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ABSTRACT 

The pape r i s concerned w i t h s t u d y i n g t h e domain of p o s ­
s i b l e mot ion and a f i e l d of t h e t e s t body v e l o c i t i e s in t h e 
p lane r e s t r i c t e d problem of t h r e e b o d i e s . The s tudy i s based 
on e x i s t e n c e of a q u a s i - i n t e g r a l of a r e a s ( s i m i l a r t o an i n ­
t e g r a l of a r e a s i n t h e problem of two b o d i e s ) a s well a s on 
t h e J a c o b i i n t e g r a l . The method of c o n s t r u c t i n g t h e q u a s i -
i n t e g r a l s i s a s t a n d a r d one ( s e e , f o r example, [ 1 ] , [ 2 ] , 

QUA SI-INTEGRALS 

1.1 P r e l i m i n a r y m a t e r i a l 

Let u s c o n s i d e r a p l a n e dynamic sys tem, c o n s i s t i n g of 
t he two p o i n t b o d i e s of non-ze ro masses and a t e s t body. We 
assume t h a t p o i n t b o d i e s move around t h e i r b a r y c e n t e r i n 
c i r c u l a r o r b i t s and a t e s t body i s moving around one of t h e s e 
b o d i e s . 

We d e n o t e by M-̂  and M2 masses of t h e p o i n t b o d i e s , by R 
the d i s t a n c e between t h e p o i n t b o d i e s , by 1 d i s t a n c e between 
t h e p o i n t body of t h e mass M^ and b a r y c e n t e r , by H d i s t a n c e 
between t h e p o i n t body of t h e mass M̂  and t h e l i b r a t i o n point 
L1 ( by n t h e a n g u l a r v e l o c i t y of t h e p o i n t b o d i e s , by u r a t i o 
Mi/(M^+M2). Assume, fo r d e f i n i t e n e s s , t h a t a p o i n t body i s 
moving around a body of t h e mass Mj_. F u r t h e r , we i n t r o d u c e 
the p l a n e c o o r d i n a t e system xy ( s e e F i g . 1 ) r o t a t i n g wi th a 
c o n s t a n t a n g u l a r v e l o c i t y n, having o r i g i n i n M^, a x i s x , c r o ­
ss ing M2 and such u n i t of d i s t a n c e t h a t f o r a t e s t body 

m a x [ x 2 ( t ) + y 2 ( t ) ] = 1 . 
t 
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Fig. 1: Coordinate System 

It may be easily proved that equations of motion for a 
test tody in such restricted circular problem of three bodies 
under appropriate choice of the time unit have the form: 

x-2n 7 V(x- l ) - ij-I l - y 

/x2+y2 V(R-x)2+ y2 

y+2nx-n y 
8y L — + 

l - v 
,~2 2" / 72 2" 

•x +y / ( R - x ) +y 

] , 

3 . 

(1) 

where 
n = R ' 

,1 = R(l-U) 

together with Eblzmann's equation, whose particular solutions 
are integrals of the system of equations (1) have the form: 

3f • _,_ 3f . . 3f i 2 • A x . l - y ux 
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+ g-Hi)(R-x) 
((R-x)2 + y 2 ) 3 ' 2 

It is known that for the system of equations (1) there 
exists Jacobi integral. In addition to this classical integ­
ral we shall attempt constructing approximate integrals i .e . 
quasi-integrals for (1). 

In this paper we assume that one accomplishes the inequa­
l i t ies 

I 1 < H, 

1 << R 

We introduce a small parameter y = /1/R; decompose the coef-
3f 3f 

ficients by — and — from (2) into series in powers of Y; 
3x 3y 

then the euqation (2) may be rewritten in the form 

^ f - ^ V ? 7 ? ^ * v W . . . > -0 

Let a single-valued particular solution of the equation (3), 
having the form 

•o 

Z f. (x,y,x,y)Y1 = const., (4) 
i=0 

be called a quasi-integral of the order q of a test body of 
the circular restricted three-body problem. 

1.2 Jacobi's integral and quasi-integral. 

A simple verification shows that the relation 

0.5(x2 +y2)-0.5(x2+y2)n2 + n2lx-
(xW)1'2 

9 2~T72 n (5) 
((R-x)2+ y 2 ) 1 / 2 
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where h = cons t , i s an i n t e g r a l . I t i s the Jacobi in teg ra l of 
r e s t r i c t e d c i r c u l a r problem of t h r e e bodies. Let us r ewr i t e 
(5) leaving t h e terms to the s ix th order inc lus ive : 

0.5(x2 + y 2 ) - o V
2 i / 2 - Y 2 ( l -P)-Y 6 ((1 .5-H)x 2 + U- ) - h 

(x +y ) ( 6 ) 

I t i s easy to see tha t (6) i s a quas i - i n t eg ra l of the order 6. 
Let us name t h i s quas i - i n t eg ra l a s the Jacobi qua s i - i n t e g r a l . 

1.3 Quas i - in tegra l of t h e a r e a s , 
The equation 

Ofr-g) * Y3{ ( x W g- Ct*)[ ^ ' ^ + y 2 ) V 2 + ^ x y - *S- ]} -h 

+ (x2+y2)/2 - u / ( x 2 + y 2 ) 1 / 2 

Y 6 (3 ( l -p ) / xy dt + 15 l^L 

„ f (yy2-yx2-^ 2 x x i o ( - y x / ( x 2 + v
2 / / 2 + y ^ y - y j j _ 

To To 5 2 1 / 9 y d t j = C v* ) 
((x2 + y2)/2 - y/(x2 + y V ' V 

where C = cons t , shows tha t i t i s a qua s i - i n t e g r a l of the o r ­
der 6. We c a l l i t qua s i - i n t e g r a l of t h e a r e a s of a t e s t body 
of t h e r e s t r i c t e d c i r c u l a r problem of th ree -bod ies (if Y =* 0, 
then (7) becomes t h e in teg ra l of a r ea s xy - yx = C) . 

Procedures of cons t ruc t ing t h e quas i - in t eg ra l (7) con­
s i s t s in a d i r ec t s u b s t i t u t i o n of (4) into (3) and by s e l e c ­
t ing t h e terms a t equal powers Y and searching the s i n g l e -
valued p a r t i c u l a r so lu t ions of the equations obta ined. Thus, 
function f should be a p a r t i c u l a r solut ion of t h e equat ion. 

3fQ . 3fQ # 8fQ yx 3f uy 

3 x ~ X + 3 7 " * - &~ ( x 2 + y^sj2 - jf- ( x 2 + y 2 ) 3 / 2 = °- <8 > 

Obviously 

fo= xy - yx (9) 

i s t he p a r t i c u l a r so lu t ion of ( 8 ) . Similar ly , one f inds 

11 = 0, f2 i 0. (10) 

For function f3 one ob t a in s , by taking in to account (9) and 
(10), the equation 
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8 f 3 
S x - x + 

3fg 
ay 

af, px 3f, wy 
y -

3x (x2
+ y 2 ) 3 ' 2 " 3y ( x 2

+ y 2 ) 3 / 2 

- 2(xx + yy) = 0; 

for i t s p a r t i c u l a r so lu t ion 

f3 = x 2 + y 2 . 

Similarly a s for funct ions. f 1 and f2 one f inds 

f4 E 0, f5 = 0. 

(11) 

(12) 

(13) 

For f- t he equat ions (if one cons iders (9) , (10), (12) and 
(13)) has t h e form 

3x x 3y y 

UX 3f, uy 
. . , 2A 2,3/2 
3x (x +y ) ' 

, 2 . 2 .3/2 3y (x +y ) ' 

3( l -u )xy = 0. (14) 

(15) f6 = 3 ( l - u ) / x y dt 

i s (see Supplementary notes) the solut ion of (14) . Ibwever, 
if in (15) one passes to oscu la t ing elements (see , for exam­
ple , [ 3 ] ) then a f t e r i n t eg ra t i ng we ob ta in 

f6 = 3 ( l - p ) ( a 7 / m ) 1 / 2 { ( l - e 2 ) 1 / 2 ( c o s 2 a ) - s i n 2 o ) ) [ e cos E 

1 S ' 1 ' 9 9 ^ 9 

+ g- e cos E - g- (1-e )cos E] + cos to sinoij^s- e E 

- e (3+e 2 )s in E + g- e (2 - e 2 ) s i n 3 E + | - (2+e2)sin 2E3> 
Since 

E = (-1) arc s in xx + yy + kir 

2y ; , 2+ 2 ,1/2 r 2 , - 2 - ( x ^ ) /(x^+y ) -(x +y ) 
1/2 

(where k = 0, ± 1 , ± 2 , . . . ) , - t he function thus obtained f„ i s 
ambiguous. (In i t one has a suTimand t h e term) 
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^ | ( l - u ) ( a 7 / y ) 1 / 2 coao s i n u ) e 2 E ) . 

In o r d e r t o f i n d t h e d e s i r e d q u a s i - i n t e g r a l of a r e a s of o r d e r 
6, i n s t e a d of (12 ) one c h o o s e s t h e f o l l o w i n g s i n g l e - v a l u e d 
p a r t i c u l a r s o l u t i o n of e q u a t i o n (11) ( i n s u b s t a n c e , one i n t ­
roduce r e s t r i c t i o n s on some k i n d s of symmetry): 

f 3 = x 2
+ y 2

+ i | d - i i ) 

jsx_ 
(x +y ) ' 

0 . 5 ( x 2 + y 2 ) - i i / ( x 2 + y 2 ) 1 / 2 

( 16 ) 

and i n s t e a d of (15) 

f 6 = 3 ( l - l i ) / x y d t + i | - ( l - y ) / ( y y 2 - yx2 + 2xxy) 

(x 
yx . • , • 

2 2 N i / 2 + y ( x y ~ ?*> 
+y ) 

( 0 . 5 ( x 2 + y 2 ) - y / ( x 2 + y 2 ) 1 / 2 ) 2 
d t . (17) 

1.4 A d d i t i o n 

By t h e method p r e s e n t e d in s e c t i o n 1 . 3 , one can show 
t h a t t h e r e i s no q u a s i - i n t e g r a l in t h e system ( 1 ) , which a t 
Y =*> 0 i s t u r n e d i n t o L a p l a c e ' s i n t e g r a l . 

THE VELOCITY FIELD 

Theorem 1 . Let C and h be t h e c o n s t a n t s of t h e q u a s i -
i n t e g r a l of a r e a s and of t h e J a c o b i - q u a s i - i n t e g r a l of a t e s t 
body in t h e r e s t r i c t e d c i r c u l a r t h r e e - b o d y problem. If C^O, 
h <0 and \i2 + 2hC2 >̂  O . t h e n i n t h e v i c i n i t y of t h e mass M̂  t h e 
v e l o c i t y f i e l d i s d o u b l e - v a l u e d . 

Proof . F i r s t assume t h a t x , y do not depend on y , i . e . 

x = A Q ( x , y ) , 

y = B Q ( x , y ) . 
(18) 

Then, i t f o l l o w s from (6 ) and ( 7 ) , t h a t p o s s i b l e a r e two 
p a i r s of f u n c t i o n s : 
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A Cy x s i gn x r 2 „ u 2 J3 . - .1 /2 
o 2 . 2 i 2A 2 L ^ + ^ ( h + , 2 / 2 , 1 / 2 ) ( X y ) : l 

x +y x + y (x + y ) ' 
(19) 

B = - C x + y s i gn x E c 2 , 2 n u , 2 v 2 , - , l / 2 
o 2 X 2 - 2 2 L K - + 2 C l ! + , 2 A 2 , 1 / 2 ( x y ) J 

x +y x +y (x +y ) ' 
I n t roduce t h e f o l l o w i n g p a r a m e t e r s 

r = (x2
 + yV/2 

2 2 1/2 <20> 
A = ( -C z + 2(h+ / r ) r ) ' ^ 

Nbw we assume t h a t x , y depends upon y and u p t o o r d e r of Y » 
we t a k e 

x = - C y / r 2 + AXY + A ^ 2 + A3Y3 + A 4 Y 4 

± X S l l ° X [ A2
 + B L ^ V

2
 + E3Y3

 + B 4 Y 4 ] 1 / 2 

r 

y = - C x / r 2 + Eĵ Y + E 2 Y 2 + E3Y3 + E4Y4+ (21) 

± y S l l n X C A 2
 + F l Y + F 2 Y 2 + F 3 Y 3 + F 4 Y 4 ] 1 / 2 

r 

a i b s t i t u t i n g (21 ) i n t o (6 ) and (7 ) and s u c c e s s i v e l y r e t a i n i n g 
te rms fo r Y,YZ,Y and y1* , we f i nd t h e f u n c t i o n s 

Aĵ  = B = E1 = F x = 0; (22) 

A2 = E - 0 

• 2 ( 2 3 ) 

B2 = F 2 = 2 ( l - u ) r ^ ; 

A3 = W2Cx2y/2r4A2 + ^ y / r 2 , 

E3 = W2Cy2
x /2r4A2 + T^x / r 2 , (24) 

B3 = W 2 y 2 / r 2 + W12C, 

F 3 = l ^ x 2 / r
2 + W^C, 

where 
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,2 „ „2 2 .2 
\ = r2 +rl 1-^c(-^+^-}2

+e_y_£i] (25) 
h" x r " r 4 

» « 15 i z t A
2C[ - H-+5! . ] 

"2 4 ~ 2 " u w - r T" 

h r 

A
4 " E

4 = E
4 = F

4 - ° - (26) 

DOMAIN OF MOTION OF A TEST BODY 
Denote by Ŝ  t h e domain of a p o s s i b l e mot ion of a t e s t 

body in t h e v i c i n i t y of t h e p o i n t of mass M̂  wh i l e computing 
t h e b o u n d a r i e s of t h i s domain we have t a k e n i n t o account t h e 
t e r m s c o n t a i n i n g Y1 . 

Theorem 2 : Le t C and h be c o n s t a n t s of t h e q u a s i - i n t e g ­
r a l of a r e a s and t h o s e of t h e J a c o b i q u a s i - i n t e g r a l i n t h e 
r e s t r i c t e d c i r c u l a r t h r e e - b o d y p rob lem. If C t 0 and h < 0, 
t h e n : 2 
wi th u + 2hC = 0 t h e domain Eg i s a c i r c u l a r r i n g 

-u+ ( 2 c V ( l - U + C Y ) 1 / 2 < r < - M - ( 2 C 2 y 2 ( l - U + C Y ) 1 / 2 

2 ( h + l ( l - n ) Y
2 + CY3) ~ ~ 2 ( h + ( l - y ) Y 2 + C Y 3 ) 

2 2 
w i t h ]i + 2hC > 0 t h e domain EL i s an e l l i p t i c a l r i n g ( i n ­
d i c e s i and j a r e used t o d e n o t e t h e i n n e r and o u t e r bounda­
r i e s of t h e r i n g ) having main a x e s 

a i ( e ) = r 2 i ( e ) ' r i ( e ) 2 h r . ( e ) + y C 1 + 16 ( 1 _ p ) 

* ivi'<v:cV ^ 
h r i ( e ) (27) 

, 2 C 3 
D i ( e ) r 2 i ( e ) 2 h r i ( e ) + u Y ' 

where 

r i ( e ) = ( " y ( ± ) C y 2 + 2 h C 2 ) / 2 h , (28) 

1-u 2 -»<±^2+ 2 h C 2 ) 1 / 2 

2 i ( e ) v h ' ' 2h 

,2 
( t , %-W Y 2 (29) 

2h(y + 2hCryL / 
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The first part of the theorem follows from the formulae 
(20)-(25). Let us prove the second part of the theorem. 

It follows from the formulae (20)-(22) that the boundary 
Ŝ  can be computed by formula (28); from formulae (20)-(23)it 
follows that the boundary S2 can be computed by formula (29). 
Then, it follows from formulae (20)-(24) that the boundary S3, 
which is described by the end of vector r«f, . with the ori­
gin in Mx and with the length "<>e; 

r3i(e)(xi(e) yi(e)> = ri(e) + pi(e)(xi(e)'yi(e)>y3» <30> 

i s fo l lowed by t h e e q u a l i t y 
2 2 

<2toi(e) + »>pi(e) + CCr?(e) + i f .<^> ^ 4 ' ^ ^ ><>. 
*<e> (31) 

Equat ion (30) by v i r t u e of (31) and (20) may be r e w r i t t e n i n 
t h e form 

i ( e ) 1 5 ^rife'> - C > 

'.i«., -'««., - <sr-T7C B +# ^ • # : — ] 

Ju> 1(e) 

• "'<<>) C , Y 3 . 
2 h r l ( e ) + 1 

I t r e m a i n s t o n o t e t h a t t h e end of t h e r a d i u s - v e c t o r r g . , . 
s e t s an e l l i p s e wi th main a x e s ( 2 7 ) . 

Consequence 1 . S, and S„ a r e c i r c u l a r r i n g s . 

Consequence 2 . S2 c S3 l c > Q, S2 = S3 L, <Q , S3 1 ^ = 8 3 ^ 

( s ee F i g . 2 ) 

The f i r s t consequence f o l l o w s from (28) and ( 2 9 ) ; t h e 
second one - from (27) and t h e o b v i o u s i n e q u a l i t i e s 

2 h r e + u < 0, 

211^ + y > 0 . 

SUPPLEMENTARY NOTES 

Let u s p a s s i n (14) from x , y , x , y t o t h e o s c u l a t i n g 
e l emen t s a,e,u>, M i . e . 
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Fig . 2: The domain S ^ | c > 0 ( a ) ; S 3 l c < 0 ( b ) , and 

S 3 ' c > 0 f S 3 ' c < 0 ^ i f ' C ' = c o n s t - . n = const , 

!£s t • _ i . _ yx 3f. uy 

6 - t — x + 3 J : y _ <_L _ 8 * 

3x ( x 2
+ y 2 ) 3 / 2 " ~ 3 y ( x 2

+ y 2 ) 3 / 2 

_ _ py -, IK 

3* 3y 

3 f * r aa ^ . __ _ _ _ _ _ _ _ _ _ _ _ _ 

8a 3x 3y y " 3 x " 3 i ( x 2
+ y 2 ) 3 / 2 " 3y ( x 2

+ y 2 ) 3 / 2 

3f 
+ _ § . [ _ i + _ ^ _ 3e yx _ 3_e „ -, 

3e 3x 3y 3x ( x 2 + y 2 ) 3 / 2 3y ( x 2 + y 2 ) 3 / 2 
J _ 

3f , 
3_ y _ + _ _ [ _ x + _ y _ _ yx _ _ _ _ _ _ _ _ -, 

3y 3x ( x 2 + y 2 ) / 2 3y ( x 2 + y 2 ) 3 / 2 3io 3x 

3f, 
+ _ _ [ 3 _ x + 3 M . y _ _ . yx 

3M 3x 
___ ^ - y y -j 

3y 3x ( x 2 + y 2 ) 3 / 2 3y ( x 2 + y 2 ) 3 / 2 

(32) 
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By u s i n g wel l known fo rmu lae 

( u a ( l - e ) 2 ) 1 / 2 = xy - yx 

2y y -2 . .2 
K - *— = x + y , a ( l - e c o s E) 

a ( c o s E - e ) = x coao + y sinu , 
2 

a ( l - e ) s i n E = -x s i n u + y c o s u, 

M = E - e c o s E, 

one can snow t h a t i n ( 3 2 ) . 

3a 9a • 3a yx 3a yy 
~"~~ V — —— „ „—w ilk — _ l 

3x 9y ' • 3x ( x 2
+ y 2 ) 3 / 2 ~ B T ( x 2

+ y 2 ) 3 ' 2 ~ ° ' 

l£ v + I S v _ <L£ yx 3_e py _ . 

3x 3y 3x ( x 2
+ y 2 ) 3 / 2 " 3y ( x 2

+ y 2 2 3 / 2 " ' 

3x 3y y ' a l ( x V ) 3 / 2 ~ 7 F ( x 2
+ y 2 ) 3 / 2 = °* 

i M . x + 3M. v ?JL P x 3M_ yy _ . 
3x 3 y y " 3 x ( x 2

+ y 2 ) 3 / 2 " By ( x 2
+ y 2 ) 3 / 2 
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