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HARTMAN’S THEOREM FOR HYPERBOLIC SETS
MASAHIRO KURATA

§1. Introduction, notation and definitions

Hartman proved that a diffeomorphism is topologically conjugate to
a linear map on a neighbourhood of a hyperbolic fixed point ([3]). In
this paper we study the topological conjugacy problem of a diffeomor-
phism on a neighbourhood of a hyperbolic set, and prove that for any
hyperbolic set there is an arbitrarily slight extension to which a sub-
shift of finite type is semi-conjugate. In the sequel, M denotes a com-
pact C~ manifold with some Riemannian metric |- |.

THEOREM 2. Let f:M — M be a diffeomorphism with AC M a
hyperbolic set. Then there is a neighbourhood U of the zero-section of
TM and a bundle map h:U — A X M such that (f X f)oh = hoTf.
(We regard U and 4 X M as a microbundle).

THEOREM 3. Let f, A be as above, and W a neighbourhood of A.
Then there are a hyperbolic set A’ with A C A C W and a subshift of
finite type which is semi-conjugate to A’'.

DEFINITION. Let E be a vector bundle with norms ||-|| on each
fibre. A vector bundle map T:E — E is hyperbolic if E splits into

E =E:®E"

where E¢ and E* are T invariant subbundles, and there are 0 < 2 <1,
¢ > 0 such that for n = 0,

| T™v| < ex* ||| if veE
1T~ < ea™ ||v]| if veE®.
We may assume ¢ = 1 ([4]).
Skewness of T is min {|T|E®|, |T*|E*|}.
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Let f:M — M be a diffeomorphism. M D A4 is a hyperbolic set if A
is a closed f-invariant subset, and T f|4 is hyperbolic. When its splitt-
ing is Tf |4 = E*® E*, define

Bi(r) = {ve E¢||v| < 1}
BYr) = {ve E*||v| < 1}
Bi(r) =B(r) N T,M
Byr) =B*(ry N T, M .

Let p: E— 4 be a vector bundle with norms. I" = I'(F) denotes the
Banach space consisting of all bounded cross sections on A (not neces-
sarily continuous) with sup norms. Let M()={maps:I"—TI'}. For any
yel,o,cl is given by

y if x=1py
0 otherwise .

0, () = {

We define

m ) ={H eI |H satisfies the following condition (I), (IT)}.
Condition (1), H(c,)(®) = 0 for = # fp(z)
(D, H(e)(fp(2) = H(a)(fp(2))
for any ¢ with ¢(p(2)) = z.
For any H e M), let a map

OH):E—-FE

be given by O(H)() = H(c,)(fp()). Then we define

ML) = {He M| O(H) satisfies the following condition (IID}.

Condition (III). @(H) is continuous.

Define

M) = {He M) H is bounded}, M’ () = M, (") N M*(I") and
M2 () = D) N W),

The norm of IN*(I") is defined by the sup norm. For a Lipschitz
map f, Lip (f) denotes its Lipschitz number.

§2. Hartman’s theorem for hyperbolic sets

LEMmMA 1. (1) E)jl”f(F) 18 a closed linear subspace of IN°(I).
2 M) is a closed linear subspace of M?(I).

Proof. Proof of (1) is easy. IM°;(I") is non-empty because a con-
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tinuous, bounded, fiber and zero-section preserving map from E into E
over f induces an element of M’ (). Let M°(E) ={h:E —-E|h is a
bounded map over f (not necessarily continuous)}. M?(E) = {h e M? H{(E)| R
is continuous}. Then IN°(E) is a closed linear subspace. And the map

Q: M (") — M (E)

is a continuous linear map. Thus MM’ (I") = @ '(IM?,(E)) is a closed linear
subspace.

LEMMA 2. (1) If HeWM, (), Ge M), then GoHeM, (') and
O(GoH) = O(G)- 0(H).
@) If He,(I), Ge ML), then GoH e M, (I).
(8) For a homeomorphism H e 952f(F), H'e ﬁt,_l(F) and O(H) e M(E) is
an tnvertible map with OH)' = O(H™). ‘

Proof. (1),(2) are obvious.

For any zed and oel, H(o)(x) =0 if and only if o(f () =
0,r-10(f (@) = 0 because H(o)(®) = Ho,;-1,)(x) and H is injective. Thus
H-'g,(x) = 0 for x + f~'p(z).

For any z,eE,oel with a(pz) = 2, define 2’ = (H 0, )(f 'p(zy)),
2" = (H'o)(f'p(2)). Then o(pz) = (HoH 0)(pz,) = (Ho.,)(pz,), and
0.,(02) = (HoH"'s,)(pz) = (Ho,)z). On the other hand (Hs,)(x) =
(Ho,)(x) = 0 for x#pz,, Then Ho, = Ho,.. Because H is injective we
have ¢, = g,,, that is 2/ =2". Thus H'eWM,.(I). OH") = GH)"
follows from (1).

LEMMA 3. If HeM (') is a homeomorphism and H™' is ¢ Lipschitz
map, then O(H) is a homeomorphism.

Proof. By Lemma 2, &(H) is an injection and &(H) ! = ¢(H!). For
any r > 0, define B(r) = {zeE|||#2|| <r}. It is sufficient to prove that
for any » > 0

O(H) | 9(H)Y(B(r)) : O(H)'(B(r)) — B(7)
is a homeomorphism. We have
|OEH) B || = |H'(B'(r)|| < r Lip (H™)

where B'(r) = {c, e ['||a.|| < 7}. OH)'(B(r)) is compact because O(H)™*
-(B(r)) is a closed subset of B(r Lip (H™'). Then @(H)|®(H) Y(B(r)) is a
homeomorphism.
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LEMMA 4. Let TeM,(I) be a hyperbolic linear homeomorphism.
Then there is ¢ > 0 such that for any +, ¢ M (') with Lip (),
Lip (¢) <, there is a unique map H,, e M, (I') satisfying

(T + ¥)o(d + H,) = (d + Hy)o (T + ) .

Proof. The proof is essentially due to Pugh ([5],[6]). Let 0 <<
min {1 — 2,||7*||"'} where 2 is a skewness of T, and

e M) — M)
be defined by
wH) = (&F —id)" g — o (id + H)) o (T + ¢)!

where Z§(H) = ToHo(T + ¢)~' with (£} — id) being invertible. Then
Lip (v) <1 and there is a unique fixed point H,, (c.f. [5],[6]). Because
T + ¢ is a homeomorphism and (T 4 ¢)' is a Lipschitz map, (T + ¢)!
€ M;_.(I") follows from Lemma 2. Then (¢ — yo(id + H)o(T + @) '€
mu) if H e My().

Similarly ZF(NLI)) < M.
Thus a linear map

_ LEMET) : ML) — M)
is well defined, and %} |M%(") is hyperbolic with an associated splitting
ML) = WM (L3 I') @ M5 1)
where
I' ={gel'|a(x) e E* for e A}
M5 ') = {He MY(') |H(o) e I'* for zel}

for a = u, s.

Therefore (¥} — id)| M%) is invertible, and (¥F — id)~'(H) € M)
for HeM2(I"). Thus we have p(IN%(IM)) < Mi(I7). Because My() is a
closed linear subspace of IM?(I"), a unique fixed point H,, of y is in MEI).

LEMMA 5. Let T be as above. Then there is ¢ > 0 such that for
any € M (I") with Lip(y) < e there is a unique map H e My(I") satis-
fying

(T +y)o(d+ H)=(0Gd + H)oT .
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Moreover id + H is a homeomorphism.

LEMMA 6. Let p: E— A be a vector bundle. Let A be compact,
V C E be a metghbourhood of the zero-section. Assume ¢:V — E is a
fiber preserving map and

@) ¢|(V N p~Nx)) ts differentiadble for xe A

2) T.p is continuous with respect to zeV

3 ¢0;) = 0y,

@ Tog=0,
where T.p is the differential of ¢|(V N p'(@)) at zeV N p~'(x) and 0, ts
the zero vector at x e A.

Then for any ¢>0, there is a neighbourhood W of the zero section,
and a fiber preserving map

gZ:E—»E'

such that
6) ¢|W=¢g|W
(6) Lip(g) <e
(7 ¢ is bounded with the sup norm.

Lemma 5 follows from Lemma 4, and Lemma 6 is a vector bundle
version of ([5] p. 79).

THEOREM 1. Let p:E — A be a vector bundle with A compact,
f:A4— A4 be a homeomorphism. Let T:E — E be a hyperbolic vector
bundle map over f.

Then there is ¢ > 0 satisfying the followings; for any fiber and zero-
section preserving map ¢: E — E over f such that ¢ is bounded with
sup norm and Lip (¢) <e, there is a unique fiber preserving map h,: E —
E over id such that the diagram

- r,.g

id-l—h¢l lid—l— hg
T
el g

18 commutative. Moreover id + h, is a homeomorphism.

Proof. Let 21 be a skewness of T,¢>0 be such that ¢ <min{l — 2,
1T}, A map
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T.,:I'(E) - I'(E)
given by
T.o) =Togof?
is a hyperbolic isomorphism with an associated splitting
I'E) =T'E)DIEY) .
Then

1T | TE)] = |T|E*| <2
I T:HDES| =T E| <2.

For a map ¢: F — E with Lip (¢) <e, we define a map
byt ['(E) — ['(E)

by ¢4(0) = goao f N
Then

Lip (¢,) = Lip (¢)
and
. € M (['(B)) .

By Lemma 5, there is a unique map H e My(I'(E)) with the
commutative diagram;

@& - ram

lid +H lid%—H

r® 2% raw) |

The map h,: E — E defined by
hy(z) = H(o.)(p(?))
is the required map. The uniqueness follows from the unique

THEOREM 2. (Hartman’s theorem for hyperbolic sets)

Let f: M — M be a diffeomorphism, 4 C M be a hyperbo

Then there are a neighbourhood U of the zero section in
o map
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h:U—AXM

which maps U homeomorphically onto a neighbourhood of the diagonal
n A X M with

1) prich=p

2) 0, = (z,2)

3) the diagram

UnTro - v
i d
AXM —fﬁ AX M commutes.

Proof. Let ¢> 0 satisfy e <<min{l — 2,||T7"|"'} where 2 is the
skewness of Tf|A. Assume that W C T,M is a neighbourhood of the
zero section of T,M.

By taking W sufficiently small, a map F: W — T,M can be given by

(f X f)o(p,exp) = (p,exp)oF .
Define ¢ = F — T\F'|W, where
TF:TM—TM

is the differential of F on the zero sections. By Lemma 6 there are a
neighbourhood of the zero section U C W, and a fiber preserving map
over f

é:T,M— T,M
such that

1) ¢|U=9¢|U
(2 Lip(@ <e
(8) ¢ is bounded with the sup norms.
Define F' = T,F + ¢. Then
F=FonU
Lip (FF — T,F) <
F — T,F is bounded on T,M with the sup norms .
By Theorem 1, there is a fiber preserving map over id,

h:TM—TM
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with

hoTF = Foh
I is a homeomorphism
proh =1p .

Because the derivative of the exponential map at the zero-section is the
identity, T.F = Tf. Thus h = (p,exp)ok|V is the required map.

§3. Semi-conjugacies of subshifts to hyperbolic sets

Let & ={4,---,A4,} be a finite set and T =({;;) be a n X n 0 — 1
matrix. /% denotes the space of maps from integers Z into . with
compact-open topology (o and Z have the discrete topologies). The shift
transformation p: /% — &% is defined by

o((Z:)iez) = ()i Where z/ = x,;,,

for (;);c, € 2.
Let X be the p invariant set of &7 given by

2 = {(ai)iez e\t =1 Where}
a,— = Ani )

2 is called a subshift of finite type on the symbol .« determined by the
intersection matrix 7.

Bowen ([1]) proved that when 4 C M is a basic set of an Axiom A
diffeomorphism there are a subshift of finite type X and a semiconjugacy
II:3— 4, i.e. Il is surjective and fII = IIp ([1)).

In this section we consider the case when 4 is a hyperbolic set. Our
result is the following.

THEOREM 3. Suppose f: M — M s a diffeomorphism, A C M s a
compact hyperbolic set and W is a neighbourhood of A.

Then there are a finite set # = {B};i,....w, ond o matriz T = (t;;)
satisfying the followings;

1) for any 1 <7 <N, B, is a closed m-disk and A C | int B,

2) T=(@)isa NXNO—1 matrix
3) the diagram
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s o

.

22— M

is commutative, where 3 1is the subshift of finite type on the symbol
% determined by the intersection matrixz T, and p is the shift transfor-
mation.

4) 11 is a continuous map given by I{(a)cz) ='Q I Ha,).

5) A =1II(2) is a closed hyperbolic set with A C A < W.

Proof. Step 1. We may assume that W is a neighbourhood of A
so small that any invariant set contained in W is hyperbolic ([4]). Let
¢ be a positive number such that an expansive constant of a hyperbolic
set in W is greater than e. Let U be a neighbourhood of the zero-section
of T,M on which the map Ah: U—A X M with (f X f)oh = hoTf is defined
by Theorem 2. h is given by

Bo=pryoh:U—"s Ax M2 1.

Choose 7, > r > 0 such that

Tf(B*(r)) C int B¥(r)

Tf~Y(B(r)) C int B(r)

U D B(r) @ B*(r)

W D h(Bi(r) X Bu(r)

diam A(B:(r) X BX(r)) < ¢ for xed.

Step 2. For any e 4, let V, C 4 be a neighbourhood of x in 4
such that

1) for any ye f~'V,
SFR(By(r) X By(r)) C int k(Bi(r) X By(r)), and [ maps h(Bj(r)
X 8B%(r) into int h(Bi(r) X (BX(r) — BX(r))) with degree +1. (Here
“f maps with degree 4 1” means that the homomorphism f,
between the homology groups is of degree 4+ 1. This does not
depend on isomorphisms: H,_,(k(B5(r) X dB*(1))) ~ H,_,(int h(Bi(r)
X (B¥(r) — BYr))) =~ Z. Here u denotes also the fiber dimension
of the unstable bundle E*.)

2) for any ye fV,
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SI(B(r) X BXr)) C int M(Bi(r) X B4r)), and f~' maps k(@B:(r)
X B(r)) into int R((Bi(r)) — Bi(r)) X BX(r)) with degree =+1.
The existence of neighbourhoods V, satisfying 1), 2) follows from the
continuity of 2 and the fact that the homomorphisms

f* : Hu—l(fE(Bj'—l(z)("') X aB}‘-l(m(T)))
— H,_,(int (Bi(r) X (BXr,) — B(r)))

and

Sitt Ho o(f @B 2y (r) X B 0(1)))
— H,_,(int R((B(r) — Bi(r)) X Bu(r)))

are isomorphic.
Let {U,}seq be a refinement of {V,},., such that f(U,) N U, # ¢
(resp. (U, N U, # ¢) implies f(U,) CV, (resp. f~4(U,) C V).
Choose X, --+,Xyec 4 such that {U,};_,..~ is a covering of A.
Step 3. An intersection matrix T = (¢;;) is given as follows. ¢t; =1
if
1) fhB:(r) X B(r) Cint h(Bs(r) X Bi(r)) and f maps h(B:(r)
X 8B (r)) into int E(B;j(r) X (By(r) — Bi(r))) with degree =+1.
2) fTR(Bi(r) X Bi(r)) Cint h(B,(r) X B¥(r)) and f~' maps k(3B;(r)
X B(r)) into int h((B,(r) — B4() X BY(r)) with degree =+1.
t;; = 0 otherwise.
Step 4. Suppose that <, ---,7, satisfy ¢,
— 1. Define maps

=1 for n=0,.-.-,m

nin+1

H : (B, (r) X B (1) — h(B;, (r) X B, (1)

by
(21, 2,)) i la <7
H(in)(}/—l/(z“ zz)) = {FL((TZI, Z2>) if |21| >r ’
[24]
and a map
H: (B, (1) X B, (1) — h(B5, (1) X B2, (1)
by

H=H®oflo...o Hin-2o f-loc Hlim vo f-1
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Then we have
H (E(Biim(f”) X B, (1) N h(int B;, (r) X B3, (1))
- ('50 f="(int B:, (r) x B (1) .

By the definition of ¢ =1, the map

inin+1

H,:H, (h@Bs, (r) X By, (1) — H,_(h(3Bs, (r) X B, (1)

Zig

is isomorphic. This implies

H(R(B:, () X B, (M) N k(int B:, () X B (1) # ¢ .

Zio Zig

Hence
(]Of ’"(E(BL,,(T) X B, (r) # ¢ .
For a finite sequence _, - - - ¢,, satisfying ¢, , ., =1(—4<n<m—1)

(\ F-"h(B:, () X B, (1)

=7 (ﬁf (B, _ (1) X B::in_g(r))))
* ¢

because

m+é _
() R(Be,_ 1) X BE, 00) # 6.
This implies

) S~"((Bs, (r) X By, (1)) # ¢

nez
if tinin+1 - 1 (’I’LGZ).
Put J = {fubrezline{l, - N}ty = 1}, 4/ = U NS R(BS, (@)

{jn}€d n

X By, (). Then A’ is a hyperbolic set contained in W, and (D S"h(B3, (1)
X By (r)) € A. An expansive constant of f|4' is greater than
diam h(B3,(r) X B%(r)) for any 1 <¢ < N. Thus N f~"k(B;, (r) X Bz, (1))
= one point if {j,}edJ. I[I(Z)=A. For any xed and necZ, there
is U,,, with f"@®eU, C E(B;i”(x) X B, (x)). Thus ze N f ‘"E(B;i”('r)
X Bf»‘t,,(T))- Therefore 4 C A'.

Put B; = h(B,(r) X B%(1), B = {Bi}i_1,....n-
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Then # and T = (f;;) define the required subshift. This completes the
proof.

COROLLARY. Let f:M — M be an Anosov diffeomorphism. Then
there are a subshift of finite type X2 and a semi-conjugacy II:5 — M.

In the case when f satisfies 2(f) = M, the above was proved by
Sinai ([7]). But we don’t know that the above semiconjugacy can be
chosen such that there is an integer N with the cardinal number of
z(x) < N for any x e M([2]).
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