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1. Preliminaries. The question “Does a Banach space with a symmetric basis and
weak cotype 2 (or Orlicz) property have cotype 2?” is being seriously considered but is
still open though the similar question for the r.i. function space on [0,1] has an
affirmative answer. (If X is a r.i. function space on [0, 1] and has weak cotype 2 (or
Orlicz) property then it must have cotype 2.) In this note we prove that for Lorentz
sequence spaces d(a, 1) they both hold.

Let a,=...=a,=...>0. The Lorentz sequence space d(a,1) is the space of
vectors in R” with finite norm given by

llxll = 2 ax?,
i

where (x) is the decreasing rearrangement of (]x;|).
A decreasing positive sequence a = (a,,) is said to be p-regular (p = 0) if there exists a
constant 0 < C < such that

> a? = Cna? (n eN).

Reisner proved in [4] that @ is 1-regular if and only if d(a, 1) does not contain [,
uniformly, which is also equivalent to the existence of g <o such that d(a, 1) is g-concave
(for definition of g-concave see below). Another result in [4] which plays an important
role in our proof is that d(a, 1) is 2-concave if and only if a is 2-regular. It is well known
that for Banach lattices 2-concave and cotype 2 are equivalent. See [2].

The Banach space X is of weak cotype 2 if there is a constant ¢ = 0, such that for any

n € N and n-dimensional subspace E c X, we have 6(E) = cn'”? where
8(E) = sup{patx, -, 52)
1 2\ 112 .
=<? z ZG,-X,- ) 2)C|,...,xkEE,,uz(xl,...,xk)Sl,kEN}
ei=+1 llisk

1/p
o x) =supl (S IP) f e IAI=1] (=p =)
i=k
It is well known that weak cotype 2 implies cotype g for any g > 2. See [3] for details
of weak cotype 2.
The Banach space X has the Orlicz property if there exists a constant C such that for

any keNand any x,,...,x, € X, we have
12
(S ) = Cuter,. .m0
i<k

The Orlicz constant &, (X ) := inf C. For more information about the Orlicz property
see [1].
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A Banach lattice X is said to be g-concave (q =2) if there exists a constant D such

that
l/q 1/q
(S welir) " =D (S 1)
i<k i=k
for any k e N and any x,,...,x, in X.

2. The weak cotype 2
THeEOREM 1. d(a, 1) is of weak cotype 2 if and only if it is of cotype 2.

Proof. Assume d(a,l) is of weak cotype 2, so d(a,1) does not contain /7
uniformly. By [4] d(a, 1) is g-concave for some g <« and a is 1-regular. For any n € N,
let d(a, 1; n) denote the n-dimensional subspace of d(a, 1) with all coordinates after the
nth being 0. Then the g-concave constant of d(a, 1; n) is independent of n.

Let x,,...,x, €d(a,1;n). Then we have, using Holder’s inequality, the definition of
g-concavity and Khintchine’s inequality,
q> l/q

E €:X;

1
pitn - =(% 3

=x1 llisk
1 q\ Vg
SC1~(_IE E Zeixi )
2 e==x1 li=k
12y\n
=cll(z=0) | 1)
i<k j=1
12
Without loss of generality we may assume that the numbers (.Z x,?(j)) , for
j=1,...,n, are decreasing. Then from (1) one has =k
172
paler 1) =C 3 (3 )P e @
j=n Misk

Suppose that p,(x,, . .., x;) = 1. Since y. = {€;a;}7_, € d(a, 1; n)* has norm 1 for any
€e=(€,...,€,)e{—1,1}", one has

2 (ys7 xi)2 = 1

i<k

Averaging over {—1,1}" we have

> (2 Wiyp)ar=1 ©

j=n \j=k

Combining (2), (3) and Lemma 1 below we have

.E a;
8(d(a,1;n))=Cy————

https://doi.org/10.1017/50017089500008831 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008831

THE LORENTZ SEQUENCE SPACE d(a,1) 273

Meanwhile 8(d(a, 1; n)) =cn'?, so that
1/2
(n > a}) =C, D aj,
j=n j=n

for Vn € N. Hence a is 2-regular, since a is 1-regular, and so d(a, 1) is 2-concave by [4],
equivalently of cotype 2. [ ]

Lemma 1. Let a=(ay,...,a,), x=(x,...,x,), with a,=...=a,=0 and
xnz...zx,=0. Write ax =(a,x,, . .. ,a,x,). Then
llaxll_lally
llaxilz  llall2

Proof. Define R(x,,...,x,)=|ax||,/|lax]|, for any x as above. We show that for
l=k=n-1, we have

R(xl, [P D, N ,xk)ZR(xl, PR NS o ST TN ,ka).
Then the conclusion follows because R(xy, ... ,x,) = ||a||,/||a]l,. Define
A+ Bt

1) = 77—,
) VC + D¢

F(O)=R(xy,...,xc,t,...

where
n
A = 2 a,'x,', B = 2 aj,
i=k j=k+1
n
- 2.2 _ 2
C—Zaix,», D= 2 a;.
i<k j=k+1
Then

F'(t) = [B(C + Dt*) — (A + Bt)Dt](C + Dt*)~3?
=(BC — ADt)(C + Dt»)™2,

If 0=t =x, (and hence t = x;, for i = k), then

ADt= Y 3 aaix;=y, > alax?=BC.
i

I=i=k k+1=<j=n

Hence F'(t) =0, and so F(¢) is increasing. The statement follows. |

3. Some results on Lorentz sequence spaces.

Lemma 2. (1) uoley,. .. ,e,)=V X af in d(a,1).
a,

Y oa

(3) If a is 1-regular, then for k =1,

l@2  +...+a2, )<4Cay i +. .. +apy),

(2) 72.1(d(a, 1)) =Vn

for each n.

where C is a constant independent of k and .
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Proof. (1) and (2) are fairly easy. We only prove (3). By 1-regularity of a, there is a
constant C such that

(k + 1)ak.” =a,+...+ta = (k + l)Cak.H

k+
k+1

a2, +...+ai.)=las, =4CPa;, ,=4CHags +. . . +axy)?,

~

and so a; ., = Cap.;=2Cay,,;. Hence

which completes the proof. ]

We now prove a result using Talagrand’s ‘“‘isoperimetric inequality” (see [6] for
details). Let x,, . . . , x, be elements of any linear normed space X, u,(x,,. .., x,) = 0. Let

P, be the usual probability measure on D, = {—1,1}". For € € D,, write s(€) = ¥ €x;. For
t>0, let A,={eeD,:||s(e)||=t}, B,=D,\A, The inequality states that for M >0,

P.(Au)P.(By.)<exp(—£2/807). If M= [||s(€)ll, then P,(Bm)=<3 by since Chebyshev’s
inequality M = [, |Is(€)|l = 2MP,(B,u). Hence P,(Byy.,) =2 exp(—t*/807).

PROPOSITION. Let y,, . . . , yn be positive elements of d(a, 1;n) with ¥, y?><1. Let the
i=N

g-concave constant of d(a,1;n) be C, for some q<x. Then there exist z,,...,zy€
d(a,1;n) and C' = C'(C) such that |z(j)| = y:(j)(Vi, ) and

wizy,. .. ,zN)SC’(E a; + VNEa?).

This generalizes Lemma 6.4 of [S]. The proof is similar but more transparent.

Proof. Let Dy, denote the set of € = {¢,; ;:i =N, j=n} with ¢;; € {—1, 1}. Assuming
equal probability 27" to each such €, define z{(j) = ¢€;;y:(j) for 1=i=N, 1<j=n.
Clearly |z()| = y:(J)-

Let n,e{—1,1} for 1=i=<N. Then

Z nizi(j) = Z €y.(J) = Z 2 (),

where €; = n;€; ;. The map € — €* maps Dy, onto itself.
Write y; ; = y:(j)e;, so that

zf= 21: €YV
If fis a linear functional on d(a, 1; n) with || f|| =1, then
2 ;f()’i.j)z = 2]: Z yi(i)’f (&)
=S fey=3a @)
j i

by (1) of Lemma 2 and ¥ y,(j)*=1. Hence u,{y;;:i=N,j=n}=Vka’.
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We will show that

dP(e)=C') a;. (5)

j 2 €ijYij
Dyy iy

By the isoperimetric inequality it will then follow that

Yzfl=C' D a + t} =2 exp(—t2/8 > a?).

If we then choose ¢ with 2= 8N ¥, a7, then for each (7;) € Dy, we have

PNn{G: Z nzf

Hence the probability of the union of such sets for all (#;) is not greater than

2N*1le=N(<1, if N>3). So there is an € belonging to none of these sets, so that

L mizfll =C’ L a; +1¢ for all (n;). To prove (5), note first that for each s, Xy, (s)°=
j

PN,,{GZ

2C’Zai+t}52e"".

yi(s)?, and so T y; ;(s)>= L yi(s)* =< 1. By the g-concavity and Khintchine’s inequality, it is
sl - y q y

easy to obtain the statement. |

4. The Orlicz property.

THEOREM 2. If d(a, 1) has the Orlicz property then a is 2-regular; equivalently d(a, 1)
is of cotype 2.

Proof. Throughout the proof we use M, M,, M,,... for the constants which are
independent of n. Since 7, ;(d(a, 1)) <, d(a, 1) does not contain /7, uniformly, so by [4],
a is 1-regular. Then it is enough to prove that there exists M such that n ¥ a*=<

2 is=n
M(.Z a,-) ,VneN.

Without loss of generality we may assume that n =27, Let

(5a)

Y a

i=n

k' =

Then 1 <k'=<n. Let k by the largest integer of the form 2° with k <k’, so that 2k = k'.
Note that

(k > a%)ms I (2 > a?)m.

Let I = n/k (an integer). We must show that / < M,. Let
y(m)=a(m—l)l+l+-~-+aml7 m=1,...,k,

so that y(1)=...=y(k). Let yy=yeR* and let y,,...,y, be the elements of R*
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obtained from y by cyclic permutation. Let x; be the element (y;, . . . , y;) of (R¥)' = R" for
1=i=<k. Then
Il =y(W)(@+. .. +a)+y@)a . +. .. +ay)
+. o +y(Rfag-npia - - - tau]= %Y(].)z = lyll3. (6)
j=

12
Also (Zlcx,?) =|yll(1,...,1).

Since d(a, 1) is g-concave for some g <o, by the Proposition there exist zi,. .., 2
such that |z;| = x; (hence ||z;|| = || y||3) and

pilzis -z = yllM: D a,.

i=n

Since (L ||z|?)? = x, 1(d(a, 1))pi(z1, - - - , 2), we have

Iyl = (S a?)m. ™)

By (2) of Lemma 2, V(a2 +. .. + a?) = M,y(1)?, and by (3) of Lemma 2
H(@bp—ryysr +- .. +a2) =Msy(m)* (m=2,...,k).

Hence
VIY a3 =Msliyli=M, Y, a,

i=n i=n
andso /= M,. [ ]
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