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A CLASS OF QUASI-NONEXPANSIVE
MULTI-VALUED MAPS

BY
CHYI SHIAU, KOK-KEONG TAN AND CHI SONG WONG

1. Introduction. Let (X, d) be a (nonempty) metric space. bc(X) will denote
the family of all nonempty bounded closed subsets of X endowed with the Haus-
dorff metric D induced by d [2, pp. 205]. Let f'be a map of X into bc(X). fis non-
expansive at a point x in X if D(f(x), f(»)<d(x, y) for all y in X. f is quasi-
nonexpansive if the fixed point set F,={x € X:x € f(x)} is nonempty and f is
nonexpansive at each point in F,. In this paper, we are interested in the following
class of maps: fis Kannan if D(f(x), f(y))<3(d(x, f(x))+d(y, f(»))) for all x, y in
X. (d(x, A)=inf{d(x, y):ye A}, AcX,xeX). It is easy to show that every
Kannan map is nonexpansive at each of its fixed points (provided they exist).
We refer to early history and results in this direction to [4] and [5]. In this paper,
some fixed point theorems for the Kannan maps f are obtained by studying the
nature of the function d(x, f(x)). Now let X be a weakly compact convex subset of
a Banach space B and f be a Kannan map of X into the family wce(X) of all non-
empty weakly compact convex subsets of X. If every f-invariant closed convex
subset H of X is a convex body in itself (i.e. H has nonempty interior in the
smallest flat which contains H), it is shown that f has a fixed point. Hence (i)
[ has a fixed point if each f(x) is a convex body. (ii) f has a fixed point if B is finite
dimensional. When B is one-dimensional, (ii) was proved in [5] by a different
method.

2. Kannan maps in a metric space. First of all we note that if (X, d) is a metric
space, f: X—bc(X) is a Kannan map, and a is a fixed point of f, then f(a) is the
fixed point set of f. Indeed, if 4 is also a fixed point of f, then D(f(a), f(5))<
3(d(a, f(@))+d(b, f(b)))=0 so that b € f(b)=f(a). On the other hand, if x € f(a),
then d(x, f(x)) < D(f(a), f(x))<3d(x, f(x)) so that d(x, f(x))=0 and hence x € f(x).

THEOREM 1. Let (X, d) be a (nonempty) complete metric space and f: X—c(X)
be a Kannan map, where c(X) is the family of all nonempty compact subsets of X.
Ifinf{d(x, f(x)):x € X}=0, then f has a fixed point say a, and for any sequence {x,}
in X with {d(x,, f(x,))} converges to 0, (a) a subsequence of {x,} converges to a

fixed point of f, (b) each cluster point of {x,} is a fixed point of f and (c) {f(x,)}
converges to f(a).
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Proof. Let {x,} be any sequence in X with {d(x,,f(x,))} converging to 0.
(Such a sequence exists since inf{d(x, f(x)):x € X}=0.) Since fis Kannan { f(x,)}
is Cauchy in (c(X), D). Since (X, d) is complete, it is well-known that (c(X), D)
is complete. Thus {f(x,)} converges to some A4 in c¢(X). For each n, there exist
X, in f(x,), @, in A such that d(x,, X,)=d(x,, f(x,)) and d(X,, 4,)=d(%,, 4).
Since A is compact, a subsequence {d,, } of {d,} converges to some point a in
A. Since for each n, d(X,, a,) <D(f(x,), A) which converges to 0, {X,,,} converges
to a. Since

d(a, f(a)) = lim d(Fn(u, f(a))

< lim inf D(f(Xy(my)s £ (@)

N—> 00

< lim inf(3dCxn(n)s f (k) +-2(a, £(@))

= 1d(a, f(a)),

we must have d(a, f(a))=0 so that aef(a). Since d(x, X,)=d(x,, f(x,))—0,
{*nm} also converges to a. This proves (a). Since D(f(Xyny, f(@)<3d(X4(ry»
SN0, f(X4n)—f(a). Thus A=f(a) and hence f(x,)—f(a). This proves (c).
Finally, if x is a cluster point of {x,}, then x is also a cluster point of {a,} as
d(x,, X,)—0 and d(X,, a@,)—0. Thus x € A=f(a) so that x is also a fixed point
by the preceding remark. This proves (b).

3. Kannan maps in a Banach space. Let (B, | |) be a Banach space and d be
the metric on B induced by the norm || || on B. For simplicity, B is assumed to be
over the real field.

THEOREM 2. Let K be a nonempty weakly compact subset of B and f be a Kannan
map of K into the family we(K) of all nonempty weakly compact subsets of K.
Then (a) there exists x, in K such that d(x,, f(x,))=Inf{d(x, f(x)):x € K}, i.e.
x=d(x, f(x)) attains its infimum, say r,, on K. (b) Ky={x € K:d(x, f(x))=r,} is
J-invariant.

Proof. (a) For each r>0, let K,={x € K:d(x, f(x))<r}. Since K is bounded,
the set /={r>0:K,5 &} is nonempty. For each r € I, let H, be the weak closure
wel(f(K,)) of fAK)(= Uuck, f(x)). Then {H,:r € I} is a family of weakly compact
subsets of K which has the finite intersection property and therefore has nonempty
intersection. It remains to show that H,<= X, for each re1. Let r €I and x € H,.
Then there exists a net {x,},.r in f(X,) which converges weakly to x. Thus for each
ael', x, ef(y,) for some y, in K, and d(x,, z,)=d(x,, f(x)) for some z, in f(x)
Since f(x) is weakly compact, by passing to a subnet, we may assume without

https://doi.org/10.4153/CMB-1975-124-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-124-2

1975] MULTI-VALUED MAPS 711

loss of generality that {z,},.r converges weakly to some point z in f(x). Thus

d(x, f(x)) < d(x, z)
< lim inf d(x,, z,)

= lim inf d(x,, f(x))
< lim inf D(f(y.), f(x))
< lim inf 3(d(yo f(¥))+d(x, £ (%))

< dr+dd(x, f(x).
Hence d(x, f(x))<r and therefore x € K,. Thus H,= K, for each r e I.
(b) From the proof of (a), H, <KX, . Thus f(H, )< f(K,o)CH,n.

The following result follows easily from Theorem 2.

THEOREM 3. Let K be a nonempty weakly compact subset of B and f be a Kannan
map of K into wc(K). Then the following are equivalent: (a) f has a fixed point;
(b) inf{d(x, f(x)):x € K}=0, (c) For each x € K, if d(x, f(x))>0, then d(y, f(y))<
d(x, f(x)) for some y in K.

Theorems 2 and 3 were obtained in [5] for the case when K and each f(x),
x € K, are weakly compact convex subsets of B.

For our next fixed point theorem, we need the following result which is of
interest in itself. Let 4 be a nonempty subset of B. For each x in B, d(x, A) is
called the modulus of x with respect to 4; thus x| is the modulus of x with respect
to {0}.

THEOREM 4. (Maximum modulus principle). Let A be a nonempty subset of a real
normed space X and K be a nonempty weakly compact convex subset of X. Then the
modulus function g :x—d(x, K) on A does not attain its maximum value at the interior
int(A) of A unless it is identically zero on A.

Proof. Suppose that g is not identically zero on 4. Then r=sup{g(x):x € 4}>0.
We need only to prove that g(y)<r for each y in int(4). Suppose the contrary
that there exists y in int(4) such that g(y)=r. Since K is weakly compact, d(y, ¢)=r
for some c in K. Let B,(y)={x € B:||x—y|| <r}. Since int(B,(»)) and K are convex
and int(B,(y)) N K= g, by Hahn-Banach separation theorem, there is a non-zero
continuous linear functional f on X such that sup{f(x):x € B,(y)}<inf{f(x):
xeK}. Since ceB.(y) N K, sup{f(x):x € B,(»);=f(c)=inf{f(x):x € K}. As
y €int(4), Bs(y)<=A for some 6 € (0,r). Let z=y+4d(y—c)/r. Then z€ A and
|ly—z||=6. We shall show that
(1) a1 2 v+ (2) 110)-s@1s
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Let be K. Then f(b)>r>f(z). Let A=(f(b)—f(c)/(f(6)—f(2)), B=06/(r+9),
u=2iz+({1—2)b, v=8z+ (1 —p)u and w=v+y—a. It can be checked that

) f) =f(c) =f(w)
and
3) [f@—f)| = ©/r) [ f()—f()

From (2), | y—w| >r. Since b, z, u, v are collinear,
lz—bll = llz—vl|+ lo—ull+ [u—>b]

= lly—wl+lv—ul+u—b]

2 r+|f@—=fWI/Nf I+ u—b]

=r+@/) | fM—=fEIIfI+lu—b] (by 3))
so that d(z, K)2r+©/NIf—fOIIfI. Since f(y)<f(c), r=d(z, K)=r+
O/ —fI/IfI>r, which is a contradiction. Therefore g(y)<r for each y
in int(A4).

Let 4 be a convex subset of a normed space. Then 4 is a convex body in itself
if A has non-empty interior when it is considered as a topological subspace of the
closure of the flat {d7; t,x;: >0, t;=1, t’s are real, x; € 4, n=1, 2, ...} spanned
by A4.

Before we prove the next theorem, we need the following result whose proof
can be found in [5, Theorem 5].

THEOREM. Let K be a nonempty weakly compact convex subset of a Banach
space B and T be a Kannan map of K into wec(K). Then

() There exists x4 in K such that d(x,, T(x,))<d(x, T(x)) for all x in K, i.e. the
map x—d(x, T(x)) on K attains its infimum r,.

(b) The set A={x € K:d(x, T(x))=ry} is T-invariant, i.e. T(A)= g4 T(x)< A.

(c) A contains a nonempty T-invariant closed convex subset of K.

THEOREM 5. Let K be a nonempty weakly compact convex subset of B and f
be a Kannan map of K into wee(K). Suppose that each f-invariant closed convex
subset of K is a convex body in itself. Then f has a fixed point.

Proof. By Zorn’s Lemma and weak compactness of K, there exists a minimal
nonempty closed convex subset A of K which is f-invariant. By Theorem 2 (or the
above Theorem, part (a)), there exists x, in H such that d(x,, f(x,))=inf{d(x,
f(x)):x € H}. Let r=d(x,, f(x,)). Suppose r>0. By the above Theorem, part (c),
H,={x € H:d(x, f(x))=r} contains a closed convex and f-invariant subset.
Thus H,=H, by the minimality of H. By hypothesis, we may assume that H has
nonempty interior. Note that the closed convex hull Z’;(f(H)) of f(H) is also
Jf-invariant, so that H= (To-(f(H)). Let x;, x,€ H. We shall first prove that
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d(xy, f(x,))<r. Let £¢>0, then there exists z in Co(f(H)) such that [x;—z| <e.
Thus z=37 , t,z; for some z, in f(H) and ¢, in [0, 1] with 37, 7,=1. But then
z; €f(h;) for some h; € H, i=1,...,n Now

d(x1, f (%)) < d(xy, 2)+d(z, f(%,))

<ée+d (igltizi’f(xz))
<ot z tid(zor £ (%2))
<et ; £D(f(h), £ (52)

<ot z t3(d(hy, £ (1) + (e £ (x))

= g+r.
Since £>0 is arbitrary, d(x;, f(x,))<r. Thus the modulus function x—d(x, f(x,))
on H attains its supremum at x,. By the maximum modulus principle, x, is not
in the interior of H. Since x, in H is arbitrary, H has empty interior, which is a
contradiction. Hence we must have r=0 so that x, is a fixed point of f.

COROLLARY 1. Let K be a weakly compact convex body in B (whcih is necessarily
reflexive) and f be a Kannan map of K into the family of all weakly compact convex
bodies in B which are contained in K. Then f has a fixed point.

Since every nonempty closed convex subset of a finite dimensional Banach
space is a convex body in itself, we have the following.

COROLLARY 2. If B is finite dimensional, K is a nonempty compact convex
subset of B and f: K—cc(K) is a Kannan map, then f has a fixed point.

If B is infinite dimensional, a bounded closed convex subset of B may not be
a convex body in itself. In [3], the author made a stronger assertion that (*) “for
any Banach space B, every closed convex set K in B is a convex body in the closure
of its linear span” [3, pp. 79 and pp. 93] and used this assertion to prove the
important theorem for monotone operators.

THEOREM. Let C be a closed convex subset of a reflexive Banach space X and
T:C—X* a monotone hemicontinuous and coercive mapping. Then for each u, in
X*, there exists an x, in C such that (T(xy)—us)(x—x4) 20, for all x in C.

F. E. Browder [1] proved the above theorem for the case when 0 € C. The fol-
lowing counterexample to the above theorem can be found in [6].

ExAMPLE. Let X be the two-dimensional Euclidean space. Let C be the closed
convex subset {(x,y) € X:x+y=1} of X. Let T be the map on C such that
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T((x,y))=(x?%, x?) forall (x, y) € C. Then T 'satisfies the hypothesis but not the con-
clusion of the above theorem.

It can be easily seen that (*) is true if we make the restriction that 0 € X and
B is finite dimensional. In fact, every bounded closed convex subset X of a Banach
space B is a convex body in itself if and only if B is finite dimensional. This fact
limits the generality of Corollary 2 at the present stage.
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