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A NOTE ON EXISTENCE OF ENVELOPES AND COVERS

JIANLONG CHEN AND NANQING DING

We prove the following results for a ring R. (a) If C is a class of right R-modules
closed under direct summands and isomorphisms, then every right R-module has
an epic C-envelope if and only if C is closed under direct products and submodules.
(b) If R is left T-coherent and pure injective as a right R-module, then every
T-finitely presented right R-module has a T-flat envelope. (c) Let R be a left 7-
coherent ring and injective right R-modules be T-flat. If every finitely presented
left R-module has a flat envelope, then every 7 -finitely presented right R-module
has a projective cover.

1. INTRODUCTION

Throughout this paper, R will denote an associative ring with identity and all
modules will be unitary.

If R is a ring and C a subclass of the category Modpg of right R-modules, by a C-
pre-envelope of a right R-module M we mean a homomorphism ¢: M — F with F € C
such that for any homomorphism f: M — F' where F' € C there is a homomorphism
g: F — F' such that g¢ = f. If, furthermore, when F' = F and f = ¢, the only
such g are automorphisms of F, then ¢ is called a C-envelope of M. If C is the class
of injective modules, then we get the usual injective envelopes. For C some familiar
class of modules, say the class of flat (respectively finitely projective, projective) mod-
ules, C-envelopes will simply be called flat (respectively finitely projective, projective)
envelopes. If envelopes exist they are unique up to isomorphism. C-(pre)covers can be
defined dually.

The question on the existence of envelopes and covers has been studied by many
authors (see for example, (1, 2, 6, 7, 9, 11]). In this paper, we first show that if C is a
class of right R-modules closed under direct summands and isomorphisms, then every
right R-module has an epic C-envelope if and only if C is closed under direct products
and submodules (Theorem 2). It is not known over which rings every module has an

F P-injective cover. But, as an immediate consequence of the dual of Theorem 2, we
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have that a ring R is right semihereditary if and only if every right R-module has a
monic FP-injective cover. Then, by a result of Gruson and Jensen [12], it is shown that
if R is left 7-coherent and pure injective as a right R-module, then every 7T -finitely
presented right R-module has a 7-flat envelope (Theorem 10). Finally, let R be a
left T-coherent ring and let injective right R-modules be 7-flat, we prove that if every
finitely presented left R-module has a flat envelope, then every 7-finitely presented
right R-module has a projective cover (Theorem 14). In particular, some known results
are obtained as corollaries of the main results of this paper.

2. PRELIMINARIES

In this section we recall some known notions and facts which we need in the later
section.

(1) Finite (local) projectivity. An R-module M is called finitely (respectively
locally) projective [3, 14] if, for any finitely generaied submodule My, of M, there
exist a finitely generated free module F' and homomorphisms f: My — F (respectively
f: M — F) and g: F — M such that g(f(z)) =z for all z € My. Finitely projective
modules were called f-projective in [14]. In general, projective = locally projective
= finitely projective = flat, but no two of these concepts are equivalent.

(2) Relative flatness. In [6], we defined the concept of flat modules with respect
to an arbitrary torsion theory. Here we recall this definition in a more general setting.
Let 7 be a subclass of Modgy with 0 € 7. A right R-module M is said to be 7-
finitely generated if M/M' € T for some finitely generated submodule M' of M. M
is said to be T -finitely presented if there is an exact sequence 0 - K - F — M — 0
with F finitely generated free and K 7 -finitely generated. M is called 7-flat if
every homomorphism from a 7 -finitely presented R-module to M can be factored
through a finitely generated free module, that is, for any 7 -finitely presented R-module
P and any homomorphism f: P — M, there exist a finitely generated free module
F and homomorphisms g: P — F and h: F —» M such that f = hg. It is clear
that every finitely projective module is 7-flat, and every 7-flat module is flat. If
T = {0} (respectively Modpg), then an R-module M is T-flat if and only if M is flat
(respectively finitely projective).

(3) Coherent rings. A ring R is said to be left coherent if every finitely generated
left ideal of R is finitely presented, or equivalently, any direct product of copies of R
is a flat right R-module. R is called left II-coherent [4, 14] if every finitely generated
torsionless left R-module is finitely presented, or equivalently, any direct product of
copies of R is a finitely projective right R-module [14]. R is called strongly left coherent
[18] if any direct product of copies of R is a locally projective right R-module. Note
that II-coherent rings were called strongly coherent rings by Jones [14]. R is called left
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T -coherent [6] if any direct product of copies of .R is a T-flat right R-module. Clearly,
if T = {0} (respectively Modpg), then R is left coherent (respectively II-coherent).

3. MAIN RESULTS

We start with

LEMMA 1. Let C be a class of right R-modules closed under direct summands.
If every right R-module has a C-pre-envelope, then C is closed under direct products.

ProorF: For any family {F;}icr C C, [[ F; has a C-pre-envelope ¢: [[F; — F
by hypothesis. Let p;: [[ F; — Fi be the projection. Then there exists 1;: F' — F;
such that ¥;¢ = p;, ¢ € I. Define ¢: F — [[ F; by ¥(z) = (¢i(z)) for = € F. For
any (z:) € [] F;, let ¢((z:)) =z, then

z; = pi((2:)) = ¥id((2:)) = i(=),

and hence

Po((2:)) = ¥(z) = (¢i(2)) = (),
that is, ¢ = 1. Thus [ F; is a direct summand of F, and so [[ F; € C by assump-
tion. a

THEOREM 2. Let C be a class of right R-modules closed under direct summands
and isomorphisms. Then the following are equivalent.

(1) Every right R-module has an epic C-envelope.
(2) C is closed under direct products and submodules.

PRroOOF: (1) = (2). C is closed under direct products by Lemma 1. For any
submodule K of a ight R-module N € C, since K has an epic C-envelope f: K — F,
there is a homomorphism g: FF — N such that gf = 7, where i: K — N is the
inclusion map. Thus f is monic, and so K & F € C.

(2) = (1). Let X be any right R-module and let {N;}:cr be the family of all
the submodules of X such that X/N; € C. Let C(X) = X/ () N; and n: X — C(X)

i€l

be the quotient map. Define A: C(X) — [] X/N; via A (z +N N.-) = (z + N;) for
iel i€l

z € X. Then X is a monomorphism. Since X/N; € C, [[ X/N; € C. So C(X) € C.

i€l
For any F € C and any ¢: X — F, X/Ker(¢) € C since X/Ker(¢) = Im(¢) C F,
and hence Ker(¢) = N, for some a € I. Now define { : C(X) — F such that
ﬁ(z-}- n N,-) = ¢(z) for z € X. Then ¢ is well-defined (for Ker(¢) = N,), and
i€l
¢m = ¢. This shows that = is a C-pre-envelope. Since 7 is epic, 7 is a C-envelope.
This completes the proof. 0
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As applications, we list some corollaries of the Theorem 2 above.

Let C be the class of 7-flat right R-modules. Clearly, C is closed under isomor-
phisms and direct summands. By [6, Proposition 3.4], C is closed under direct products
if and only if R is left T-coherent. Thus we have

CoroLLARY 3. ([6, Theorem 5.1].) The following are equivalent for a ring R.

(1) R is left T-coherent and every submodule of a T-flat right R-module is
T-flat.
(2) Every right R-module has an epic T-flat envelope.

Recall that a ring R is strongly left coherent if and only if any direct product of
locally projective right R-modules is locally projective [18]. So we obtain

COROLLARY 4. ([6, Proposition 5.4].) The following are equivalent for a ring
R.

(1) R is strongly left coherent and submodules of locally projective right
R-modules are locally projective.
(2) Every right R-module has an epic locally projective envelope.

It is well known that R is left coherent and right perfect if and only if every direct
product of projective right R-modules is projective. Therefore we get

CoroLLARY 5. ([6, Proposition 5.5].) The following are equivalent for any ring
R.

(1) R is left semihereditary and right perfect.

(2) R is left coherent, right perfect and right hereditary.

(3) Every right R-module has an epic projective envelope.
PrOOF: (1) & (2) is easy.
(2) © (3) by Theorem 2. 0
Now we state the dual of Theorem 2.

THEOREM 6. ([11, Proposition 4].) Let C be a class of right R-modules closed
under direct summands and isomorphisms. Then the following are equivalent.

(1) Every right R-module has a monic C-cover.
(2) C is closed under direct sums and homomorphic images.

Let C be the class of injective right R-modules in Theorem 6. We obtain

COROLLARY 7. The following are equivalent for any ring R.

(1) Every right R-module has a monic injective cover.
(2) R is right Noetherian and right hereditary.
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REMARK 1. We note that Corollary 7 above appeared in (8, Corollary 3.4].

Recall that an R-module M is called FP-injective (or absolutely pure) [15, 16]
if Exth (N, M) =0 for all finitely presented R-modules N. It is well known that the
class of FP-injective modules over any ring is closed under direct sums [15, Corollary],
and a ring R is right semihereditary if and only if the class of F P-injective right R-
modules is closed under homomorphic images [16, Theorem 2]. Thus, if C is the class of
F P-injective modules in Theorem 6, one gets the following corollary which characterises

semihereditary rings in terms of F P-injective covers.
COROLLARY 8. The following are equivalent for any ring R.

(1) Every right R-module has a monic F P-injective cover.
(2) R is right semihereditary.

In order to prove the next main result, we need a result of Gruson and Jensen [12].
In the notation of [12], if Pf(R) denotes the full subcategory of the category of left
R-modules whose objects are the finitely presented left R-modules and D(R) is the
Grothendieck category of additive functors from P f(R) to Abelian groups, we have the
following characterisation of the injective objects in this category.

LEMMA 9. ([12, Proposition 1.2].) An object F of D(R) is injective if and only
if F is naturally equivalent to a functor E @ — with E a right pure injective module.

THEOREM 10. Let R be left T-coherent and pure injective as a right R-module.
Then every T-finitely presented right R-module has a T-flat (or projective) envelope.

PROOF: Let M be a 7-finitely presented right R-module, then M has a 7-flat
pre-envelope ¢: M — F' by [6, Theorem 3.10]. In view of the 7-flatness of F', there
exist a finitely generated free right R-module F' and homomorphisms f: M — F and
f': F — F' suchthat ¢ = f'f. Itis easy tosee that f: M — F is a T-flat pre-envelope
of M. Since R is pure injective as a right R-module, F is a right pure injective module,
and hence F ® — is an injective object of D(R) by Lemma 9. To prove that M has
a T-flat envelope, we use an argument similar to that in [2, Theorem 3.3]. If E ® —
is the injective hull of the image functor G = Im(f ® —), then EX E® R is a direct
summand of F = F® R and so it is finitely generated projective (obviously, it is 7 -flat).
Moreover, f factors through M — G(R) — E, from which we obtain that if g is the
above composition, it is a 7-flat pre-envelope of M. Now, each endomorphism k of E
such that kg = g induces an endomorphism h® — of EQ — in D(R), whose restriction
to G is the canonical inclusion of G in its injective hull and so h® — is an isomorphism
in D(R). In particular, h is an isomorphism, which proves that g: M — E is a T-flat
envelope of M. Since E is projective, g: M — E is also a projective envelope. 0

Since injective modules are always pure injective, we have
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CorOLLARY 11. If R is left T-coherent and right self-injective, then every 7 -
finitely presented right R-module has a T-flat (or projective) envelope.

By specialising Theorem 10 to the case T = {0}, we obtain the following result of
[9] immediately as a corollary.

COROLLARY 12. ([9, Corollary 2.4].) If R is left coherent and pure injective as
a right R-module, then every finitely presented right R-module has a flat (or projective)

envelope.
Let 7 = Modg in Theorem 10. One gets

COROLLARY 13. If R is left l-coherent and pure injective as a right R-module,
then every finitely generated right R-module has a (finitely) projective envelope.

Next we consider when every 7 -finitely presented right R-module has a projective

cover.

THEOREM 14. Let R be a left T-coherent ring and let injective right R-modules
be T -flat. If every finitely presented left R-module has a flat envelope, then every 7T -
finitely presented right R-module has a projective cover.

PROOF: Let M be a 7T-finitely presented right R-module, then M* is finitely
presented by [6, Proposition 3.4] since R is left 7-coherent. From the hypothesis
that every finitely presented left R-module has a flat envelope we know that R is right
coherent by [1, Proposition 2] and M* has a flat envelope, and so M** has a projective
cover by [1, Proposition 1]. Next we shall show that M is reflexive, and hence M has
a projective cover. In fact, let F — M — 0 be exact with F finitely generated free.
Then we get an exact sequence 0 - M* —» F* - N — 0, where N = F*/M*. Since
M* is finitely generated, N is a finitely presented left R-module. By assumption, every
injective right R-module is flat, and so R is left FP-injective by [13, Theorem 3.3].
Therefore we obtain the following commutative diagram with exact rows:

F > M > 0
l !
P y M** , 0,

and so M — M** is an epimorphism. On the other hand, since the injective envelope
E(M) of M is T-flat, the inclusion map i: M — E(M) can be factored through a
finitely generated free module. Thus M can be embedded in a free module, and so M
is torsionless, that is, M — M** is a monomorphism. Consequently M is reflexive.
The proof is complete. 1|

We recall that R is said to be semiregular [17] if each finitely presented right (or
left) R-module has a projective cover. R is called right IF [13)] if every injective right
R-module is flat. Let 7 = {0} in Theorem 14. We have
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COROLLARY 15. Let R beleft coherent and right I F. If every finitely presented
left R-module has a flat envelope, then R is semiregular.

COROLLARY 16. If R is a commutative IF ring, then R is semiregular if and
only if every finitely presented R-module has a flat envelope.

PROOF: Since R is commutative IF, R is coherent by [5, Corollary 3.14]. Thus
the necessity is clear by [1, Corollary 3], and the sufficiency follows from Corollary
15. 0

REMARK 2. We note that the Corollary 16 above was obtained in [1] where the authors
gave an I'F ring without sufficient flat envelopes, even for finitely presented modules
(see [1, p.125-126]).

Recall that a ring R is semiperfect if every finitely generated right (or left) R-
module has a projective cover. R is called right FGF [10] if every finitely generated
right R-module embeds in a free right R-module. R is right FGF if and only if every
injective right R-module is finitely projective [14, Theorem 2.10]. If 7 = Modg in

Theorem 14, we obtain

COROLLARY 17. Let R be left II-coherent and right FGF. If every finitely
presented left R-module has a flat envelope, then R is semiperfect.
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