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Polygons of unit area with vertices in sets
of infinite planar measure
Vjekoslav Kovač and Bruno Predojević

Abstract. Paul Erdős and R. Daniel Mauldin asked a series of questions on certain types of polygons
of area 1, the vertices of which can be found in every planar set of infinite Lebesgue measure. We
address two of these questions, one on cyclic quadrilaterals and the other on convex polygons with
congruent sides, with respectively positive and negative answers.

1 Introduction

A long time ago Paul Erdős observed that every measurable subset of the plane of infi-
nite two-dimensional Lebesgue measure necessarily contains vertices of a triangle of
area precisely equal to 1. He published this observation as an exercise in the Hungarian
high-school journal Matematikai Lapok and also commented on it in [6, p. 122] and at
several later occasions. A very short proof of this claim, based on the classical theorem
of Steinhaus [13], can be found in the book [4, p. 182] (under Problem G13), but it can
also be read between the lines of the present paper.

In the proceedings [7] of the conferenceMeasure Theory, held at Oberwolfach in
1983, Erdős reported that he and R. Daniel Mauldin attempted numerous possible
generalizations of the above claim. He began a list of questions by replacing triangles
with quadrilaterals of special type:

Let 𝑆 have infinite planar measure, consider all sets of 4 points, 𝑥1, 𝑥2, 𝑥3, 𝑥4, so that the
area of the convex hull is 1. Can one find 4 such points in 𝑆 if we insist that they have some
regularity conditions? [7, p. 323–324]

The more specific remarks and questions followed. On the one hand, Erdős mentioned
that the answer is negative if we require that the four points, 𝑥1, 𝑥2, 𝑥3, 𝑥4, span a paral-
lelogram of area 1. He provided no proof, but one of the present authors found a very
simple counterexample in [11, §6]. On the other hand, Erdős claimed that the property
is easily seen to hold for trapezoids of area 1. This really is the case, as the proof can be a
minor variant of the well-known solution of the above problem on triangles. However,
the case of isosceles trapezoids of area 1 was left open and it appears to be unresolved
to date.

The following subsequent question attracted our attention:

(. . . ) can we assume that (𝑥1, 𝑥2, 𝑥3, 𝑥4) is inscribed in a circle? [7, p. 324]
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2 V. Kovač and B. Predojević

In this note we use only basic ideas of geometric measure theory and multivariate
calculus to give a positive answer to this problem.

Theorem 1 Every measurable planar set S of infinite Lebesgue measure contains the four
vertices of a cyclic quadrilateral of area 1.

It is understood that the quadrilateral needs to be non-degenerate, i.e., all 4 of its
vertices are different. Erdős commented further:

In fact, can we find 4 points on a circle so that the quadrilateral determined by the 4 points
should have arbitrarily large area? [7, p. 324]

This is clearly also true, as our result immediately implies an even stronger property
of every infinite measure subset S of the Euclidean plane: for every 𝔞 > 0 it contains
vertices of a cyclic quadrilateral of area 𝔞. Namely, in order to find four concyclic points
in S spanning a quadrilateral of area 𝔞, we simply apply Theorem 1 to the scaled set
𝔞−1/2S.

Then Erdős proceeded with discussing a couple of variants of the initial triangle
problem, namely for isosceles or right-angled triangles of area 1, which both seem to
have remained open and we do not discuss them here. The second main result of this
note is motivated by the final question in the same series, i.e., the same relevant
paragraph in [7]:

Is it true that, for 𝑛 large enough, we have a convex polygon (𝑥1, 𝑥2, . . . , 𝑥𝑛) of area 1,
[such that] 𝑥𝑖 ∈ 𝑆 and all sides (𝑥𝑖 , 𝑥𝑖+1) are equal? [7, p. 324]

Here it is not clear whether the number of vertices/sides 𝑛 is meant to be a fixed large
integer, or it could depend on the set 𝑆. However, we can disprove both variants of the
question by the following even stronger result.

Theorem 2 There exists a planar set S of infinite Lebesgue measure such that every convex
polygon with congruent sides and all vertices in S has area strictly less than 1.

In particular, Theorem2 gives an infinitemeasure setS that does not contain the ver-
tices of any convex polygon with equal side-lengths and area 1. Moreover, the number
1 is not anyhow special here, but one has to be aware that all areas that are sufficiently
small depending on the set S can certainly be obtained, simply by the Lebesgue density
theorem.

Polygons of area 1 have also attracted some attention in the context of the so-called
Euclidean Ramsey theory, where vertices of such polygons need to be found in a single
color-class of an arbitrary finite coloring of the plane [9, 5, 2, 1], or in a singlemeasurable
set of positive upper density [11]. However, sets of merely infinite measure, which are
studied here, can be very sparse and the techniques of harmonic analysis employed in
[11] are no longer effective. For this reason, we approach Theorem 1 using “soft” (i.e.,
qualitative) measure-theoretic techniques, which give very little control on the shape of
the desired cyclic quadrilateral. Also, the setS constructed in the proof of Theorem 2 is
simple enough that purely geometric observations are sufficient.
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Polygons of unit area and sets of infinite measure 3

1.1 Progress update

After a preprint of this paper became publicly available, Junnosuke Koizumi [10],
“inspired by the proof of Theorem 1,” showed that every subset of R2 of infinite mea-
sure also contains the vertices of an area 1 isosceles triangle, right triangle, and isosceles
trapezoid. This, together with Theorems 1 and 2, completely resolved all five Erdős’es
questions on unit-area finite configurations in planar sets of infinite measure posed in
[7]. These questions are also jointly formulated as Problem #353 on Thomas Bloom’s
website Erdős Problems [3].

1.2 Notation

Following customs of the elementary Euclidean geometry, we will write 𝐴𝐵 for the line
segmentwith endpoints 𝐴 and 𝐵, and |𝐴𝐵| for the Euclidean distance between these two
points. Next, D𝑟 (𝐶) will stand for the Euclidean open disk centered at 𝐶 with radius
𝑟 > 0, i.e., for the set of all points 𝑃 in the plane that satisfy |𝐶𝑃 | < 𝑟 . When two points
ofR2 are given by their coordinates (𝑥1, 𝑦1) and (𝑥2, 𝑦2), their distance is rather written
as dist((𝑥1, 𝑦1), (𝑥2, 𝑦2)).

The two-dimensional Lebesgue measure of a measurable set S will be written sim-
ply as area(S), since it is a generalization of the elementary notion of area and there is
no need to make a distinction between them. Likewise, the one-dimensional Lebesgue
measure of a measurable subset I of a line will be written as length(I). The diameter of
S is sup𝐴,𝐵∈S |𝐴𝐵|. Given a set I ⊆ R, we write I − I for its difference set, defined as
{𝑎 − 𝑏 : 𝑎, 𝑏 ∈ I}.

The differential of a function 𝑓 at a point 𝐶 will be written as d 𝑓 (𝐶). After we fix a
coordinate system, we will start identifying linear operators from R𝑛 to R𝑚 with their
𝑚 × 𝑛 matrices in the standard bases of R𝑚 and R𝑛. The operator norm of a linear map
𝑀 : R𝑛 → R𝑚 is defined as max |𝑣 |⩽1 |𝑀𝑣 |, where | · | stands for the Euclidean norm
(i.e., the usual vector length) on the respective spaces.

2 Proof of Theorem 1

Suppose that S is a measurable subset of the plane such that area(S) = ∞. The first
step of the proof is to locate a triangle △𝐴𝐵𝐶 of area 1 with vertices in S in a way that
we also have control over its angles and over the density of S at 𝐶 . The argument is a
modification of the standard one mentioned in the introduction [4, p. 182].

Consider a pair of orthogonal lines 𝑝 and 𝑞 in the plane. They subdivide the plane (up
to negligible sets) into 4 closed right-angled sectors (i.e., quadrants) Q1,Q2,Q3,Q4, as
in Figure 1. By pigeonholing, there exists some 1 ⩽ 𝑖 ⩽ 4 such that area(S ∩ Q𝑖) = ∞.
Choosing the coordinate system so that Q𝑖 becomes the “upper” sector, we can write

Q𝑖 = {(𝑥, 𝑦) ∈ R2 : 𝑦 ⩾ |𝑥 |}

and then the lines 𝑝 and 𝑞 respectively have Cartesian equations 𝑦 = −𝑥 and 𝑦 = 𝑥; see
Figure 2. For every 𝑡 ⩾ 0 denote the points 𝐿𝑡 = (−𝑡, 𝑡) and 𝑅𝑡 = (𝑡, 𝑡), so that the
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4 V. Kovač and B. Predojević

Figure 1:Quadrants.

family of line segments 𝐿𝑡𝑅𝑡 indexed by 𝑡 ⩾ 0 partitions Q𝑖 . By Fubini’s theorem,

area(S ∩ Q𝑖) =
∫ ∞

0
length

(
S ∩ 𝐿𝑡𝑅𝑡

)
d𝑡.

Therefore, there has to exist some 𝑡 > 0 such that the one-dimensional Lebesgue mea-
sure of S ∩ 𝐿𝑡𝑅𝑡 is strictly positive. From now on, we fix one particular such 𝑡 and
denote 𝐿 = 𝐿𝑡 and 𝑅 = 𝑅𝑡 . Define

I :=
{
𝑥 ∈ R : (𝑥, 𝑡) ∈ S ∩ 𝐿𝑅

}
⊆ [−𝑡, 𝑡] .

By the Steinhaus theorem [13], the fact length(I) > 0 implies that there exists some
𝜃 > 0 such that the difference set I − I contains the interval (−𝜃, 𝜃). Thus, for any
0 < 𝑐 < 𝜃, we can find two points in S ∩ 𝐿𝑅 at distance precisely 𝑐 apart from each
other.

Let 𝐿′ on 𝑝 and 𝑅′ on 𝑞 be the points such that ∠𝐿′𝑅𝐿 = 30◦ and ∠𝑅𝐿𝑅′ = 30◦.
Next, let 𝐿′′ on 𝑝 and 𝑅′′ on 𝑞 be such that 𝐿′′𝑅′′ is parallel to 𝐿′𝑅′ and lies above (or
coincides with) line 𝐿′𝑅′, and that the distance between the lines 𝐿𝑅 and 𝐿′′𝑅′′ is at
least 2/𝜃. Finally, let R be the unbounded open region the boundary of which consists
of 𝑝, 𝑞, and 𝐿′′𝑅′′; see Figure 2 again. Note that we still have area(S ∩ R) = ∞, but
fromnow onwe only need area(S∩R) > 0. Almost every point ofS∩R is its Lebesgue
density point (see e.g. [12, p. 12] or [8, Theorem 3.21]), so there exists a point 𝐶 in that
set such that

lim
𝜀→0+

area(S ∩ D𝜀 (𝐶))
area(D𝜀 (𝐶))

= 1.

In particular, there exists 𝜀1 > 0 such that

area(S ∩ D𝜀 (𝐶))
area(D𝜀 (𝐶))

>
9999
10000

for every 𝜀 ∈ (0, 𝜀1] . (2.1)

Now let 𝑐 ∈ (0, 𝜃) be such that the distance from the point𝐶 to the line 𝐿𝑅 is precisely
2/𝑐. From the conclusion of the previous paragraph we can find points 𝐴, 𝐵 ∈ S ∩ 𝐿𝑅

such that |𝐴𝐵| = 𝑐. The area of △𝐴𝐵𝐶 is then clearly 1, while its angles satisfy

∠𝐶𝐵𝐴 ⩾ ∠𝐶𝑅𝐿 > ∠𝐿′𝑅𝐿 = 30◦
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Figure 2: Locating △𝐴𝐵𝐶 .

and
∠𝐶𝐴𝐵 ⩾ ∠𝐶𝐿𝑅 > ∠𝑅′𝐿𝑅 = 30◦.

We regard the positively oriented triangle △𝐴𝐵𝐶 as fixed and find it advantageous
to change the coordinate system, by placing the origin at 𝐴 and putting 𝐵 on the positive
part of the 𝑥-axis. The new coordinates of the vertices of △𝐴𝐵𝐶 become

𝐴 = (0, 0), 𝐵 = (𝑐, 0), 𝐶 = (𝑥𝐶 , 𝑦𝐶 )

for some 𝑥𝐶 ∈ R and 𝑦𝐶 > 0. Lengths of its sides will be written

𝑎 = |𝐵𝐶 |, 𝑏 = |𝐶𝐴|, 𝑐 = |𝐴𝐵|

and its angles will be denoted standardly as

𝛼 = ∠𝐵𝐴𝐶, 𝛽 = ∠𝐶𝐵𝐴, 𝛾 = ∠𝐴𝐶𝐵;

see Figure 3. Recall that we have shown

30◦ < 𝛼, 𝛽 < 150◦. (2.2)

The proof proceeds by “perturbing” the point 𝐶 slightly to locate 𝐷, 𝐸 in its small
neighborhood such that 𝐴𝐵𝐸𝐷 is a non-degenerate cyclic quadrilateral of area 1. To
achieve this, we need to study analytical properties of the assignment 𝐷 ↦→ 𝐸 , which
finds a unique appropriate point 𝐸 formany initial choices of𝐷 , andwe only care about
the caseswhen𝐷 and 𝐸 are sufficiently close to𝐶 . Since the setS is “very dense” around
𝐶 , it will not be able to miss all such pairs (𝐷, 𝐸).

Lemma 3 There exist a number 𝜚 > 0, an open neighborhood V of the point 𝐶 , and a
C1-diffeomorphism 𝑓 : D𝜚 (𝐶) → V such that the following holds.

• One has

𝑓 (𝐶) = 𝐶. (2.3)
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Figure 3: Triangle elements.

• If we denote

D−
𝜚 (𝐶) := {(𝑥, 𝑦) ∈ D𝜚 (𝐶) : 𝑦 < 𝑦𝐶 },
V− := {(𝑥, 𝑦) ∈ V : 𝑦 < 𝑦𝐶 },

then

𝑓 (D−
𝜚 (𝐶)) = V− . (2.4)

• For every 𝐷 ∈ D−
𝜚 (𝐶) and 𝐸 ∈ V− one has

𝑓 (𝐷) = 𝐸 ⇐⇒ 𝐴𝐵𝐸𝐷 is a cyclic quadrilateral of area 1. (2.5)

• The differential of 𝑓 at 𝐶 equals

d 𝑓 (𝐶) =

1 (cos 2𝛼 sin 𝛽−cos 𝛼 sin 𝛾) sin 𝛾

sin3 𝛼

0 sin2 𝛽
sin2 𝛼

 . (2.6)

The reason why we restrict ourselves to the half-diskD−
𝜚 (𝐶) is that 𝐷, 𝐴, 𝐵 cannot

be consecutive vertices of an area 1 cyclic quadrilateral if 𝐷 lies on or above the line 𝑟
passing through𝐶 and parallel to the 𝑥-axis; see Figure 4.

Proof Wewill use the implicit function theorem to obtain the existence of the desired
function 𝑓 : 𝐷 ↦→ 𝐸 , defined locally, in a neighborhood of 𝐶 , from a system of 2
equations in 2 variables, which encode the geometric requirements, i.e., that the quadri-
lateral 𝐴𝐵𝐸𝐷 is cyclic and has area 1. We regard 𝐷 as fixed and try to locate the point
𝐸 = 𝑓 (𝐷). Introduce the Cartesian coordinates of the two points,

𝐷 = (𝑥𝐷 , 𝑦𝐷), 𝐸 = (𝑥𝐸 , 𝑦𝐸).

Using the so-called “shoelace formula” for the area in the Cartesian plane, we easily
obtain

1
2
(
0 · 0 − 𝑐 · 0 + 𝑐 · 𝑦𝐸 − 𝑥𝐸 · 0 + 𝑥𝐸 · 𝑦𝐷 − 𝑥𝐷 · 𝑦𝐸 + 𝑥𝐷 · 0 − 0 · 𝑦𝐷

)
= 1,
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Figure 4:Map 𝑓 : 𝐷 ↦→ 𝐸 .

i.e.,

𝑦𝐷𝑥𝐸 + (𝑐 − 𝑥𝐷)𝑦𝐸 − 2 = 0 (2.7)

holds whenever 𝐴𝐵𝐸𝐷 is a quadrilateral of area 1. We conclude that 𝐸 needs to lie on
the line 𝑙 given by the equation

𝑦𝐷𝑥 + (𝑐 − 𝑥𝐷)𝑦 − 2 = 0; (2.8)

see Figure 4.
Furthermore, we require that the points 𝐴, 𝐵, 𝐸, 𝐷 are concyclic. In order to find

the equation of the circumcircle 𝑘 of the triangle △𝐴𝐵𝐷 , we observe that its cen-
ter 𝑂 (𝑥𝑂, 𝑦𝑂) lies on the perpendicular bisectors of the sides 𝐴𝐵 and 𝐴𝐷 , which are
respectively given by

𝑥 =
𝑐

2
, 𝑦 = − 𝑥𝐷

𝑦𝐷

(
𝑥 − 𝑥𝐷

2

)
+ 𝑦𝐷

2
.

Solving this system gives

(𝑥𝑂, 𝑦𝑂) =
( 𝑐
2
,
𝑥2
𝐷
+ 𝑦2

𝐷
− 𝑐𝑥𝐷

2𝑦𝐷

)
,

while the equation of circle 𝑘 reads

(𝑥 − 𝑥𝑂)2 + (𝑦 − 𝑦𝑂)2 = 𝑥2𝑂 + 𝑦2𝑂 .

Plugging (𝑥, 𝑦) = (𝑥𝐸 , 𝑦𝐸) into the last equation and simplifying, we obtain

𝑥2𝐸 + 𝑦2𝐸 − 𝑐𝑥𝐸 +
𝑐𝑥𝐷 − 𝑥2

𝐷
− 𝑦2

𝐷

𝑦𝐷
𝑦𝐸 = 0. (2.9)

The point 𝐸 lies at the intersection of 𝑙 and 𝑘 (see Figure 4 again), so its coordinates
𝑥𝐸 , 𝑦𝐸 need to satisfy both equations (2.7) and (2.9).
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Motivated by (2.7) and (2.9), we consider the function

Φ : R × (0,∞) × R2 → R2,

defined by

Φ(𝑥1, 𝑦1, 𝑥2, 𝑦2) =
(
𝑦1𝑥2 + (𝑐 − 𝑥1)𝑦2 − 2, 𝑥22 + 𝑦22 − 𝑐𝑥2 +

𝑐𝑥1 − 𝑥21 − 𝑦21
𝑦1

𝑦2

)
.

Note that area(△𝐴𝐵𝐶) = 1 can be rewritten as 𝑐𝑦𝐶 = 2, which easily implies

Φ(𝐶,𝐶) = Φ(𝑥𝐶 , 𝑦𝐶 , 𝑥𝐶 , 𝑦𝐶 ) = (𝑐𝑦𝐶 − 2, 0) = (0, 0). (2.10)

Furthermore, we calculate the differential in the first two variables (𝑥1, 𝑦1) at (𝐶,𝐶) as

d1Φ(𝐶,𝐶) =
[

−𝑦𝐶 𝑥𝐶

𝑐 − 2𝑥𝐶
𝑥2
𝐶
−𝑐𝑥𝐶−𝑦2

𝐶

𝑦𝐶

]
and the differential in the last two variables (𝑥2, 𝑦2) at (𝐶,𝐶) as

d2Φ(𝐶,𝐶) =
[

𝑦𝐶 𝑐 − 𝑥𝐶

2𝑥𝐶 − 𝑐
−𝑥2

𝐶
+𝑐𝑥𝐶+𝑦2

𝐶

𝑦𝐶

]
.

Note that the determinant of the latter operator,

det d2Φ(𝐶,𝐶) = (𝑥𝐶 − 𝑐)2 + 𝑦2𝐶 ,

is strictly positive because of 𝑦𝐶 > 0; in particular it is non-zero. Applying the implicit
function theorem we obtain open neighborhoodsU′,V′ ⊆ R of the point𝐶 such that
there exists a unique function 𝑓 : U′ → V′ satisfying

Φ(𝐷, 𝐸) = 0 ⇐⇒ 𝐸 = 𝑓 (𝐷) (2.11)

for every 𝐷 ∈ U′ and 𝐸 ∈ V′. In particular, a consequence of (2.10) is 𝑓 (𝐶) =

𝐶 . Furthermore, the implicit function theorem also guarantees that 𝑓 is continuously
differentiable and its differential can be computed by the formula

d 𝑓 (𝐶) = −
(
d2Φ(𝐶,𝐶)

)−1d1Φ(𝐶,𝐶).

After some calculation using the above expressions for d1Φ(𝐶,𝐶) and d2Φ(𝐶,𝐶), we
obtain

d 𝑓 (𝐶) = − 1
(𝑥𝐶 − 𝑐)2 + 𝑦2

𝐶

[
−𝑥2

𝐶
+𝑐𝑥𝐶+𝑦2

𝐶

𝑦𝐶
𝑥𝐶 − 𝑐

𝑐 − 2𝑥𝐶 𝑦𝐶

] [
−𝑦𝐶 𝑥𝐶

𝑐 − 2𝑥𝐶
𝑥2
𝐶
−𝑐𝑥𝐶−𝑦2

𝐶

𝑦𝐶

]
,

i.e.,

d 𝑓 (𝐶) =

1 𝑐 (𝑥2

𝐶
−𝑐𝑥𝐶−𝑦2

𝐶
)

( (𝑥𝐶−𝑐)2+𝑦2
𝐶
)𝑦𝐶

0 𝑥2
𝐶
+𝑦2

𝐶

(𝑥𝐶−𝑐)2+𝑦2
𝐶

 .
Using

𝑥2𝐶 + 𝑦2𝐶 = 𝑏2, (𝑥𝐶 − 𝑐)2 + 𝑦2𝐶 = 𝑎2,
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Polygons of unit area and sets of infinite measure 9

which is clear from Figure 3, we simplify d 𝑓 (𝐶) as

d 𝑓 (𝐶) =

1 𝑐 (𝑥2

𝐶
−𝑐𝑥𝐶−𝑦2

𝐶
)

𝑎2𝑦𝐶

0 𝑏2

𝑎2


and then the sine theorem for △𝐴𝐵𝐶 and some trigonometric manipulation easily yield
the desired formula (2.6).

Since det d 𝑓 (𝐶) ≠ 0, we can apply the inverse function theorem to obtain open
neighborhoods U ⊆ U′ and V ⊆ V′ of the point 𝐶 such that 𝑓 : U → V is a C1-
diffeomorphism. By further shrinking, we can assume thatU is an open diskD𝜚 (𝐶) of
some radius 𝜚 > 0. Besides the notation introduced in the lemma statement, also denote

D+
𝜚 (𝐶) := {(𝑥, 𝑦) ∈ D𝜚 (𝐶) : 𝑦 > 𝑦𝐶 },

D0
𝜚 (𝐶) := {(𝑥, 𝑦) ∈ D𝜚 (𝐶) : 𝑦 = 𝑦𝐶 },
V+ := {(𝑥, 𝑦) ∈ V : 𝑦 > 𝑦𝐶 },
V0 := {(𝑥, 𝑦) ∈ V : 𝑦 = 𝑦𝐶 }.

For every𝐷 ∈ D−
𝜚 (𝐶), the first part of the proof and (2.11) guarantee that𝐸 = 𝑓 (𝐷)

is the unique point lying both on the circle 𝑘 through 𝐴, 𝐵, 𝐷 and the line 𝑙 defined by
(2.8). Since 𝐷 is below the line 𝑟 , which means area(△𝐴𝐵𝐷) < 1, the points on the
circle 𝑘 really appear in the order 𝐴, 𝐵, 𝐸, 𝐷 and form a cyclic quadrilateral of area
1. Moreover, area(△𝐴𝐵𝐸) < area(△𝐴𝐵𝐸𝐷), so 𝐸 is also below the line 𝑟 , i.e., 𝐸 ∈
D−

𝜚 (𝐶). This proves 𝑓 (D−
𝜚 (𝐶)) ⊆ V− and tentatively also (2.5) provided that we can

show the equality in this last set inclusion, i.e., that (2.4) holds.
Next, we claim that for every 𝐷 ∈ D𝜚 (𝐶) one has

𝐷 ∈ 𝑟 ⇐⇒ 𝐸 = 𝑓 (𝐷) ∈ 𝑟. (2.12)

In fact, (2.12) then further implies 𝐸 = 𝐷 , but we do not need that in the following text.
Even if this claim is geometrically evident, we give its rigorous analytical proof. Namely,
the definition of 𝑓 guarantees Φ(𝑥𝐷 , 𝑦𝐷 , 𝑥𝐸 , 𝑦𝐸) = (0, 0) provided that 𝐸 = 𝑓 (𝐷),
and the equality of the first coordinates yields

𝑦𝐷𝑥𝐸 + (𝑐 − 𝑥𝐷)𝑦𝐸 = 2 = 𝑐𝑦𝐶 , (2.13)

which enables us to express 𝑥𝐸 in terms of 𝑥𝐷 , 𝑦𝐷 , and 𝑦𝐸 . Now, if 𝑦𝐷 = 𝑦𝐶 , then the
second equality simplifies, after some calculation, as

(𝑦𝐸 − 𝑦𝐶 ) 𝑦𝐸
(
(𝑥𝐷 − 𝑐)2 + 𝑦2𝐶

)︸                    ︷︷                    ︸
>0

= 0,

which implies 𝑦𝐸 = 𝑦𝐶 . Conversely, if 𝑦𝐸 = 𝑦𝐶 , then the second inequality easily
reduces to

(𝑦𝐷 − 𝑦𝐶 ) 𝑦𝐶 (𝑥2𝐷 + 𝑦2𝐷)︸          ︷︷          ︸
>0

= 0,
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10 V. Kovač and B. Predojević

which gives 𝑦𝐷 = 𝑦𝐶 . (After we conclude 𝑦𝐶 = 𝑦𝐷 = 𝑦𝐸 , then (2.13) also implies
𝑥𝐸 = 𝑥𝐷 , so that we indeed have 𝐸 = 𝐷.) Note that (2.12) can be equivalently written
as 𝑓 (D0

𝜚 (𝐶)) = V0.
Finally, the continuity of 𝑓 and the connectedness of D+

𝜚 (𝐶) imply 𝑓 (D+
𝜚 (𝐶)) ⊆

V+. From all this we conclude that the image 𝑓 (D−
𝜚 (𝐶)) needs to be precisely equal to

V− . ■

Estimating the operator norm of d 𝑓 (𝐶) by the ℓ2-norm of its matrix entries (the
so-called Frobenius matrix norm), from (2.6) and (2.2) we get

∥d 𝑓 (𝐶)∥op
(2.6)
⩽

√︄
12 +

(
(cos 2𝛼 sin 𝛽 − cos𝛼 sin 𝛾) sin 𝛾

sin3 𝛼

)2
+
( sin2 𝛽
sin2 𝛼

)2
(2.2)
⩽

√︂
1 +

( 2
sin3 30◦

)2
+
( 1
sin2 30◦

)2
< 20.

Also,

det(d 𝑓 (𝐶)) (2.6)
=

sin2 𝛽
sin2 𝛼

(2.2)
⩾ sin2 30◦ =

1
4
.

By continuity of the maps

𝑃 ↦→ ∥d 𝑓 (𝑃)∥op and 𝑃 ↦→ det(d 𝑓 (𝑃))

there exists 0 < 𝜀2 ⩽ 𝜚 such that

∥d 𝑓 (𝑃)∥op < 20 for every 𝑃 ∈ D𝜀2 (𝐶) (2.14)

and

det(d 𝑓 (𝑃)) > 1
5

for every 𝑃 ∈ D𝜀2 (𝐶). (2.15)

Next, by the mean value inequality for vector-valued functions, we conclude that

|𝐶 𝑓 (𝑃) | (2.3)= | 𝑓 (𝐶) 𝑓 (𝑃) |
(2.14)
⩽ 20|𝐶𝑃 |

holds for every 𝑃 ∈ D𝜀2 (𝐶), so

𝑓 (D𝜀 (𝐶)) ⊆ D20𝜀 (𝐶) for every 𝜀 ∈ (0, 𝜀2] . (2.16)

LetD𝜀3 (𝐶), for some 𝜀3 > 0, be a disk around𝐶 fully contained inV .
From (2.1) we conclude

1
2
· area(S ∩ D−

𝜀 (𝐶))
area(D−

𝜀 (𝐶))
+ 1
2
· area(S ∩ D+

𝜀 (𝐶))
area(D+

𝜀 (𝐶))︸                 ︷︷                 ︸
⩽1

(2.1)
>

9999
10000

whenever 𝜀 ⩽ 𝜀1, so that
area(S ∩ D−

𝜀 (𝐶))
area(D−

𝜀 (𝐶))
>

4999
5000

for every 𝜀 ∈ (0, 𝜀1] . (2.17)

Finally, take
𝛿 := min{𝜀1, 𝜀2, 𝜀3}
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Figure 5: Illustration of S.

and define the set

A := S ∩ D−
𝛿 (𝐶),

so that (2.17) immediately gives

area(A) > 4999
5000

area(D−
𝛿 (𝐶)).

Also define

B := 𝑓
(
S ∩ D−

𝛿/20 (𝐶)
)
,

so that (2.4) and (2.16) guarantee B ⊆ D−
𝛿
(𝐶), while the change of variables formula

(e.g. [8, Theorem 2.47]), the fact that 𝑓 is C1-diffeomorphism, (2.15), and (2.17) give

area(B) =
∫
S∩D−

𝛿/20 (𝐶 )
| det(d 𝑓 (𝑃)) | d𝑃

(2.15)
⩾

1
5
area

(
S ∩ D−

𝛿/20 (𝐶)
)

(2.17)
>

1
5
· 4999
5000

· 1
202

area(D−
𝛿 (𝐶)) >

1
5000

area(D−
𝛿 (𝐶)).

Therefore,A and B are two measurable subsets ofD−
𝛿
(𝐶) satisfying

area(A) + area(B) > area(D−
𝛿 (𝐶)),

so they cannot be disjoint. Let𝐸 be a point from the intersectionA∩B. By the definition
of A we have 𝐸 ∈ S ∩ D−

𝜀3
(𝐶) ⊆ S ∩ V− , while the definition of B gives a point

𝐷 ∈ S ∩ D−
𝜚 (𝐶) such that 𝐸 = 𝑓 (𝐷). Now we know that 𝐴, 𝐵, 𝐷, 𝐸 ∈ S and (2.5)

finalizes the proof of Theorem 1 by concluding that 𝐴𝐵𝐸𝐷 is a cyclic quadrilateral of
unit area.

3 Proof of Theorem 2

An example of a set with the desired property is

S := {(𝑥, 𝑦) ∈ R2 : 𝑥 > 1, 𝑦 > 0, 4𝑥𝑦 < 1}.
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12 V. Kovač and B. Predojević

Figure 6: Enclosed triangle.

Its upper boundary is a piece of hyperbola,

H := {(𝑥, 𝑦) ∈ R2 : 𝑥 > 1, 4𝑥𝑦 = 1},

which is, at the same time, the lower boundary of the closed convex set

T := {(𝑥, 𝑦) ∈ R2 : 𝑥 ⩾ 1, 4𝑥𝑦 ⩾ 1};

see Figure 5. Note that

area(S) =
∫ ∞

1

d𝑥
4𝑥

= ∞.

Lemma 4 Let 𝑙 be the line through any two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) on H . Then the
line 𝑙 intersects the 𝑥-axis at the point (𝑥1 + 𝑥2, 0) and the triangle determined by 𝑙 and the
coordinate axes has area precisely

1
2
+ (𝑥1 − 𝑥2)2

8𝑥1𝑥2
. (3.1)

In the limiting case, when the two points onH coincide, the line 𝑙 becomes the tangent onH
at (𝑥1, 𝑦1) and the above area is always equal to 1/2.

Proof Consult Figure 6. The equation of the line through (𝑥1, 𝑦1) and (𝑥2, 𝑦2) reads

𝑦 − 𝑦1 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
(𝑥 − 𝑥1),

while 𝑦1 = 1/(4𝑥1) and 𝑦2 = 1/(4𝑥2) enable its simplification as

𝑦 =
−𝑥 + 𝑥1 + 𝑥2

4𝑥1𝑥2
.

The two segments that 𝑙 cuts off from the axes have lengths 𝑥1+𝑥2 and (𝑥1+𝑥2)/(4𝑥1𝑥2),
so the area of the triangle in question equals (𝑥1+𝑥2)2/(8𝑥1𝑥2), which easily transforms
into (3.1).
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Figure 7: Separating tangent.

A similar computation finds the equation of the tangent line onH at (𝑥1, 𝑦1) as

𝑦 =
−𝑥 + 2𝑥1

4𝑥21
,

so the segments cut off from the axes now have lengths 2𝑥1 and 1/(2𝑥1), while the
formed triangle has area 1/2. ■

Nowwe turn to the actual proof of the second theorem. Suppose that there is a convex
polygon P with area(P) ⩾ 1, all sides of length 𝑎 > 0, and all vertices contained in the
above setS. Wewill gradually narrow down several possibilities until we arrive at a final
contradiction.

Let us first suppose thatP is fully contained in the regionS; see Figure 7. ThenP and
T are disjoint convex sets, and they can be separated by a line, via an elementary version
of the Hahn-Banach separation theorem. By moving the separation line upwards until
it touches T , and possibly rotating it counterclockwise if the touching point happens to
be (1, 1/4), we obtain a tangent 𝑙 onH such that the polygon P lies below it. The area
of P can then be bounded from above by the area of the triangle formed by 𝑙 and the
coordinate axes, so Lemma 4 gives area(P) ⩽ 1/2, which is a contradiction.

Thus, T actually intersects the polygon P , but it can intersect only one of its sides
contained in the upper boundary of P , call it 𝐴𝐵; see Figure 8. Otherwise, it would also
contain some of the vertices ofP , butwe assumed that all of the vertices are in the region
S. Let (𝑥1, 𝑦1) and (𝑥2, 𝑦2), for 𝑥1 ⩽ 𝑥2, be the intersection points of H and the side
𝐴𝐵, allowing the possibility that the two points coincide. Also, let 𝑙 be the line through
(𝑥1, 𝑦1) and (𝑥2, 𝑦2), or the line tangent toH at (𝑥1, 𝑦1) = (𝑥2, 𝑦2). Observing that P
is, by its convexity, again contained in the triangle formed by 𝑙 and the coordinate axes,
the formula (3.1) from Lemma 4 now yields

area(P) ⩽ 1
2
+ (𝑥1 − 𝑥2)2

8𝑥1𝑥2
⩽

1
2
+ 𝑎2

8𝑥1𝑥2
.

We clearly arrive at the contradiction with area(P) ⩾ 1 again if

• 𝑎 < 2 (as 𝑥2 ⩾ 𝑥1 ⩾ 1),
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14 V. Kovač and B. Predojević

Figure 8:Upper boundary of P .

• or 𝑥1 ⩾ 7𝑎/8 (as then also 𝑥2 ⩾ 7𝑎/8).

Thus, in the following we additionally assume that 𝑎 ⩾ 2 and 𝑥1 < 7𝑎/8. Without
loss of generality, 𝐴 has a smaller 𝑥-coordinate than 𝐵. However, 𝐴 is then contained in
the rectangle [1, 7𝑎/8] × [0, 1/4] , the diagonal of which is√︂(7𝑎

8
− 1

)2
+
(1
4

)2
< 𝑎,

and there is no room inside that rectangle for another side of the polygon P . Conse-
quently, 𝐴 is the leftmost vertex of P . Next, recall that all vertices of P except 𝐴 and 𝐵

lie below the line 𝑙 . Let 𝑀 be the intersection of 𝑙 with the 𝑥-axis, and let 𝑁 be the foot
of the perpendicular from 𝐵 onto the 𝑥-axis; see Figure 8 again. By another claim from
Lemma 4, the coordinates of 𝑀 are (𝑥1 + 𝑥2, 0). The diameter of triangle △𝐵𝑁𝑀 is

|𝐵𝑀 | < dist
(
(𝑥2, 𝑦2), (𝑥1 + 𝑥2, 0)

)
⩽ 𝑥1 +

1
4
<

7𝑎
8

+ 1
4
⩽ 𝑎,

which leaves no room inside △𝐵𝑁𝑀 for another side of P . Thus, 𝐵 is the rightmost
vertex of the polygon P .

We can now denote the vertices of P counterclockwise as

𝐴 = 𝐶1, 𝐶2, . . . , 𝐶𝑛−1, 𝐶𝑛 = 𝐵,

knowing that 𝑛 ⩾ 3; see Figure 9. Let 𝐶′
𝑖
be the projection of 𝐶𝑖 onto the 𝑥-axis for

𝑖 = 1, . . . , 𝑛. For every 1 ⩽ 𝑖 ⩽ 𝑛 − 1 we know that the projection of 𝐶𝑖𝐶𝑖+1 onto the
𝑦-axis has length at most 1/4, so the Pythagorean theorem and 𝑎 ⩾ 2 give

𝑎2 = |𝐶𝑖𝐶𝑖+1 |2 ⩽ |𝐶′
𝑖𝐶

′
𝑖+1 |2 +

(1
4

)2
⩽ |𝐶′

𝑖𝐶
′
𝑖+1 |2 +

𝑎2

64
,

which implies |𝐶′
𝑖
𝐶′
𝑖+1 | ⩾ 7𝑎/8. Ultimately,

𝑎 = |𝐴𝐵| ⩾ |𝐶′
1𝐶

′
𝑛 | =

𝑛−1∑︁
𝑖=1

|𝐶′
𝑖𝐶

′
𝑖+1 | ⩾

7(𝑛 − 1)𝑎
8

> 𝑎,

which leads to the ultimate contradiction and completes the proof of Theorem 2.
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Figure 9: Estimating projections.

Acknowledgment

This work was supported in part by the Croatian Science Foundation under the project
HRZZ-IP-2022-10-5116 (FANAP).

Declarations

There is no conflict of interests. The authors contributed equally to this work.

References

[1] Sukumar Das Adhikari and Yong-Gao Chen. On monochromatic configurations for finite colorings.
Discrete Math., 333:106–109, 2014. doi:10.1016/j.disc.2014.06.015.

[2] Sukumar Das Adhikari and Purusottam Rath. Remarks on monochromatic configurations for finite
colorings of the plane. Note Mat., 32(2):83–88, 2012. doi:10.1109/mcs.2012.2185888.

[3] Thomas F. Bloom. Erdős Problem #353. https://www.erdosproblems.com/353. Accessed: December
16, 2024.

[4] Hallard T. Croft, Kenneth J. Falconer, and Richard K. Guy. Unsolved problems in geometry. Problem Books
in Mathematics. Springer-Verlag, New York, 1991. Unsolved Problems in Intuitive Mathematics, II.
doi:10.1007/978-1-4612-0963-8.

[5] Adrian Dumitrescu and Minghui Jiang. Monochromatic simplices of any volume. Discrete Math.,
310(4):956–960, 2010. doi:10.1016/j.disc.2009.09.026.

[6] Paul Erdős. Set-theoretic, measure-theoretic, combinatorial, and number-theoretic problems concern-
ing point sets in Euclidean space. Real Anal. Exchange, 4(2):113–138, 1978/79.

[7] Paul Erdős. Some combinatorial, geometric and set theoretic problems in measure theory. In D. Kölzow
and D. Maharam-Stone, editors, Measure Theory, Oberwolfach 1983: Proceedings of the Conference held at
Oberwolfach, June 26–July 2, 1983, volume 1089 of Lecture Notes in Mathematics, pages 321–327. Springer,
Berlin, Heidelberg, 1984. doi:10.1007/BFb0072626.

[8] Gerald B. Folland. Real analysis. Pure andAppliedMathematics (NewYork). JohnWiley&Sons, Inc., New
York, second edition, 1999. Modern techniques and their applications, AWiley-Interscience Publication.

[9] Ronald Lewis Graham. On partitions of E𝑛 . J. Combin. Theory Ser. A, 28(1):89–97, 1980. doi:10.
1016/0097-3165(80)90061-8.

2025/11/26 12:50
https://doi.org/10.4153/S0008439525101537 Published online by Cambridge University Press

https://doi.org/10.1016/j.disc.2014.06.015
https://doi.org/10.1109/mcs.2012.2185888
https://www.erdosproblems.com/353
https://doi.org/10.1007/978-1-4612-0963-8
https://doi.org/10.1016/j.disc.2009.09.026
https://doi.org/10.1007/BFb0072626
https://doi.org/10.1016/0097-3165(80)90061-8
https://doi.org/10.1016/0097-3165(80)90061-8
https://doi.org/10.4153/S0008439525101537


16 V. Kovač and B. Predojević

[10] Junnosuke Koizumi. Isosceles trapezoids of unit area with vertices in sets of infinite planar measure.
Proc. Amer. Math. Soc., 153(11):4753–4758, 2025. doi:10.1090/proc/17322.

[11] Vjekoslav Kovač. Coloring and density theorems for configurations of a given volume (preprint, 47 pp.).
Available at: arXiv:2309.09973, 2024.

[12] Elias M. Stein and Guido Weiss. Introduction to Fourier analysis on Euclidean spaces, volume No. 32 of
Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1971.

[13] Hugo Steinhaus. Sur les distances des points dans les ensembles de mesure positive. Fund. Math., 1:93–
104, 1920. doi:10.4064/fm-1-1-93-104.

Department of Mathematics, Faculty of Science, University of Zagreb, Bijenička cesta 30, 10000, Zagreb, Croatia
e-mail: vjekovac@math.hr, bruno.predojevic@math.hr.

2025/11/26 12:50
https://doi.org/10.4153/S0008439525101537 Published online by Cambridge University Press

https://doi.org/10.1090/proc/17322
https://doi.org/10.4064/fm-1-1-93-104
https://doi.org/10.4153/S0008439525101537

	Introduction
	Progress update
	Notation

	Proof of Theorem 1
	Proof of Theorem 2
	References

