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INEQUALITIES FOR POLYNOMIALS WITH 
A PRESCRIBED ZERO 

ABDUL AZIZ 

1. Introduction and statement of results. If P(z) is a polynomial 
of degree n} then the inequality 

2x Jo (1) f- I |P(e
<9)|^^Max|P(2)r 

^7T J 0 | z | = l 

is trivial. It was asked by Callahan [1], what improvement results from 
supposing that P(z) has a zero on |JS| = 1 and he answered the question 
by showing that if P ( l ) = 0, then 

(2) ± P \P(ei6)\2d8 ^ - 5 - r Max |P(S)|2. 
Z7T •/ o U "T I |z| = l 

Donaldson and Rahman [3] have shown that if P(z) is a polynomial of 
degree n such that P(@) = 0 where 0 is an arbitrary non-negative number, 
then 

I 2 

/8 

P(ei9)\*de 
^l + ^ - 2 / î c o s ^ ^ 2 7 

whereas if the polynomial P(z) is such that P ( l ) = 0, then [4] 

(4) |P'(1)| £ * M a x | P ( s ) | . 
* ui=i 

In this paper we shall estimate 

2 

de 
2TT J O \ ei9 - $ 

in terms of the maximum of |P(z*)| where zk, k = 1, 2, . . . , n are the 
zeros of zn + 1 and obtain a sharp result. We shall also prove a generaliza
tion of (4). In lieu of requiring that the maximum of \P(z)\ on the right 
hand side of (4) be taken on \z\ = 1, we only assume that it be taken over 
nth roots of — 1. 

We prove 

THEOREM 1. / / P(z) is a polynomial of degree n such that P(&) — 0 
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where f} is an arbitrary non-negative real number then 

(5) ± r i ̂ -
( 5 )

 2 T J o l e " - fl 

d» ^ \ ; . ' , V Max |Pfe) | 2 , 

w&ere 2i, 22, • • • , zn are the zeros of zn + 1. The result is best possible and 
equality in (5) holds for P(z) = zn — fin. 

Next we present an inequality in the opposite direction. 

THEOREM 2. If P(z) is a polynomial of degree n such that P(fi) = 0 where 
jS is an arbitrary non-negative real number, then 

Z7T t / o 
dB ̂  l + ^^V:Rnt^n ^ Min |Pfe)|2, 

e — 

where Zi, z2, . • . , zn are the zeros of'zn + 1. The result is sharp. 

Finally we prove the following generalisation of (4). 

THEOREM 3. If P(z) is a polynomial of degree n such that P(/3) = 0 
where 0 is an arbitrary non-negative real number, then 

(7) |P'(/3)| g£ i + P \ •• ' / P Max |P(* t) | , 

w&ere zi, s2, • • • , zn are the zeros of zn + 1. The result is sharp for 0 = 0 
andfi = 1. 

2. For the proofs of these theorems we need the following lemma. 

LEMMA. If Z.\, Z2, . . . , zn are the zeros of zn + 1, then for an arbitrary non-
negative real number 0 

,Qx i v L 1 + 02 + . . . + ^2(n-1) 

»jfei |s* - 01 (1 + 0 ) 
Proof of the lemma. If 0 = 0, then the assertion is trivial. So we suppose 

that 0 ^ 0. If P(z) is a polynomial of degree w such that P(0) = 0, then 
P(z)/(z — 0) is a polynomial of degree w — 1, and therefore, by using 
Lagrange's interpolation formula with Zi, z2, . . . , zn as the basic points 
of interpolation we can write 

P(z) = A / P(zk) \ ( s* + 1 \ = 1 A P(zk)zk(z
n + 1) 

z - /3 iéï \z* - 0/ W * *0 - z*)/ n hi (zk - 0 ) fe - z) ' 

since z^-1 = —l/zk. 
Taking in particular P(z) = zn — 0W, we obtain 

(9) S»-I + 0Z«-> + ... + F-> = ±±£J: *>&+» 
« t i i (z* — (8)(z — zt) 
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Putting 2 = 1/0 in (9) and noting that \zk\ = 1 for k = 1, 2, . . . , n, 
we get 

1 + 02 + • • • + 02("~1) _ (1 + 0")2 A z*0 
«0" *=1 (** - /S)(l ~ fe) 

1  
*-ï (2* - 0)(2* - 0) ' 

(1 + 0")2 y 

Hence 

i _L tf -L. _i_ ft2'»-») _ (x + Pn)~ v 1 
1 + 0 + . . . + 0 - n 2 . | % _ ^ r 

which is equivalent to (8) and the lemma is proved. 

3. Proofs. 

Proof of Theorem 1. Let S(6) = ]£ £*£*** be a trigonometric polynomial. 
If 5 and m are two integers of which the first is positive, then it can be 
easily verified directly (for example see [2] and [5]) that 

(10) Ze-2Tipm/sS(t + 2Tp/s) = s £ cke
m. 

p=0 k=m(moûs) 

Since P($) = 0, \P(ei9)/(eid — /5)|2 is a trigonometric polynomial of 
degree n — 1. We take 

S(d) = |P(e^) /0*" - 0)|2, s = n,m = 0 and / = TT/TZ. 

Then (10) reduces to 

n-l 

p=0 

Pf> i(l+2p)W/l 

i(l+2v)ir/n _ ^ WCo 
o 

P(ei$) 
ei0 - 0 

cf0. 

Equivalently 

(11) 2x Jo 
P(«") 2 -| n 

dd=±Z (** - 0) 

where zk, k = 1,2,... ,n are the zeros of z* + 1. This gives with the help 
of above lemma 

«r P I P^-R I* * té t i r ^ l M a x lp(2^l2 

1 + (T + . • . + 
(i + n2 

o2(n-D 

Max|Pfe)|, 

which proves the desired result. 
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Proof of Theorem 2. From (11) we have with the help of the lemma 
above 

1 p I p ^ 12 i j ^ _ ! _ , } Min |Pfe) | 2 

O2 _J_ _L /o2(n- l ) 

and this completes the proof of Theorem 2. 

Proof of Theorem 3. Since P(P) = 0, P(z)/(z — 0) is a polynomial of 
degree w — 1. Using Lagrange's interpolation formula with Zi, 22, . . . , 
zn as the basic points of interpolation, we can write 

P(z) = A / P(zk) \ I s » + l \ = 1 A P f a K ( s n + 1) 
3 - 0 JtTÏ Ufc - 0/ W * *0 - 3*)/ Wf i (Zk- &){zk - Z) ' 

Letting 2->j3we obtain 

1 + 0" A „ , v 2* W ^ E P W 
Hence 

1 _i_ Rn n 

\P,(0)\£L±f-?,\P(z1t)\ * - i 

Zk 

(** - 18)" 

W *=l |2fc — P | lrgfc^n 

since |zfc| = 1. 
Using now the lemma above, it follows that 

\P'(P)\ S —t(* T i ' / ^ Max |Pfe) | . 

This proves the desired result. 
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