno(2))]
- S O 52)
j=0

= (1~ a(5:(2)") (22) = (na(D)P) (Swa() ) - Zb§"° h9 (Sn(2)

J=

for all z € |an,|~'D. Now, if z € K then we get
10(2) = (Lagg)(@)] < [1 = a(Saa(2))™] - [a(2) = (@no (D)) (Sua(2))] + EB 1A

N-1
(>
<% Ty <

because of (3) and (4). Thus the closure of G contains the set {(p, g): p,q polynomials},
which is dense in HY (D) x H(D), so G is also dense, as required.

Now, if X is an F-space as in the hypothesis, then the mappings L, : X — H(D)
(n € N) are continuous by (a). As before, we can assume that {S,}° tends to a point
v € 8D in H(D) and, by Lemma 2.2, we may suppose with no loss of generality that there
is a polynomial P such that T, — P(D)y (n = 00) in H(C) for every entire function .
Fix a polynomial ¢ and apply Lemma 2.3 on G =D, 2 =C, ¥, = S,,, ¥ = the constant
v, Hn = Top and H = P(D)p. We obtain L,y = (Tnp) 0 Sp = (P(D)g)(7) (n - o0)
in H(D), so (L,y) converges in H(D) for every polynomial . Since (b) is satisfied, the
set U is not empty. Finally, since X satisfied (c), an application of Theorem 2.1 with
Y = H(D) and C = {polynomials} yields that U is a residual subset of X.

The remaining case N = 0 is much easier and left to the reader. The proof is
complete. a

Note that the condition (b) in Theorem 2.5 is in some sense optimal, because the
result is not true for X C {f € H(D) : f®™ € H®(D)} (and, nevertheless, H%(D)
C{feHD): f¥V e AD)} c {f € HD): fV¥1 e H®(D)}). Indeed, if some
member f of X were universal for {L,}$°, where L,f = f{™ 0 5, (that is, we are taking
®,(2) = z" for all n), we would get that {f(M) 0 S, : n € N} is dense in H(D), which is
not possible since that set is bounded.
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3. BOUNDED UNIVERSAL FUNCTIONS

In 11, Section 4] it is shown that there is a sequence {a,} C D with 71151010 laq =1
such that the set {f € H®(D) : {f'0S,: n€N } is dense in H(D)} is not empty, but
not dense in H®(D), where S, = 0,,,1 (n € N). We furnish in this section an extension
of this result into two directions.

Recall that a sequence {b,}7° C D is said to be an interpolating sequence for H*(D)
if and only if for every bounded sequence {c,}$° there exists f € H*(D) such that
f(bs) = ¢n (n € N) (see [5, Chapter 9], [6, Chapters 7 and 10], [12, Chapter 10] for
a rather complete study of interpolating sequences). Note that [b,] = 1 (n — o0) is a
necessary condition for {b,}{° to be interpolating (in fact, (1 — |ba|) is convergent; see
[5, page 150]).

THEOREM 3.1. Assume that {Sn =04, 4.} (lan] < 1= |ka| foralln e N) isa
sequence of automorphisms of D such that {S, (0)}‘:o is an interpolating sequence. Then
the set

U= {fe H®D): {f 05,} is dense in H(D)}
is nonembty, but not dense in H*(D).

PROOF: Since {k,a,}{° is interpolating then, as noted above, llm lag| = 1
= lim |knan|, hence {S,}{° acts properly discontinuously on D. Con;eqﬁently, (11,
Thga‘c:m 3] (or our Theorem 2.5 with N =1 and ®,(z) = z for all n € N) guarantees
that {f € A(D): {f' 0S,}{° is dense in H(D)} is nonempty, thus ¥ is also nonempty
because A(D) C H*(D).

Let us show that U is not dense in H*°(D). Denote b, = —k,a, (n € N). It is trivial
that {b,}{° is also an interpolating sequence. Consider the Blaschke product

oo

B(z2) =H

1

where the nth factor should be changed to z if b, = 0. The condition }_(1 — |b,]) < +00
guarantees the normal convergence of the infinite product on each compact subset of D,
so B € H®(D). A straightforward calculation shows that

oy 1 b; — b,
IB (bn)l RNE Jll‘l —b;bn

By Carleson’s theorem [6, pp. 284-294], the sequence {b,}{° is uniformly separated, that
is, there is a constant € > 0 such that

H‘ bJ - bn >
AT,

(n €eN).
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Thus,
(1-16.1?)|B'(bs)| 26  (n€N).

By the way of contradiction, assume that U is dense. Then the set {( LLaf) - f
€ H*(D), n € N} is dense in H*(D) x H(D) by Theorem 2.1, where we have set L, f
= f'o 8,. In particular, there should exist a function h € H*(D) and m € N such that

13
1B - hlew < 5

and .
(0 Sm)(O)] = K (5m)] < 5,

because {0} is a compact subset of D and the null function is trivially in H(D). By using
the well-known inequality

(1-1zP)]e' () < el (v € HX(D)),
we obtain that

= > [ ()| > |B/(bm)]| = | B (bm) — /()|
€ |B—=hlle . €-(g/3) > 2

> - ;
T=[onlP ~ 1= Toml2 ~ 1= [6mP > 3

which is a contradiction. 0

The last theorem proves that condition (c) in Theorem 2.5 cannot be omitted in
general. Moreover, we remark that given a closed subset E C OD there exists {S,}$°
C Aut(D) such that the cluster set of {$,(0)}]" is exactly E and the corresponding
set U is not dense in H*(D). Indeed, |7, Proposition 1.2] shows the existence of an
interpolating sequence in I whose cluster set is a prefixed closed set E C dD.

The following notion can be found in 1] (see also [9]). Given two topological vector
spaces X, Y and a sequence T,, : X — Y (n € N) of continuous mappings, then {T,}%°
is said to be densely hereditarily hypercyclic whenever the set {:1: €X: {Thz:k
€ N} is dense in Y} is dense in X for every sequence {n; < np < --- < np < ---} of
positive integers.

COROLLARY 3.2. DefineT, : f € H*(D) — f' oS, € H(D), where {S,}$
C Aut(D). Then {T,}$° is not densely hereditarily hypercyclic.
PROOF: We can write S, = 04, k., Where |a,| < 1 = |k,| (n € N). Iflimsup|a,| < 1

then, given a compact subset K C D, the set K := | ),y Sn(K) is relativeT; c:ompac’c in
D. So, if f € H(D) then |f'(w)| < M < 400 (w € K;) for some constant M. Therefore,
{f' 0 S,}{° cannot approximate the constant function 1 + M on K. This shows that
{T.}{° is not hypercyclic, so it is not densely hereditarily hypercyclic in this case.
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If limsup |a,| = 1 then lun sup |knan,| =1 too and there is a subsequence {kn(])an(]) }1
n—o0

that is an interpolating sequence (see [12, p. 204]). Then Theorem 3.1 applies and it
is obtained that {f € H®(D) : {Tn;)f}{ is densein H(D)} is not dense in H*(D).
The proof is complete. 0

The same negative conclusion of Theorem 3.1 can be achieved if the sequence
{kna,}$° is in the region determined by two circles which are tangent to a boundary
point. '

THEOREM 3.3. Assume that {Sp = 04, 4.} (Jan| < 1 = |ks| foralln € N) is
a sequence of automorphisms of D such that there exist two points a,b € D\ {0} on the
same radius from the origin with |a| < |b| and

{knan: neN} Cc {z: |[z—al]<1-|a|and |z —b] >1— |b]}.

Then the set
U:={feH®D): {foSp} is dense in H(D)}

is not dense in H®(D).
PROOF: Let us denote G := {z :lz—al<l—|a|and |z —b] > 1 — lbl}. With

no loss of generality, it can be assumed that the radius is (—1,0), in such a way that
-1 < b < a <0, that is, the circles of G are tangent to —1. Then

{}° Cc Gy 1=—G={z:|z—c|<1-—c and |z—d|>1—d}

where ¢ = —a, d = —b and b, = —kpa,(n €N).

The point of the proof is to find a bounded holomorphic function f such that circles
in D which are tangent to 1 are level curves for the function (1 — [2]2)|f'(2)|.

Consider the function f(z) = exp((z +1)/(z — 1)). We bave that z € D if and only
if Re((z + 1)(z — 1)) <0, so f € H®(D). A simple computation gives us

0=l e = 2 e (Re(F7) )

On the other hand, given ¢ > 0, a little calculation shows that (1—|z|?) > 6|z—1/? if and
only if |z —u| < 1—u, where u = 6/(1 + §) € (0,1). Analogously, given o < 0, it happens
that Re((z +1)/(z—1)) > aif and only if [z —v| > 1~ v, where v = 1/(1 - a) € (0 1).
Therefore (1 — |z[?)|f(z)| > ¢ for all z € Gy, where ¢ := 2cexp((d — 1)/d)/(1 — ¢) > 0.
In particular,
(1= 16a%)|f'(ba)] > (n€N).

From now on, one can follow step by step the final part of the proof of Theorem 3.1 just
by changing B to f. The proof is complete. 0
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To finish, we want to pose the following question, which arises naturally from the
results of this section (see also [11, Section 5]): Are there sequences {S,}° C Aut(D)
such that {f € H®(D) : {f o S5,}° isdensein H(D)} is dense in H(D)? Take
into account that if {a,}$° is a separated sequence (or it contains a separated subse-

o0
quence) such that the corresponding measure Y (1 — |an|)da, is not a Carleson measure
1

(see [6] for definitions) then there is not a function f € H*(D) satisfying that inf, (1
— |an|?)| f'(an)| > € for some & > 0. Thus, it is not possible to do a reasoning analogous
to those in Theorems 3.1 and 3.3.
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