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UNIVERSALITY ON HIGHER ORDER HARDY SPACES

L. BERNAL-GONZALEZ, A. BONILLA AND M.C. C A L D E R O N - M O R E N O

We prove a Seidel-Walsh-type theorem about the universality of a sequence of
derivation-composition operators generated by automorphisms of the unit disk in
the setting of the higher order Hardy spaces. Moreover, some related positive or
negative assertions involving interpolating sequences and sequences between two tan-
gent circles are established for the class of bounded functions in the unit disk. Our
statements improve earlier ones due to Herzog and to the first and third authors.

1. INTRODUCTION AND NOTATION

In this paper, we denote by N, C, D, No the set of positive integers, the complex
plane, the open unit disk {z € C : \z\ < l } and the set NU {0}, respectively. The
boundary of D is the unit circle d3 = {z G C : |z| = l } . If G C C is a domain,
(that is a nonempty connected open subset), then H(G) stands for the Frechet space
of holomorphic functions on G endowed with the topology of uniform convergence on
compact subsets. A domain G is said to be simply connected whenever its complement
with respect to the extended plane is connected. The class A(O) is the Banach space of
all functions which are continuous on the closure D of D and holomorphic in D, endowed
with the supremum norm || • Ha,. If 1 ^ p < oo, the Hardy space Hp(3) is defined as

= {/ € H(B) : \\f\\p < oo},

where

Then i/p(O) becomes a Banach space if it is endowed with this norm. And i/°°(B) is the

space of all / 6 H(ID) which are bounded on B. It becomes a Banach space when endowed

with || • Hoc. It is well known that for every / e HP(B) the radial limit f(eie) = lim f(re'9)

exists and is finite for almost all 8 e [0, 2TT]. In addition,
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18 L. Bernal-Gonzalez, A. Bonilla and M.C. Calderon-Martin [2]

See [5] for an extensive study of Hardy spaces.

For N € N, denote the higher order Hardy space

HP
N{B) = {fe

which becomes a Banach space whenever it is endowed with the norm

3=0

For the sake of uniformity, the symbol HQ(B) will denote HP(B). It is well known (see [5,
Chapter 5, Exercise 9]) that if / ' e HP(B) then / e A(B), so the norm ||/|| above makes
sense on if^(D). The polynomials are dense in H^(D). Higher order Hardy spaces are
extensively studied in [13]. Note that

HP
N(B) C AN-l(D) := {/ € H{B) : fu~> e A(B) for j = 0 , 1 , . . . , N - l } .

The group Aut(D) of automorphisms of D is the set of Mobius transformations
{ca,fc : |a| < 1 = |A;|}, where aa<k{z) = k-(z-a)/(l -az). In 1941 Seidel and Walsh [14]
established the existence of a function / € H(D) such that, given a simply connected
domain G d and a function g € H(G), there is a sequence {a^f3 C D depending on g
such that / °crOn,i —> g (n —¥ oo) in H(G). This result is in turn a non-Euclidean version
of Birkhoff's theorem about density of translates of certain entire functions [4]. Both
results have been generalised and developed in several directions (see [9] for references),
but in this paper we are mainly interested in a special one, namely, a version where
composition-derivation make appearance. To this end, we need the next brief report.

In 1995, Montes-Rodriguez and the first author [3] extended Seidel-Walsh's theo-
rem by showing that if {Sn = aantkn '• n £ N} C Aut(D), then the set {/ 6 H(B) :
{/ o Sn} is dense in H(HD>)} is not empty if and only if it is residual if and only if sup \an\

neflJ

= 1 if and only if the action of {5n}J° is properly discontinuous on D, that.is, given a
compact subset K C D there exists m = m(K) 6 N such that K n Sm(K) = 0. In
particular, if <p — aa<k {\a\ < 1, k = e'e) and Sn — ip o • • • o ip (n times), then the set
{/ S //(ED) : {/ o Sn} is dense in H(TD))} is not empty if and only if it is residual if and
only if (p has no fixed point in ID> if and only if |sin(0/2)| ^ \a\. In 1995, Herzog [11]
proves the following "Seidel-Walsh theorem for derivatives": If X is a Banach space of
holomorphic functions on ID) with A(H>) c X such that convergence in X implies compact
convergence on D and polynomials are dense in X, then for every sequence {an} C D
with \an\ -^ 1 (n -> oo) the set {/ G X : {/' o oan<x : n 6 N} is dense in H{B)}
is a residual subset of X. Trivially, the expression / ' o aanii cannot be changed to
/ ° ^on,i Gust take X = A(B>)). The assertion of Herzog's result is also obviously false
for X = Al{B). In 1999, the first and third authors [2] extended Herzog's result to an
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[3] Universality on Hardy spaces 19

operator of the form <&(D), where D is the differentiation operator (Df = / ' ) and 3>

is a nonconstant polynomial, and in fact to a C-bounded sequence of polynomials. A

$ n (z ) = ^2 b* z* f of polynomials of the same degree N G N is C-bounded

whenever each sequence {of : n € N} (j = 0 , 1 , 2 , . . . ,N) is bounded and there ex-

ists a positive constant a such that \b^'\ ^ a for all n £ N. In [2] the following is

shown: If X is an F-space of holomorphic functions in D with A(U>) C X such that

convergence in X implies compact convergence on E> and polynomials are dense in X,

and if {5n}J° C Aut(D) and {$n}i° is a C-bounded sequence of polynomials, then the

set < f € X : {$„(£>) o Sn : n € N} is dense in H(H)} is a residual subset of X if and

only if it is not empty if and only if the action of {SnJ-f is properly discontinuous on D.

All above density results can be expressed in the terminology of universality. If X

and Y are topological vector spaces, then a sequence Tn : X -> Y (n e N) of continuous

linear mappings is called universal or hypercyclic whenever the set U of elements x € X

such that the orbit {Tnx}f is dense in Y is not empty. Each element of U is said to be

universal for {Tn}f. See [9] and [10] for good updated surveys about these topics.

In this paper, we extend the main results of [2] and [11] to the higher order Hardy

spaces H%f(&), see Theorem 2.5 below. The conclusion is not true for H°°(V>). In fact,

we shall see in Section 3 that interpolating sequences and sequences lying on the region

between two circles which are tangent to a boundary point do not generate "good"

sequences of automorphisms in order to yield universality. This improves [11, Section 4].

2. UNIVERSAL FUNCTIONS IN HIGHER ORDER H A R D Y SPACES

Before establishing the main result of this section, we need the four following state-
ments, which can be found respectively in [8, Satz 1.2.2 and Satz 1.4.2] (see also [9,
Proposition 6]) and [2, Lemmas 1, 2, 3].

THEOREM 2 . 1 . Let X, Y be metrisable topological vector spaces with X com-

plete and Y separable, and let A = {Ln}f be a sequence of continuous Jinear operators
from XtoY. Then the following statements are equivaient:

(a) The set of universal elements for A is a residual subset of X.

(b) The set of universal elements for A is a dense subset of X.

(c) The set j (x, Ln(x)) : x e X, n e NJ is dense in X x Y.

If, in addition, there is a dense subset C of X such that lim Ln(x) exists for all x € C,
TI-+OO

then (a), (b) and (c) are equivalent to
(d) The set of universal elements for A is not empty.

( N 1 °°
LEMMA 2 . 2 . Let <$n(z) = ^ 2 a ^ z \ ^e a seQuence of polynomials with

the same degree N € No such that every sequence {a^n) : n e N} (j = 0 , 1 , . . . , /V) is
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bounded. Then there is a subsequence {$„,. : k £ N} and a polynomial P satisfying

that $nk(D)ip —¥ P{D)<p (k -¥ oo) in H(C) for every entire function (p.

LEMMA 2 . 3 . Assume that G and fi are two domains of C and that H : Q —> C,
Hk : fi -» C (A; € N), # : G -> C, *fc : G -> C (A; € N) are functions satisfying the

following properties:

(i) i/fc tends to H (k -+ oo) uniformly on compacts sets in fi.

(ii) \IJfc tends to $ (A; —• oo) uniformly on compacts sets in G.

(iii) *(G) C fi.

(iv) # is continuous on G and H is continuous on Q.

Then HkO$!k-¥Hoil>(k—t oo) uniformiy on compact subsets in G.

LEMMA 2 . 4 . Let G C C be a simpjy connected domain, a G G, F e H(G) and,

for each k € N,

T ( * ~ j y (« € G),
wiere t ie integration is taken along any rectiBable curve in G joining a to z. If we

set I0F - F, then IkF is well-defined for every k € {0,1,2, . . .}, IkF € H(G) and

For the sake of completeness, we extend (with the same definition) the notion of
C-boundedness to the case N — 0, that is, when all $„ are constant.

THEOREM 2 . 5 . Assume that N € No. Let X be an F-space of holomorphic

functions on P having the following properties:

(a) Convergence in X implies convergence on D.

(b) //&(©) CX for some p € [1, oo).

(c) The polynomials are dense in X.

Assume that {Sn}f is a sequence of automorphisms of D and that {$n}i° is a C-bounded

sequence of polynomials of degree N. Denote Tn = $n(D) (" € N) and consider the set

« : = ( / £ ! : {(Tnf) o Sn : n £ N} is dense in

Then U is a residual set of X if and only ifU is not empty if and only if the action of

{5n}f is properly discontinuous on D.

PROOF: Assume that N e N. We have that

N

Sn(z) = Y, b{"]zj(n € N), | ^ n ) | < Bj < +oo(j = 0 , 1 , . . . , TV; n € N)
i=o

and there exists a > 0 such that |6)/| ^ a (rc 6 N).

Each function Sn has the form Sn — oan>kn, where \an\ < 1 = |A;n| for all n 6 N.

Suppose that the action of { S ^ f is not properly discontinuous on B>, so (see Section 1)
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limsup \an\ < 1. If r € (0,1) then (see [2, proof of Theorem 4 ]) we can associate it a
n—ioo

number c G (0,1) such that \Sn(z)\ ^ c for all n G N. Given / G # (©) , the set

n€N

is bounded, because it is contained in the disk {|z| ^ s} where

N

Thus, the set j ($„(£>)/) o Sn : n G N j cannot be dense in H(U>). Hence £/ is empty.

Now, the only property to be proved is that U is residual whenever sup|an | = 1. Let

us prove it first in the case X = HP
N(H). Define the mappings

Ln : Hp
N(B) -+ H(D) (n G N)

by Ln(f) — (Tnf) o Sn. Each Ln is linear and continuous, because the fact g, -¥ 0

(j -)• oo) in #X(ID>) implies gj"' -* 0 (j -+ oo) compactly in D (i/ = 0 , 1 , . . . , iV). If we

prove that the set

Q = {{f,Ln(f)): / €^(P) , nGN}
is dense in H^(B) x H(D) then an application of Theorem 2.1 would yield the conclusion
in this case. Since the polynomials are dense in H^(3) and in H(1D>), it is sufficient to
prove that given a compact subset K C D, two polynomials p, q and e G (0,1), there
exist g G HP

N{B) and no€N such that

IIP ~ 9 \ \ < e

and
| 9 (0 ) -L n o 5 ( z ) |<e (zeK).

From the facts sup \an\ — 1 and |&n| = 1 for every n G N, we can suppose with no loss of
n€N

generality, by taking a subsequence if necessary, that there is a point 7 G 3D such that

Sn -* 7 (n —* 00) uniformly on compact subsets of D. Consider the function

a(z) = l-±?1 (z G C).

This is a "peak-function" at 7 for D in the sense that 0(7) = 1 and \a(z)\ < 1 for all

z G © \ { 7 } (see [6, p. 189]).
N

Let P = 1 4- HQIIOO + ^2 JBJ||PU)||OO and choose m G N such that

(1) m >
v ' ae
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and

(2)

The latter inequality is possible by the Lebesgue Bounded Convergence Theorem.
Moreover, since Sn —> 7 in H(D) and a(-y) = 1, there exists n0 € N such that

(3) sup

Consider the function

- [a(Sno(z))]'

With the notation of Lemma 2.4, take a = 0 and define the function

h=INF

on the domain G = la,,,,!"1©. Then h € H{\ano\-
lV>) and so h € Hff(B). If z G B> and

j € {0 ,1 , . . . , N - 1} then we have

b%°} Jo

a2 m (m+l ) am

because of (1). Hence

(4) Halloo <

As for h(N\ we obtain that

fo r jG{0 , l , . . . , 7V- l} .

1/P

- a"
a

by (2). < e.
>=o
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Define g =p + h. Then g € H^(B) and \\g - p\\ = \\h\\ < e. Moreover,

q(z) - (Lnog)(z)

= q(z) - (Lnop)(z) - (Lnoh)(z)
N-l

= q(z) - ($no

- q{z) ~ (*no(D)p)(Sno(z)) - a(Sno(z))m[q(z) - no(z))]

j=0

= (l - a(Sno(z))m) (q(z) - (*no(D)p)(Sno(z))) - £ bf°]h^(Sno(z))

for all z € la,,,,!"1©. Now, if z € K then we get

3=0

\q(z) - (Lnog)(z)\ q{z) - (*n, ) (Sno(z)) | ^
i=o

because of (3) and (4). Thus the closure of Q contains the set {{p, q) : p,q polynomials},
which is dense in H^(1D)) x H(B), so Q is also dense, as required.

Now, if X is an F-space as in the hypothesis, then the mappings Ln : X —> H(D)
(n € N) are continuous by (a). As before, we can assume that {S1,,}^ tends to a point
7 € dID in H(B) and, by Lemma 2.2, we may suppose with no loss of generality that there
is a polynomial P such that Tnip -> P(D)ip (n —>• oo) in #(C) for every entire function ip.
Fix a polynomial f and apply Lemma 2.3 on G — ID, Q — C, \Pn = 5n, ^ = the constant
7, # n = Tnv3 and H = P(£>)ip. We obtain Lnip = (Tn<p) o Sn -> (P(£>)<p)(7) (n -4 oo)
in i?(D), so (Ln1/') converges in H(H>) for every polynomial ip. Since (b) is satisfied, the
set U is not empty. Finally, since X satisfied (c), an application of Theorem 2.1 with
Y — H(]D>) and C = {polynomials} yields that U is a residual subset of X.

The remaining case TV = 0 is much easier and left to the reader. The proof is
complete. D

Note that the condition (b) in Theorem 2.5 is in some sense optimal, because the
result is not true for X c {/ 6 Hip) : f{N) 6 H°°(B)} (and, nevertheless, HP

N(3)
C {/ £ H(B) : /<w-x> G A{D)} C {/ e £T(D) : f{N~l) 6 H°°(B)}). Indeed, if some
member / of X were universal for {Ln}f, where L n / = / ( w ) oSn (that is, we are taking
$n{z) = zN for all n), we would get that {/'^ o S n : n e N} is dense in H(B), which is
not possible since that set is bounded.
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3. BOUNDED UNIVERSAL FUNCTIONS

In [11, Section 4] it is shown that there is a sequence {an} C O with lim |an| = 1
n—too

such that the set {/ G H°°(B) : {/' o Sn : n G N} is dense in H(B)} is not empty, but
not dense in H°°(B), where Sn — aan,i (n € N). We furnish in this section an extension
of this result into two directions.

Recall that a sequence {£>n}i° C B is said to be an interpolating sequence for H°°(B)

if and only if for every bounded sequence {cn}i° there exists / G H°°(B) such that
f(bn) = Cj, (n G N) (see [5, Chapter 9], [6, Chapters 7 and 10], [12, Chapter 10] for
a rather complete study of interpolating sequences). Note that \bn\ —> 1 (n -> oo) is a
necessary condition for {&n}i° to be interpolating (in fact, ]T)(l — |6n|) is convergent; see
[5, page 150]).

THEOREM 3 . 1 . Assume that {Sn - aan<kn}f (|on| < 1 = \kn\ for all neN) is a
sequence of automorphisms ofB such that {5n(0)}^° is an interpolating sequence. Then

the set

U = {/ G H°°(B) : {/' o 5n}f is dense in H(B)}

is nonempty, but not dense in H°°(B).

P R O O F : Since {A;nan}?° is interpolating then, as noted above, lim \an\ = 1
n-*oo

= lim |/cnan|, hence {5n}i° acts properly discontinuously on B. Consequently, [11,
n—>oo

Theorem 3] (or our Theorem 2.5 with N = 1 and $n(z) = z for all n G N) guarantees

that {/ G A(B) : {/' o S n } f is dense in H(B)} is nonempty, thus U is also nonempty

because ,4(0) C H°°(B).

Let us show that U is not dense in H°°(D). Denote bn — -knan ( n e N ) . It is trivial

that {bn}i° is also an interpolating sequence. Consider the Blaschke product
U bn-Z

where the nth factor should be changed to z if bn = 0. The condition 5H(l — \bn\) < +oo
guarantees the normal convergence of the infinite product on each compact subset of B>,
so B G H°°{p). A straightforward calculation shows that

By Carleson's theorem [6, pp. 284-294], the sequence {bn}f is uniformly separated, that

is, there is a constant e > 0 such that

i e [ne N).
1 - bjb
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Thus,

{l-\bn\
2)\B'(bn)\^e (n€N).

By the way of contradiction, assume that U is dense. Then the set {(f,Lnf) : f
G H°°(B), n G N} is dense in H°°(B) x H(3) by Theorem 2.1, where we have set Lnf
= / ' ° Sn. In particular, there should exist a function h G H°°(H>) and m G N such that

and

because {0} is a compact subset of D and the null function is trivially in H(D). By using
the well-known inequality

we obtain that

3
e- > \h'(bm)\ > \B'(bm)\ - \B'(bm) - h'(bm)\

g \\B- /i|U e - (e/3) 2e
' • - "" "" l - | 6 m l 2 " 3 '

which is a contradiction. 0

The last theorem proves that condition (c) in Theorem 2.5 cannot be omitted in
general. Moreover, we remark that given a closed subset E c dV> there exists {5n}i°
C Aut(D) such that the cluster set of {5n(0)}~ is exactly E and the corresponding
set U is not dense in H°°(1D>). Indeed, [7, Proposition 1.2] shows the existence of an
interpolating sequence in HJ whose cluster set is a prefixed closed set E C dH>.

The following notion can be found in [1] (see also [9]). Given two topological vector
spaces X, Y and a sequence Tn : X -* Y (n e N) of continuous mappings, then {Tn}f
is said to be densely hereditarily hypercyclic whenever the set {x € X : {Tnkx : k
€ N} is dense in Y} is dense in X for every sequence {rii < n^ < • • • < njt < • • •} of
positive integers.

COROLLARY 3 . 2 . Define Tn : f € H°°(B) •-> / ' o Sn e H(B), where {Sn}f
C Aut(D). Then {Tn}f is not densely hereditarily hypercyclic.

PROOF: We can write Sn = <ran,fcn, where |an | < 1 = |fcn| (n G N). If limsup |an | < 1
n -*eo

then, given a compact subset K c D , the set K\ := \Jn€N Sn(K) is relatively compact in
HJ. So, if / G H(D) then |/ '(w)| ^ M < +oo (w G Kx) for some constant M. Therefore,
{/' ° Sn}^° cannot approximate the constant function 1 + M on K. This shows that
{Tn}i° is not hypercyclic, so it is not densely hereditarily hypercyclic in this case.
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If limsup |on| = 1 then limsup \knan\ = 1 too and there is a subsequence {kn{j)anU)}'^'
n—too n—>oo

that is an interpolating sequence (see [12, p. 204]). Then Theorem 3.1 applies and it
is obtained that {/ € H°°(B) : {Tn{j)f}f is dense in H(B)} is not dense in H°°(B).
The proof is complete. D

The same negative conclusion of Theorem 3.1 can be achieved if the sequence
{knan}^° is in the region determined by two circles which are tangent to a boundary
point.

THEOREM 3 . 3 . Assume that {Sn = o-anikn}f (\an\ < 1 = |fcn| for all n € N) is
a sequence of automorphisms of Hi such that there exist two points a, b € D \ {0} on the
same radius from the origin with \a\ < \b\ and

{knan : n € N} C {z : \z - a\ < 1 - \a\ and \z - b\ > 1 - |6|}.

Then the set
U:={fe H°°{B) : {/' o 5n}f is dense in H(D)}

is not dense in H°°(D).

PROOF: Let us denote G :— <z : \z - a\ < 1 - |a| and \z - b\ > 1 - |6| j . With
no loss of generality, it can be assumed that the radius is (—1,0), in such a way that
- l < 6 < a < 0 , that is, the circles of dG are tangent to —1. Then

~ -G = (z:\z-c\<l-c and \z - d\ > 1 - d\

where c = -a, d = -b and bn — —knan(n 6 N).

The point of the proof is to find a bounded holomorphic function / such that circles
in D which are tangent to 1 are level curves for the function (l - |^|2)|/'(2)|-

Consider the function f(z) = exp((z + l)/(z — 1)). We have that z £ D if and only
if Re((z + l)(z — 1)) < 0, so / G H°°(B). A simple computation gives us

On the other hand, given 6 > 0, a little calculation shows that (l — |z|2) > 6\z —1|2 if and
only if \z — n\ < 1-/4, where p. — 6/(1 + S) £ (0,1). Analogously, given a < 0, it happens
that Re((z + l)/(z - 1)) > a if and only if \z - v\ > 1 - v, where v = 1/(1 - a) e (0,1).
Therefore (l - |z|2) \f'(z)\ > e for all z e Gu where e := 2cexp((d - l) /d)/(l - c) > 0.
In particular,

| > £ (n€N) .

From now on, one can follow step by step the final part of the proof of Theorem 3.1 just
by changing B to / . The proof is complete. D
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To finish, we want to pose the following question, which arises naturally from the

results of this section (see also [11, Section 5]): Are there sequences {Sn}i° C Aut(D)

such that {/ € H°°{B) : {/' o S n } ~ is dense in H(V>)} is dense in #(©)? Take

into account that if {an}i° is a separated sequence (or it contains a separated subse-
oo

quence) such that the corresponding measure ^2(l — \a,n\)San is not a Carleson measure
I

(see [6] for definitions) then there is not a function / € H°°(H>) satisfying that infn(l
— |an|2) |/ '(an)| > e for some e > 0. Thus, it is not possible to do a reasoning analogous
to those in Theorems 3.1 and 3.3.
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