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ON HAU'S LEMMA

W.K.A. LOH

Let / £ Zpf] and let q be a prime power p'(/ ^ 2). Hua stated and proved that

for some unspecified constant C > 0 depending on the derivative / ' of / ; M
denoting the maximum multiplicity of the roots of the congruence

p-tf'(x) = 0 (modp),

where t is an integer chosen so that the polynomial p~lf'(x) is primitive. An
explicit value for C was given by Chalk for p ^ 3. Subsequently, Ping Ding (in
two successive articles) obtained better estimates for p Ji 2.

This article provides a better result, based upon a more precise form of Hua's
main lemma, previously overlooked.

1. INTRODUCTION

Let

(1)

and let p denote any prime. The p-content f p ( / ) of / is defined by

!/„(/) = a if pa | (ak, ..., ao), p a + 1 { (o t , . . . , a0).

In particular,
i/p(a) = a if pa | a, p Q + 1 | a.

Let e9(a) = exp (27riQg~1) and let

(2) S(q, / ) =
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Now suppose that q — p is a power of p and that

(3)

Let m , M denote the sum and the maximum, respectively, of the multiplicities of the

roots of the congruence (where (mod p) is denoted by (p) for convenience)

(4) p-*f'(x) = 0 (p), (0^x<P).

Let r = r(f) denote the number of distinct roots of the congruence (4). If r(f) > 0, let

Hi, fi2, • • •, pr denote the roots of (4) and let their multiplicities be m i , m.2, • • •, mr.

Thus m = mi + m 2 + . . . + mr and M = max (mi , m-i, . . . , mr).

In [4], Hua derived the estimate

by induction on I. In [1], Chalk derived a more precise form of Hua's lemma.

THEOREM. Suppose f{X) satisfies (1) and (4), let p ^ 2 be a prime and I an

integer $s 2 . Then

(i) \S(p\ f)\ ^ mfcp'/^+Vi1-1/^1)], if r(f) > 0;

(ii) S(pl, f) = 0, if r(f) = 0; for all I ^ 2(t + 1). Otherwise \S(p', f)\ <

p 2 t + 1 , where p* ̂  k.

Chalk further conjectured that

(5)

In [2], Ping Ding obtained a better upper bound

(6) \S(pn, f(x))\ ^ m

where T = [log k/ log p].

Loxton and Vaughan [5] proved that

\ S ( P 1 , f)\^(k- i ) p ' /

where
f 1, i fp^fc ;

e = max e ,̂ r = <
i^<» [0, i fp>fc.

Here
/ ' (*) = kak(X - <i)ei(X - C2)

e2 •••{X- C.T',
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where Ci > C2» • • • > C* a r e the distinct roots of f'(x) in a finite extension Kp of the p-adic
field Qp and

where #(/') denotes the different of f'{x) and i/p the unique extension of the valuation
in Qp to Kp.

In this paper, we shall prove a result which is close to the conjecture of Chalk. We
follow Chalk's argument in [1] using induction on I. The improved estimate stated in
Theorem 1 is due to an improved form of Lemma 3 in [1].

THEOREM 1. Suppose that f satisfies (4). Let p ^ k be a prime and

f 1 i/p ^3 ,
V ' \ 2 ifp = 2.

Suppose that 1^2,

(i) if r{f) > 0, then

(7) |S(p\ / ) | < mp(*+«)/(M+iy(i-i/(M+i)).

(ii) if r(f) = 0, then
S{p', f) = 0,

foralll>i + 0 and otherwise |S(p', / ) | ^ pt+e.

THEOREM 2 . Suppose that r(f) > 0, I ^ 2 and f is as in (1). Let p > k ^ 2
be a prime. Then

(8) ISfr'./Jl^mp't1

2. LEMMATA

LEMMA 1. (See Hua [3].)

(i) Suppose that

"p[f{X) ~ /(0)] = 0, and up[f(pX + y) - /(M)] = <r{y.) = a.

Then
l^a ^k.

(ii) Suppose that

= 0, and }{X) = {X- /i)wfc(*) ( P ) ,
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where (h(0),p) = 1. Then

where a = vp[f(pX + /x)] and

(9)

LEMMA 2 . (See [1], Lemma 2.) Suppose that

vP[f{X)-f(0)] = 0, up[f'{X)]=t

and that fj. (0 ^ fi < p) is a root of the congruence

p-1f(X) = 0 (p)

with multiplicity w ^ 1. Let

g{X) = p-~[f(PX + p) - f(p)],

where <r = up[f(pX + M) - /(M)]. If uv[g'{X)] = r, then

(10) cr + T^w + 1 + t .

DEFINITION: Let

E
p',x=v (p)

Then

and

(11) 5 ( P ' , / ) =

L E M M A 3 . S u p p o s e t h a t l^t + 2 a n d p ^ 3 . T h e n

(i) Sp = 0, uniess /i is a root of the congruence (4).

(ii) If \i is any such root and

g(X) = p-'[f(PX + p)

where a is chosen so that i/p\g(X)] = 0, then

(12) | 5 ^ K P < 7 - 1 | 5 ( P ' - % 5 ) | ]

provided that
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Further, (i) and (ii) hold in the special case p = 2, provided that I ^ t + 3 .

PROOF: Put

* = y + p '-* '1*, 0 ^ y < P ' - ' " 1 , 0 O < P

Let

ff(x) = p- ' / ' (x) , g'{x) = p-7"(x) , . .- , ^ - ^ ( x )

Now p~lf'(X) has integer coefficients. Therefore,

t + 1

The coefficient an of zn in the Taylor expansion of f(y + p zj is

Hence,
i/p(on) ^ n(/ - t - 1) + t - up{n).

For n = 2,

vp{a2) > 2(1 - t - I) + t - vp(2),

= {l-t- 2 -

If p ^ 3 and / ^ t + 2 or p = 2 and / ^ t + 3, then i/p(a2) ^ /. For n ^ 3,

= (n - 1)(/ - t - 2) + n - uv(n) -2 + 1.

If Z ^ i + 2, then i/p(an) ^ / for all p. Therefore, the coefficient an has a p' factor for
p ^ 3 and / ^ ( + 2 or p = 2 and / ^ t + 3. Hence, we have

5"= E E

- E E

E vi/(y)i E
< P ' " ' - 1 o

=M (p)
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Now if f'(y) j£ 0 (p t + 1) i then the inner sum equals 0 and as y = fi (p), we see that
Sf,. = 0, unless // is a root of (4). Further, for any fi, we have the following reductive
formula for 5M:

D

3. P R O O F OF THE THEOREMS

PROOF OF THEOREM 1: (A) If 2 ^ I ^ t + 0, then by a trivial estimate

(15) \S(pl, / ) | < p1 < p('+9)/(w+i)p'(i-i/(M+i)).

(B) I f / > < + #, 5M = 0, unless fi = fii for some i, by Lemma 3. By lemma 2 we
have

(i) If Z — (Ti ^ U + 0 for some i, a trivial estimate gives

(16) | 5 ^ . I ^ p ' " 1 = p('-m«-1)/(mi+1)p'(1-1/(m«+1)) ^ p(*+e)/(mi+i)p

since I - m,- - Z ^ <Xi + U + 6 - m ; - 1 < t + 9 by (10).
(ii) Otherwise, if I > <T{ + t{ + 8 for some i, we obtain

(17) I^I^P^

by Lemma 3. Since rn(gi) ^ mi, by induction and (10),

( 5 i )p a i " 1 P ( ' " < 7 i ) ( 1 ~ ( 1 " ( < i + e ) / ( ' " f f ' ) ) / ( M ( 9 i ) + 1 ) ) ,m(

(18)
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For r{f) > 0, I >t + 9, by (11), (16) and (18), we have

PROOF OF THEOREM 2: Since p > k ^ 2, therefore
Lemma 2 we have

(19) a-i^rrii + 1,

and by Lemma 3 we have

= 0 and all

D
= 0. By

(A) When / = 2, we have

and so
\S(pl, / ) | < mp =

(B) When Z > 2, we consider three cases:

Case (i). If £ ^ o-̂  for some i, using the trivial estimate

Case (ii). If I — o-j = 1, then by Lemma 3 (ii)

Since

by Weil's estimate, we have

since I = <TJ + 1 ^ m^ + 2. Therefore

\S(P, g)\
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Thus

(21) IS^^p^mip1'2,

since <Tj ̂  m,- + 1.

Case (iii). Otherwise, if 2 ^ I — ai, then by induction

(22) | 5 W | ^ p"'-1m(i7,)p( '~<' i ) (

since m(gi) ^ TO,- and cr̂  ̂  TO; + 1.

For r(f) > 0 and / ̂  2, by (11), (20), (21) and (22), we have

D

REFERENCES

[1] J.H.H. Chalk, 'On Hua's estimates for exponential sums', Maihematika 34 (1987),
115-123.

[2] Ping Ding, 'An improvement to Chalk's estimation of exponential sums', Ada Arith.
LIX.2 (1991), 149-155.

[3] Loo-Keng Hua, Additive theory of prime numbers (American Mathematical Society, Prov-
idence, 1965), pp. 2-7.

[4] Loo-Keng Hua, 'Die abschatzung von Exponentialsummen und ihre Anwendung in der
Zahlentheorie', Enzyklopddie der Math. Wiss Bd 12, H.13, TI (1959), p. 41.

[5] J.H. Loxton and R.C. Vaughan, 'The estimation of complete exponential sums', Canad.
Math. Bull. 28 (1985), 440-454.

Department of Mathematics
Imperial College
Huxley Building
180 Queen's Gate
London SW7 2BZ
United Kingdom

https://doi.org/10.1017/S0004972700013563 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700013563

