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Abstract. We consider a nonlinear Dirichlet problem driven by the p(-)-
Laplacian. Using variational methods based on the critical point theory, together with
suitable truncation techniques and the use of upper-lower solutions and of critical
groups, we show that the problem has at least three nontrivial solutions, two of which
have constant sign (one positive, the other negative). The hypotheses on the nonlinearity
incorporates in our framework of analysis, both coercive and noncoercive problems.
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1. Introduction. Let Z € RY be a bounded domain with a C2—boundary 0Z.In
this paper, we study the existence of multiple nontrivial solutions for the Dirichlet
problem
{—AP(Z) x(z) = m(2)|x(2)|""2x(2) + f(z, x(z)) a.e. on Z, )

Xlaz = 0.

In problem (1), we assume that p € C'(Z) (i.e., it is continuously differentiable), 1 <
r < p~ =minyp and f is a Carathéodory function (i.e., it is measurable in z € Z and
continuous in x € X). The differential operator —A,) x = — div (|| Dx|["?2Dx)), is
called the p(-)-Laplacian. When p(z) = p (a constant), it becomes the usual p-Laplacian
differential operator. The goal of this paper, is to prove a “three nontrivial solutions
theorem” for problem (1).

Recently there have been some three solutions theorems for problems driven by
the regular p-Laplacian. We mention the works of Bartsch-Liu [3], Carl-Perera [4],
Guo-Liu [11], Liu [14], Liu-Liu [15], Papageorgiou-Papageorgiou [18], Zhang-Chen-
Li [21], and Zhang-Liu [22]. In all these works, the Euler functional of the problem
is coercive. Here, the hypotheses on the nonlinearity f(z, x), can incorporate in our
framework of analysis problems with a noncoercive Euler functional. Our method of
proof is variational, based on critical point theory, coupled with the use of ordered
pairs of upper-lower solutions and with suitable truncation techniques. We also use
critical groups to distinguish between critical points.

*The corresponding author.
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Multiplicity results for problems driven by variable p(-)-Laplacian, were obtained
recently by Fan-Zhang [8] and Zang [20], but under symmetry conditions on the
nonlinearity f(z, -) (namely, they assumed that x — f(z, x) is an odd function). We
should also mention the work of Mihailescu [17], where the author considers a
specific right hand side nonlinearity of the form g(z, x) = A4|x|*>x + B|x|#~2x with
l <a <p =minyp < pt =maxy;p < B < min{N, ]évf[;} and 4, B > 0, and proves
the existence of a A* > 0 such that the problem has at least two distinct nontrivial weak
solutions when 4, B € (0, A*). Our multiplicity result here extends that of Mihailescu
[17].

Differential equations and variational problems with p(-)-growth conditions arise
naturally in nonlinear elasticity theory and in the theory of electrorheological fluids.
For details, we refer to Acerbi-Mingione [1] and Ruzicka [19].

The paper is organized as follows. In Section 2, we present some background
material concerning variable exponent Lebesgue and Sobolev spaces. In Section 3, we
state our hypotheses on the data of problem (1) and we formulate the main multiplicity
result of this paper (the three nontrivial solutions theorem). In Section 4, we establish
the existence of two nontrivial smooth solutions of constant sign. Finally, in Section 5,
we prove the full multiplicity theorem.

2. Mathematical Background. Let K(Z) = {p e C(Z): p(z) > 1 forallz € Z}
and for p € K, (Z), denote

p~ =minp and p* = maxp.
z z

By L°(Z) we denote the space of all Lebesgue measurable R-valued functions defined
on Z. Recall that two functions in L°(Z) are considered to be the same element if an
only if they are equal almost everywhere on Z. For p € K, (Z), we define the variable
exponent Lebesgue space L7()(Z) by

’'Zz) = {x e L%2Z): / IX(2)IP@ dz < oo} .
7z

This space is equipped with the so-called “Luxemburg norm”, defined by

p(2)
||x||p(.)=inf )\.>O:/ dz<1¢.
z

These spaces extend classical Lebesgue spaces and share many of their basic
properties. So, they are reflexive, separable and uniformly convex Banach spaces (recall,
we assume p(z) > 1 for all z € Z) and the space C(Z) is dense in I)(Z). The dual
of I7V(Z) is the space LI)(Z), where [ﬁ + ﬁ =1 and for any x € L’")(Z) and any
u € L1Y(Z), we have Holder’s inequality

/ xudz
Z

Moreover, we have the usual inclusion between Lebesgue spaces, namely py, p» € K, (Z)
with pi(2) < pa(2) for all z € Z, then [7)(Z) C [7'(Z) and the embedding is
continuous.

x(z)
S

1 1 )
<\ =+ — ) Ixllpolullge)-
<p‘ q () q(-)
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The variable exponent Sobolev space W'?0)(Z), is defined by
wirO(z) = {x e I’(Z) : |Dx|| € LP(')(Z)} .
This space is equipped with the norm
Xl wsozy = 1xlpey + 1DXpe (2

for all x € W'70(Z). We denote by Wy”(Z) the closure of C(Z) in W'#0(Z) and
the critical Sobolev exponent is defined by

pi(z) = NNf};(z’) if p(z2) < N,
oo if p(z) > N.

The spaces W'70(Z) and W""(Z) are separable, reflexive and uniformly convex
Banach spaces and, if r € K (Z) withr(z) < p*(z)forallz € Z, then the space W'70)(Z)
is embedded compactly in L')(Z). Moreover, there exists a constant ¢ > 0 such that

Ixllpe) = el Dxllpcy

for all x € W(l)’p ©) (£) (Poincar¢’s inequality). This implies that ||x][| 1,0z defined by
(2) and || Dx|, are equivalent norms on Wy”"(Z). Also, Wy""(Z)* = w—140(Z),
ﬁ+$ =1forallz e Z.

Ifpe Ki(Z)and g: Z x R — R is a Carathéodory function which satisfies

lg(z, x)| < a(z2) + c|x|P(Z)—l

for almost all z € Z and all x € R, with a € LI9(Z) and ¢ > 0, then the Nemytskii
operator Ny : [/V(Z) — L1)(Z) defined by

Nrx)() = [, x()
is continuous and bounded. For further details on variable exponent Lebesgue and

Sobolev spaces, we refer to Fan-Zhao citeR9 and Kovacik-Rakosnik [13].
Let p € K, (Z) and consider the functional v : W(l)"” ©(Z) — R defined by

1
— (2)
v(x) = / B [|Dx||P*? dz.

Then ¢ € CI(W(I)”’ )(Z)) and the p(-)-Laplacian is the derivative of . So,
if A=’ and by (- we denote the duality brackets for the pair
(W (2), W70(2)), then

(A(). y) = /Z |LDXIPE (D, Dy)g d= 3)

for all x,y € W(l)’p (')(Z). We know that A4 is continuous, bounded, strictly monotone
(hence maximal monotone) and of type (S);, (ie., if x, 2 X in W(l)”’ (‘)(Z) and

https://doi.org/10.1017/5S0017089508004242 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004242

338 NIKOLAOS S. PAPAGEORGIOU AND EUGENIO M. ROCHA

limsup,_, . (A(xy), X, — x) <0, then x, - xin W(l)’p (')(Z)). For details, see Fan-Zhang

[8].

In our analysis of problem (1), we will also use the space
Co(Z) = {x € C'(Z) : x|pz = 0}.
This is an ordered Banach space, with positive (order) cone
C. ={xe Cy(2):x(z) > 0forall z € Z}.

This cone has a nonempty interior, given by
d
intC, = {x € C, :x(z)> Oforall z € Z and a—x(z) <Oforallze az}.
n

Here by n(-) we denote the outward unit normal on 9Z.

Let Y be a Hausdorff topological space and V" a subspace of it. For every integer
n >0, by H,(Y, V) we denote the n'"-singular relative homology group with integer
coefficients. Let X be a Banach space and ¢ € C'(X) a functional satisfying the PS-
condition. The critical groups of ¢ at an isolated critical point xy € X with ¢(x¢) = c,
are defined by

Cn(go’ )C()) = Hn((pc nu, ((pc N u)\{xo})

for all n > 0, where ¢¢ = {x € X : ¢(x) < ¢} and U is a neighborhood of xy € X such
that K N NU = {xo} with K = {x € X : ¢/(x) = 0} (the critical set of ¢). From the
excision property of singular homology theory, we see that the above definition of
critical groups is independent of U (see Chang [5] and Mawhin-Willem [16]).

3. Hypotheses and the Main Result. As we already mentioned in the Introduction,
Z < RV is a bounded domain with a C2>-boundary 8Z. We consider an exponent p(-)
which belongs in C!(Z) (i.e., it is continuously differentiable on Z). We set p~ = min p,
pT = max, p and we assume that 1 <r < p~ (see (1)). We also make the following
hypotheses concerning the weight function m and the nonlinearity £

H(m): m € L*°(Z), and m # 0.
H(f): f : Z x R — Ris a function such that f(z, 0) = 0 a.e. on Z and
(1) forall x € R, z — f(z, x) is measurable;
(i1) for almost all z € Z, x — f(z, x) is continuous;
(iii) for almost all z € Z and all x € R, we have

If 2, )| < a(z) + elx|*"!

witha € L®¥(Z)y, ¢ > 0, pt < q < (p*)~;
(iv) there exists & € (p*, (p*)~) such that

uniformly for a.a. z € Z;
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(v) for almost all z € Z and all x #0, f(z, x)x > 0 (strict sign condition)
and there exists &y € (0, 1) such that, for almost all z € Z, x — f(z, x) is
increasing on [—3o, &ol;

The main result of this paper, asserts that problem (1) has at least three nontrivial
solutions. More precisely, we have the following result.

THEOREM 1. If hypotheses H(m) and H(f) hold, then there exists A > 0 such that
Jor 0 < ||m||e < Af, problem 1 has at least three distinct nontrivial solutions

xp €intCy, vy € —int Cy, yp € Cé(Z) and vy < yy < Xo.
REMARK. Our result improves considerably the multiplicity theorem of Mihailescu [17].

There, m(z) = A > 0 for all z € Z (i.e., m is constant), f(z, x) = B|x|#~2x with B > 0,
pT < b < min{N, Iév” _} and the author proves the existence of only two nontrivial

weak solutions. He obtains weak solutions, because he requires that p € K, (Z). Here
by strengthening the requirement on the exponent (we assume p € C!(Z)), we are able
to guarantee that the solutions we obtain are smooth.

4. Two Solutions for the Main Problem. In this Section, using the method of
upper-lower solutions, together with suitable truncation techniques and variational
arguments, we produce two smooth solutions of constant sign.

To this end, we consider the truncation functions 74 : R — R defined by

0ifx<O
x ifx>0

x ifx<0

T (x) = { and 7_(x) = {0 ifx>0"

We set fi(z,x) =f(z, +(x)). Evidently, both are Carathéodory functions. Set

Fi(z,x)= f(ffi(z, s)ds, the primitives of fi. We consider the functionals ¢4 :
W;”(Z) — R defined by

pa(x) = fz I%HDan@dz— % fz m(z)|x*(2)|" dz — fz Fi(z, x(2)) dz

forallx € Wé”’(')(Z). Here x™ = max{x, 0} and x~ = max{—x, 0}. From what was said

in Section 2, we see that g1 € C'(W"(2)).
We consider the following auxiliary Dirichlet problem:

{_Ap(z) x(z) = m(z) xH(z) "' + f1(z, x(z)) a.e. on Z, @

x|z =0.

We will produce a positive strict upper solution X € W(l)”’ 0 (Z) for problem (4). Recall
that X € W(l)’p (')(Z) is an upper solution of problem (4), if X|; > 0 and

/ [|DX|1P9~2 (DX(z), Du(z))py dz > / [m(z)?r(z)"’1 + fi(z, X(z))] w(z)dz
z z

for all u € C(Z), u > 0. We say that X is a strict upper solution for problem (4), if it
is an upper solution for problem (4) but not a solution for problem (4).
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PROPOSITION 2. If hypotheses H(f) and H(m) hold, then we can find 1%, > 0 such
that, for ||m||s < A%, problem (4) has a strict upper solution X € int C,..

Proof. By virtue of hypotheses H(f)(iii),(iv),(v) we have
0 < m(@)x" +fi(z,x) < 1 (IImll% + 1x]77") (%)

for a.a. z € Z and all x € R and some ¢; > 0, s > 1. Consider the following Dirichlet
problem

—Apze(zy=1laeonZ, and el;;=0. (6)
CLAIM 1. Problem (6) has a unique solution e € int Cy.
Recall that the operator 4 : W(l)’p (')(Z) — W 170(Z) defined by (3), corresponding to
the p(-)-Laplacian, is maximal monotone and it satisfies
(A, x) = [IDx]lh, if 1Dl > 1.

Therefore, A is coercive too. But a maximal monotone coercive operator is surjective.
Hence problem (6) has a solution e € Wé’p 0 (Z), e #£ 0, and this solution is unique
due to the strict monotonicity of the operator 4. Acting with the test function —e™ €

W(l)’p (')(Z) and using Proposition 2.3 of Fan-Zhang [8], we obtain
[1De” [|p) =0,

and this by Poincaré’s inequality implies ¢~ =0, hence ¢ > 0 and e # 0. From
Theorem 4.1 of Fan-Zhao [9], we have e € L>°(Z). Then, we can apply Theorem 1.1 of
Fan [7] and conclude that e € C. Note that

—Apze(z) > 0ae onZ.

Hence, by virtue of Proposition 3.1 of Fan [6] (the nonlinear strong maximum principle
for variable exponents), we obtain that e € int C,.. This proves Claim 1.

CLAIM 2. There exists A3 > 0 such that for every m € L>(Z); with 0 < ||m||s <
A, we can find m = n1(m) > 0 such that
allmlll + e (mllelloe)’™" <, (7)

where 7 = min{y? ", n‘l’hl}.

We argue by contradiction. So, suppose that we can not find ; > 0 for which (7) holds.
This means that there exists a sequence {n1,},>; C L*(Z); such that ||m,||« — 0 and,
foralln; > 0,
it < cillmally, + e (mllello)™"
- -1 _
=i <canl el
. —n~ —pt —
= 1 < cymin{n{™” {7 Jllell". (®)

Recall that ¢ > p™ > p~. Hence, if in (8) we let n; | 0, we reach a contradiction. This
proves Claim 2.
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We set X = nje € int C;.. Then for all u € Wé’P(')(Z), u > 0, and integrating by
parts, we have

(A(), x) = / |LDX|/7 (DX, Dugy di= ©)
Z

= /(—Ap(z)f)udz
z

= / r)ll)(z)_l(—Ap(z) e)u dz
z

_ p(z)—1 d

= / U udz (see (6))
z

> / nudz (since u > 0)
z

> [ (it + cr Glell™ ) udz Gsee ()
z

> / (m(2)X(2) + f+(z, X(2))) u(z) dz (10)
z

(see (5) and recall X = n; e). Since u € C°(Z); is arbitrary, from (10) we infer that

X € int Cy is a strict upper solution for problem (1). ]

Similarly, if we consider the auxiliary problem

{ — Ay X(z) = —m(z)x~(2) 1 + f_(z, x(z)) a.e. on Z,
Xlyz =0,

(11)

then we produce a strict lower solution x € —int C, for problem (11). In fact, arguing

as in the proof of Proposition 2 with 7; = max{nﬁ’ll, n’fhl }, we obtain the following
result.

PROPOSITION 3. If hypotheses H(f) and H(m) hold, then we can find A* > 0 such
that for 0 < ||m||e < A*, problem (11) has a strict lower solution x € —int C,.

Using X € int Cy and x € —int C,. produced in Propositions 2 and 3 respectively,
we will generate two smooth solutions of constant sign. For this purpose, we introduce
some additional truncations of the identity and of the nonlinearity f. So, we define

0 if x(z) <0,
T4(2, x(2)) = { x(2) if 0 < x(2) =X(2),
X(z) if x(2) > X(z),

and

. 0 if x(z) < 0,
Sz, x(2)) = | f+(z, x(2)) if 0 < x(2) = X(2),
J+(z,X(2)) if x(2) > X(2).

Clearly, both 7, and ﬂ are Carathéodory functions. We set

T (0)() = 74.(, x()
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for all x € Wy"(Z), and
Eion= [ fuGds
0

for all x € R. We know that %, (x) € W(l)’” (Z) for all x € W(l)’p (Z) (see, for example,

Gasinski-Papageorgiou [10]). Also, we introduce the functional ¢, : W(l)‘p (‘)(Z) - R
defined by

1 1 R
Py(x) = / — | Dx|P9 dz — ~ f mi(x) dz — / Fo(z,x)dz
z p(2) rJz z

forall x € W(l)”’ (')(Z). We also consider the Euler functional ¢ : W(l)"” (')(Z) — R defined
by
1 - 1 .
ox)= | —I1Dx|IP"dz— - | m(2)|x(z)|"dz— [ F(z,x)dz
z (@) rJz z
for —all xeWy"(Z), where F(z,x)= [;f(z,s)ds. Evidently ¢y,
¢ € C((W,™(2)).

PROPOSITION 4. If hypotheses H(f) and H(m) hold and 0 < ||m||s < A%, then
problem (1) has a solution xy € int C. which is a local minimizer of ¢.

Proof. Clearly ¢, is coercive and exploiting the compact embedding of the Sobolev
space W;"(Z) into 1/0)(Z), we can easily verify that ¢, is sequentially weakly lower
semicontinuous. So, by the Weierstrass theorem, we can find xg € W(l)’p 0 (Z) such that

br00) = inf {60 : x e W ()] = s,
= @/, (x0) = 0,
= A(xo) = m . (x0)~" + Ny(xo), (12)

where A, (X)(-) = £+ (-, x(-)) for all x € Wy"(2).
Recall that X € int C.. is a strict upper solution for problem (4). So, we have

AF) > mit (X + No(® in W70(Z). (13)
From (12) and (13), it follows that
AGR) — A(xo) > m (2. ™" = £4(x0) ") + Ny (®) — N (xo) (14)

in W‘]’P/(')(Z). Hence, if on (14) we act with the test function (xg — X)* € W(l)’p (')(Z)+,
and since

74 (2, %0(2)) = X(2) and /4 (z, x0(2)) = /4 (z, X(z)) a.e. on {xo > X},
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we have

< A(X) = A(x0), (xo —X)* >

= / (||Dy||P<Z>*ZDx — [|Dxo| P92 Dxy, Dxo — Dx) dz=0. (15)

{xo>x} RV
Due to the strict monotonicity of the operator 4, from (15) we infer that
l{xo > X}y =0,
where | - |y denotes the Lebesgue measure on RY. Hence, xo < X. Also, if on (12) we
act with the test function —x; € W(l)”’ (')(Z), using Proposition 2.3 of Fan-Zhang [8]
and the Poincaré inequality, we obtain ||x; || = 0 and so xy > 0. Therefore,
#,.(x0) = xo and N (xg) = Xo.
This means that (12) becomes
Alxo) = mx" + N (xo),

from which follows that

— Az Xo(2) = m(z) xo(z)" "' + f1(z, x0(z)) a.e. on Z, and xg|sz = 0. (16)

Next we show that xy # 0. Let v € C;\{0}. Since X € int C,, for ¢ € (0, 1) small,
we will have 0 < 7v(z) < X(z) for all z € Z. Then

Py (tv) = f e Vdz — —/ mi,(v) dz—/F+(z ) dz

< —/ ||Dv||”(‘)dz——/mv dz, (17)

since £, (z, tv) > 0. Because 1 < r < p~, from (17) we infer that for 7 small enough, we
will have

@+ (tuy) <0,
= ¢+(x0) = My < @1 (tv) < 0= ¢4(0),
= xo # 0.

From (16), as before, using the nonlinear regularity theory for variable exponents, we
have xy € C,. Moreover, by virtue of hypothesis H(f)(v), we have

Ay xo(z) < O0a.e.on Z.
Invoking Proposition 3.1 of Fan [6] (the nonlinear strong maximum principle for

variable exponents), we obtain xy € int C,. Moreover, from (16) and recalling that
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Xo > 0, we have
— A x0(2) = m(2)xo(2) ™" + £ (2. x0(2))

< a1 (Ilmll3, + xo(2)7") (see (5))

< ¢ (Ilmll%, +¥(z)7") (since xo < X)

< &1 (il + Onllell)'™) (since X = nie)

< (see (7))

< —ApzX(z)a.e onZ.
Since xg, X € int C, invoking Theorem 3.2 of Fan [6], we infer that

X —xp €intCy.

This, together with the fact that xy € int C,, imply that we can find r > 0 small such
that

7 y| = -1 N
P+l (x0) “ly 0 (x0)

— ! —
where B,.CO(xo) = {x € Cé(Z) Hx = xollcrz) = r}. It follows that x( € int C, is a local
C(l) (Z)-minimizer of ¢. Applying Theorem 3.1 of Fan [6], we conclude that x; is a local
W, (Z)-minimizer of . O
We conduct a similar analysis on the negative semiaxis. So, we define
x(2) if x(2) < x(2),

(2, x(2)) = | x(2) if x(2) = x(2) =0,
0 ifx(z)>0,

and

R J=(z, x(2)) 1f x(2) < x(2),
Sz, x(2)) = { (2, x(2)) ifx(z) =x =<0,
0 if x(z) > 0.
Both are Carathéodory functions. Also, we set

%—(X)() = ‘L’_(-’ x()) forall x W(l]vp()(z)

and F_(z, x) = fox f”_(z, s)ds for all x € R. Then, we introduce the C!-functional ¢_ :
W;"(Z) - R defined by

> o= [ gs L e (' dz — | Fo(z. x(2))d=
009 = [ —SUpsir@dz = [ mie-cordz— [ P xend

for all x € Wé’p (')(Z). Then, reasoning as in the proof of Proposition 4, we obtain the
following result.

PROPOSITION 5. If hypotheses H(f) and H(m) hold and 0 < ||m||oc < AT, the
problem (1) has a solution vy € —int C. which is a local minimizer of ¢.
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5. Proof of Theorem 1. In this section, we prove Theorem 1.

Proof. From Propositions 4 and 5, we already have two solutions xy € int C; and
vo € —int C;. So, it remains to produce a third nontrivial solution for problem (1).

We consider the truncation of the identity and of the nonlinearity f at the points
{vo, xo}. So, we introduce the functions

vo(z) if x < vy(2),
T(z, x) = 1 x  ifw(2) < x < x(2),
xo(z) if x > x¢(2),

and
f(z,v9(2)) if x < vy(2),

fozx)={ /%) ifu(2) < x < x0(2),
f(z, x0(2)) if x > x(2).

Both are Carathéodory functions. We set
2(X)() = 7o(-, x(-)) for all x € Wé’p(')(Z)

and Fy(z, x) = fox fo(z, s)ds for all x € R. Then, we introduce the C'-functional @y :
W ?(Z) - R defined by

1 1 ) A
000 = [ SIDsirdz = [ mitocor dz = [ Rz

for all x € Wy"(Z).
In parallel, we also consider the truncations of the identity and of the nonlinearity
f at {0, xo} and at {vg, 0}. So, we introduce the functions

0 if x <0, vo(z) if x < vy(2),
t()*(z, X)=1x if0 <x <x(2), and 7, (z,x) =1 x if vy(z) < x <0,
xo(z) if x > xo(2), 0 if x > 0,

0 ifx <0,
j}()+(Z, x) =1 f(z,x) if 0 < x < x¢(2),
f(z, x0(2)) if x > x0(2),

and

. Sz, v0(2) if x < vo(2),
fo (2, x) =1/ x) ifv(z)) <x<0,
0 if x > 0.

These are Carathéodory functions. We set
2E() = 757, x(-)) for all x € W(2)

and Fi(z, x) = [ fif(z, s)ds for all x € R. Then, we introduce the C'-functionals
o W(l)‘P (Z) - R defined by

1 1 .
(pat(x):/ —||Dx||ﬂ<f>dz——/mﬁoi(x)r‘dz—/Fg(z, x(2)) dz
ZP(Z) rJjz z
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forall x € W(l)’p (‘)(Z). Finally we consider the following order intervals
To = [vo, Xo] = {x € Wy"(Z) : vo(2) < x(2) < xo(2) a.e. on Z},
TS =[0,x]={xe Wé’p(')(Z) 10 < x(2) < xo(2) a.e. on Z},
Ty =[vo, 0] = {x € W(l)’p(')(Z) tvo(z) < x(z) <0a.e.on Z}.
CLAIM 3. The critical points of ¢y are in Ty, and of (27()* are in T* respectively.

We do the proof for ¢, the proofs for (QJSE being similar.
So, let x € W(l]”J “)(Z) be a critical point of @. Then

Po(x) = 0,
= A(x) = m ()" 4+ No(x), (18)

where No(x)() = fo(-, x(-)) for all x € Wy”"(Z). On (18), we act with the test function
(x—x0)" € W(l)’p (')(Z). Then, from the definition of 7, and JVO, we have

Mm&%wﬁﬂ=mewH@—mﬁﬂ+Lﬁ@mw—mﬁﬁ

_ / mxi (= xo)t dz + / £z x0)(x — xo)" d=
zZ zZ
= (A(xo), (x — x0)™),

where the last equality is a result of the fact that x¢ € int C, is a solution of problem (1).
Hence,

{A(x) = A(x0), (x —x0)") = 0.

This, by virtue of the strict monotonicity of 4, implies that x < x¢. Similarly, we show
that vy < x. Therefore, x € Tj. Similarly for (,bgt. This proves the Claim 3.

Clearly we may assume that xo is the only nontrivial critical point of ¢; and v,
is the only nontrivial critical point of ¢, . Otherwise, by virtue of Claim 3, we already
have a third nontrivial solution, which is actually of constant sign.

CLAIM 4. Both xy and vy are local minimizers of ¢y.
Clearly ¢; is coercive and sequentially weakly lower semicontinuous. So, we can
find uy € Wy?'(Z) such that

o¢ (uo) = inf [@J(x) ‘xe w};”“(Z)} = .

As in the proof of Proposition 4, we can check that rhg < 0 and so uy # 0. Because ug
is a critical point of (b()* , it follows that uy = x( € int C;. Then, we can find r > 0 small
such that

(2’0|_c"2 = (:AD
B

_cl@z s
(x0) B, 0 (x0)
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which implies that x; is a local Cé (Z)-minimizer of @g. Invoking Theorem 3.1 of [6],

we conclude that x, is a local W(l]’p (')(Z)-rninimizer of ¢¢. Similarly for vy € —int C,.
This proves the Claim 4.
Without any loss of generality, we may assume that

@0(vo) < Po(x0).

Also, since X is an isolated local minimizer of ¢y, arguing as in Proposition 29 of [2],
we can find r > 0 small such that

@0(vo) < Po(x0). (19)
We consider the sets
Ey= {v(), .Xo}, E=T)= [U(), X()] and D = 3Br(X0).

It is to check that the pair {Ey, E} and D, are linking in Wé’p(‘)(Z) (see also [10, p.642]).
Also, because ¢y is coercive, we can easily check (using the fact that A4 is of type (S).),
that it satisfies the PS-condition. So, we can apply the Linking Theorem (see [10, p.644])
and obtain yg € W(l)'p (')(Z), a critical point of @, such that

Po(vo) = ;relg nax ]é)o(y(t)) > By (see(19)), (20)
where
F={yecl=1.10.W;"@): y(=1) = v and y(1) = x| .

Therefore, yy is a critical point of mountain pass-type and from (19) and (20), we have
Yo # Vg, Yo # Xo. Moreover, Claim 3 implies that yy € Ty. So, vo < yo < Xg.
Since yy is a critical point of mountain pass-type, we have

Ci(@0. y0) # 0 1)

(see [5] and [16]). On the other hand, by virtue of hypothesis H(f)(iv), we can find 8 > 0
and § € (0, §y) such that

0 <f(z, x)x < BIxl’

fora.a.z € Zandall |x| < 8. .
If |x| < § also satisfies x < x¢(z), then f(z, x) = fo(z, x) and so

0 < fo(z, X)x < BIx|”.

If |x| < & also satisfies x > xo(z) (resp. x < vo(z)), then f(z, x) =‘/}0(z, Xo(2)) (resp.
f(z, x) = fo(z, vo(2))). Hence, using hypotheses H(f)(v), we have

folz, x)x = f(z, u(2)x < f(z,x)x < BIx|”

for a.a. z € Z and with u = x( or vy. Therefore, we can say that for almost all z € Z
and |x| < § we have

Jo(z. x)x < BIx|”. (22)
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Hence, if u € (r, p™), we have
M r 2 7 [ r
(5 = 1) e+ mFozo0 = oz 0 = (5 = 1) 1x1” = B’ (23)

for a.a. z € Z and all x € R (see (22) and recall Fy > 0). Since r < © and |x| < § < 1,
from (23) and by taking § even smaller if necessary, we have

(}ﬁ — 1) Ix|” + p Fo(z, x) —fg(z, x)x > 0.
Invoking Proposition 2.1 of [12], we have
Ci(¢0,0) =0forall k > 0. (24)

Comparing (21) and (24), we conclude that yy # 0, since R < p~. Moreover, as before,
using the regularity theorem of [7], we have y € Cé (Z)and ssince yo € Ty, itisa solution
of problem (1). O
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