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1. Introduction

Systematic ways of constructing general solutions of the vacuum Einstein
equations are provided by Cauchy problems of various flavours. One such
classical problem consists of prescribing initial data on a light-cone. The formal
aspects of this Cauchy problem are well understood by now [5, 9, 11, 19].
However, because of the singularity at the vertex, there arise significant difficulties
when attempting to prove an existence theorem for general initial data, and only
special cases have been established in the literature so far [4, 5]. It is the purpose
of this work to fill this gap and prove an existence theorem for an exhaustive class
of initial data, in the sense that every smooth light-cone in every smooth vacuum
space—time arises from our construction.

Ricci-flat metrics are flat in space—time dimensions n + 1 = 2 and 3, which
renders trivial the associated local Cauchy problem on the light-cone. Therefore
we restrict attention to n > 3.

We will prove existence of a space—time with initial data on a light-cone Cy,
with vertex O, using the wave-map gauge scheme of [5, 11, 19]. For this one

(© The Author 2014. The online version of this article is published within an Open Access environment subject to the conditions of the Creative
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needs to prove that the initial fields g,.|c, arise from some smooth metric, so
that the Cagnac—Dossa theorem applies [13]. In this scheme the fields g,,|c,
are constructed by solving a set of wave-gauge constraint equations starting
from geometric initial data (g, «) (for notation, see below), which results in a
tensor field g,.,|c, on Cy with seemingly intractable behaviour at the vertex. The
problem addressed, and solved, in this work is to show that g,,|c, is indeed the
restriction to C, of some smooth metric, which leads to our first main result:

THEOREM 1.1. Let A be an n-dimensional manifold, n > 3, and let O € .
Consider a symmetric tensor g induced by a smooth Lorentzian metric C on its
null cone Cqy centred at O. Then there exists a smooth metric g defined in a
neighbourhood of O, solution of the vacuum Einstein equations to the future of
O, such that C is the light-cone of g and g is the restriction of g to TCy.

The proof of Theorem 1.1 is outlined in Section 2.

The neighbourhood, say &, of O constructed in the proof of the theorem is a
priori very small; in particular, it does not necessarily enclose Co. Once & has
been obtained from Theorem 1.1, one can appeal to [18] to obtain a vacuum metric
defined in a (small) neighbourhood of the smooth part of Cy.

In Rendall’s approach to the characteristic initial value problem [19] one
requires an affine parameterisation of the geodesic generators of Cy: ¥k = 0. In
coordinates adapted to the light-cone, one prescribes a tensor field

yap(r, x6)dx*dx®

which determines g after multiplication by a conformal factor. In such a setting
we prove:

THEOREM 1.2. Let yap(r, x¢)dx" dx® be induced by a smooth Lorentzian
metric C on its light-cone centred at O in adapted coordinates, where r is a C-
affine parameter. Then there exists a smooth metric g defined in a neighbourhood
of O, solution of the vacuum Einstein equations to the future of O, such that

gaBlc, = QZVAB,

Sfor some positive function §2 which is the restriction to Co of a smooth function
on space—time, where r is a g-affine parameter.

We show in Section 3 how to deduce Theorem 1.2 from Theorem 6.1 below.

There exists yet another scheme for prescribing the initial data on Cy, where
the fields g,,|c, are given a priori, and the ‘wave-map gauge constraint functions’
U, ¥*|¢c, are calculated from the data [9]. To establish existence of solutions
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within this scheme, given g,.,|c, one needs to prove that a certain vector field
W arises as the restriction to the light-cone of a smooth vector field. We prove
that this is the case when the fields g,,|c, arise from the restriction to the light-
cone of a smooth metric, leading to the following theorem.

THEOREM 1.3. Given any smooth Lorentzian metric C, there exists a smooth
metric g, defined on a neighbourhood of O and solving the vacuum Einstein
equations to the future of O, such that

gp,vlCo = Cuv|Co~

The proof of Theorem 1.3 is the contents of Section 7.

There is a useful lesson to learn from this work, that an effective way of solving
constrained problems on a light-cone proceeds by constructing Taylor series that
provide approximate solutions of the characteristic constraint equations. Another
key observation, without which this work would not have been completed, is that
a Taylor series solving all the equations is not needed for the argument. Our
approach opens the avenue for proving light-cone existence results, with data
on a light-cone at finite distance or at past infinity, for Yang—Mills equations,
Einstein equations with matter fields, or any other constrained nonlinear sets of
equations. We note that, even for linear constrained systems, such as Maxwell or
Dirac equations [17], the question of existence of smooth solutions of the Cauchy
problem on the light-cone has not been solved so far, and the method here provides
a good candidate for settling the problem. The idea of using Taylor expansions
has meanwhile been implemented in [10, 15] to prove existence of solutions of
the vacuum Einstein equations with scattering data on the future light-cone of past
timelike infinity.

2. Outline of the argument

Throughout, we use the conventions and notations from [5]. In particular,
the coordinates x are linked to the coordinates y, which define R"*! as a C*®
manifold, by the relations

YW=x"—x% y =rO@'(x* with 2:@"()/‘)2 =1, 2.1
i=1

where the x# are local coordinates on the sphere S"~!, or angular polar
coordinates. In the adapted coordinates {x*}, on the light-cone the metric is
written as

2 = 200(@x")? + 20, dx"dx? 4+ 2v9dx" dx' + 2g 5 dx* dx®.
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We underline components of tensors in coordinates y and do not underline those
in coordinates x; we overline the restrictions to (‘traces on’) Cy. Thus g,,, denotes
the components of the metric in the x-coordinate system, guworg denotes the
components of the metric in the y-coordinate system, g, denotes the restriction
to the light-cone of the components of the metric in the x-coordinate system,
and so on. We use the wave-map gauge with a Minkowskian target metric; in the
notation of [5], g = 1. We assume that we are given a smooth metric C, for which
we introduce normal coordinates y*.

As discussed in [9], there are many ways in which C can be used for the
construction of a solution. We give existence proofs for three such schemes
here. Theorem 1.1 is the most elegant geometrically, and the most natural from
our perspective. We prove Theorem 1.2 because this is a setup which is most
widely used in the literature. Theorem 1.3 is natural for many applications, such
as numerical treatment, or possible generalisations to matter fields. The core of
the three proofs is the construction of approximate solutions of the characteristic
constraint equations in Section 5. This has to be complemented by further
arguments, which differ according to which scheme is used, possibly in different
orders. For this reason it seemed simplest to organise this paper by following the
hierarchical nature of the Einstein equations. This does not necessarily coincide
with the order of the arguments within each distinct setup.

In Theorem 1.1 one assumes that the angular part C,p of the Lorentzian metric
C,., provides the initial data tensor field g := g,, dx* dx? directly,

EAB = fAB .
Then the parallel-transport coefficient «, defined through the equation
Vﬁr 8r =K ar s

is determined, at least in a neighbourhood of the vertex O, from fAB by
algebraically solving the Raychaudhuri equation:

.[2

81T-KT+

+lo)* =0. (2.2)
n—1
Here 7 is the ‘divergence scalar’ of C, (cf. (3.13) below) and o its ‘shear tensor’
(defined at the beginning of Section 3.1). The remaining metric functions g, on
the light-cone can then be obtained by solving the wave-map gauge constraint
equations of [5] in adapted coordinates x. A coordinate transformation, which is
singular at the vertex of C, because the adapted coordinates are singular there,
provides the y-coordinate components g,,, of the metric. As already pointed out,

the difficulty is to show cone-smoothness of the metric functions 8, near the tip
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of the light-cone. (We say that a function f on Cy is cone-smooth if there exists
a smooth function ¢ on space—time such that f is the restriction of ¢ to Cy.)

For this, the first step is to obtain sharp control of the behaviour at the vertex
of the fields |o|%, T, k, and vy = g,,. This is carried out in Sections 3.1, 3.2, 3.3
and 4. While the proofs there are easy in retrospect, the simple solutions that we
provide might not be completely obvious.

The already-mentioned next key step, established in Section 5, is the proof of
existence of a smooth space—time metric C uv» 10 the wave-map gauge, which
solves all the wave-map gauge constraint equations up to an error term. For

smooth C,,, the error term decays to infinite order at the origin, with C AB = 8ap»

and with the corresponding function vy := Cor associated with C differing from
Vo := 8 by an error term which again decays to infinite order at the origin.
(A function f is said to decay to infinite order near r = 0, we then write
f = 04 (r™),if forall N € N we have | f| < Cyr" for small r for some constant
Cy; similarly for all derivatives of f.) For C,, with finite differentiability, say
C*, the error terms above can be made to decay to order O(|J1|k””‘), for some
m; € N independent of the differentiability index k and of the dimension.
The second constraint equation is then rewritten as an equation for

va — Coa Where vy := g4,

the solution of which is shown to decay to infinite order at the origin in the smooth
case, or to order O(|y|*~™~™2), for some m, € N which again does not depend
upon k or n in the C* case. The final constraint is rewritten as an equation for

EOO - C007
the solution of which is shown to have similar decay properties at the origin. The

decay properties of the differences of metric functions allow one to show that the
y*-coordinate components g,,, of g can be smoothly extended off the light-cone

in the C* case, or C¥~"1—m2~"3_extended in the C* case, for some m5 independent
of k and n. This allows us to use the Cagnac—Dossa theorems [2, 12] to solve the
wave-gauge reduced Einstein equations. When k is large enough one can then
appeal to the results in [5] to obtain Theorem 1.1 or, in fact, its somewhat more
general version, Theorem 6.1 below.

In Theorem 1.2 the metric functions C4p provide a conformal class,

—_ . 2~
8ap = $§2°C 3,
in which case one needs to solve the Raychaudhuri equation, understood as a

second-order ordinary differential equation (ODE) for the conformal factor £2.
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The reduction of this problem to that of Theorem 1.1 relies on the analysis
of T and |o|? carried out in Sections 3.1 and 3.2. Using the Raychaudhuri
equation (‘first constraint’), in Section 3.3 we determine the divergence t and
the conformal factor £2 relating g ,, and the initial data y,p5 = C a3, and analyse
their properties at the vertex. This part of the argument is rather similar to that
in [6] where, however, restrictive hypotheses have been made on the initial data.

In Theorem 1.3 all the metric functions are prescribed directly on C, using the
metric C,

g;w = 6#” :

As a first, and key, step of the proof we construct a metric Cv’,w such that

C W = f,w, the Ricci tensor of which, when contracted with a null tangent to
the light-cone, decays to infinite order on C near the vertex along the light-cone.
The equations S,,,£" = 0, where S is the Einstein tensor and £ is tangent to the

. . —u
generators of the light-cone, become now equations for a wave-gauge vector H' .
One then needs to show cone-smoothness of the metric functions H_M near the tip
of the light-cone. Comparing a suitably defined gauge vector H", as calculated

for the desired vacuum metric, with the_harmonicity vector H #as calculated for
the metric C,, allows us to show that H " extends smoothly. One completes the
proof by known arguments.

3. From a conformal class y to g

Consider a tensor field y which is induced on C, by a smooth metric C
in a space-time neighbourhood of Cyp, i.e., yap = C 45, where C,p are the
components with indices A B in the coordinates x of a metric C. The smoothness
of C is insured by the hypothesis of smoothness of its components C,g in the y-
coordinates. (This property is clearly a necessary condition for the desired vacuum
metric to satisfy the requirements of our theorem.) Then g, ; = 2%y, will be the
components in the coordinates x of indices A B of the trace of a smooth metric if
and only if the conformal factor £2 is the trace of a smooth positive function.

Consider a metric C such that C(O) = n, the Minkowski metric. If C is C* with
values 1 at O then its components in the coordinates y admit at O an expansion,
where the ¢ are numbers, and the error terms o;(|y|*) (see the beginning of
appendix A for the definition of the symbol o, (|y|¥)) are C* functions of the y, of
the form

k
1
Cap = Mg + D = apn-ay -3+ 0x ()
p=1 7"
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(compare Lemma A.1). If 9,Cg, (O) = 0, the expansion starts at p = 2. This is
satisfied in particular if the y are normal coordinates for C with origin O. In the
coordinates x it holds that

, . 00196
Con =G o

where
n

YV=r y =ro, Z(@")2 =1.
i=1
On C, this leads to an expansion of the form, with the ¢ and the d numbers
determined by the C;;:

Yap = Cap

. -k
0" 06/
=r? Sap + Z(Ci./lhl...hpyhl .. .yhp

oxA 0xB
p=l1

3.1
+ r dij,hl,,.hp,lyhl e yh”_')} + Ok(rk+2)

00 e/
::r2 SAB + __(cij —|—rd”)}

oxA 0xB

We note that an exhaustive intrinsic description of such tensors y,p in space—time
dimension four can be found in [7]. (We take this opportunity to point out that the
‘only if” part of Theorem 1.2 of [7] is not sufficiently justified. However, the ‘if’
part is correctly proved, and this is enough to infer Theorem 1.1 of [7], which is
the main result there.)

3.1. The functions |o|? and T. The function |o|> which appears in vacuum as
a source of the Einstein wave-map gauge constraints is defined on Cy by
lo|* :=ox"0p",

where 0,¢ is the traceless part of %)/Bcal Yas. We assume that there exists a
smooth metric C such that
vap = Cas,
and we start by studying the differentiability properties of possible extensions of
|o'|? off the light-cone.
More precisely, let y* denote normal coordinates for C centred at O. Set

1
L=y X = 2 LiCu e (3.2)
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Let the coordinates x* be defined as in (2.1):
0__ 1 0 i i A . . P AN
y=x —x, Yy =x060x") Wlch(@(x N =1. 3.3)
i=1

We write interchangeably x! and r. As already mentioned, we underline the
components of the metric associated with the coordinate system y*; for example,

Co = C(Dyu, ),  Cpy = C(dyu, d0),

and so on. Recall that in normal coordinates it holds that [20] (see [7,
Appendix B] for a reference which is easier to access)

Cuw¥" = nuy". (3.4)

One has the identity
L=x"30+x"d,, (3.5)

which implies that on the light-cone we have L = x'd; and

L1Chy = x"9,Cpy + 89Cy, 4+ 89Co, + 8,C1, + 81Cy..

In particular,
L,Cap = X131CAB = xlalyAB-

It follows from definition (3.3) that (3.4) is equivalent to
Cu=1, Cy=0,
which is further equivalent to
—01 O —AB AB

c'=1 C 0, C"=y8, (3.6)

where C48 are the contravariant components with indices A B in the coordinates
x of the metric C. (The last equation, (3.6), is, of course, a consequence of the
remaining ones.) The tensor X defined in (3.2) obeys the key property

This allows us to rewrite

1 l—s—n—n— 1 _ 1 —
EVBCBLVAB = ECBcachB = ;(53 + CBCX yp) = ;(55 +Z<Y), 3.7
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where we have introduced the smooth space—time tensor
Z', = C"X;,. (3.8)

Hence 042 can be constructed from the restriction to the cone of the traceless part
of Z2 4. We can then calculate the norm |o |? using Z, as follows. We have

trZ = C*X,, = y"¥ X 43, (3.9)
|Z)? = trZ2 = CHaC¥X 1, Xop = Y Py PXuc X 50, (3.10)

which implies that the norm |o'|* equals (x')™> = r~2 times the restriction of a
smooth function in space—time to the light-cone:

1 1
lo? = r—2<IZ|2—n l(trZ)z), (G.1D)

as desired. Incidentally, this equals (1/7?)|Z™|2, where Z™F is the trace-free part
of Z.
Note that X,, = O(r?) along Cy, which shows that for smooth metrics C in

normal coordinates the function |o|? is O(r?) and has an expansion for any k, up

to a factor r—2:

k
1 i 1 / i i
lo|? = _2(2 Oir iy ey trop o Yy + Ok(rk)>~ (3.12)
r\=
This can also be written as

k
o> = Z o 1P+ o0 (),
p=4
with
@il e @il’*l .

When C is used to prescribe y, the function 7 is obtained by integration of
one of the wave-map gauge characteristic constraint equations; we return to this
in Section 3.3. On the other hand, if C is used to prescribe g := g, dx* dx®
directly as g = C,p dx”* dx®, then the divergence t of the light-cone,

T:=18"%0,3.p (3.13)

— )i o1 ’
op:=0;.,0" - O7+ 0,

Lo Ip R P

(often _denoted by 0 in the literature; cf., for example, [16]), is calculated directly
from C 4. In that last case, it follows from (3.7)—(3.9) that

1 4p 1 AB 1 —
TEE)/ BlyAB:;(n—l—l—y XAB):;(n—l—I-trZ). (3.14)
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Hence, in such a context the function rt is the restriction to the light-cone of a
smooth space—time function, with

rt—(m—1 =0(@?). (3.15)
Summarising, we have proved the following.

PROPOSITION 3.1. Suppose that o and t arise from the light-cone of a C*

metric with affinely parameterised generators. Then rt and r*|o |* are C*~!-cone-
smooth. Further, |o|?> = O(r?), and (3.15) holds.

3.2. Boundary conditions on k. As discussed in detail in [5, 9], one of the
important objects appearing in the formulation of the characteristic initial value
problem is the following connection coefficient «:

V8, = Kk, (3.16)

A rather natural gauge-choice is to assume that the generators of the light-cones
are affinely parameterised, which translates to the condition x = 0. However, it
might be more convenient in some situations not to impose this restriction. The
question then arises, what is a natural class of functions « for the problem at hand.

To motivate our hypotheses, suppose, momentarily, that the tensor field g =
gap dx? dx® arises from a smooth vacuum metric g, using a smooth coordinate
system in which the light-cone takes the usual form {y° = |y|}, but the coordinates
y* are not necessarily normal, and so « is not necessarily zero. In this case t still
behaves as (n — 1)/r near and away from r = 0; hence is nowhere vanishing for
r sufficiently small. We can then algebraically solve for « from (2.2):

1 2
T(811+ +|o| ) 3.17)
We rewrite this in the following way:
1 ro o
re = ( 0 ro|(rt) — (r7) —|— 1 +rolo]” ). (3.18)

Now we have seen that, in normal coordinates, »t and r*|o |? are restrictions to the
light-cone of smooth functions, with rt —,_,o n — 1. Since t and o are intrinsic
objects on Cy, it is natural to suppose that these properties will remain true in
the new coordinates. But then the right-hand side of (3.18) is cone-smooth. This
motivates the condition that rk is the restriction to the light-cone of a smooth
function on space—time; equivalently,

rk is cone-smooth. (3.19)
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We also find that
k= 0(r), (3.20)

whenever |o|?> = O(r?) together with (3.15) holds.
In any case, the fact that (3.19)—(3.20) are adequate assumptions on x in the
setup of Theorem 1.1 is provided by the following proposition.

PROPOSITION 3.2. Suppose that T and o arise from an affinely parameterised
light-cone of a C* metric C. Then

Kk is O(r) and rk is C*~*-cone-smooth.
Note that « here refers to the acceleration parameter of the vacuum metric
g with the same fields v and o, and not that of C (for which the acceleration

parameter « is zero by hypothesis).

Proof. In normal coordinates y* for C we have

2

81T+ 1 +|O’| +T11 =0, (321)

where rt and r?0? arise by restriction of smooth functions on space—time, and

where
i J
I, = T00+2T01 =+ 1= Y .
=3 L
If we use g := Capdx”dx? as initial data for a vacuum gravitational field,

comparing (3.21) with the Raychaudhuri equation (2.2) we will have

= Ty 2 Tl
oG ETRET
Equivalently,
rK = —%(hrz + 2T y't + T y' y7),
which shows that the resulting function « satisfies (3.19)—(3.20). ]

From now on, consistently with the above, we will assume that the parallel
transport coefficient « satisfies (3.19)—(3.20).
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3.3. Integration of 7 and of the conformal factor. As already mentioned in
the introduction, in the approach of Rendall [19] the tensor field g = g, dx* dx®
is taken of the form

8ap = Qz)’AB,

where the tensor field y,5 is a priori given. Using (3.28) below, (2.2) becomes
then an equation for the conformal factor £2. Our objective is to show that the
function £2 so obtained is cone-smooth when y, 5 arises from a smooth metric C:
vag = Cagp.

Indeed, in the remainder of this section we will show that there exists a smooth
positive function on space—time, say x, so that £2 is the restriction to the light-

cone of y. Setting éAB = x2C4p, we then obtain g,, = C‘AB, where C is a
smooth tensor field on space—time. This reduces the study of Rendall’s approach
to our treatment in Sections 4—6 below.

To prove existence of x we follow the approach in [4], with some
simplifications, and making more precise the results there, as possible in the
current context.

To carry out the analysis it is convenient to introduce

where t is the divergence of C, given by (3.13). In terms of y, the vacuum
Raychaudhuri equation (2.2) reads

y=14+ky+ lo >y, (3.22)

n—1
We assume that |o|? is of the form (3.12); this will be true when the metric C
inducing y is C¥!, and thus for any k when C is smooth. We further assume that

K satisfies (3.19)—(3.20), with r«k being the restriction to Co of a function of C*
differentiability class. Lemma A.1, appendix A, shows that « has an expansion

1 k
= - 177 5, 3.23
K rZKI 1r? +o0r(r®) (3.23)

p=2

with

Kpot =K. 1,0 - OF 41y OO, (3.24)

Lip—g

for some collection of numbers «;, ; and Klf]_

7 wip-1”
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Using known arguments (compare [1, 8] and [14, Lemma 8.2]), it follows from
(3.22) that there exist functions y; € C*°(S"~!) such that

k+2
=Y+ 0

i=! i (3.25)

ki » i k+2
=r+—r + i+ o (r
> ; wir' + 0, (r*+?)
(with the first nonzero term in the sum being equal to 047> /5 when k = 0), where
the y,_; take the form

Ypo1 = Vi, ip@i] O+ y/iln. O ...@0! , (3.26)

ipo
for some collection of numbers y;,.;, and y; ; .Lemma A.l shows that, for
all k € N U {oo}, the function y/r is the restriction to Co of a C* function on
space—time equal to one at the origin.
Let 5y be defined as
y=r(+38y);

thus 8y is the restriction to Cy of a C* function on space—time vanishing at the

origin. Hence
n—1 n—1 n—1 (1 Sy )
T = = = — ,
y r(144dy) r 1+ 46y

which shows that 77 is the restriction to Co of a C* function on space—time equal
to n — 1 at the origin.

Let us write
8ap = €“Vas- (3.27)
We then have |
r = 3 log/dety + nTa'“” (3.28)
with w|,—o = 0. Integrating this equation for w, Lemma B.1 allows us to assert

the following.

PROPOSITION 3.3. Let k € N U {oo}. Suppose that the metric yap arises by
restriction to Cy of a C**' metric in normal coordinates, and that we are given a
function rk which is the restriction to C of a C* function vanishing at the origin
to order two. Then the conformal factor 2%, relating g, and y,p, obtained by
solving the vacuum Raychaudhuri equation,

2

T — KT + +lo)* =0, (3.29)

n—1

is the restriction to C of a C* function which equals one at the vertex. O
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4. Integration of v,

From [5], in vacuum and in wave-map gauge the following equation has to
hold:
0 T o, L_ap
v = — §+K v —I—Eg rSug- “.1)

We want to show that the function vy, solution of (4.1), is the restriction to the
light-cone of a smooth function on space—time. For this we rewrite (4.1) as

1
rop’ = — i +ri WO+ —EABrzsAB. “4.2)
2 2
Let the conformal factor §2 be defined by
Zan = 2°Vas, (4.3)
with 2 =14 O(r?), and let ¢ be defined as
dets \ V@2 det 1/(2n—2)
o= (=8 = o =Y , (4.4)
detsn,l detsn,l
with ¢ = r + O(r?); recall that
T

T=(mn—1)0,logp equivalently 0,9 = 7 4.5)
n

-1
We assume first that k = 0. Using ¢ we can rewrite (4.1) in the form

(/)("_1)/2

—EAB”SAB, (4.6)

81(1)0@(]1_1)/2) — 2

and hence, since V2™ V/2 —_ 0,

w—(n—l)/Z(r’ XA)

0 AN
v, x%) = 5

/ (" 2" B rsap) (s, x*) ds. 4.7
0
From (3.6) one has

Crony = y*8r2sap + 2. (4.8)
Using (4.8) one is led to

907("71)/2(}’, )CA)
2

Vo(r, x4 = / (" V227(Criny — 2))(s, xY) s ds. (4.9)
0

It now follows from Lemma B.1, appendix B, that V0 is the restriction to the
light-cone of a smooth function on space-time. One also finds that v° — 1 as r
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approaches zero. A closer inspection of the series expansion [4] of the integrand
shows cancellations which lead to

W =14 0(@". (4.10)
When « # 0 we let

H(r,x") = /rK(s,xA) ds, 4.11)
0

and then (4.9) is replaced by
(e =" D) (r, x)

.2 ) 4.12)
x / (@" V2272 (Cronyy — 200N (s, xM) 57! ds,
0

VO(r, x4) =

with identical conclusion.
Summarising, we have the following.

PROPOSITION 4.1. Under the hypotheses of Proposition 3.3, the solution vy of
(4.1) is the restriction to Co of a C* function which equals one at the vertex. [

We show in appendix C that for any smooth metric C such that C;4 = Cy; =
0, and for any cone-smooth function vy, there exists another smooth metric C
satisfying Cap = éAB, C~‘1A = C~‘1] = 0, and 601 = vy. This is not used in our
indirect proof below, but could be used towards a direct proof of our main results
in this paper, if such a proof is found.

5. Approximate polynomial solutions

As the next step, we construct a smooth metric which is an approximate solution
of the constraint equations.

Throughout this section the x* are Cartesian coordinates on R"*! in which
the metric coefficients are smooth, and the light-cone is given by the equation
Nuwxtx” = 0, where 5, is a diagonal matrix with entries (=1, 1,...,1) on the
diagonal. This should not be confused with the coordinates adapted to the light-
cone, denoted by x* in the remaining sections of this paper. One can think of the
coordinates x* of this section as the coordinates y* of Section 2, except that we
are not assuming that the x* here are normal for the metric C.

5.1. The scalar wave equation. In our construction of the solutions of the
Einstein equations we will need existence and uniqueness of approximate
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polynomial solutions for the scalar wave equation. This can be reduced to an
analysis of polynomial solutions of the wave equation in Minkowski space—time.
The aim of this section is to establish these results.

Let U, denote the Minkowskian wave operator,

0, =n""9,0,.
We start with the following observation.

LEMMA 5.1. Let k € N. For any homogeneous polynomial P of degree k there
exists a unique homogeneous polynomial W of degree k + 2 such that O, W = P
and Wc, = 0.

Proof. Any such P can be uniquely written as
P =Cyp o X" - x%, (5.1

where C,, ., is symmetric under permutations, C,, o = C,. «,): indeed, the
C,, .« can be calculated by differentiating k times the polynomial P, and hence
are unique.

We seek a solution of the form

_ o k2
W= A(Oll---aknak+1ak+2)x s X,

where A,, ,, is also symmetric in all indices. All such polynomials W vanish on
the light-cone, as desired.
We start by noting that the map

Aozl...ak = W= A(a]...ak nak+1ak+2)xa] o 'thAerz’ (52)

which is surjective by definition, is also injective. Indeed, this statement is
equivalent to the fact that the only solution of the equation

A(O{]...ak nak+1ak+2) - 07 (53)

is zero. To see this, let k + 2 = 2m + €, with € € {0, 1}. Contracting (5.3) with
noez | pom-19m we find that

0 [A%a e k=2m;
T AN, . k=2m A+ 1.

If k equals zero or one we are done. Otherwise one can contract now (5.3) with
nez . pom-3m-2 and using the previous equation obtain

0= Aalal S am—1By > k= 2m’
Awla1 Lo A1 BySs k=2m+ 1.

Continuing this way, after a finite number of steps we obtain the vanishing of
Aq .o as desired.
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Consider, now, the linear map which to the tensor A,, ,, assigns the tensor
Cy,. o Obtained in the obvious way from what has been said so far:

Agyop <> Wi 0O W <« Cqy q-

This map is injective: indeed, let O, W, = P = OW,; then O, (W, — W,) = 0,
with W, — W, = 0 on the light-cone, and hence W; — W, = 0 by uniqueness
of solutions of the characteristic Cauchy problem on the light-cone. Surjectivity
follows now by elementary finite-dimensional algebra. O

For further reference we note that for k > 2 one finds, in space—time dimension
n + 1, that

OW =k +2)n""0,(A,.. Ny X%+ o - X¥H)
=(k + 2)(k + D" Ay Ny X - - - X%
2D

(k+2)! N2k Agy M + 4 Xk XKD A ey gy Na

F kX = 1) X K Ay o oMl e X <+ X% S
= 77”” (2Aot1...ozk L + 4kA/4(a1...01k71 Naygyv
+ k(k - 1)Au_v(011...ak,gnak,lak))-xal EEED
=Qn+2k+ DAg, o +hklk = DA" 0o M 1o)X+ -+ X
So Lemma 5.1 is equivalent to the statement that the equations
2(” + 2k + I)Aal...ak + k(k - l)Auu(al.uakfznakflotk) = Cotl...ak (55)

have a unique totally symmetric solution A,, ,, for any totally symmetric Cy, _q,.
A similar but simpler calculation shows that the formula (5.4) remains valid for
k = 0 and 1, and so for example we obtain

C
—naﬂx“xﬁ, k=0;
2(n+1)
W = |
—CNapy X xPx?, k=1.

As an obvious corollary of Lemma 5.1 one finds the following.

COROLLARY 5.2. Let k € N. For any polynomial P of degree k there exists a
unique polynomial W of degree k + 2 such that O,W = P and W|¢, = 0. O

Let U, be the Laplace—Beltrami operator of a metric g. We will need the
following result, the proof of which gives a taste of the induction needed for the
corresponding result for the Einstein equations.
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PROPOSITION 5.3. Let g be a smooth Lorentzian metric, and let there be given a
coordinate system near p such that x*(p) = 0. For any smooth function \r there
exists a unique polynomial ¢y, of degree k + 2 such that

Ogpir — ¥ = OUxI"™),  dupalc, =0. (5.6)

If Yy = O(|x|%), then ¢rr = O(|x|*"?). The result remains true for k = oo, in the
sense that there exists a smooth function ¢, vanishing at the light-cone such that
U,¢s — ¥ vanishes to arbitrary order at the origin, similarly for derivatives of
arbitrarily high order of Uy¢c — .

Proof. By alinear change of coordinates we can without loss of generality assume
that g(0) = n.

We will use induction upon k.

For k = 0, existence is obtained by setting ¢, = (¥ (0)/2(n + 1))naﬁxo‘xﬁ. To
prove uniqueness, consider the difference of two such polynomials solving (5.6);
call it W. Introduce a new coordinate system where x' is replaced by ex’; one

obtains
0; (\/detg(ex)gi"(ex)BjW(x)) = O(elx)). 5.7

Passing to the limit € — 0 we find that
o,w =0,

and, since W vanishes on the light-cone, the vanishing of W follows from, for
example, Corollary 5.2.

Suppose, next, that the result has been established for some k; thus there exists
a polynomial solution ¢, to (5.6).

Taylor expanding r, we can write

v =Y+ 8% + O(x ),

where ¥, is a polynomial of order k, and §v, is a homogeneous polynomial of
order k 4 1. Similarly Taylor expanding U, ¢,, we can write

Oy — Vi = xop1 + O(x[), (5.8)

where x;.; is a homogeneous polynomial of order k + 1.
Let 8¢5 be the solution given by Lemma 5.1 of the equation

U, 00k43 = 0Ykt1 — Xew1-
This implies that
O 8B+ = 8% — Xar + O(Ix[FF2). (5.9

https://doi.org/10.1017/fms.2013.8 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2013.8

Cauchy problem on the light-cone 19

Set
¢k+3 = ¢k+2 + 3¢k+3-
Adding (5.8) and (5.9) we obtain

Otz — Y — 8 = O(Ix[*), (5.10)

which implies (5.6) with & replaced by k + 1, providing existence of the solution.
Uniqueness follows by a scaling argument similar to the one leading to (5.7),
where the equation for the difference W of two such polynomials becomes instead

3 (v/det g(ex)g" (ex)d; W (x)) = O(e|x|). (5.1D

When k& = oo, the function ¢, is obtained from the above sequence of
polynomials by Borel summation; see Lemma A.2 below. Uniqueness of ¢., up
to an O(|x|*)-function follows from what has been said, using the fact that the
difference W of any two such solutions satisfies (5.11) with an integer k as large
as desired. O

We also have a uniqueness result.

PROPOSITION 5.4. Let g be a smooth Lorentzian metric, and let ¢ be a smooth
function such that, for some £ € N,

0,0 = O(Ix[),  @lc, =0. (5.12)

Then
¢ = O(x|).

Proof. Let ¢, be the first nonvanishing homogeneous polynomial of degree k +
2 in the Taylor expansion of ¢, and suppose that k < £. Then ¢;,, vanishes on
Co, and a Taylor expansion of the left-hand side of (5.12) shows that U, ¢, = 0;
hence ¢, = 0 by Corollary 5.2, a contradiction. 0

5.2. The Ricci tensor. We continue with a perturbation lemma; namely, we
wish to deform a given smooth metric g to a new smooth metric g, with the
property that some components of the Ricci tensor of g tend to zero with decay
rate £ along the light-cone C, near its tip, with £ as large as desired, and such that
the new metric coincides with the old one on Cy.

The metric g in the current section should be thought of as the metric C in the
remaining parts of the paper. Similarly to Section 5.1, the symbol x* is not used
to denote the coordinates adapted to the light-cone, as is the case in the main body
of the paper: these are regular space—time coordinates near the vertex in which the
light-cone is given by the Minkowskian equation 7,,x"*x" = 0.
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LEMMA 5.5. Let g be a smooth Lorentzian metric with the light-cone Cy of O
described by the equation Co = {x*: n,,x*x" = 0}, where, as elsewhere, nqg
denotes the Minkowski metric. We assume moreover that

8up = Nap = O(x"), 35 8ap = O(Ix]). (5.13)

For any £ € NU {00} there exists a smooth metric g defined for |x| small enough,
which coincides with g on Co,

2w = B (5.14)
and such that
_~ . _~ )
R/u) = 0(|x|m1n(l,2))’ R;/.v-xv = 0(|x|£+l) + Punaﬂxaxﬂv (515)

© ~
Sfor small |x|, for some smooth functions P,, where R, denotes the Ricci tensor
of the metric g, and R its Ricci scalar.

Proof. The Ricci tensor of g can be written as
Raﬁ = _%Dggaﬂ + %(gotkaﬂl—')L + gﬁkaa[‘)\) +qaﬁ(g’ ag) (516)
Here, it is usual to take U, to be the Laplace operator acting on functions:
O f = |detg|™"29,(|det g|"2¢""d, f). (5.17)

Further, g is a quadratic form in the first derivatives dg of g with coefficients
polynomial in g and its contravariant associate, and the I'* are defined as
re.= g)‘“]"f;. (5.18)

However, instead of (5.17) one can take g""d,d,, with a different ¢ in (5.16); this
implies that it suffices to do the estimates below using g""d,,0,.
We assume first that £ < oo. The proof will be done by induction upon £.
¢ 0
To clarify notation, (g) will denote a metric satisfying (5.15). We set (g) =g,
©0)
consistently with this requirement. In particular, setting P, = 0, the result is true

for £ = 0. For £ > 1 the metric (é) will be of the form

0) (e=1) (E+1)
8ap= & op T 98 up> (5.19)

(e+1)
where the correction term 8g ,, will be O(|x|“*") near x = 0. Thus, the index
£ over g denotes the induction step, while the index £ over g denotes the decay

@ _ ©
rate for small x. We let R4 denote the Ricci tensor of g.
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The first step is to achieve the result with £ = 1. In this case the first equality

(1)
in (5.15) is the important one, since the second automatically holds with P, = 0.
It follows from the calculations that we are about to do that the result is achieved
by setting
~ ) N
S = & = &uv + NapX°xP A, (5.20)
where A, is given by (5.34). The formula (5.20) defines a Lorentzian metric for

|x| small enough, and maintains (5.13).
Similarly, for the result with £ = 2 only the first equality in (5.15) needs to be

2
established; the second one with (P),, = 0 automatically follows.
In all subsequent steps one wishes to establish the second equality in (5.15),
making sure that the first one remains true at each induction step.
So, assuming that the result is true for some ¢ > 0, we write

(e+1) () (£+2)
8 ap= 8up T 08 ap> (5.21)
(t+2)
where §g takes the form
(£+2) ‘
3g ap *= Apy Myeniyean X7 - X752, (5.22)

and hence vanishes on C,. We consider one by one the terms that occur in (5.16)

with g there replaced by g . We assume that (5.15) holds with R,s replaced by
© (£+2)
R,s, and we want to choose dg 4 to achieve the corresponding properties of the

o (£+1)
Ricci tensor of g .

The quadratic terms are simplest to analyse:

(L+1) +1) ©)
dus (8 0'8) = 4up (€, 98 + 0(x17) (5.23)
Indeed, ¢ is a sum of terms of the form

(C+1)_ (e+1) (e+1)
p(g)d ga g,

for a rational function p of (e?), which thus read (keeping in mind that 8(? =
O(|x|) for all £)

() +2)
p(g + 5g )8(g + 8g )8(g + d8g)
[(ONN (N

(p(g + 3g ) —p(g))a(g + 5g )B(g + 3g )+p(g)8g88

0(x|2) O(lxD O(lx)
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o 2 2042
+ 2p(g) 3g 0 5g +O(|x[77)
0(1) O(IXI) 0(|x|“rl
(GRNGIRG)
= p(g)agag + O(x|").
Now,
¢
_%D(Hl) (g)o,;; = ID(/) gaﬁ + O(Ix|"™), (5.24)
8
(e+1) ) (+2)
—%D(igl) g aﬂ D([) g(xﬁ D(é) 8g ap + 0(|x|£+2), (525)
where by (5.4) we also have
£+2)
__D(") 8g af ___D 8g af + 0(|x|[+2)
L0+ 20+ D Agpay.a (5.26)
+e(£ - 1)AaﬂM;L(oz1“.w,znaz,lag))xa] s x + 0(|x|(3+2)‘
Next,
(e+1) D e+ D), ( 0) (e+1) <
8 wlp =8 ,0( g ) = 8w dp(C g " s o)+ O(x|?)
(e) ©
= gaxaﬂ(g“” x ) T 0(|x|"+2) (5.27)
(0)

_gaxaﬂr + Naan™’ 3ﬂ( F k —FA ) FO0 (x|,

where, to estimate the error term in the last line, we have used

(N () +h
I, = = O0(x|™), (I " —F" ) = 0(|x[).

The underbraced expression in (5.27) can be analysed as follows:

REGa) ) (e+D);, (e+1) +D
nu(pk_["‘)zln( (29, & uwo— 9 & )

2
<6> 5 oma O ®
(29, g,w 05 gp,v))

0,58 e — 400 08 )+ O(x[ ).

The underbraced term in (5.27) thus reads

. L+2) | +2) )
n""(350y 88 o — 30804 38 ) + O(Ix[77).
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1 (l+1))L £+1) (£+1)

g 4.0« I' * gives a contribution to the

It follows that the sum (ng; )M 0p

o E+h (€+1)
Ricci tensor R 44 of g equal to

. (€+2) (€+2) (€+2) o
20" (0p0y 88 o + 00y 88 g — 0p0a 88 ) + O(IX]7). (5.28)

All this leads to the formula

+1) 1 (t+2) 1 £+2) (£+2) (€+2)
R op=—30, 88 o5 + 310" (050, 88 .o + 00y 88 .5 — p0u 68 ) (5.29)
© 42 :
+ Ros + O(Ix|2).
Inserting (5.22) with £ = 0 into (5.28), one obtains at O
2408 — 0" Aputag. (5.30)

Next, the polynomial part of (5.28) with £ = 1 reads
37’Mu((Aoz/A(ﬂ + Aﬂ/L(a)nvy) - pr(anﬂy))xy- (531)
For £ > 2 the corresponding calculations require more work: we have
(t+2)
aﬂav dg na — (et — l)AlwtﬂV(J/l---wfznwfl)/z) + 2ZAM0tﬁ(V1--~wfl77w)v
+ 20Aavon .yt Myop + 2A0ay iy Mpo) X7 - - - X7,

(£+2)
3/330, 8g AV = (Z(ﬁ - I)AMWSW(VI--~VK—277)//¢‘_|)//¢) + ZZAMV/S(VI-NW_] nw)a
+ 2LA ety Ty T 2A 009 ey M) X7 - - X,

which results in a polynomial part of (5.28) equal to

(%K(Z - 1)Aﬂaﬂu(y1...w,2 Mye_1ve) + %K(Z - DAHﬂaM(Vlmwfz Mye_1ve)
+ EAO‘()/I---W)ﬁ + EAﬁ(Vl--.w)a + EAH“U-(VL--W—I Nyop + KAILﬁH(VImW—l Ny

| (5.32)
+2AﬁdV1--~W - EZ(E - 1)AMH«/30¢(V1-~-V£—2nV£—1V€) - EAMMB(VL--VZ—I”W)“
— LA har Myop = A iy Npa) X7 - X7
. (+2) . e+n .
Recall that we wish to choose 8g so that the Ricci tensor of g = satisfies

(5.15) with £ replaced by £ + 1 there. In view of (5.26) with £ = 0 and (5.30), to
establish (5.15) with £ = 1 we need to show existence of solutions to the set of

equations
- (}’l - I)Aaﬂ - UMVA;anﬁ = _Raﬂ(o)a (533)
with symmetric tensors A,p and R.s(0). The solution is
1 1
Agg = —— | Rug(O) — —n""R,1,(O)nys ). 5.34
8 n—l( 5(0) " u()’]ﬂ) (5.34)
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0
Having thus established the result with £ = 1, we expand the Ricci tensor R of

© . .
g in Taylor series to order one,

©0)
Rup = Copyx? + O(Ix]%).

In view of the equations derived so far, we will obtain

©
Rup = O(Ix]) (5.35)
with £ = 1 if we can solve the set of equations
- (l’l + 3)Ao¢ﬁy + 3771“)((140(//.(/3 + Aﬁp.(a)nvy) - Auv(anﬁy)) = _Caﬁya (536)

keeping in mind that A and C are symmetric in the first two indices. Moreover,
because of the contracted Bianchi identity, C satisfies

C%p =2C%,. (5.37)
Now, either directly from (5.32), or by expanding, (5.36) can be rewritten as
—(n+ DAupy + Aayp + Apya + Aan Ny + App" Ny — 3A" 4@ty
= —Cypy. (5.38)

As a consistency check with the contracted Bianchi identity, we take a trace in
« and B of (5.38) to obtain

— 2(n + 2)Aaay + 4Ayaa = _Caaya
while a trace in « and y yields
—(n+2)A%p+24A,," = —C%,,

as required by (5.37).

To invert equation (5.38) we express Agqp, as a linear combination of all
possible linear terms which we can form from C,g, with the correct symmetry,
with unknown coefficients which need to be determined. Replacing that
expression in (5.38) gives a linear system for the coefficients, which we can solve.
The result is

Agpy =——————-Cupy + Copp + Cpya — C", i Nap)
By n+2)(n—1) By vB By yullap (5.39)

+c(C'punay + Craungy),

where c is an arbitrary constant. Choosing, for example, ¢ = 0, establishes our
claim with £ = 1.
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A similar, but rather more involved, analysis applies for £ > 2; note that (5.35)
remains true under the current changes of the metric for all £ > 2.

We Taylor-expand (}l?)aﬂ to order £. Note that so far all error terms were of
order O (|x|“"?), but this Taylor expansion leaves behind an error term O (|x|*™!).
Denote by

Cotﬂ)/l-uwxyl e x?

the homogeneous polynomial of order ¢ in that Taylor expansion. In view of (5.26)
and (5.32), the homogeneous polynomial of order ¢ in the Taylor expansion of

(e+1)
R 4 is
L0+ 20+ D Agpyy e+ €= D Aug" i sy iye)
+ %E(E — DA apuonna i + %ﬂ(ﬂ — DA popuyrpia vy
FlAwy1..vp T A1 .ya T EA wpi i Tyop T LAY By Ny (5.40)
+2Aﬂ°‘1’1~-~1’t‘711’@ - %E(E - I)AMHﬂa(VI---W—Zn)’é—lw) - EAMILﬂ(yl...yg,lnyg)a
—LA" oty s — A o Mpa + Capyy oy )X - X7

Multiplying by x?, and disregarding momentarily all terms involving the
Minkowski metric 1, we obtain

(= + 28 = D Aupy,.pp + CApon e T CAatyr. v0p

+ Copyy. ) XPX7 - x72 o41)
Set
Eugyr..n = Catpyr..n)s (5.42)
thus E,p,,. 4, 1s totally symmetric in the last £ + 1 indices. Let us write
Aayr.n = aCapyy..yy + b(Cotyyyp + Coin.yora) +Bapyr..n (5.43)
=1 Aapy; vy

where, for reasons that will become apparent shortly, we will choose the constants
a and b to cancel the following linear combination of the E,g,, ,, terms in (5.41):

—(n+€—=DAwpy..p) + CAGy..ypa + Eapyr.p = 0. (5.44)

To check that this is possible, we calculate

o~

Agpyr..yy =@+ D) Eopy, .y + bCigy ypyas
EAﬁ}’l---Vla :azcﬂylu-wa + bg(cﬁ()’z---wa)ﬂ + CVI (Vzu-wd)ﬁ)’
=a£CﬂV14--wa + b(caﬂ()/z---w)yl + - I)Cﬂ(n---w)yld
~ + Ca)/l(y2~--)/z)/3 + (£ = I)Cyl(yz---w)ﬁvl)’
CApy..ppa =20Epy, ya + (al + 206 — D) Cisy,1...p0a-
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We thus find that (5.44) is equivalent to
[—(n4+€—1)(a+b) +2b+ 1]Ey,, ., + [al — (n + 1 = )b] Cigy,..p)a
—0. (5.45)

We choose a to make the underbraced term vanish,
la=m+1-10)b,

and then determine b by requiring the vanishing of (5.45):
nm-—1Dm+L4+1)b="L.

Therefore the coefficients are

. n+1-/¢ b V4
T Dhn+r1i10 T —Datlto

Inserting (5.43) in (5.40), ([El)aﬁxﬂ now takes the form
)
Ponpy xPx7 | + (=52 + 2L + 1) Bopy,..y
+ £ — D) Bog" iyrypaMyeiy) + %E(E = DB apuinye sy iy
+ %E(ﬁ - 1)Bﬂﬂalt(}’lmW—znl’Z—IW) + EBOI(Vln-W)ﬂ
+ EBﬁ(Vlu-w)Ot + EBILHM(M---WA”WW + EBMﬁM(Vlmwflnw)Dl (5.46)
+ 2Bﬂ“7’1~~}’i—lw - %K(Z - l)Bﬂltﬂa(}/l~~~wfznw71yz) 5
— B  upii Myoa = EBY payrcyeci Myop = B  wyr.pipa + Mg Crry
+ 1y Conyoa) XX X7+ O (|x]4),

v v 0)
for some tensors C,, ,, and C,, ,, ,; we have denoted by Panﬁyxﬂxyu the
)
polynomial of order ¢ in the Taylor series of P,ng,x?x”. Without loss of

generality we can assume that C ..y 18 completely symmetric.

Many terms in (5.46) are proportional to n,,x*x", and thus are of the desired
form. However, in the homogeneous part of (5.46) of order £ + 1 there remain
some terms proportional to x, := 7,sx? which are nor multiplied by a factor
nuwx*x”, and which need to be set to zero. We start by removing from (5.46)
those terms which obviously vanish on the light-cone; what remains is

(= + 26+ 1) Bogy, .., +Bagy..ynp + €Bpo..yoa
+ EBMﬂH(VImW—InW)Ol + 2B130!V1-~V€—1V€ - EBMH.B(V]--YZ—I Ny (5.47)
— By e + nw(ﬁcylmw))xﬁxw ce XV 4 O (X[,
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To continue, the tensor Byg,, . ,, in (5.43) is taken of the form

Bogyr..ye = NapBy,..yes (5.48)

where B,, ,, is symmetric in all indices. The formula (5.47) becomes, up to terms
which vanish on the light-cone,

(= + 28 = Dnap By, + €Ny B.yop + €Bpyr..n 1 My
—E(I’l - I)Bﬁ(]/l..'wflr]w)a - (n - 1)By1...yg NBa (549)
+ na(ﬁCV1-~~Ve))xﬂxyl s x4 O(|x|l+2)-

Equivalently,
Nags(—(n + DU+ 2By, + Cypy)xPx - x7 4 O(x|2). (5.50)

Setting
1 v

B, ,=—"""\—C ,
Yi---Ve (n+1)(£+2) Y1--Ye

the polynomial in (5.50) vanishes. This finishes the induction, and proves the
result for all £ € N.

When ¢ = oo, the result is obtained by Borel-summing (see Lemma A.2) the
(£+2)
sequence of corrections dg constructed above. 0

For the purposes of Theorem 6.1 below it is convenient to have the conclusion
of Lemma 5.5 in coordinates which are harmonic for the metric g. Note that the
transition to such coordinates as in the next lemma will not change g, though it
will in general change the remaining metric functions on Cj,.

LEMMA 5.6. Under the hypotheses of Lemma 5.5, for any £ € N U {oo} there
exists a smooth metric g defined for |x| small enough, such that the tensor field
g = 8aslc, dx* dx® induced by g on Cy coincides with g, such that with (5.15)
holding for small |x|, and the coordinates in which (5.15) holds can be chosen to
be harmonic for the metric g, coinciding with the original ones on the light-cone.

©® . . . ®
Proof. We define x* as being normal-wave coordinates for a metric g defined

using a modification, explained below, of the proof of Lemma 5.5: by definition,

. . . . . . @ )
these are coordinates which satisfy the wave equation in the metric g, with x*

coinciding with the original normal coordinates x* on the light-cone.

Although some components of the metric tensor on C, will change when
passing to the new coordinates, the AB components will not. We need to
marginally modify the construction of Lemma 5.5 so that the introduction of
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harmonic coordinates does not affect the remaining conclusions of that lemma,
as follows.

We start with an observation. Suppose that a function f + §f solves the wave
equation for a metric 4. Given any other metric g, we then have

0=00,(f +8f) = h"8,0,(f +8f) = W I (W), & (f + 8f)
= (" — g"")8,8,(f +38f) + (&"" = W) (h)*,, 3, (f + 8f)
+ &)y — T u(f +8f) +  Oy(f +8f)
[ —
=047 if 0, f =0

(5.51)

We consider (5.51) with f = x*, where x* denotes normal coordinates for the
metric g, and with 7 = ¢ = g, 8f = % — x/*. We then have 3(f +8f) = O(1),
d(f+8f) =0(), g"" —h"*" = O(Ix), I'(¢)*,, = O(x]), I'(W)*,, = O(|x]),
O, f = O(|x]), and so (5.51) implies that

O, (X — x) = O(lx]).

Proposition 5.4 gives

O)

x*—x* = 0(x]). (5.52)
From the tensorial transformation law of the Ricci tensor, we conclude that after

. 0) .
the coordinate change x* — x*, the equation

©
R.3(0)=0

will still hold in the new coordinates. Then, in the proof of Lemma 5.5 we
make this coordinate change after having constructed the metric (§’ there. The

. ., . . . ©
construction of the metric g in that proof is thus done using the coordinates x .
To continue, we write

(6+1) ©
x * =

(€+3)
xP4+6 x *

where the notation anticipates the fact, which we are about to prove, that the

. e+, . . ® .
coordinates x * differ from the coordinates x* by terms which are O (]x|**?).

We consider (5.51) with f = ()Zc)“, g= (?, h= “}”, and §f = 557 We again

have 9(f +38f) = O(1), d9(f + 6f) = O(1), F(g)*w = O(|x|), F'(h)*,, =
O(|x]), but now g*’ — h* = O(|x|*?), F(g)’\w -, = O(]x|“"), and
O, f = 0. It then follows from (5.51) that

(43)
O x = 0(x|"™),
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and Proposition 5.4 gives

€+3),

8§ x *=0(x|"), (5.53)

as anticipated by the notation.

This shows that, in the proof of Lemma 5.5, after having constructed the metric

(e+D)
g , acoordinate change

) (e+1)
X —

’

will preserve (5.15) (with x* there equal to ()ec)“), and for £ < oo the proof is
completed.

If £ = oo, the construction above provides a sequence of Taylor coefficients
of the metric which are needed so that both (5.15) and the harmonicity vector
vanish to any order. Using Borel summation, we obtain a metric for which both
R,,x" and the wave-gauge vector vanish at the vertex of the light-cone to infinite
order along C,. Denoting by y* the normal-wave coordinates for this metric, by
Proposition 5.4 we have

Y= xt = 0(x]%).

Transforming the metric to the y-coordinates, the result follows. 0

6. The remaining constraints: the («, g) scheme

In this section we consider the scheme of [5], where one seeks a metric which
realises the initial data («, g) satisfying the first constraint equation (3.29). We
further assume that g is induced on C, by a smooth metric C. The analysis of
Section 3 shows how the unconstrained scheme, where « and the conformal class
[g] are prescribed, is reduced to the current one, by rescaling C by a conformal
factor, and again calling C the resulting metric.

Let C be the metric obtained by applying Lemma 5.6 of Section 5.2 to the
metric C, so that the Ricci tensor Iéw of C v satisfies

Ray¥*lco = 00(r"), (6.1)

for any ¢ when C is smooth. This equation holds in coordinates near O, which
we denote by y*, such that y* = y* on the light-cone and such that

Oy = 0. 6.2)

The symbols C v Will refer to the coefficients of the metric C in these coordinates.

Then the coordinates X*, constructed as in (3.3) using the y* instead of the y*,
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coincide on Co with the x*. The tensor field C 4p dx* dx?® is intrinsic to Cy, and

thus coincides with C ApdX2dx®. Hence, in the checked coordinates X* we still
have
Cap(F =, = XA) = Cyp(r, XA) = gAB(rva)-

Let H" be the wave-map gauge vector associated with the metric C,

H" .= C¥(Ily Tl = ' — W, (6.3)
—
ES A

where the Iq;; are the Christoffel symbols of the flat metric
g=n=—WyY) + W@y + -+ dy")? = —dii* + 2dudi + s pdX*dx®.

It follows from (6.2) that all the components E g vanish; hence we have H" =0
in any coordinates.
Summarising,

~ — M
CABZCAB :gAB atr:f,xAz)?A and H =0. (64)

Let us denote by 7, &, and so on, the fields T and o associated with the metric C ;
for example, 5
Xap = %a?CAB- (6.5)
From (6.4) we find in particular that
6_AB=O—AB and f=f atrzf,xA=)EA. (66)
Set o
K:=1T].

Let £ = x*/r. From [5, Equation (6.11)] we have

OZ(;lil) = ]\élwfl"f” = _alf + fhf - )ZAB)?BA

6.7
=0T+ kTt — T — o] ©7)
Keeping in mind the equation satisfied by ,
72 5
0T —KT + 1 +|o|® =0, (6.8)
n —_—

and using the fact that T behaves as (n — 1)/r for small r, we conclude, at r = 7,
that
TR — k) = 0,(r'"™") =k —k = 0,(r"). (6.9)
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To continue, recall the identities [5, Appendix A]

Iy =9 — 1580, (6.10)
VR0 voa = 1zABa S oo =— 11
VoI = V7081 — 58 01845 =V 0811 — T, (6.11)
=~ ~AB

W™ = —rg Sasp; (6.12)

hence, since H* = I'* — W* =0,

-~ 0 . —0
k=T, =v0v— (Wl +7
" o 2_(/“3 ) (6.13)
:13081130— %(—;Dog SAB +%)
Keeping in mind that 1° = 1/7), we obtain
v v 1 v0 ZVTAB vy Y
01y = (K + 3(=(V)7g  sap + 7))Vo; (6.14)
equivalently,
~0 v EVv0 4 1x3AB
811) =—(K+§)V +§l"g SAB (615)
= —(K + % + 05(1’5))\30 =+ %rgABsAB.
Comparing with the equation satisfied by °,
0 T o, 1_up
81\) = — §+K V +§g I'SaB, (616)

and using the fact that 1° is smooth, and hence v° = O,(1) for any £, we find that

7’ =10 = _<% + K)(UO — %) + 0, (r"). (6.17)
Integrating, we conclude that

Vo = Vo 4+ 0. (r9). (6.18)

6.1. Integration of the second constraint. With a Minkowski target the
vacuum wave-map gauge C, constraint reduces to [5]

Ca=—5@16a + 150 + Vaxa® — 047 =0, (6.19)
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where V is the covariant derivative operator of the metric g, ; dx* dx®, and where
&, is defined as
Er = =209 104 + 1 vpxa® + fa, (6.20)

with [5, Section 8.1]

_ 210 _ -
fa= _<78CDSCD + T)UA + gABgCD(SCBD - FgD)’ (6.21)

and where the "2, are the Christoffel symbols of the metric g, dx* dx®. On
the other hand, for the metric C we have the identity

1 Ly ~ . g v Ay’ vo—1
- z(alfA +TEA) + Vpxa® — 04T = ax—ARiuK” = 0,(r ), (6.22)

where 5 4 1S

v

Ep= 2090, + 40V 4% + fa

g (6.23)
= —21)0811\3/1 + 41)01\33)(/13 + fA + Ol(;e)

In the second line above we have used the calculations in [4], which show that

V4= 0,(F).

Further,

y ~CD 200\, |5 <D g B

fa=—|78 scp+ = Va+8as8 (Scp —I'cp)

200 :
= —(F?CDSCD + T + Oe(’”ll))‘jA (©20
+ EAB?CD(S(IS;D - ng)’
atr = r.
Set

SVa =4 — Da, 04 1= E4 — Ea.

Subtracting (6.19) from (6.22), one obtains
— 3(318864 + T8E4) = O,(r' 7). (6.25)
Integrating, one finds that

8E4(r,x™) = O,(r"). (6.26)
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Subtracting (6.23) from (6.20), we obtain
2
— 28,8V, — <r§CDsCDv0 + —>5VA +4x488v5 = 0,(rY). (6.27)
r

Integrating again, Proposition B.5 in appendix B gives

VA = V4 4+ O, (rt). (6.28)

6.2. Integration of the third constraint. We pass now to the ‘Cy constraint
operator’ of [5]. It arises from an identity, which for the C-metric takes the form

=19 [232(C00 - _ABVADB) —(r + 4W' V)o (Coo — 8"V, 05p)
+ (- 31(T+2W )+ W (x4 2W ))(Coo— VAVB)]
—2(3,} W'+ fW ) - R + _AB$A§B — CABY &y
—S11C —25 AC1 —ZS Cm

(6.29)

where S is the Einstein tensor of the metric C ; here, for simplicity, we have
omitted to put hats on those fields which coincide with their unhatted equivalents,
for example T = 7, and so on. For the vacuum metric g,,, that we seek to construct,
this provides instead a constraint-type equation for g,:

= (V)?[20} (g — VAVB) (T + 4W )31(800 AByavp)
+ (=0, (T + 2W ) + W' (T + oW ) (&oo — VAUB)] (6.30)
2@ W +T1W')—R + 1gABEE — BVA&

Subtracting (6.29) from (6.30), we obtain an ODE for Cv’oo — goo Which, as before,
leads to

8o = Coo + 0. (r").
To establish this, the reader might find it convenient to argue in two steps, by
first considering the first-order ODE satisfied by the difference between 9, (g4, —
g*Pvavp) and 3, (Coo — g*Pvavp).

6.3. End of the proof. Let C,, be a smooth metric, and let ¥ be a function on
Co such that «/r extends to a smooth function on space—time.

From what has been said, there exist smooth space—time functions (SCV’O 4, O CV‘OI
and SCV‘OO vanishing to infinite order at the origin such that

560/4 = _éOA + Vg, 5600 = —éoo + €00 3601 = —601 + vp.
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Then the tensor field §C defined as
8C :=28Cydudr + 28Copdu dx* + 5Copdu®

has smooth components §C - and satisfies

§Cip =0=25C4 =8C,,.

It follows that the tensor 5 5
Cu+6C,,

has smooth components, and satisfies the Raychaudhuri constraint equation (3.29)
with prescribed function «, as well as the remaining wave-map gauge constraint
equations. The existence theorem of [12] shows existence of a smooth metric g,,,,
defined in a neighbourhood of the vertex O, which satisfies the vacuum Einstein
equations to the future of O, such that

@|Co = éy,u + Séuv-

It then follows from the analysis in [5] that H* = 0 (compare the argument at the
end of Section 7), and that g,, solves the Einstein vacuum equations to the future
of O, with

T =

We have therefore proved the following.

THEOREM 6.1. Consider a pair («,g), where g is a symmetric tensor field
induced by a smooth Lorentzian metric C on its null cone C o with vertex at O, and
where ri is the restriction to Co of a smooth function on space—time vanishing
to second order at O. Suppose moreover that (k, g) satisfy the Raychaudhuri

equation
2

OT —KT + +lo)* =0, (6.31)

n—1
where T is the divergence of Co and o its shear. Then there exists a smooth metric
g, defined in neighbourhood O of O and solving the vacuum Einstein equations
in IT(0O) N O, such that Cy is the light-cone of g, g is the tensor field induced by
g on Co \ {0}, and « determines parallel transport along the generators of Cy:
in adapted coordinates,
Vs, 0, = K0;.

We note that (6.31) is a necessary condition for g to be vacuum, so Theorem 6.1
is in fact an if-and-only-if statement.
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7. The g,, scheme

In this section we prove Theorem 1.3, namely existence of solutions of the
vacuum Cauchy problem on the light-cone in the scheme of [9], where all the
metric functions are prescribed by restricting a smooth metric C to its light-cone.

As in our previous treatment, we use a ‘generalised wave-map gauge’ with
target metric g being the Minkowski metric n = —(dy®)> + (dy')> +- - - + (dy").
As gravitational initial data, we choose a smooth tensor field C. The coordinates
y are chosen so that the future light-cone C, of C with vertex at O coincides
with the Minkowskian light-cone y° = |¥|. We then use the metric components
C,, = C,,|c, as initial data for g:

It follows from Lemma 5.5 that there exists a metric C such that
guv = 6#1} = éuv» 7.1

with the Ricci tensor Ii’,w of the metric C satisfying the conclusions of that lemma:
for small r = ||,

v

Ry =002, Ruy'lcy = 0u(r™). (7.2)

To obtain a well-posed system of evolution equations for the metric g we will
impose a generalised wave-map gauge condition,

H* =0,

with the harmonicity vector H" defined as

H = g"’ﬂrakﬂ —W*  with W» := gaﬁﬁ;ﬁ +W)‘, (7.3)
—_—— —_——
= =W

where the ﬁ;ﬁ are the Christoffel symbols of the metric = g. Roughly speaking,
we calculate T* — W* from the initial data, and use the result as the definition
of W*; this will ensure the vanishing of H". The details are somewhat less

straightforward, as H* — W* involves some transverse derivatives of the metric
which are not part of the initial data; this is taken care of as in [9]. One then needs

to prove that W* is the restriction to the light-cone of a smooth vector field in
space—time, and this is the focus of the work here.
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Recall that the vector field H* has been defined in (6.3) as

H = C* (I — 1), (7.4)
———

=I*

where the foj\ﬂ are the Christoffel symbols of the metric C. This is clearly a smooth

vector field in space—time. We will show that the components of W” differ from

those of H* by terms which are O, (r™). It easily follows from Lemma A.1,
appendix A, that a vector field, defined along C,, with (u, r, x*)-components that
are O, (r*>) extends to as smooth vector field on space—time, which will establish

the desired property of Wwh.
We pass now to the details of the above. There exists a neighbourhood of O on
which 7 has no zeros. There we solve the first constraint by setting

W+ L2+ of?

K (7.5
T
The argument leading to (6.9) applies, and gives
K —k = Ox(r™). (7.6)
Following [9], we choose WO to be
WO = WO — 102k + 1) — 201" 1.7)
equivalently, using the unchecked versions of (6.10)—(6.12),
Ty =« —1wH" (7.8)

The last equation is further equivalent to (compare the unchecked version of (6.7))
Ry =—iwH". (7.9)

Comparing the definition (7.4) of H with (7.7), using (7.1) and (7.6) we find
that _ o
WO =H+20°(k — k) = H + O (r™). (7.10)

The next constraint equation follows from R,4 = 0. We note the identity [5]

-1 5 g I
@, +10)I',,+ Vo, —

2 — —
18Ar—aAF}1 = Raa, (7.11)

where V is the covariant derivative associated to the Riemannian metric g, 5.
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We let &, to be the unique solution, which vanishes at the tip of the light-cone,
of the equation obtained by replacing I'}, in (7.11) by —&4/2, I'{, by «, and
setting the right-hand side to zero,

n—2
n—1

1 -
— 5(8, +1)€4 + Vot — 04T — sk =0, (7.12)

as in (6.19). We choose WA 0 be

o

WA= 1 + 2003, v5 — 20c05¢ — vy7) — v (W0 + WO)]

o TS (7.13)
+ 80T, =W

equivalently,

E4=—209,v4 + NOv50,8 +20% 47 + vA(WO + WO) (7.14)
+ s (W8 + WP — 2,8 L)

This has been chosen so that, using the formulae in [5, Appendix A and Section 9],

Ria=—-30,+0)@uH" +vaH") + 10,(0oH"). (7.15)

Moreover, one finds that (cf. [5, Equation (10.35)])

éA = _2F}A —gABﬁB - UAHO. (716)

We let £ 4 be —ZF} 4~ The check-equivalent of (7.11) reads

n—2
n—1

1 . ~
— 5(8, +1)Ex+ Vo) — 04T — 04K = O (r™). (7.17)

Comparing with (7.12) defining &4, we find that
— 1@, + ) (Ex — £4) = 0.(r™). (7.18)
Integration establishes that
Ea=Ea+ 0n(r™). (7.19)

The field H4, defined in (7.4) and written out in detail using [5, Appendix A],
takes the form

HA =3[ + 2009, v — 20605 — vp7) — v 1]

P (7.20)
+ PR, — WA
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Comparing with (7.13), and using (7.10) and (7.19), we conclude that
WA= B 45855 — 5 — vp(WO + WO — 1))

= (7.21)
=H" + 0, (r™).

Let S,, denote t_he Einstein tensor of g. We continue with the equation So1 =0;
equivalently, g*® R 45 = 0. Using the identities (10.33) and a corrected version of
[5, Equation (10.36)] we find the identity

g Rap =0 + T} + Q8" Ty + 78" (7.22)
g Ty — 219, + R |

(On the far-right-hand side of (10.36) in [5] a term tg'' /2 is missing.) This
motivates the equation

@, + 1+ )¢+ (Va = 3606 + R =0, (7.23)
with £4 := g*%&,, and where the quantity ¢ will be the restriction of
2(§ABF}43 + rgll)

to Cp, once the final vacuum metric g has been constructed. We integrate (7.23),
viewed as a first-order ODE for ¢, as

— [ (k+t—((n=1)/F) dF  pr P 7)) dF
. = _¢ /i / Fr=1 ol (ckT—((n=1)/P) dF
0

rn—l

. - 1 -
X (R + gV, Ep — EgABsAsB) dF

=—m—Dr '+ 0(Q).

We choose

W'i=1Le — @, +x + 10z — W (7.24)
equivalently,
¢ =2g"T, +8"(t +vH" —2H". (7.25)
With the choice (7.24) we have
2YRap=0 +r+7— %glzﬁo)(zﬁl —g,v"H) — %glzﬁof

S I— OB _ 1., o gA —ACTEF0 (7.26)
+ (Va—8a—3845H" —3vaH ) (H" +vcg™ HY).
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Let E be the check-counterpart of ¢,
Ei=2@" T, + 1Y), (1.27)
Integrating the check-version of (7.22), we obtain

Fr1 o] GetT—((n=1)/)) dF

. e~ | ®tt—(=D)/P)di - pr
= [
0

rnfl

A ame v _ARY ¥ Yy - 7.28
X (R+gABVAEB_%gAB%_ASB_gABRAB> dr (7.25)
=0+ 00™).
From (7.27) and from [5, Appendix A] we find that
K=T"+@ +k+ 508" (7.29)
Comparing with (7.24), in view of (7.6) and (7.28), we conclude that
W=l — O+ + & —0g" =W = H' + 0.,0). (7.30)

Summarising, given the fields g,, on Cp, we have found a vector field W on
Co satisfying o
W = H" + 05 (r™).
The field E" extends trivially to the smooth vector field H*, while a vector field

with components which are O, (r*) extends to a smooth vector field in space—
time by Lemma A.1. We conclude that there exists a smooth vector field, which

we call W, defined in a neighbourhood & of O, which coincides with W on
CoNO.

We apply the existence and uniqueness theorem of [13] to the reduced Einstein
equations Ré’;) = 0, with initial data g, where

R := Rys — L(gun Dy H" + gp D HY), (7.31)

with H" defined by (7.4), where D is the Levi-Civita covariant derivative in the
metric g. Indeed, it follows from [3, p. 163] that R;Z) is a quasi-linear, quasi-
diagonal operator on g, tensor-valued, depending on g, of the form

Ry = —18"D;D,gus + flg. Dglup. (1.32)

where f [g, ﬁg]aﬂ is a tensor quadratic in bg with coefficients depending upon
g, 8, W, DW, and DW, which is of the right form for [13].
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Now, the metric g so obtained will solve the vacuum Einstein equations if and
only if H* vanishes on Cy. It should be clear that « then equals 7%1 and &, equals
—%F{ 4. but, to avoid ambiguities, we will justify these inequalities explicitly in
what follows.

Note that at this stage a smooth metric g and smooth vector fields W and H*
are known in a neighbourhood % of O, with g satisfying the reduced Einstein
equations in ZZ N J*(0).

The proof of the vanishing of H is essentially the same as the one in [5]; we
outline it here for completeness.

In order to prove that H =0 holds, we note the identity (see (7.31))
Ru =R, +vD H". (1.33)
—
=0
The reader will note that this equation, as well as (7.36) and (7.37) below, are
identical with the corresponding equations in [5], even though our H is not the
same as the corresponding vector field in [S]. This is due to the fact that our
operator Ef) in (7.31) is constructed using our vector field I'* — W#* — W*,

while in [5] the vector field I'* — WH is used_ for H*.
Equations (7.9) and (7.33) imply that H° satisfies a linear homogeneous
differential equation on Cy, namely,

D/H+ itH = 0. (1.34)

As explained in [5, Section 7.0], the only bounded solution of this equation is
H° = 0. The equality I'}|¢, = « follows trivially now from (7.8),

Hlc, =20k — IT). (7.35)

To establish the vanishing of H, we invoke the following identity [5,
Equation (9.8)]:

= —m 1 = ~ _ =
RIAERlA +—(U0DAHO+VAD1H0+gABD1HB). (736)
—= 2
=0
Combined with (7.15), and taking into account that_ﬁ0 = 0 has already been
established, this gives a radial homogeneous ODE for H#, with H* = 0 being the
only solution with the relevant asymptotic behaviour at O. We can now conclude
that £, = —2I"}, from (7.16).
Finally, we have the identity [S, Equation (11.18)] (recall that S,, denotes the
Einstein tensor)

— — 1 = = =
SOl = S(()II-I) +—(§00D1H0 + VADIHA - UQDAHA). (737)
—~— 2

=0
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Combining this with (7.26), one similarly concludes that H' = 0; see also [5,
Section 11.3]. The vanishing of H® and H', together with the identity (7.25),
implies that on C,, the field ¢ coincides with 2g** T, , + 71°.

Thus H" vanishes on Cy, and by the usual arguments (see, for example, [S5,
Theorem 3.3]) we have H* = 0.

This completes the proof of Theorem 1.3. O
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Appendix A. On Taylor expansions

To proceed, some terminology will be needed. We say that a function g defined
on a space-time neighbourhood of the origin is o, (|y|*) if g is C™ and if for
0 < £ < m we have

Igglo |y|gik8m 0,8 =0,

where [y| = />, (y")2.

A similar definition will be used for functions defined in a neighbourhood of
O on the light-cone Cy: we parameterise C, by coordinates y' € R”, and we
say that a function g defined on a neighbourhood of O within Cy is o, (r*)
if g is a C™ function of the coordinates y’ and if for 0 < ¢ < m we have
lim, o r*%9,, ...8,,8 =0, where r := /Y1 (¥)2.

We consider a light-cone C which is smooth away from its tip. The following
lemma will be used repeatedly (recall that ® = y'/r).

LEMMA A.1 [7, Lemma A.1]. A function ¢ defined on a light-cone Co is the
trace f on Cy of a C* space—time function f if and only if ¢ admits an expansion

of the form
k
0= for” + o), (A.1)
p=0
with ' ' . .
fo=Fui,@" Ot [, OO (A2)
where f;,..i, and f; ;  are numbers.
The claim remains true with k = oo if (A.1) holds for all k. O
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We will also need the following.

LEMMA A.2 (Borel summation; see for example [7, Lemma D.1]). For any given
sequence
{cir...iJren = {c, ci, Cijy - - .}

there exists a smooth function f such that, for all k € N,

f- ch Yy = o).

Appendix B. ODE lemmas

For k € N U {00, w} we will say that a function ¢: Cy — R is C*-cone
differentiable if there exists a C* function on space-time ¢ such that ¢ is the
restriction to Cy of ¢». We shall say ‘cone-smooth’ for C*°-cone differentiable.

We start with the following elementary result.

LEMMA B.1. Letk € NU {00, w}, and let ¢ be a C*-cone differentiable function
on Co. Then the integrals

r A r
1//(r,xA)=/ Mds and X(r,xA)zéf @(s, x) ds (B.1)
0 0

N

are C*-cone differentiable, assuming moreover that ¢(0) = 0 in the case of the
integral defining .

Proof. Let, first, k € N. By Lemma A.1 we have
k
0= fpr’ +ou(rh), (B.2)
p=0

where the coefficients f, are of the form (A.2). Inserting (B.2) into (B.1), we find

that
k k
for?
Y xt) =Y L 9, x(rxh) = Z (B.3)
o P = P
p
and the result follows from Lemma A.1.
The case k = oo is established in a similar way using Borel summation.
The case k = w is the contents of [6, Lemma 6.5]. O
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We will need the following result about systems of Fuchsian ODE:s.

LEMMA B.2. Letry >0,k e NU{o0}, N €N, 0> a € R, ¥ € CX([0, ry], RY),
and a € C*([0, ry], End(R™)) with

o (0) = ald,

where 1d is the identity matrix in End(RY). If ¢ € C'((0, o], RY) is a solution of

= ¢

¢ = p o+, (B.4)
then:
(1) the limit
lirré r ¢ (B.5)

exists;

(2) there exists a solution such that the last limit is zero. For such solutions, ¢
extends by continuity to a function in C**1([0, ro)). If moreover v = O (r™),
respectively o(r*), then ¢ = O (r™*"), respectively o(r**'). Here, by o(r™)
we mean a function which is o(r*) for all k.

REMARK B.3. The fact that ¢ € C*((0, ) is standard, so the only issue is at
r = 0. Similarly the case a = 0 is standard. It is easy to analyse the equation with
a > 0 using similar methods, but the results are more complicated to describe,
and will not be needed in this work.

REMARK B.4. We will be using Lemma B.2 in the following equivalent form.
Suppose that there exist matrices «; such that & has an expansion

o =ald+ar + -+ ort + o (rh), (B.6)
and suppose that there exist vectors ¥; € R" such that ¥ has an expansion

Y= Yo+ Y 4 4 Yrt 4 o (). (B.7)
Here we write f = o, (r™) if for 0 < i < k we have 9’ f = o(r™~"). Then the
limit (B.5) exists. If this limit vanishes, then there exist vectors ¢; € R" such that

¢ has an expansion

¢ =gir + -+ St + o (). (B.8)
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Proof. Let us denote by (-, -) the canonical scalar product in RY, with |¢|> = (¢,
¢). Set f := r=2¢|¢|*. From (B.4) we have, for some constant C,

rd.(r|¢1>) =2r7(¢, (@ — ald) ¢ +ry)
—— —_——
! =>-Cr
>r(=2Cr=¢l> +r72 2, ¥) )
——

>—IpP- Iy
> —rQC+ ) f +r )

equivalently,

ar (62(C+l)rf+/ 62(C+1)SS—2a|w(s)|2 ds> 2 0

ro

=:h

So the function % defined in the last equation is monotonic and nondecreasing.
Monotonicity and positivity of /2 imply that of existence of the nonnegative limit
lim,_,¢ A (r), and we conclude that r~*|¢| has a finite limit as » — 0. In particular,
|¢| < Cr? for some constant C.

We rewrite (B.4) as

0, (r¢) =r (¢ + (@ — ald)9).
Integrating, for 0 < r; < r < ry, one finds that

¢(r) ¢>(:1) n

a
r ry

/" s~ (s)ds + /r (¢ —ald)s™ ¢ (s) dx. (B.9)

<Cs!

Passing with ry to zero, using convergence of the integrals above in the limit, we
find that the limit

$ = 1im 20

r1—0 ril

exists. Hence point (1) holds, and moreover

dr)=r'¢ +r° /’ s (s)ds +r /r(ald —a)s “P(s)dx. (B.10)
0 0

(2) It is standard that solutions of the homogeneous equation can be uniquely
parameterised by ¢. So, given any solution of the nonhomogeneous equation
(B.4), we can subtract from it a solution of the homogeneous equation with the
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same value of ¢, obtaining a solution with qg = 0. It follows from (B.10) that we
then have

¢@r)=r /rs“w(s) ds +r? /r(ald —a)s “p(s)dx
0 0

r

(B.11)

Yo + o(r).

1—a

Suppose, now, that ' .
dp=¢ir+---+¢;r’ +o(r’) (B.12)

holds for some 1 < j < k + 1; we have just shown that this holds with
Jj = 1. Inserting (B.6)—(B.7) and (B.12) into (B.11), one then finds by elementary
manipulations that (B.12) holds with j replaced by j + 1. Lemma B.2 follows
now by induction, using Remark B.4. O

Let M be any smooth compact manifold; in our applications M will be a
sphere S"~!. By commuting (B.4) with differential operators tangential to M one
immediately obtains the following corollary to Remark B.4.

PROPOSITION B.5. Letry > 0, k, N € N, 0 > a € R. Suppose that there exist
matrices a; € C*°(M, End(R™)) such that o has an expansion

a=ald+ o+ -+ ot + o (), (B.13)
and suppose that there exist vectors ¥; € C®(M, RY) so that r has an expansion

Vo= Vo+Yr + -+ Yrt + o (rY). (B.14)

We assume moreover that, for any £ € N and for any smooth differential operator
X on M of order ¢, the error terms in (B.13) and in (B.14) satisfy, for 0 <i <k
and ) <i+£€<k+1,

X (0r (r*)) = o(r* ™). (B.15)

Let ¢ € CO(M x (0, rol, RN) be differentiable in r and satisfy

, o«
¥ =Z¢+v. (B.16)
Then:
(1) the limit
limr ¢ (B.17)

exists;
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(2) there exists a solution ¢ € C*1(M x (0, ro]l, RY) of (B.4) such that the last
limit is zero. Fur such solutions ¢ has an expansion

d=¢ir+ -+ G 4 0 (FFH),

where ¢; € C*(M x [0, ry]), and where the error term satisfies (B.15), with
k in the exponent replaced by k + 1. If moreover v = O (™), respectively
o(r*), then ¢ = O (r™*"), respectively o(r*t1).

Appendix C. Prescribing v,

Let vy be the restriction of a smooth space—time function to the future light-
cone of a smooth metric C. In this appendix we show how to deform C to achieve
Co; = v, without changing C 45 dx* dx®.

Let y be a coordinate system in which the future light-cone of C takes the
Minkowskian form y° = |y|, and let x be coordinates as in (3.3). Using the

notation
d 0 0 0
C/L\):C PR B Cp.v:C N . A )
— ayr  dyH axk  9x#

we have the transformation formulae

, RIcK
Coo = Co, Cor = —Coo — Coi @',  Coa E_ﬁrax_A’ (C.1
) o RIoK 9O
Ci=Co+2Cu0" + C;;0'0, Ciy=Cor— +C;ir®’ . (C2)
—_— — — — x4  — dx4
00 9O/
_ 2
CAB :&r ax—AaxB. (C3)
Conversely, C;, = (3x/9y*)(3x” /3y*)Cop gives
; x4
Co = Coo,  Coi = —(Coo + Co1)O" — COAa_yi, (C4
o ;0xA 9xA
Cii=(Cp+2Cn+C11)O'O +(Cos +Ci)|O' — + O/ —
— 9y W/ (s
+e axA dxB :
9y ayi
As the first step of our argument, we need to write v, as
w=1+r"fo+)  fi), (C.6)

i=1
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where f;, respectively f;, are restrictions to the light-cone of functions fp,
respectively f;, which are smooth on space-time. (It follows from (4.10) that
fo = O@r* when k = 0, a harmonic gauge, and the vacuum Raychaudhuri
equation are assumed, but this will not be needed in what follows.) To prove (C.6),
let f be any smooth function on space—time; Taylor expanding f with respect to
y!, we can write

FOOLY Ly = FO%0,0 Y+ AN Y Y
where 1
0
fi= / —f(yo,syl, yz,...,y")ds e C™.
o 0y!
Similarly,

FO20,57 ) =F0%0,0,y, ..,y + HO Y Y
with 1
3
fr = / —f(yO,O, syz, y3, o, y)ds € C%.
0 8)’2

Continuing in this way, after n steps the function

f=Y iy =r0%0,...,0 (C.7)

i=1

depends only upon y°. A final Taylor expansion allows us to rewrite the right-
hand side as £(0,0, ..., 0) + (y°)" f,, where f; is a smooth function of y° and m
is the order of the zero of f(yo, 0,...,0)— f(0,0,...,0). Keeping in mind that
V¢, = r, (C.6) for vy = f follows.

Let, now, C,,, be given, and consider

Cpy = 2°C,, +8C,,

where £2 = 1 if one wishes to keep C ap dx* dx® fixed, or £2 is a smooth space—
time function with prescribed £2 (for example the conformal factor determined
in Section 3.3), if one only wishes to prescribe C 45 dx* dx® up to a conformal
factor.

Suppose, momentarily, that the components

5Co,

are prescribed smooth functions on space—time, and suppose that §C satisfies

6CAB:O:8C11 =8C1A. (CS)
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The first equality guarantees that the initial data Cp defined by C coincide with
the metric g4p solving the first constraint equation, while the last two guarantee
that the cone {y° = |y|} remains characteristic for C.
Then, by (C.1),
k 9y~
8Cy =38Co0, 8Co = —8Cyp —3Cu®", 3Cps = _5C0ka_A’ (C.9)
E— —_— — —0x

and so all components §C,,, are known. We can now find the restrictions to the
light-cone of the missing components §C;; of 6C using (C.5):

o OxA 0xA
8Ci; = (8Cy +28C1)O' O/ + §Coy @’—f + @/
y.

d ay'
i ayk ,0x? oxA
=—(8Cp +26C, OF)O'®J — SCOI{BJTA ) W + 06/ dyi (C.10)

= —(8Cq + 28C,OF)O O — 8C0k((8’; — @) + (8¢ — OkOHO)

=—86Cp®@ O —5C, 0] —5Cy; 0.

Keeping in mind that §C,,, is required to satisfy (C.8), we chose the tensor field
8C,,, now so that in addition to this last equation it holds that

Coi = w, €11
where vy is the restriction to the light-cone of a smooth function f. Equivalently,

8Coi =rfo+ Y _fiy' +1-827, (C.12)

i=1

where fj and f; are given by (C.6). As in that last equation, we can also write
22 =1+4r’hy+ Xn:hiyi7
i=1
which allows us to rewrite (C.12) as
3Co =r2(f0—ho)+i:(fi —h)y'. (C.13)
i=1

Comparing with (C.9), we see that (C.12) will hold if we choose

8Coo = r*(ho — fo), 8Coi =t(hi — fi),
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while, in view of (C.10), (C.8) will be satisfied if §C;; is further chosen to be

8Cy = (fo—ho)y'y’ + (fi = h)y' + (f; = y)y'. (C.14)

The reader might wish to verify by a direct calculation that, with these choices,
(C.8) and (C.11) hold.

The metric C will clearly be Lorentzian in a sufficiently small neighbourhood
of the vertex of the cone.
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