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ON HAU’S LEMMA
W.K.A. LoH

Let f € Z[X] and let ¢ be a prime power p'(l > 2). Hua stated and proved that

Z exp (27rif(z)q'l) < Cq(l—l/(M-i-l))’

0gz<g

for some unspecified constant C > 0 depending on the derivative f' of f; M
denoting the maximum multiplicity of the roots of the congruence

p'f'(z)=0 (mod p),

where t is an integer chosen so that the polynomial p~*f'(z) is primitive. An
explicit value for C was given by Chalk for p > 3. Subsequently, Ping Ding (in
two successive articles) obtained better estimates for p > 2.

This article provides a better result, based upon a more precise form of Hua’s
main lemma, previously overlooked.

1. INTRODUCTION

Let
(1) fFX)=arX*+ ...+ a1 X + a9 € Z[X],
and let p denote any prime. The p-content vp(f) of f is defined by
vp(f) = aif p® | (aky ...5 @0), P! { (aky -, @0).

In particular,
vp(a) = aif p* | a, p°t' fa.

Let eg(a) = exp (2miag™) and let

(2) S(g, f)= D ellf(z)l.

0<z<g
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Now suppose that ¢ = p’ is a power of p and that
3) volf(X) = f(0)] =0, u[f'(X)]=t>0.

Let m, M denote the sum and the maximum, respectively, of the multiplicities of the
roots of the congruence (where (mod p) is denoted by (p) for convenience)

(4) p ' f'(2)=0 (p), (0<z<p).

Let 7 = r(f) denote the number of distinct roots of the congruence (4). If 7(f) > 0, let
H1, B2, -, iy denote the roots of (4) and let their multiplicities be m;, ma, ..., m,.
Thus m =my + mz2 + ...+ m, and M = max(m;, mz, ..., m,).

In [4], Hua derived the estimate

ls(pl, f)| < k3pl(l—1/k)’

by induction on [. In [1], Chalk derived a more precise form of Hua’s lemma.
THEOREM. Suppose f(X) satisfies (1) and (4), let p > 2 be a prime and | an
integer > 2. Then
(i) 'S(pl, f)l < mkpt/(M+1)pl[l—1/(M+1)] , if "‘(f) > 0,.
(i) S, f) =0,if r(f) = 0;for all I > 2(t+1). Otherwise lS(pl, f)l <
2t+1
p

Chalk further conjectured that

, where pt < k.

(5) |S(p, £)| < mpH/(M+DRH-1/(MHD)
In {2], Ping Ding obtained a better upper bound
(6) IS(5™, F(2))] < mp? /MHDRHMAD 1= (b4,

where T = [log k/log p].
Loxton and Vaughan [5] proved that

IS(PI, f)| < (k _ 1)pa/(e+l)p'r/(e+l)pl(l—1/(¢+1)),

where

e = max e,

1, fp<k
1<i<s T=

0, ifp>k.

Here

f'(z) = kar(X — Q)X ~ () (X = ¢)™,
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where (1, (2, ..., , are the distinct roots of f'(z) in a finite extension K, of the p-adic
field @, and

§ = vol0(f"),

where 8(f') denotes the different of f'(z) and v, the unique extension of the valuation
in Qp to K,.

In this paper, we shall prove a result which is close to the conjecture of Chalk. We
follow Chalk’s argument in {1] using induction on !. The improved estimate stated in
Theorem 1 is due to an improved form of Lemma 3 in [1].

THEOREM 1. Suppose that f satisfies (4). Let p < k be a prime and

1 ifp>3,
b(p) = .
2 ifp=2.

Suppose that | > 2,
(i) if r(f) >0, then

(1) 1S(, £)| < mp(H+O/BI+1)10-1/(M+1)),

() i »(f) =0, then
S(ply f) =0,
for all I >+ 0 and otherwise |S(p', f)| < p**°.

THEOREM 2. Suppose that r(f) >0, 1> 2 and f isasin (1). Let p > k > 2
be a prime. Then

® |5(P', f)l < mpfA-1/(M+1))

2. LEMMATA
LEMMA 1. (See Hua (3].)
(1) Suppose that

vplf(X) = £(0)] =0, and vp[f(pX + p) — f(k)] = o(p) = 0.

Then

(i) Suppose that

vp[f(X) = f(0)] =0, and f(X) = (X - p)*K(X) (),
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where (h(0), p) = 1. Then
P~ f(pX + p) = H(X)(p),
where o = v,[f(pX + p)] and
(9) deg H(X) < w.
LEMMA 2. (See [1], Lemma 2.) Suppose that
vplf(X) = f(0)] =0, w[f'(X)] =t
and that pu (0 < g1 < p) is a root of the congruence
Pf(X)=0 (p)
with multiplicity w > 1. Let
9(X) =p?[f(pX + ) - f(1)],

where o = vp[f(pX + p) — f(p)]. If vplg'(X)] = 7, then

(10) c+T<w+1+1.
DEFINITION: Let
LSu= Y edf(@))
0gz<p', 2= (p)
Then
|S;4| < Pl_lv
and
(11) S =3 5.
0ogu<p

LEMMA 3. Supposethat | >t+2 and p > 3. Then

(i) S, =0, unless p is a root of the congruence (4).
(i) If p is any such root and

9(X) =p~ Uf(pX + ) - f(W)],
where o is chosen so that v,[g(X)] =0, then

(12) 1S.l <2771 |S (P70, 9)|,

provided that
I>o0.
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Further, (i) and (ii) hold in the special case p = 2, provided that | >t + 3.

PROOF: Put
z = y+P‘—t—12, 0 < y < pl—t—l, 0 S z <pi+l.

Let
9(z) =p ' f'(z), g'(z) = p 7 f"(z), ..., g () = p 7 (M )(2),....

Now p~*f'(X) has integer coefficients. Therefore,

g™ (X))  ptfM(X)

(13) w1 ~ (n=1)

€ Z[X].
The coefficient a, of z™ in the Taylor expansion of f(y + p"‘_lz) is

(0) l0)
14 = n(l—t—l)f Y) _  n@-t-n)P_ 9 )
(14) n=P al P n (n—1)

Hence,
vp(an) 2 n(l —t — 1)+t — vp(n).

For n = 2,

vp(az) 2 2(1 —t — 1) + t — vp(2),
=(l—-t-2-p(2))+ 1L

lfp>23andi>t+2o0r p=2andl>t+3, then vy(az) 2 1. For n >3,

vplan) 3 m(l— = 1)+ L — vy(n),
=n-1){1-t-2)+n—vp(n)—2+1

If L > t 42, then vy(a,) = ! for all p. Therefore, the coefficient a, has a p' factor for
p23and l2t4+20r p=2and ! >1t+ 3. Hence, we have

SIL Z Z ep‘ [f(y) + pl—t—l f'(y)z + pzl-zt—zfu(y)zz],

0<y<P’_‘—l 0gz<ptt!
y=p (p)

>, Y eulf) + P ()2,

U$y<pl_‘—l 0<z<pl+l

il

y=p (p)
= Y eulf@ D epunlf'(w)z)
0<y<pl—z—1 o0gz<ptt?!

y=p  (p)
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Now if f'(y) #0 (p'*!), then the inner sum equals 0 and as y = u  (p), we see that
S, = 0, unless p is a root of (4). Further, for any x, we have the following reductive
formula for S,:

Su= D eilf(py+n),

0gy<p' -1

=eulf(W)] ) eulpg(v)),

ogy<pl—t
= e [f(Wp"'S(p'™7, g), if 1> 0.

3. PROOF OF THE THEOREMS

PRrROOF OF THEOREM 1: (A) If 2 <! < t+4, then by a trivial estimate

(15) 1S (0", )| < p* < pHHOM+D GIO-1/(M+1))

(B)If i>t+8, S, =0, unless yp = y; for some ¢, by Lemma 3. By lemma 2 we

have
o+t <m;+14+14t.
(1) I !l—o0; <t;+8 for some i, a trivial estimate gives
(16) IS“‘_ < pl—l - p(l—m.‘—1)/(mi+1)pl(1—l/(m(+1)) < p(t+9)/(m,'+1)pl(l—1/(m,~+]))’
sincel—m; —Il<o;+t;+0—m;—1<t+6 by (10)
(ii) Otherwise, if { > oy + t; + 8 for some %, we obtain
(17) |Sue] <577 S (24779, 94) |
by Lemma 3. Since m(g;:) < m;, by induction and (10),
15,..| < m(ge)p7i— plt=o) (1=~ @) = (MCa)+1)
< mepti=1pt=e) (1= (6 +0) /(=0 ) [(mi+1)
— mipoi—1p(ti+9)/(mi+1)p(l-‘7i)(1—(1/(mi+1))),
18 = . p(0itti+8)/(mi+1)—1 _1(1-(1/m;+1))
mip p 3

< O/ (mit D) H=(1/mi+1))

= m,.p’(l—(1—(t+9)/l)/(m.-+1)),
< mip(t+9)/(M+l)pl(l—(l/M+1))'
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For r(f) >0, I > t+#8, by (11), (16) and (18), we have

|S(p', f)ls Z mip(t+0)/(M+l)pl(l—(l/M+l)),
1<igr(Sf)

= mp(tH+O/(MA1) 11— /M41))

1

ProoF oF THEOREM 2: Since p > k > 2, therefore t = 0 and all ¢; = 0. By

Lemma 2 we have
(19) ag; < m; + 11

and by Lemma 3 we have
1Sul <" |S (277, 9)|-

(A) When | =2, we have

1Sul =1 Y. epalf(py + ) — f(1)]| = p,

0gy<p

and so
|S(p‘, f)l < mp = mp2(1—1/2) S mpl(l—(l/M+1)).

(B) When [ > 2, we consider three cases:

Case (i). If £ > o; for some i, using the trivial estimate
(20) ISuI > pl~l ? pl(l/m;—}-l) 2 pl(l—(l/M-f-l)),
Case (ii). f [ — oy =1, then by Lemma 3 (ii)
|Su;| <7 1S(p, 9)l-

Since

f”(l‘i) 2
4ok
21pt-3 y

f“”z)(#i)y(z-l)

S(p,9)= Y. (1—2)!

0gy<p

L,

pi=2
by Weil’s estimate, we have

1S(p, 9)| < (1-2)p'/%,
since [ = o0; +1 < m; + 2. Therefore

1S(p, g)| < mip*/2.
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Thus

(21) 1Su] < 7 map'/?,
< mipa.'—lp(’-ﬂ.')(l—(I/MH)),
< mip’(l-(l/M'*‘l)),

since o; < m; +1.

Case (iii). Otherwise, if 2 < I — o;, then by induction

(22) |8, | < p% =1 =(1/Me)+1))

“m(g:)
po.'/(m¢+1)—1pl(1—(1/(m-‘+1))),

4

t
)

.pl(l—(I/M+1)),

1

NCOININ

m
m.

since m(g;) £ m; and o; < m; + 1.
For r(f) >0 and ! > 2, by (11), (20), (21) and (22), we have

|S(pl, f)l < Z mipl(l—(l/M+1)),
1<igr(f)

= mpl—(/M+1)
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