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Abstract

We propose a new adaptive and composite Barzilai-Borwein (BB) step size by
integrating the advantages of such existing step sizes. Particularly, the proposed step
size is an optimal weighted mean of two classical BB step sizes and the weights are
updated at each iteration in accordance with the quality of the classical BB step sizes.
Combined with the steepest descent direction, the adaptive and composite BB step size
is incorporated into the development of an algorithm such that it is efficient to solve
large-scale optimization problems. We prove that the developed algorithm is globally
convergent and it R-linearly converges when applied to solve strictly convex quadratic
minimization problems. Compared with the state-of-the-art algorithms available in the
literature, the proposed step size is more efficient in solving ill-posed or large-scale
benchmark test problems.
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1. Introduction

It is well known that large-scale optimization techniques are applied more and more
to the fields of industrial engineering and management sciences, such as signal
processing [25], machine learning [22] and newsboy problems [5, 20, 28]. On the
other hand, it is still a challenge to develop an efficient numerical algorithm for solving
these large-scale optimization problems, especially for improvement of computational
efficiency which meets practical requirements [26, 29]. In the past two decades, it
has attracted much attention from applied mathematicians and experts in engineering,
since the existing optimizers cannot be directly applied to solve these problems.
We consider the following large-scale optimization problem:

min f(x), xeR", (1.1)
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where f : R" — R is continuously differentiable and n > 1000 in general. To solve
problem (1.1), a popular iterative format is constructed as

Xke1 = Xk + apdy,

where «; is a step size and dj is a search direction. Thus, {x;} is an approximate
solution sequence of problem (1.1).

One of the most popular choices for the search directions is generated by the
Newton method or the quasi-Newton method (see the articles by Dennis and Moré [12]
and Wan et al. [24]). Although these methods have superlinear convergence, they
are not suitable for solving large-scale optimization problems, since it is difficult to
compute and store the (approximate) Hessian matrices of f at each iteration (see the
articles by Deng and Wan [11] and Huang et al. [18]). To overcome the drawbacks
in the Newton-type or the quasi-Newton-type methods, numerous spectral gradient
methods [6, 17, 19] and conjugate gradient methods [11] have been presented to solve
(1.1). Numerical experiments are often employed to show the advantages of their
numerical efficiency in solving large-scale optimization problems.

The most direct and the simplest search direction is dy = —Vf(x;), which is
referred to as the steepest descent method. However, owing to its poor convergence
rate [17, 18], this method is not often applicable to solve problem (1.1). To exploit
its advantages to the full, choice of a suitable step size is often necessary such
that its numerical efficiency may beat that of the other methods. Actually, it has
been shown that the steepest descent method with the Barzilai-Borwein (BB) step
size is R-superlinearly convergent for the two-dimensional quadratic minimization
problems [2]. For quadratic minimization problems with any dimension, it has also
been proved that the method is still globally convergent [21] and the convergence rate
is R-linear [10].

The so-called BB step sizes were first proposed by Barzilai and Borwein [2],
where two formats of the step sizes were constructed by approximations to the secant
equations. Specifically, the BB step sizes are given by

T
Si_1Sk-1

BBl _ “k-1

PPl = 1 (1.2)
Sp—1Yk-1

and
7
BB2 _ Sk-1Yk-1

k T ’
Yi—1Yk-1

where s;_; = x — x,—1 and yx—1 = Vf(xx) — Vf(xk-1). Denote g = Vf(xr). Then
Yi-1 = 8 — &k-1. The two classical BB step sizes, @2®! and a}®?, have been
successfully applied for solving many problems, such as convex constrained
optimization [3, 9], nonnegative matrix factorization [15], compressive sensing [14]

and image restoration [4].

(1.3)
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Inspired by the BB methods [2], Zhou et al. [30] presented an adaptive Barzilai and
Borwein (ABB) step size, given by

ABB _

a,BB2 if a,BBZ/a,BBl <K,
k k
a =

k
1.4
apP! otherwise, (1.4)

where « € (0, 1). It is clear that the above ABB method can adaptively choose a small
step size or a large step size at each iteration. Although the ABB method in [30] is
still linearly convergent in the quadratic case, numerical experiments on some typical
test problems indicate that it outperforms the classical BB methods. Huang et al. [16]
used the step size (1.4) in nonnegative matrix factorization, combined with a descent
direction on the basis of a projected gradient strategy.

Dai et al. [8] conducted an analysis on the geometrical mean of o?®' and o
for the two-dimensional strictly convex quadratic minimization problems, and R-
superlinear convergence was established. Very recently, using a new approximation

model, Huang and Wan [17] also obtained the BB step size

ST Sk-1
k—1"K—

@, PP = | = JaPBlabB2, (1.5)
Yi—1Yk-1

It turns out to be the geometrical mean of @f®! and B, which was directly presented

by Dai et al. [8]. Apart from their results, the global convergence has been established,
as the step size (1.5) is applied to solving the quadratic minimization problems with
any size of dimension [17]. Furthermore, based on a new nonmonotone line search,
a,I:IBB was employed to develop an efficient algorithm for solving nonsmooth and
nonlinear systems of equations [17].

Motivated by the superlinear convergence behaviour of the BB methods in the
literature, here we intend to construct a new adaptive and composite BB step size
by the weighted mean of two classical BB step sizes. To integrate the advantages
of the existing BB step sizes, we update the weights at each iteration in accordance
with the quality of two types of BB step sizes. Thus, our step size is adaptive and
composite, which is different from the other BB step sizes. We are also interested
in the convergence properties and numerical performance of the developed algorithm
in this paper, which utilizes the simplest gradient method and the proposed step size.
Owing to lower cost of computation and storage, the developed algorithm presented in
the paper is suitable for solving large-scale optimization problems.

The rest of this paper is organized as follows. In the next section, we present the
new adaptive and composite BB step size and develop an algorithm. In Section 3,
convergence theory is established as the developed algorithm is applied to solve
quadratic minimization problems. Numerical performance of the algorithm is reported
in Section 4. Finally, we draw some conclusions in Section 5.
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2. Adaptive and composite BB step size and algorithm

In this section, we propose a new adaptive and composite BB step size. Then,
combined with the steepest descent direction, a new gradient algorithm has been
developed.

Following Barzilai and Borwein [2], we know that a;
solutions of the optimization problems

BB1 BB2

and @,°" are the optimal

-1 2 - 2
minfle” se-1 = yell” and - minfleye-; = si-ll%
respectively.
Clearly, compared with each other, the potential inferiority of a®' and aP®? can be
observed in
BBI 2 BB2 2
g™ yi-1 = se=1ll” = Ml ™ “yr-1 = sp—1l
and
BB2 2 BB1\-1 2
(@) sicr =y P 2 1@ ™ sicr =y I,
BBI BB2

respectively. Therefore, to integrate the individual advantages of ;" and >, we

construct a new step size

R R
a,SBB -2 afBl 1 afBz, 2.1
R] + R2 R] + R2
where ) B2 )
Ry = lla?®lyicy — seci P = lla2B2yx- 1—Sk 1l
BB2 2 BBI 2 (2.2)
Ry = 1@ simt — il = 1@BB) sy — i |
Note that
laP®yi-1 = sicil* =0, @B siet =it =0
Ry =110 yeor = sialPs R = 1@ sicr = wea I
Denote y; = Ry/(R; + R;). Then the equation (2.1) can be written as
a ™ = e + (1= e, (2.3)

where 0 <y < 1. Observe that BB is the weighted mean of af®' and ap®.

Therefore, a/CBB is a composite step size. On the other hand, the weight y; may be

different at each iteration, which is updated by integrating the advantages of ozBB‘ and
apB2. From this viewpoint, o/t58 is adaptive.

RemaRrk 2.1. The step size oz Bin (1.4) is also called the ABB step size [30], since one
can choose a small step size QEBZ or a large step size aP®' at each iteration. However,
by definition, the meaning of the word “adaptive” in our paper is different from that of
Zhou et al. [30]. In particular, our step size aC®® in (2.3) can integrate the advantages
of @PB! and a2, since it is the weighted mean of @P®! and aP®? based on a measure

of their qualities by (2.2), rather than an either—or decision as done by Zhou et al. [30].
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Remark 2.2. Additionally, as shown by Barzilai and Borwein [2], both afBll and
a'EBzI are scalar approximations to the inverse of V2 f(x;). From (2.3), we know that

BB is also an approximation to the inverse of V2 f(x).

In virtue of an earlier idea [30], we modify a*®® in (1.4) as

BB2 BB2 BBl
QCABB _ a; 1fa /a <K, 04
@ CBB (2.4)
a; otherwise.
imilar to a*°"°, note that o is also adaptive.
Similar to ;*B®, note that o$*B" is also adapt

With the help of the new BB step size (2.3) or (2.4), we develop Algorithm 1 on the
basis of the simplest steepest descent method.

Algorithm 1 New gradient method with adaptive and composite BB step size

Step O (Initialization). Given initial xy € R" and a¢ > 0 € R, choose a tolerance & > 0.
Setk :=0.

Step 1 (Termination). If ||[Vf(x)|| < &, then the algorithm stops. Otherwise, go to
Step 2.

Step 2 (Search direction). Compute dj := —V f(x). Go to Step 3.

Step 3 (Update). Set xp41 1= x; + aydy.

Step 4 (CBB step size). Compute sy, yx and a1 = aPp by (2.3). Go to Step 5.

Step 5 (Update). Set k := k + 1. Go to Step 1.

A special case of problem (1.1) is the following quadratic minimization model:
min f(x) = $x"Ax—b"x, xeR", (2.5)

where A € R™" is a symmetric and positive-definite (SPD) matrix and b € R" is a given
vector. In the next section, we will give some convergence analyses about Algorithm 1
for solving model (2.5). We first present a basic property for 58 and {485,

Let x;, x,—; € R" be two given points. Then, since g = Vf(x;) = Ax; — b, we have

Vi—1 = Asg—1. Now, from (1.2) and (1.3),

T

BBl _ Sk-15k-1 2.6)

ks Asiy '
k=141%k=1

BB2 _ Sk 1ASi-1 Q.7

k7T A2 '
Sk-1 k1

ProrosiTioN 2.3. Let ay be defined by (2.3) or (2.4). Then, for any SPD matrix A, the
following inequalities hold:

{O <At <aBB <At forallk,

2.8
0<a,'< agABB <At forallk, 29

where A1 and A,, are the smallest and the largest eigenvalues of A, respectively.
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Proor. From (2.6), (2.7) and by definition [23, Definition 1.2.9], it follows that
((L/EBIIY1 is the Rayleigh quotient of A at s;_; and (afle)fl is that of A at VAs;_;.
Since the matrix A is SPD, using the properties of the Rayleigh quotient [23, Theorem
1.2.10],

0<A <@ <A, 0< <@ <A, forallk,

where A; and 4, are the smallest and the largest eigenvalues of A, respectively.
Consequently,

0<a,'<of® <47, 0<4' <af? <Ay forallk.

Thus, for aC®® defined by (2.3),

0<A,' = + (1 —p)d," <af®® <Ay’ + (10— pA" = 27"
Since both B8 and of®? satisfy the inequalities in (2.8), it follows from the definition

of aCAB that
0< ' <P <Ay forallk,

which completes the proof. O

3. Convergence analysis

In this section, we establish the global convergence of Algorithm 1 as it is applied
to solve the quadratic minimization problems. In addition, its R-linear convergence
is also established. Before establishing the convergence theory, we first state the
following results.

Lemma 3.1. Let f be defined by (2.5) and let x, be the unique minimizer of f. Suppose
that {x;} is a sequence generated by Algorithm 1. Denote ey = x, — xi. Then:

(1) Aey = dy;
(2) ex1 = arx((1/ap)l — Ae.

Lemmva 3.2. Let f be defined by (2.5). Let {vi,Vva,...,v,} be the orthonormal

eigenvectors of A, corresponding to the eigenvalues {1, Ay, ..., A,}, respectively,
where 11 < Ap < --- < A,. Suppose that {xi} is a sequence generated by Algorithm 1.
Then .
ewi = ), (3.1
i=1
where .
=[] = et (32)
j=0

Proofs of Lemmas 3.1 and 3.2 are similar to those of Huang and Wan [17] and hence
omitted here.
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Remark 3.3. By Lemma 3.2, we know that the convergence of the sequence {e;}

depends on the behaviour of each of the sequences {cf.k)}, i=1,2,...,n. In
Theorem 3.6, we prove that all of these sequences converge to zero, that is, e; — 0
as k — oo.

Lemma 3.4. Let {c(lk)} be a sequence defined by (3.2). Then c(lk) converges Q-linearly to
zero with convergence factor ¢ = 1 — (A1/4,,).

Since « satisfies (2.8), it follows directly from [21] that Lemma 3.4 is true.
Using Lemmas 3.1, 3.2 and 3.4, we now further prove the following result.

CBB
k

Lemma 3.5. Let {cgk)} be the sequences defined by (3.2), [ =1, ...,n. Ifall the sequences
{c(lk)}, {c(zk)}, e {cgk)} converge to zero, then

lim inf |ci?)| = 0.
Proor. By contradiction, suppose that there exists a constant € > 0 such that for all k,
()2, > e (3.3)
From Lemma 3.1,
Sk = Xkl — X = aidi = i Aer, and  yp = Asp = @ A%ep.

Using equation (3.1) and the orthonormality of {v, vs,...,v,} yields

el S (AepT(Ae) i ()2
T Ty e (A2en)  y (PR

(3.4)

and
oBB2 _ STye (Ae)T(A%e) Xy (c02A3
ST T W) (e g (e

Since the sequences {c(lk)}, {c(zk)}’-

sufficiently large such that for any k > k,

..,{cgk)} are all convergent to zero, there exists k

!

€

e < 5 (3.5)
i=1

From (3.4) and (3.5),

BBI _ (€/2) + Z?:Hl(cz('k))z/liz

a
k+1 n (k)\2 33
i (€ )2 A;

(3.6)

Note that the function g : R* — R, given by

+
g0 =22 ab>o,
bx
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is monotonically decreasing in (0, o). Combined with (3.6) and, since

n n n
PR = (D PR YR 2 (P >

i=l+1 i=l+1 i=l+1

pmt_ (/2 + 3] L (222 _(E/2)+e 3

< =t
k+1 " l+1(C( ))2/12/11 | 6/11+1 2 1+1°
Consequently, for all £ > lAc,
-1 BBI
A< @l <30

Similarly, we can prove that for all k > lAc,

k
BB2 _ (E/ZMHI + 2 1+1(C( ))2/13 (6/2)/11+1 + €A1 é/l_
k+1 (k))2/14 6/12 2 I+1

ZH (c I+1
and, therefore,
< Qi <35
By definition of ¢y in (2.3), it follows that for all k > k+1,

-1 351
a, Sa’kﬁi/lm.

Using the fact that c(kH) =(1- ak/ll+1)c we know that for all k > k + 1,

+1°

(k+1 k A~ (k
D] < 11 = apdpallel?, | < elel ),

where
o 1 A
¢=max{—,1 — <1.
2 Ay
Thus, cgf)l converges to zero as k — oo, which contradicts (3.3). Therefore, we have
proved that

(k)lzo

1+1 =

liminf|c
k— o0
Based on Proposition 2.3 and Lemmas 3.1, 3.2 and 3.5, now we establish the global
convergence theory of Algorithm 1.

THeEOREM 3.6. Let {x;} be a sequence generated when Algorithm 1 is used to solve
model (2.5). Let x,. be the unique minimizer of (2.5). Then either there exists an
integer j such that x; = x., or the sequence {x;} converges to x..

Proor. If there exists an integer j such that x; = x,, then the result holds. Suppose that
there is no finite integer j such that x; = x.. We are going to prove that the sequence
{ex} converges to zero.
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From (3.1) and the orthonormality of the eigenvectors,

n
2 k)\2
lexly = > ().
i=1

Thus, the error sequence {e;} converges to zero if and only if each of the sequences
{c (k)} i=1,2,...,n, converges to zero.

By contradlctlon we assume that some of the sequences of {cgk)} do not converge
to zero. Suppose that {c(k)} is the first sequence which does not converge to zero. By
Lemma 3.4, we have p > 2. Since all the sequences {c(lk)}, ceey { ® ”,} converge to zero,

for a given e > 0, there exists k sufficiently large such that for all k > k, the following
inequality holds:

p-1
€
D@ <3, (3.7)
i=1
By Lemma 3.5, we know that lim inf;_, |c§,k)| = 0. Thus, there exists k, > k such that
(kp)) /12 <e€.

Let us analyse the properties of {cg,k)} for k > kj,. Our aim is to prove that there exists
a positive constant C such that

(€7 <Cs forallk>k,.
P

We conduct the analysis by the following three cases.

Case (a): k, <k <ko—1.
Let ko(> k) be the first positive integer satisfying

(VP <€, (VYA > e (3.8)

Thus, forall k, <k < ko — 1,

(k)\2
8 < 32
Case (b): ko, ko+ land kg + 1 <k < j+ 1.
If j is the first positive integer greater than kg that satisfies
(020)2/1127 > €, (c(/)) /112, <e forallky<k<j-1, (3.10)

then we can replace k in Lemma 3.5 by kg and, for kg + 1 < k < j, it follows from (3.7)
and (3.10) that
A< <3 (3.11)
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From Lemma 3.2, we obtain that for all £’ > 0,

(Cg(/+1))2 — (1 _ a'kllp)z(C;k/))z

S(—Al )(Cp ) 3.12)

Ay = A\ K'=1)32
<(F57) @

As for kg, from (3.8) and (3.12),

&~

(ko)2 n = A1 2 (ko—1)32
("7 <(Z7=) "™

s(d”_ﬂl)z (3.13)

As for ky + 1, from (3.8) and (3.12),

A=A\ €
(ko+ D2 <( n ') £ 3.14
e (PR 5 (3.14)

Since a; satisfies (3.11), where kg + 1 <k < j,
1 A,)2
(k+1)32 P\, (2
(cy) < max{z, 1- /l—n} (5%
< (corDy? (3.15)

(/l,, - )4 €
A A

<

>
P
From the inequalities (3.9) and (3.13)—(3.15),

A= AN\ (A= A\
max {(cg‘))z} Smax{l,( ~ ]) ,( Z 1) }i
kp<k<j+1 A 4 /lf,

Case (c): k> j+2.
Repeating the processes of Cases (a) and (b), as for k > j + 2, we can also prove

that , A
A, — A A=A
max {(c¥)?} Smax{l,( z 1) ,( z 1) }i
kj+2 0 P o A 2

Combining Cases (a)—(c), we conclude that there exists

12 4
el (S22, (52
A1 Ay
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such that B
(cp) < Cz forallk >k,
P
Define
M, = sup{(cg‘))z}.
k>k,

k))2 —

Then, as e(> 0) — 0, M, — 0, which implies that lim supk_)oo(cﬁ, 0. Consequently,

H k)| —
fim =0,
which contradicts that {cg‘)} does not converge to zero. Therefore, the sequence {e;}

converges to zero. This completes the proof. O

Next, we study local convergence of Algorithm 1 and establish its R-linear
convergence result.

THeEOREM 3.7. Let model (2.5) be solved by Algorithm 1 and {x;} be a sequence
generated by this algorithm. Then either g, = 0 for some finite k, or the sequence
{llgxll} R-linearly converges to zero.

Proor. Recall that g, = Vf(x;), where f is the function as defined in Section 1. Since
Sk = Xpr1 — Xx = —ai gk and yi = Asy, it directly follows from (2.6) and (2.7) that

T
_ d oPB2= 8 A8k '
8 A&k T gl A%y

By Lemma 3.2,
n
k
8k = Z gf- )Vi,
i=1

where ggk) =(1- ak,l/li)ggk_l) . The orthonormality of {v, v, ...,v,} yields
n n
k k
grge= > @7 Ag=> g
i=1 i=1
Consequently,
k k
BBI _ Z?:l(gl(' )? BB2 _ Z?:l(gﬁ %A,
k+1 — N R e
L D Y C G

Since g = Axy — b = —Aey, by Lemma 3.2,

n n

k k
8k = ng )Vi = —ZCE )/l,-v,-.

i=1 i=1

Thus, gl(.k) = —cgk)/l,-.
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From the proof of Lemma 3.5, we know that for any integer [, [ =1,2,...,n— 1,
and for a real number € > 0,

Ay = (aPP) > %/11+1
in the case that
! !
Dz = ey < (1/2)e <
i=1 i=1

k) \2 32 (k) \2
(c§+l) /11+1 = (gl+1) > €.

Therefore, a/,SBB satisfies Dai’s property [7, Property A] and, similar to the proof of a

theorem there [7, Theorem 4.1], we get the R-linear convergence of Algorithm 1. O

RemMArk 3.8. As in [21, Lemma 2], under the sufficient condition A,, < 24; for A, we
can also prove that the sequence {x;} Q-linearly converges to x.. The R-linear or Q-
linear convergence is defined by Sun and Yuan [23, Section 1.5.4].

Note that ofB!, @582, BB, BB and o{*BB can all be rewritten in a unified form:

T (k) T y(k)
81 APV g1 8 A8
= + (1 — )= , (3.16)

Q= lp——————— —_
glz,lAp(k)_Hgk—l glz,]Ay(k)_Hgk—l

where p(k), y(k) € {0, 1}, wi € [0, 1] and p(k) # y(k). At the end of this section, we will
give the global and local convergence analyses for the unified step size (3.16).

CorOLLARY 3.9. Let {x;} be a sequence generated when Algorithm 1 is used to solve
model (2.5), where the step size ay is computed by (3.16). Let x. be the unique
minimizer of (2.5). Then either there exists an integer j such that x; = x,, or the
sequence {x;} converges to X..

Proor. Since afB', ofB2, BB, ofP® and o

Proposition 2.3, if ¢y is defined by (3.16), then

CABB all have the property of

0<A,'<ap<Ay' forallk.

For any integer [, [ = 1,2,...,n — 1, and any real number € > 0, if

1
D < 1/2e,

i=1

k) \2
(g§+)1) > €
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hold, then it follows from (3.16) that
27:1( ggk))z /llio(k) Z?=1 ( ggk))z /ll?’(k)
N (ggk))z /llg(k)+1 N (ggk))z /liy(k)+1
§:1( gl(_k))z /lf(k) + Z?:Hl( ggk))z ’lf(k)
k))2 /lf(k)+1

Qp = M

+ (1= )

= Mk
(
o118

1 (k)\2 yy(k) (k)2 yy(k)
Z,‘:l(gi ) /l,?/ + er‘l=1+1(gi ) /ll)-/
k k)+1

i=l+1
A T + T
X @a®
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Thus, by recalling the proofs of Lemma 3.5 and Theorem 3.6, we complete the proof
of Corollary 3.9. O

CoroLLARY 3.10. Let model (2.5) be solved by Algorithm 1, where the step size ay
is computed by (3.16). Then either g, = 0 for some finite k, or the sequence {||g||}
R-linearly converges to zero.

Proor. From the proof of Corollary 3.9, we have that [7, Property (A)] holds for the
step size defined by (3.16). By [7, Theorem 4.1], the result in this corollary follows. O

4. Numerical experiments

In this section, we will test the numerical efficiency of Algorithm 1 in virtue of the
adaptive and composite BB step size. Especially, we will compare our methods with
the other ones available in the literature.

Specifically, we call Algorithm 1 the CBB method. If the step size in Algorithm 1 is
computed by (1.2), (1.3), (1.4), (1.5) or (2.4), we call the corresponding algorithms the
BB1, BB2, ABB, NBB and CABB methods, respectively. Our first aim is to investigate
whether or not the new step size afBB is helpful to improve the numerical efficiency
of the state-of-the-art algorithms available in the literature.

For further investigation on the effect of Q’EBB, we are also interested in whether
or not the CABB method outperforms the ABB method proposed in [30]. In order to
reveal what are the advantages of the adaptive weight y;, we compare our method with

a modified version of Algorithm 1, where y is a fixed constant p.
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All of the computer codes are written in MATLAB R2014a and numerical
experiments are conducted on a PC with a 2.60 GHz CPU and a 4.00 GB memory-
based operation system of Windows 7.

For simplicity of the statement, we introduce the following notation:

CBB(w): the gradient method with a; = aC®® and = u;
ABB: the gradient method with a; = a2®® and « = 0.5;
C(0.8): the gradient method with ay = oS*P®, 11 = 0.8 and « = 0.5;
CABB: the gradient method with e = a{*5® and «x = 0.5;
P: the serial number of the test problems of Andrei [1];
n: the size of the problem;
Cd: the condition number of the Hessian matrix of f;
NI: the number of iterations;
Jmin: the minimal value of the objective function;
T: the CPU time (s) being accurate to the third decimal place;
F: the number of iterations exceeds 10 000 or f;, is not the minimal value.

4.1. Test by ill-posed quadratic problems We first investigate the performance
of all the algorithms as they are applied to solve the ill-posed quadratic minimization
problems.

Consider the following test problem, suggested by Yuan [27]:

f(x)=(x- x*)Tdiag(/ll,/lz, LA -x), xeR, “4.1)

where diag(4;, 43, ..., 4,) creates a square diagonal matrix with the elements of the
vector (15, A2, ..., 4,)" on the main diagonal.

We solve problem (4.1) for the cases n = 10, 10?, 10%, 10*. We randomly choose x!
in the interval (-5,5),i=1,2,...,n, to randomly generate different test problems. Let
Ay = 1. Denote by

A, = Cd(= 10,10%,10%,10*, 10%)

the so-called condition number of the Hessian matrix of the objective function f.
Let A; be randomly generated in the interval (1, A,) in order to generate different test
problems, i =2,3,...,n— 1. For all the randomly generated test problems, we start
with

ngo
xo = zeros(n, 1), ap=ay” = #
gy V2 f(x0)go

The termination condition of all the algorithms is

llgell < 107lIgolla.

First, for each case with different values of n and 4, 10 test problems are generated.
Then we evaluate the numerical performance of each algorithm by the average number
of iterations required by the algorithms. In Table 1, we report the average number of
iterations (NI) required by the different algorithms. The underlined result, the smaller
one in each row, indicates that the corresponding algorithm outperforms the others.

From the numerical results in Table 1, we observe the following results.
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TasLE 1. Average NI of different algorithms.

n Cd BB1 BB2 NBB CBB ABB CABB C((0.8)

10 10 184 188 19 19 183 192 194
10 102 504 552 65 481 406 401  39.6
10 10° 87 968 1422 823 775 793 921
134.9
247

10 10* 1419 180.7 380.5 139.9 1514 155.6
10 10° 268 27 461 268 247 : 26.3
10> 10 196 199 193 195 196  19.1 19.4
102 10> 539 548 632 539 469 467  48.1

102 10° 103 1141 1589 1033 117 1065 100.7
10> 10* 159.7 180.5 2625 1305 147.1 1308 1375
102 10° 599 707 896 599 593 59.1 539
10° 10 19 199 189 189 19 18. 19

10> 10> 507 562 571 515 49 8.4 54

10> 10° 1143 1146 1503 1157 115 1047 108

10> 10* 1129 1152 1588 1154 1002 1024 1045
10 10° 1194 1227 163.3 1004 118.1 1165 117.2
104 10 19 20 191 19 19 19.1 19

10* 10> 507 59 623 528 534 528 492
104 10° 1094 1199 131.1 1135 988 106.1 1045
104 10* 1148 123.8 1537 114.8 113.6 1128 1179
10* 10° 117.1 129.6 1385 1188 1062 113.1 1134

(1) The CBB, ABB, C(0.8) and CABB methods are better than the BB1, BB2 and
NBB methods, and the BB1 method is better than the BB2 and NBB methods.
Out of 20 cases, there are 12, 16, 15 and 16 cases where the CBB, ABB, C(0.8)
and CABB methods perform better than the BB1 method, respectively.

(2) The ABB, C(0.8) and CABB methods perform better than the CBB method. In
addition, the CBB, C(0.8) and CABB methods outperform the ABB method in
eight, 10 and 14 out of 20 cases, respectively.

In Table 2, we further report the average number of iterations required by the
CBB(u) methods with different fixed values of y, in order to investigate the influence
of the parameter u on the performance of the CBB method. We select the value of u
from {0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9}.

The underlined numerical results in Table 2 indicate that the optimal value of u is
different for the test problems with different dimensions or condition numbers. The
best choice of u seems to be chosen in the interval [0.7,0.9].

To further evaluate the numerical performance of these algorithms, we observe the
performance profiles of iteration and CPU time, which are measured by the function
ps(7) proposed by Dolan and Moré [13]. In Figures 1 and 2, we show the numerical
performance of the CBB, CBB(0.8), BB1, CABB, C(0.8) and ABB methods with
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TasLE 2. Average NI of CBB(u) with different .

CBB(k)
n Cd 0.1 0.2 04 0.5 0.6 0.7 0.8 0.9

10 10 19 19 194 197 194 192 192 185
10 102 59 625 634 593 554 536 525 497
10 10° 2094 161.6 129 1179 1139 1104 1024 895
10 10* 3737 2575 2482 190 173.2 140.5 1449 157.6
10 100 438 426 354 369 351 286 303 255
102 10 197 198 194 194 193 193 192 195
102 102 57.8 625 682 592 592 60 529 534
102 10° 161 1674 1409 1236 122.1 116 97  114.1
102 10* 2359 2168 186.5 203.3 191.6 1747 163.7 1525
102 100 804 835 782 703 712 684 67.8 68.1
10° 10 192 195 192 19.1 19 18.9 19.1 19
10° 102 617 635 607 578 587 579 546 553
10 10° 165.8 1493 137.6 1256 1239 1273 117.1 110.8
100 10* 167.4 144.1 1292 130.7 131.8 1167 1143 110.6
10° 100 167 1562 1405 1253 1228 1229 1034 1106
10* 10 191 193 19.1 19 19 187 189 19
10 102 67.1 613 591 606 60.1 587 537 525
10 10° 142.1 1343 1304 127.8 132.1 1135 1078 116
104 10* 1602 1574 139.1 1423 133.1 1157 119.5 113.6
10* 10° 1732 170.1 1422 1463 1402 1243 1188 131.9

respect to the number of iterations by using the average number of iterations reported
in Tables 1 and 2. In Figures 3 and 4, we show the numerical performance of the CBB,
CBB(0.8), BB1, CABB, C(0.8) and ABB methods with respect to the CPU time. For
Figures 3 and 4, we test problem (4.1) in the cases n = 1000, 10 000 and Cd = 10, 102,
103, 10* and 10°. And, for each case, we randomly generated 10 test problems.

In Figures 1-4, the vertical axis gives the probability P of problems for that any
given method is within a factor 7 of the best possible ratio. The left-hand axis of the
plot gives the percentage of the test problems for which a method needs the fewest
iterations or least CPU time. The right-hand side of the plot gives the percentage
of the test problems that are successfully solved by each of the methods. Dolan and
Mor¢é [13] pointed out that if the set of test problems is suitably large and representative
of problems that are likely to occur in applications, the methods with large probability
P(7) are to be preferred.

From Figures 1 and 3, it is clear that the CBB method outperforms the BB1 and
CBB(u) methods. Therefore, we conclude that the new step size QEBB did improve the
numerical efficiency of the BB methods.
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cBB
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r

Figure 1. Performance profiles of iteration number for CBB, CBB(0.8) and BB1.
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Ficure 2. Performance profiles of iteration number for CABB, C(0.8), ABB and CBB.

From Figures 2 and 4, it is easy to see that the numerical performances of the
CABB, C(0.8) and ABB methods are much better than the CBB method. In general,
compared with the ABB and C(0.8) methods, the CABB method performs better.

4.2. Test by generic nonlinear problems At the end of this section, we test
numerical performance of the BB1, CBB, CBB(0.8), ABB, CABB and C(0.8) methods
as they are used to solve the generic nonlinear benchmark test problems (nonquadratic
minimization problems) of Andrei [1]. For each problem, the initial point has been
fixed as in [1]. The initial step size is generated by the Armijo linear search [17, 18]
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Ficure 4. Performance profiles of CPU time for CABB, C(0.8), ABB and CBB.

and the termination condition for all the algorithms is ||gk|l> < 107°. All of the 14
generic nonlinear benchmark test problems of Andrei [1] are solved by the BB1, CBB,
CBB(0.8), ABB, CABB and C(0.8) methods. In Table 3, we report the number of
iterations, the minimal value of the objective function and the CPU time, respectively.

The numerical results in Table 3 demonstrate that all the six BB methods can
successfully solve generic large-scale nonlinear (nonquadratic) optimization problems.
Since these algorithms are used to solve problems 5, 6, 18, 29, 41, 49 and 53, it follows
from the numerical performance that each method has its respective advantages. The
underlined numerical results in Table 3 indicate that the CBB(0.8) and CBB (or C(0.8)
and CABB) methods outperform the BB1 (or ABB) method.
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TasLe 3. Numerical results for the test problems in [1].

P Algorithm n NI Jnin T
BB1 100 000 F F F
CBB 100 000 F F F
5 CBB(0.8) 100000 F F F
ABB 100000 109 8.461e-19 3.301
CABB 100000 101  7.233e-14 3.219
C(0.8) 100000 81  5.694e-18  2.640
BB1 100000 55 1.855e-15  3.693
CBB 100000 65  7.722e-16  3.351
6 CBB(0.8) 100000 70  7.026e-17 2.846
ABB 100000 41 1.288e-11  1.802
CABB 100000 47  2.851le-16 2.024
C(0.8) 100000 52 2.796e-13  2.214
BB1 100 78  2.357e-15 0.017
CBB 100 60  8.87%-16 0.009
18 CBB(0.8) 100 F F F
ABB 100 F F F
CABB 100 F F F
C(0.8) 100 F F F
BBI1 100 000 7 2.174e-20  0.671
CBB 100 000 7 1.238e-13  0.495
19 CBB(0.8) 100000 7 2.815e-16  0.594
ABB 100 000 7 2.174e-20  0.542
CABB 100 000 7 2.815e-16  0.498
C(0.8) 100 000 7 1.385e-13  0.428
BB1 100000 14  1.429-17 0.710
CBB 100000 14  8.728e-18 0.572
21 CBB(0.8) 100000 14  1.258e-21 0.696
ABB 100000 14  1.429e-17 0.641
CABB 100000 14 1.258e-21  0.578
C(0.8) 100000 14  8.728e-18  0.530
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BBl 100000 310 1.821e-8 6317
CBB 100000 811 3.95le-8 13.138
,s CBB(08) 100000 191 1391e8 3072
ABB 100000 278  3.588¢-8  4.338
CABB 100000 250 3.810e-8  4.254
C(0.8) 100000 239 2.458e-8  3.734
BBI1 1000 210 4825  0.067
CBB 1000 113 4825  0.041
5o CBB(O8) 1000 140 4825 0052
ABB 1000 213 -1239  0.070
CABB 1000 205  —1239  0.066
C(0.8) 1000 220 -1239  0.070
BBI1 10000 927 3.610e-08  1.027
CBB 10000 870 4.727¢-08 0.9875
;; CBB(O®) 10000 700 3.506c-08 0.730
ABB 10000 1145 2.931e-08  1.192
CABB 10000 1277 4.012e08 1315
C(0.8) 10000 1271 3.502¢-08  1.682
BBI 10000 1431 -1 1.335
CBB 10000 1305 -1 0.969
;7 CBB(OS8) 10000 1413 -1 1.043
ABB 10000 940 -1 0.658
CABB 10000 1146 -1 0.772
C(0.8) 10000 991 -1 0.681
BBI1 100 F F F
CBB 100 2684 1.740e-12  0.197
4 CBBOS) 100 1213 633014 0.109
ABB 100 F F F
CABB 100 F F F
C(0.8) 100 F F F
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BBI 1000 2108 1.93le-13  0.360
CBB 1000 1729 3.355e-15  0.349
43 CBB(OS) 1000 1546 291de-14 0251
ABB 1000 1140 8.83le-18  0.199
CABB 1000 1130 3.008e-13  0.221
C(0.8) 1000 1058 2.544e-15  0.185
BBI 1000 F F F
CBB 1000 1551 -7819  0.428
4o CBB(O®) 1000 F F F
ABB 1000 F F F
CABB 1000 F F F
C(0.8) 1000 F F F
BBI 1000 61  1.070e-14  0.026
CBB 1000 62 481815 0.025
53 CBBO®) 1000 46  46lle-15 0021
ABB 1000 F F F
CABB 1000 F F F
C(0.8) 1000 47  2.729e-14  0.019
BBI 1000 447 112le-13  0.111
CBB 1000 382  1.629e-13  0.099
s CBB(O®) 1000 519 203313 0.141
ABB 1000 327 1.013e-13  0.087
CABB 1000 321 1.38le-13  0.087
C(0.8) 1000 365 1.00le-13  0.090

5. Conclusions

In this paper, we have proposed a new adaptive and composite BB step size,
which is an optimal weighted mean of the classical BB step sizes. Combining the
steepest descent direction and this new step size, the so-called CBB algorithm has

been developed.

We have established the global convergence of the CBB and CABB methods,
as they are applied to solve the quadratic minimization problems.

The R-linear
convergence theorem has been established for the CBB and CABB methods.

Numerical experiments demonstrate that the developed algorithm in this paper
outperforms the similar ones available in the literature, since it is used to solve
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ill-posed large-scale quadratic minimization problems or generic nonlinear test
problems. In summary, the new step size is useful to improve the numerical efficiency
of algorithms, especially for solving ill-posed or large-scale optimization problems.
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