
AN E X T R E M A L P R O B L E M IN NUMBER THEORY 

H . L . Abbot t and B . G a r d n e r 

( r ece ived N o v e m b e r 17, 1966) 

Le t n and k be i n t e g e r s with n > k > 3 . Denote by 
f(n, k) the l a r g e s t pos i t i ve i n t e g e r for which t h e r e e x i s t s a s e t 
S of f (n, k) i n t e g e r s sa t is fying (i) S C { l , 2 , . . . , n } and (ii) 
no k m e m b e r s of S have p a i r w i s e the s a m e g r e a t e s t c o m m o n 
d i v i s o r . The p r o b l e m of d e t e r m i n i n g f(n, k) a p p e a r s to be diffi
cu l t . E r d ô s [2] p roved tha t t h e r e i s an abso lu te cons t an t c > 1 
such that for e v e r y € > 0 and e v e r y fixed k 

log n 

(1) c log log n < f ( n , 3) < f(n, k ) < n 3 / 4 + € , 

p rov ided n >̂  n (k, e) . In [ l ] i t i s p roved tha t for e v e r y € > 0 

and e v e r y fixed k 

l o £ n 

(2) f ( n , k ) > { ( k - l ) 2
+ [ ^ ] } ( 2 + € ) 1 ^ l 0 ^ n 

prov ided n > n (k, e ) . 
"" o 

In th i s p a p e r we i n v e s t i g a t e p a r t i a l l y the c a s e where 
k-> oo with n . In th is connec t ion it i s known [2] tha t for 
0 < a< 1 

(3) f ( n , [ n f t ] ) ^ c n 
a 

w h e r e c i s a cons t an t depending only on a . The m a i n resu l t 
a 

tha t we p r o v e i s 

T H E O R E M 1. Le t € > 0 and a> 0 . Then 

a 2a +3 , 
€ T—77 + c 

(4) n < f (n, [log n]) < n 
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prov ided n > n la, € ) . 
— o 

In addi t ion we s h a l l p r o v e 

T H E O R E M 2 . Le t t > 2 be a p o s i t i v e i n t e g e r . Then 

/r-x n r 1 / t - n n ( l - € ) 

(5) f(n, [m ]) > —* ^ , 
(log n) 

for e v e r y 6 > 0 p r o v i d e d n >_ n (t, € ) . 

Note, h o w e v e r , tha t T h e o r e m 2 i s not a s s t rong as (3). 
We r e m a r k a l so tha t in connec t ion wi th T h e o r e m 1, i t would be 
of i n t e r e s t to know w h e t h e r 

f(n, [log nj) = n 

and, if so , to d e t e r m i n e h(a) . 

To p r o v e T h e o r e m s 1 and 2 we need the fol lowing l e m m a : 

L E M M A . Le t t and k be p o s i t i v e i n t e g e r s and le t 
P , P ^ , . . . , P . be the f i r s t tk p r i m e s . ( P d e n o t e s the r t n 

1 2 tk r 
p r i m e . ) Le t S be the se t of the k n u m b e r s P P . . . . P . 

w h e r e ( s - l )k + 1 < i < sk for s = 1, 2, . . . , t . Then no k+1 
— s — 

m e m b e r s of S have p a i r w i s e the s a m e g r e a t e s t c o m m o n 

d i v i s o r . 

P roo f . The l e m m a can be e s t a b l i s h e d by a s t r a i g h t 
f o r w a r d induc t ion a r g u m e n t on t . 

O b s e r v e tha t the l a r g e s t n u m b e r in S i s N = P , P ^ , . . . P , 
6 t k 2k tk 

We thus have 

(6) f ( N , k + l ) > kl . 

Now we p r o v e T h e o r e m 2. Le t t :> 2 be a fixed p o s i t i v e 
1/t 

i n t e g e r and se t k = [n / log n] . Then by the p r i m e n u m b e r 
t h e o r e m (P ~ r log r ) we have 

r 

t t 
N = n P , ~ n m k log m k ~ t1. (k log k) 

A m k A 

m = l m = l 
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< t 
/ 1 / t \ 

!(V) 
n 

* 2 

Hence we have for a l l suff iciently l a r g e n 

(7) N < n . 

Also 

. f 1/tl fc / 1/t st ., . 

L l o g n J V l o g n / ^ ^ 

p rov ided n :> n (t, € ) . Now (6), (7) and (8) imp ly 

f(n, [ n l 7 t ] ) > f(N, [ n d / t ] ) > f(N, k+1) 

, t ( l -€ )n 

(log n) 

Th i s e s t a b l i s h e s (5) and thus T h e o r e m 2 i s p r o v e d . 

t = 

(9) 

To obta in the lower bound in (4) choose k = [log n] - 1 and 
l Q £ n 

(1+a) log log n 
Then we have for a l l suff icient ly l a r g e n 

t t t ' 
N = n P , < ( l+c) ti k n log m k 

A m k A 

< ( l + € ) t ti k ^ l o g t k ) t < n 

Also i t i s e a s y to ver i fy that for n sufficiently l a r g e 

(10) k S 
1 + ar 

n 

Now (6), (9) and (10) yield 

a 

f(n, [log0" n]) > f(N, k+1) > k t > n ** 

This e s t a b l i s h e s the lower bound in (4). 

The a r g u m e n t used by E r d ô s to obta in the upper bound 
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given by (1) can be used with only slight modifications to obtain 
the upper bound given in (4). Let {a , a , . . . , a } be an arb i -

x ù X. 

2a + 3 
2a + 4 

t r a r y s u b s e t of { 1 , 2 , . . . , n } , I - n . Spl i t the a*s 
into two c l a s s e s . In one c l a s s put t hose a ! s which have at l e a s t 

lOg n , . . • rr.1 
"T7~—T7 \ d i s t i n c t p r i m e f a c t o r s . The r e m a i n i n g a ! s a r e 
2(2 + a) log log n r 

p laced in the second c l a s s . The E r d ô s a r g u m e n t can now be 
a 

used to show tha t the second c l a s s con ta ins at l e a s t [log n] in
t e g e r s wi th p a i r w i s e the s a m e g r e a t e s t c o m m o n d i v i s o r . We do 
not r e p r o d u c e the d e t a i l s of the a r g u m e n t . T h i s c o m p l e t e s the 
p roof of T h e o r e m 1. 

In [2] E r d ô s r a i s e d the following p r o b l e m . Denote by 9 (n) 
the l a r g e s t p o s i t i v e i n t e g e r for which t h e r e e x i s t s a s e t S of 
9(n) i n t e g e r s sa t i s fy ing S C { 1 , 2, . . . , n } and no t h r e e m e m b e r s 
of S have p a i r w i s e the s a m e l e a s t c o m m o n m u l t i p l e . Is i t t r u e 
tha t 9 (n) = 0(n) ? We do not s e t t l e th i s ques t ion h e r e , bu t i t m a y 
be w o r t h noting tha t a v e r y s i m p l e a r g u m e n t shows tha t for 
n > n (e ) 

-~" o 

(11) 5 ( n ) > ( l - . ) n l 0 « l 0 « n . 
log n 

1/4 
To p r o v e (11 y l e t & - [n ] and c o n s i d e r the following 

s e t of n u m b e r s : 

P P P P P P 
1 i + 1 ' 1 1 + 2 ' ' • • ' 1 l + s 

P P P P P P 
2 1 + 1 ' 2 i + 2 J • • ' , 2 i + s 

1 

2 

p p P P P P 
I i + l ' l l+Z i l+s. 

n w h e r e s i s defined by P < —- < P 
i i +s. — P . i +s .+ l 

Then i t i s c l e a r tha t a l l of t h e s e n u m b e r s a r e d i s t i n c t and 
do not exceed n and i t i s e a s y to ve r i fy tha t no t h r e e of the 
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numbers have pairwise the same least common multiple. The 
number of numbers in the above a r ray is 

8 1 + 8 2 + . . . + S i = ( ^ - ) + ( ^ - ) + . . . +(f-)-lZ 

,. « * n „ 1 2 

> ( 1 " € ) I^T l o s l o g n -

This proves (11). 

We wish to express our thanks to the referee for his 
valuable comments and suggestions. 
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