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The main objective of this paper is to study the action of the group of

differentiable structures An-i on the (2n- l)-sphere s 2 n - 1 on the diffeomor-

phism classes on the real protective (2^-l)-sρace p 2 *" 1 by connected sum.

This is done by considering universal covering spaces of the connected sum

P ^ ^ t t Σ , where Σ is an exotic (2n- 1)-sphere.

Throughout this paper all the manifolds considered are oriented, compact,

and connected. Also the word differetiable is meant C*-differentiable.

1. Let M, N be ^-dimensional differentiable manifolds. If there exists an

orientation preserving diffeomorphism of M onto N, then we shall denote it by

M^N. The manifold M with orientation reversed is denoted by - M.

Let Mi # Mi be the connected sum of two ^-manifolds Mi and M2. It is

known that the connected sum operation is associative and commutative up to

orientation preserving diffeomorphism. The sphere Sn serves as identity ele-

ment (Cf. J: Milnor [2], M. Kervaire- J. Miϊnor [1]).

Let Σ be a smooth combinatorial ^-sphere, which is called an exotic

sphere. Then Σ # ( - Σ ) ^Sn. Thus the set of all the orientation preserving

diffeomorphism classes of the exotic spheres forms a group under connected

sum, which is denoted by Γn. We shall denote the class of Σ by {ΣK

Let M be a differentiable ^-manifold. Let Σ be an exotic ^-sphere such

that M# Σ ~ M Let J(M) be the subset of Γn consisting of the classes of

such Σ .

PROPOSITION 1. J(M) is a subgroup of Γn, and M % Σ i ^ M # Σ2, for exotic

spheres Σ i , Σ2, if and only if ( Σ i ) - ( Σ J e Δ(M).

Proof. Let (Σi) , ( Σ 2 > e J(M). Then
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M# (Σi # Σ.) ^(M# Σi) # Σ 2

Also, j i f ί ( - Σ i ) - ( J i ί ί Σ i ) # ( - Σi) « M # (Σi # ( - Σi))

Thus J(M) is a subgroup of TV

Secondly, let M# Σ i ~ ^ # ΣΛ Then Af # Σi # ( - Σ2) ^M# Σ2 # ( - Σ«)

~M# S*~M, that is <Σi # ( - Σ2)} e i(M). Conversely, let <Σi # ( - Σ2)} e

Δ(M), then M^M# Σi # ( - Σt). Adding Σ2 from the right, we have Λf « Σ2

Let EG] be the order of a group G. Then we have the following.

Corollary. The action of Γn on the orientation preserving diffeomorphism

classes of a manifold M by connected sum is completely determined by A{M).

In particular, the number of the orientation preserving diffeomorphism classes of

M obtained by connected sum with exotic spheres is equal to XTnlΔkMY\.

2. Let M be a differentiate ^-manifold such that the fundamental group

m(M) is a finite group of order p = Oi(M)]. Let M be the universal covering

space of M. Let N be a simply connected differentiate jrc-manifold.

PROPOSITION 2. Under the above assumption and n > 3, the universal cover-

ing manifold ofM%NisM%N --%N (p-factors of N).

Proof Let Dn be the unit disc in the euclidean Λ-space Rn. Let / : Dn-*M\

g : Dn->N be differentiable imbeddings such that / preserves orientation and

g reverses orientation. Then M # N is obtained from the disjoint sum

by identifying /(**) with g((1 - t)x) for each x e S"'1 = aDn and each 0 < t < 1,

where 0 is the origin of Rn.

Let 7r : M-*M be the natural projection of the universal covering manifold

M onto M. We can assume without loss of generality that f(Dn) is contained

in an open connected set U of M such that for each connected component Ui

(i- 1, 2, . . . , p) of π~i(U), m — π\ Ui : £/,•-* £/ is a diffeomorphism onto. Let

fi = πjι°f : Dn-*Ui<^M. Then /,- is an orientation preserving diffeomorphism

into.

Let Nlt - - , Np be p copies of N. We shall denote a point of iV; corre-

sponding to Λ G Λ̂  by Xi. Let gi : Dn-+Ni (* = 1, 2, - . . , i>) be copies of ^,

that is #•(#) = (^(ΛΓ))/. Then jf # Ni . . . # iVp is obtained from the disjoint sum
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••• +{Np-gP(0))
i = l

by identifying fiitx) with gi((l-t)x) for each x^Sn~\ each 0 < ί < l , and

ί = l , 2 f . . . , A

Let TΓ' : M # iVί # . . . # i\fc-> AT tf iV be the map defined by

π'(x) = π(x) for *e( iGr-UΛ(0)) and
t = l

ττ'U ) = * for Xi^Ni-giiO), ( ί = l , 2 , . . . , i>).

Then 7r' is well defined and a local diffeomorphism onto M # N. Thus, iί2Γ # M #

. . . # iV/> is a covering manifold of M # iV.

On the other hand, it/ # iVk # . . . # N/> is simply connected as is seen by

the following lemma. Therefore, the proposition is proved.

Lemma. Let AT, N be simply connected n-mani/olds and w> 3. Then M % N

is simply connected.

Let / : Dn-*M, g: Dn-*N be immbeddings as before. Then the connected

sum M # AT is obtained topologically from the disjoint sum (Λf — /(Int Dn)) +

(ΛΓ-^dntZ)")) by identifying /(*) with ^(Λ;) for ^ ε S " ' 1 , where Int Dn is

the interior of Dn. Let iΓ (resp. L) be the image of (Λf-/(Int Dn)) (resp.

AΓ-^(IntDΛ)). Then M#N=KUL and ϋΓΠL is homeomorphic to S""1 by

/ (or g). Thus ^ Π L is simply connected. Since K and M - / ( 0 ) have the

same homotopy type, K is simply connected by our assumption that M is simply

connected and w>3. By the same reason L is simply connected. It follows

from the van Kampen's theorem that M# N- Kl) L is simply connected.

Let S2*1""1 be the unit sphere in complex ^-space CM. That is a point of

S2""1 has a form (zi, . . . , zn), where z% is a complex number and Σ & I / ^ l .
t - l

Let λ = exp (2πi/p), wherep is a natural number. Let T : S2n"x-> S2n~x be trans-

formation defined by T{zίy . . . , zn) = Uδl2, . . . , λβnz), where qu . . . , qn are

integers prime to p. Then T is a fixed point free transformation of period p.

The orbit space S2n~1/T= Lp(qu . . . , qn) = LP is an oriented differentiate

manifold in a natural way. The natural projection η : S%n'ι-^LP is the universal

covering. If p = 2, L2-P2n'\ the real projective (2n- 1)-space. It is well

known that πi(Lp) = Z^t the group of integers modulo p.

COROLLARY. The universal covering space of Lp # Σ , where 2 *s aW exotic
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sphere, is S2""1 # Σ # # Σ ^ Σ # # Σ (p-factors of Σ )

/^ particular, the universal covering space of P 2 "" 1 # Σ & S2"""*1 ίt Σ β Σ ^

ΣβΣ.

In conclusion, we have the following theorem.

THEOREM. Γ/^r^ exist at least [2Γ2«-i] distinct differentiable structures on

p 2 *" 1 &£ to orientation preserving diffeomorphism, where [2Γ2«-i] is the order

of 2Γ2n-i.

Also, there exist at least LpΓzn-il distinct differentiate structures on a lens

space Lp.

Proof. Let Σ be an exotic sphere such that P 2 *" 1 # Σ - P 2 " 1 . Then the

universal covering spaces must be diffeomorphic, that is Σ # Σ ^ S 2 " " 1 . Thus

j(p3«-1) <zzΓzn-i, where 2A«-i is the subgroup of Γ2n-ι consisting of the ele-

ments of order two. Thus

Our theorem follows from the fact that P 2 " " 1 # Σ is homeomorphic to p 2 " " 1

and the Corollary of Proposition 1.

The same argument shows the latter half of the theorem.

According to the work of Kervaire-Milnor [1], Γ4m-ι (m>2) contains a cyclic

group of order 22m"2 (22™"1 -1) -numerator (4Bm/m)9 where Bm denotes the

ra-th Bernoulli number. Therefore, there exist at least 22m~3 (22m'1-l)

numerator UBm/m) distinct differentiate structures on p4™"1 (m^2). For

example, 14 on P7, 496 on P1 1, 4064 on P1 5, and etc..
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