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Introduction. Let § be a prime Noetherian ring and G a finite group acting on §
such that G is X-outer on S. We give sufficient conditions for the skew group ring S * G to
be a prime maximal order. If we impose the further hypothesis that the order of G be a
unit of §, then these conditions are also necessary. Moreover, if § is a commutative
Noetherian domain, then there are necessary and sufficient conditions for §* G to be a
prime maximal order, without requiring that the order of G be a unit in S.

1.1 Given aring S and a group G acting on S we write s¢ for the image of s € S under
the action of g € G, and define the skew group ring S * G to be the ring which is a free left
S-module with the elements of G as a basis. Multiplication is extended linearly from § and
G,and gs=s®g for alls € §, g € G. Our aim is to prove the following result.

THeoreM 3.13. (Main Theorem). Let S be a prime Noetherian ring and G a finite
group acting on S such that G is X-outer. Let T = S * G be the skew group ring, and denote
by Q the set of reflexive height-1 G-prime ideals of S. Consider the following hypotheses:

(a) S is a G-maximal order;

(b) poT is a prime ideal of T for all p, € Q.

(i) If (a) and (b) both hold, then T is a prime maximal order.

(ii) Suppose that the order of G is a unit of 8. If T is a (prime) maximal order, then
(a) and (b) both hold.

Here, a G-maximal order is an order which is not properly contained in any G-invariant
order to which it is equivalent; see 2.1 for the precise definition.

We give an example (Example 3.14) to show that statement (ii) of the Main Theorem
does not hold without the additional hypothesis that the order of G be a unit in S.

Compare our results with [12, Theorem 3.1}, where sufficient conditions are given for
aring R, strongly graded by a finite group G with the order of G a unit in R, to be a tame
order. A tame order is a generalisation of the concept of a maximal order; a prime
Noetherian maximal order integral over its centre is a tame order.

We also prove a result, namely Theorem 4.6, that is the commutative analogue of
Theorem 3.13; as we shall see, no hypothesis on the order of G is required in this case.

1.2 See [13, Section 12] for a definition of X-outer. Let R be a ring and G a group.
In Section 2 we offer some results concerning G-maximal orders. As is to be expected,
many of these are analogues of results in the (ordinary) maximal order case. In Section 3
we turn to the proof of the Main Theorem, a key tool of which is Theorem 3.2 (which we
refer to as the Test Theorem); we also give a G-equivariant version of this as Theorem
3.3. The Test Theorem is partially proved in [1, Proposition 1.10(b)] and [7, Lemma
1.2(ii)], and, although the result is undoubtedly well-known, a suitable reference for the
complete proof could not be found. Section 4 is concerned with the proof of the analogue
of the Main Theorem for the case where the coefficient ring of T is a commutative .
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Noetherian domain. As we shall see, we do not require the hypothesis that the order of G
be a unit in S.

1.3 A full account of maximal orders can be found in [8] and [10]. Our main source
for skew group rings was [13]. Throughout, the Jacobson radical and quotient ring of any
ring A will be denoted by J(A) and Q(A) respectively. The results of this paper form part
of the author’s Ph.D. thesis at the University of Glasgow, under the supervision of
Professor K. Brown. I would like to thank Professor H. Marubayashi (Naruto) for his
careful reading of an earlier version of this paper.

2. G-Maximal orders.

2.1 DerINITIONS. Let R be a prime Noetherian ring with simple Artinian quotient
ring Q. Then R is an order in Q and an order S in Q is said to be equivalent to R if there
exist units a, b, ¢, d in Q such that aRb € S and ¢Sd < R. We call R a maximal order if it is
maximal within its equivalence class; that is if S is an order in Q equivalent to R and
containing R, then S must be equal to R. Let I be a non-zero ideal of R. Define
O(I)={q € Q:ql =1} and O,(I)={q € Q:Iq = I}. Then O,(I) and O,(/) are orders in O
equivalent to R. The following lemma is an easy consequence of [10, Proposition 1.3.1].

LemMMA. Let R be a prime Noetherian ring with the property that O,(P) = O,(P) =R,
for all (non-zero) prime ideals P of R. Then R is a maximal order.

Let R be a prime Noetherian ring and G a finite group acting on R with G € Aut(R).
It follows that G acts on the quotient ring Q of R; in particular, G permutes the set of
right orders in Q. Let § be a G-invariant right order in Q. We say that R is equivalent to
S (written R ~S) if there exist units a,b,c,d in Q such that aRb< S and ¢Sd = R. It is
easy to check that ~ is an equivalence relation.

The ring R is said to be a G-maximal right order in Q if R is strictly contained in no
other G-invariant right order to which it is equivalent. G-maximal left orders and
G-maximal orders are defined similarly. (Compare this definition to that of a maximal
order given above.)

Suppose that [ is a proper G-invariant ideal of a ring R on which a group G acts. We
say that I is a G-prime ideal of R if, for all G-invariant ideals A, B of R, the inclusion
AB c R forces either Aclor B L.

We have the following analogue of Lemma 2.1 that is proved in a similar way.

2.2 PrROPOSITION. Let R and G be as in 2.1. Then R is a G-maximal order if and only
if O(P)=0O,(P) =R, for all non-zero G-prime ideals of P of R.

The next result shows that the concept of a G-maximal order yields nothing new in
the commutative case.

2.3 LemMa. Let S be a commutative Noetherian domain and G a finite group acting
as automorphisms on S. Then S is a G-maximal order if and only if S is a maximal order.

Proof. 1t is clear from the definitions that if § is a maximal order then S is a
G-maximal order.

Conversely, suppose that S is a G-maximal order which is not a maximal order. By
(8, Lemma 5.3.2} it is enough to show that, if S is contained in a subring T of Q = Q(S)
with T=3{yS:i=1,...,n} a finitely generated S-module, then T =S§. Given such a
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ring T, put T:=(T%:g € G). Then T is a G-invariant subring of Q containing S and T.
Also T is a finitely generated S-module, for, consider any monomial

y=yEyE. ¥
in the G-conjugates of {yy,...,y,} with > |G]|. It is clear that § involves components of
the form (say) y¥ and y§, for some g € G. Since Q is commutative, we can write § (with
rearrangement if necessary) so that y¥, y§ are adjacent. Then we can express yfy§ as an
S-linear combination of {y§,...,y%}. Hence T is a finitely generated S-module and so,
since S is a G-maximal order by hypothesis, T = S. Hence T = S and S is a maximal order,
as required.

2.4 ExampLE. We now give an example to show that (non-commutative) G-maximal
orders which are not maximal orders do exist. Let R = Z,; and put

R R
S_<2R R)’

e=( )

Put G:=(g)= C,, the cyclic group of order 2. It is easy to check that G acts on S by
conjugation, viewing S as a subring of M,(R), with

(a b>3_<d c)
2 d/  \2b af

for a,b,c,d € Z. Consider the height-1 prime ideal

a prime Noetherian ring. Let

2R R
P=(r )
2R R
of S. Then
R R )
g — .
P <2R 2R/’

P and P¢ are the only non-zero prime ideals of S, and both have height one. One can
check that

0 0
- P)\
X (1 o)eo’()s’

and so § is not a maximal order. However, S is a G-maximal order: by Proposition 2.2 it is
enough to show that

O,(PNP&)=0,(PNPE)=S.
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To this end, let a € O/(P N P¥) and put

G o)
a= s
l W
where x,y, z,w € Q(S), the quotient ring of S. Let
(2(1 b )
2c 2d
be a non-zero element of P N P5. Then

(x y><2a b>=(2(ax+cy) bx+2dy> <2R R

=PNPE
7z w/\2¢ 2d)” \2(az +ew) bz+2dw/ S \2R 2R>

Since a, b, ¢, d can be arbitrary integers, we must have that x,y,w € R and z € 2R so that,
a € S. Hence O,(P N P¢)=S. Similarly, O,(PNP8)=S and § is a G-maximal order, as
claimed.

The following result is a G-equivariant version of [7, Lemma 2.1(ii)], and since the
proof of our result is similar to the proof of theirs, we do not include it here.

2.5 ProrosiTION. Let R be a prime Noetherian G-maximal order, where G is a finite
group acting on R. If P is a reflexive height-1 G-prime ideal of R, then P is localisable.

2.6 DeFiNITION. For a non-zero ideal I of a prime Noetherian ring R, put
If={g e Q(R):qI <R} and I} ={q € Q(R): Ig = R}. When R is a maximal order, we
have If=1I}:=1* by [8, Proposition 5.1.8). The ideal I is said to be invertible if
(INHI=1(i}) =R, and I is reflexive when (I})f = (i*)f =1

By a local ring R, we mean that R/J(R) is simple Artinian; R is semilocal if R/J(R) is
semisimple Artinian.

2.7 ProrosiTioN. Let R be a prime Noetherian local ring with J:=J(R) reflexive.
Then the following are equivalent:
(i) R is a maximal order;
(ii) R is hereditary;
(iil) J is invertible.

Proof. (ii)& (iii). [6, Proposition 1.3].

(i) = (iii). It is clear that J*/J is a non-zero ideal of R. Since O,(J) =R, J =J*J. Due
to the maximality of J we must have J*J = R. Similarly, J/* = R, and so J is invertible.

(iii) = (i). Suppose that J is invertible, but that R is not a maximal order. Let 05 ] be
an ideal of R such that R < O,(I), and choose ] to be maximal with respect to this
property. Now, O,(J)J <J implies that

O(/) = OINUT)=JUT) =R,

since J is invertible. Hence O,(J) = R. A similar argument gives O,(J) = R. Therefore by
choice of I, I=J and it follows that J*=JF=J* Put K=[J* an ideal of R. Then
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KJ=1*] =1, since J is invertible. It is clear that /€ K; suppose that I =K. Then
KJ =K, contradicting Nakayama’s Lemma. Therefore / c K.
Let x € O,(1). Then xI = I so that xKJ = KJ. We have

xK =xKJJ*c KJJ*=K

since J is invertible, and so x € O)K). Therefore R<c O,(I)=O,)(K) with IcK,
contradicting the initial choice of I. Hence there exists no such ideal /. A similar argument
works on the right, and so R is a maximal order. This completes the proof.

The next result is a generalisation of (i) = (iii) of Proposition 2.7. Here, and in 2.9,
we write M, for (| {M?®; g e G}, where M is an ideal of a ring R on which a group G acts.

2.8 PROPOSITION. Let R be a prime Noetherian semilocal ring and G a finite group
acting on R. Suppose that J.=J(R) is reflexive. If R is a G-maximal order, then J is
invertible.

Proof. We claim that each M, is reflexive. Fix a maximal ideal M of R. Since R is a
G-maximal order, it is enough to show that M, is the right annihilator of a non-zero
submodule of Q/R (where Q is the quotient ring of R). Now, since J is right reflexive by
hypothesis, there exists a submodule A of Q strictly containing R with J =r.ann(A/R).
Since R is semilocal, R/J is semisimple Artinian. Therefore R/J is isomorphic to a direct

sum of matrix rings over division rings, say R/J = @M (D;), where n; is a natural

number and each D; is a division ring. We can also write My/J = @M (D;), with

reindexing if necessary, for some r <t Since A/R is a faithful R/J- module, A/R includes
at least one copy of each isomorphism class of irreducible R/J/-modules in its
decomposition. For each i=1,...,¢ let V; be an irreducible M, (D;)-module. Let B/R
denote the sum in A/R of all the irreducible R/J-modules isomorphic to V;, where
i=r+1,...,t It follows that M, is the right annihilator (in R) of B/R. Therefore M, is
right reflexive.

We now show that M, is invertible. Now, M§M, is an ideal of R containing M,, and is
easily checked to be G-invariant. If M{M, < R, then MM, = M®, for some g € G. Then

MEMo = (M{(MEM,: g € GY = (Y {ME: g € G} = M,

so that M§ = O,(M,) = R, since R is a G-maximal order. This is a contradiction to the
reflexivity of My, and so M{M, = R. Similarly MyM§ = R and M, is indeed invertible. The
ideals M, are maximal G-invariant, so one sees easily, adapting the proof of [8, Theorem
5.2.10), that () {My: M maximal} = [T {M,: M maximal}. Since a product of invertible ideals
is again invertible, the result follows.

2.9 COROLLARY To ProposITION 2.8. Let R be a prime Noetherian semilocal ring and
G a finite group acting on R. Suppose that ] :=J(R) is reflexive. Then the following are
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equivalent:
(i) R is a G-maximal order;
(i1) M, is invertible for each maximal ideal M of R.

Proof. (i)= (ii). This follows from the proof of Proposition 2.8.

(ii) = (i). Suppose that M, is invertible for each maximal ideal M of R. Then J is also
invertible. Suppose that R is not a G-maximal order, so that there exists a non-zero
G-invariant ideal I of R such that R < O,(/). Choose I to be maximal with respect to this
property. Now, since / is G-invariant, [ is contained in M, for some maximal ideal M of R.
Since M, is invertible, M, is (right and left) projective by [8, Lemma 5.2.5]. It now follows
from [8, Section 5.1.7] that M, is reflexive.

Put K = IM§, a G-invariant ideal of R. We have I = IM{M, = KM, = K suppose that
I=K. Then KM, =K, so that K = KMy = (KMy)My=. .. = K(M,) for all t = 0. Therefore
KcM{(Mp):i=1,...,»}) But M, being invertible means that M, has the AR-property,
by [8, Corollary 4.2.5], and so (\{(My):i=1,...,%}=0 by [6, Corollary 2.2]. Hence
K =0, a contradiction, and so / = K.

In the same way, as was shown in the proof of Proposition 2.7, we have
R = O,(I) € O/(K). This contradicts our initial choice of /, and so R is a G-maximal order.
Thus (i) holds and the proof is complete.

3. The Main Theorem.

3.1 Let R be a prime Noetherian ring with quotient ring @, and recall from 2.6 the
definitions of /¥ and I for an ideal I of R. Define

Ry:={q € Q: qI = R for some non-zero ideal I of R},
Ry:={q € Q: Ig = R for some non-zero ideal I of R}.
Note that
 Re=U{I:0%/anideal of R} and Ry=\J{I¥ 071 an ideal of R},

Suppose that R is a maximal order. Then, since I} =I¥ for each I of R, we see that
RO = R6

In the proof of the main result of this paper, we will use the following theorem
(referred to as the Test Theorem). This result—which is probably well-known—is
partially proved in the literature; in particular, that R is a maximal order implies (iv) is
shown in [1, Proposition 1.10(b)], and that R is a maximal order implies (i) is given in [7,
Lemma 1.2(ii)]. For further details of the complete proofs of Theorem 3.2 and Theorem
3.3, see [9].

3.2 TueoreM. (Test Theorem). Let R be a prime Noetherian ring and denote by Q
the set of all height-1 reflexive prime ideals of R. Then R is a maximal order if and only if
the following conditions hold:

(i) each P e Q is localisable;

(ii) Rp is a maximal order for all P € Q,;

(iii) Ro= Ry,

(iv) R=RyN((Y{Rp: P € }).
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We also have a G-equivariant version of the Test Theorem. It is proved by making
straightforward adjustments to the proof of Theorem 3.2, using, for example, Proposition
2.5 to deduce (i).

3.3 THEOREM. Ler S be a prime Noetherian ring and G a finite group acting on §.
Denote by T the set of all height-1 reflexive G-prime ideals of S. Then S is a G-maximal
order if and only if the following conditions hold:

(1) po is localisable, for all py e T,

(ii) S, is @ G-maximal order, for all py e T';

(i) So=S¢

(iv) S=SN (S PoeTH.

3.4 NoraTioN AND HyroTHESES. Unless stated otherwise, the following will apply. Let
S be a prime Noetherian ring and G a finite group acting on S. Suppose that the action of
G is X-outer on S. Denote the skew group ring $*G by 7. Let

Q= {p e Spec(S): p is reflexive and has height 1},
Qo ={po: po={p%: g € G}, for some p € Q}.
Note that, under the above hypotheses, [13, Corollary 12.6] guarantees that T is prime.
3.5 LeMMA. Let S,G and T be as in 3.4. Then Ty= S5,* G.

Proof. Tt is easy to see that T has an Artinian quotient ring Q(7T), and that
Q(T)=0(S)*G. Let x e Ty Q(T) = Q(S)* G, and write x =X {s,8: g € G} with 5, €
Q(S) for each g € G. By the definition of T, there exists a non-zero ideal / of T with
xI = T. Now T is prime so that, by Goldie’s Theorem, Q(T) is simple Artinian. Therefore

Q(T)=1Q(T) = 1(Q(8) * G) = IG(Q(S)) = I(Q(S))-

Hence there exist elements a € I and ¢ € Cs(0) with 1=ac™?, and so a=celINS. It
follows that /N S is a non-zero G-invariant ideal of §. Therefore (/ N §)* G is a non-zero
ideal of T contained in /. We have x((/I N S)*G)cxI =T, so that

(2 sgg>((IﬂS)*G)E T=5*G.
geG

This means that s,(/NS)< S, for all g € G, since IN S is G-invariant. Therefore s, € §
for all g € G and so x € Sy* G. The reverse inclusion is similar, but easier.

3.6 REMARK. It is easily checked that an ideal p, of S belongs to € if and only if it is
G-prime, reflexive and has height 1. In particular, if S is a G-maximal order, p, is
localisable, by Proposition 2.5. In fact, Cs(pg) is an Ore set in T, by an argument similar
to the proof of [16, Lemma 2.6]. Equivalently, the ideal VonT! of T is a localisable
semiprime ideal of 7. We denote the localisation of T at V(p,T) by T,; note that by
construction, 7, =S, *G.

3.7 LemMMA. Adopt the notation of 3.4 and suppose that S is a G-maximal order. then

T = 72)0( m 7;20)'
Poefl
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Proof. If S is a G-maximal order, then by Theorem 3.3,

s=50( N S)

Poe
Therefore

T=S*G=(Son( N spo))*c
Poefp

= (§*G)N < M (Sp,* G))

Poefly
It now follows that

(g, n)

Poef
by Lemma 3.5 and Remark 3.6, as required.

3.8 LeMMA. Adopr the notation of 3.4 and suppose that T=S+*G is a (prime
Noetherian) maximal order. Then S is a G-maximal order.

Proof. Let I be a non-zero G-invariant ideal of S. Then ] :=I*G is a non-zero ideal
of T. Now, O,(1)] < I implies that

oDl =0(I*G)cI*G=1.

Therefore O,(I) € O(I) =T, since T is a maximal order. Let Q denote the quotient ring
of S. We have O,(N)cTNQ =S, so that O,(/)=S. Since [ is G-invariant [ =1*G =
G =1, so that we can use symmetry along with the above argument to show that O,(/) = S.
Hence by Proposition 2.2 § is a G-maximal order, as required.

3.9 LemMMA. Adopt the notation and hypotheses of 3.4. Suppose further that S is a
semilocal G-maximal order with J(S) reflexive, and that |G|™' € S. Then T is a semilocal
hereditary ring.

Proof. First we show that T is semilocal. Since |G|~ € S, [13, Theorem 4.2] gives
that J(T)=J(S)* G. Now S is semilocal, and so S/J(S) is semisimple Artinian. We have

T/I(T) = (S*G)/(J(S)*G)=(S/J(S))*G,

an Artinian ring. Hence T is semilocal, as claimed. By Proposition 2.8, J(S) is invertible.
Therefore

J(MYI(T)*={J(S)xG)J(S)*G)*=((5)*G)J(5)**G)
—IS)JS)**G=S*xG=T.

Similarly (J(T))*J(T)= T, and J(T) is also invertible.
Put J:=J(T). By [8, Lemma 5.2.5] 1/ and J; are projective and so pr.dim.(7/J)r = 1.
Therefore by (8, Theorem 7.3.14]

gl.dim.(T) < gl.dim.(T/J) + pr.dim.(T/J) =0+1=1.

Hence T is hereditary, as required.
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3.10 Remark. Adopt the notation of 3.4. It follows from easy adaptations of [13,
Lemma 14.1] and [2, Theorem 1.6], together with the initial comment of Remark 3.6, that
if P is a height-1 reflexive prime ideal of T, then po:= P NS belongs to €. In particular,
Do is G-prime and so pyT is an ideal of T, and is contained in P. The following results give
sufficient conditions for equality.

3.11 LemMA. Let S be a Noetherian ring and G a finite group acting on §S. Let T
denote the skew group ring S * G. Let P be a prime ideal of T and put py= P N S. Suppose
that pq is localisable and that PT, = p,T,,. Then P =p,T.

Proof. As explained in Remark 3.6, Cs(po) is an Ore set in T, and so T, exists. It is
clear that poT = P. For the reverse inclusion, let « € P and write @ =ac™' with a € poT
and ¢ € Cs(pg). Then ac=a € poT. But c e Cs(po) € Cr(poT), and so ac € pT 1mp11es
that a € poT as required.

3.12 ProPOSITION. Adopt the notation and hypotheses of 3.4 and suppose that
|G|™! € S. Suppose further that T is a prime Noetherian maximal order. Let P be a reflexive
prime ideal of T and put py= PN S. Then P = p,yT.

Proof. By Lemma 3.8, § is a G-maximal order. Then, by Remark 3.10, p, € €y, and
so is localisable by Remark 3.6. First we localise S at py, so that without loss of generality,
in view of Lemma 3.11, § is a semilocal ring. Of course, G is still outer on S. Lemma 3.9
now applies to give that T is semilocal and hereditary. By [8, Theorem 5.2.10], we see that
each finitely generated projective T-module is a generator. In particular, this is so for the
projective T-module GT, where G = 3 g Since End(GT)=SC by [8, Proposition

geG
7.8.5], it follows that T = M, (W), where W =S (and in fact n = |G|).

The result we seek will follow if we can display an isomorphism 8 from T to M, (S)
for which the inverse image of the scalar matrices is the subring S¢ of T. First, note that
§C is a prime hereditary semilocal Noetherian ring by Morita theory. Since u-
dimga(S) = n.u-dimge(S€) from the isomorphism of the previous paragraph, [4] ensures
that S is a free S°-module of rank n. Now the Morita context connecting S S with T [8,
§7.8] is in fact a Morita equivalence, as can be seen either from the isomorphism already
mentioned, or from [8, Proposition 3.5.6) and the fact that TGT = T; the latter holds
since TG T is an idempotent invertible ideal [8, Proposition 5.2.6 and Theorem 5.2.10].

Thus T = Endss(ssS). Realising this isomorphism via a basis {1,s,,...,s,} of ¢S
(whose existence follows using the trace map) yields the desired isomorphism 6.

We are now in a position to prove the main result of this section, which is as follows.

3.13 THEOREM. Adopt the notation and hypotheses of 3.4 and consider the following
hypotheses:
(a) S is a G-maximal order;
(b) poT is a prime ideal of T, for all p,y € Q.
(i) If (2) and (b) both hold, then T is a prime maximal order.
(ii) Suppose that the order of G is a unit in S. If T is a (prime) maximal order, then
(a) and (b) both hold.
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Proof. (i) Suppose first that (a) and (b) both hold. Since § is a G-maximal order by
(a), any ideal pg in € is localisable by Proposition 2.5. By Remark 3.6, Cs(po) is an Ore
set in T and T, exists. Recall that T is prime. Now

T/peT =(S*G)/(po*G)=(S/po)*G,

for all py € Q. Therefore p,T prime implies that (S/p,) * G is prime for all such p,. Then
Q(S/po)* G = Q((S/po) * G is simple Artinian. But

S) ( S, ) (Sp,* G)
—|*xG = G = - ,
Q<P0 PoSp, (PoSp,* G)

so that poS, *G is a prime ideal of §, *G. We have that J(S,)* G is prime. Using
[13, Theorem 4.2] we see that

U(Tp))" ST (Sp) * G = I(Tp,)
for some n e N. But since J(S,,) * G is prime, we must have

T(Spe) ¥ G = J(Tp,),

Tp,
I,
G-maximal order, and so by Theorem 3.3, S, is a G-maximal order. Therefore S, is
hereditary, by Corollary 2.9, and so J(S,,) is projective. Thus, since T, is a free left
Sp-module, J(T,,)) =J(S,,)®s, G is a projective T, -module, and hence is reflexive. We
can now apply Proposition 2.7 to give that T, is a maximal order.

Observe that, if P is a reflexive height-1 prime of T, then py:= P N S belongs to €,
by Remark 3.10. Since P is minimal over p,T, by [13, Theorem 16.6], hypothesis (b)
guarantees that P = p,T. By this fact and Lemma 3.7,

so that J(T, ) is prime. Therefore is simple Artinian, and so 7, is local. Now S is a

rnn( 7))

Poefl

where P runs over the set of height-1 reflexive primes of 7. Moreover, T, = T, by Lemma
3.5. Now Theorem 3.2 (the Test Theorem) gives us that T is a maximal order, as required.

(ii) Suppose that the order in G is a unit in §, and that T is a prime maximal order.
That (a) holds is immediate from Lemma 3.8. Let p, belong to €. Since py is reflexive, it
follows that p,T is the annihilator in T of p§T/T, and so p,T is also refiexive. Therefore
poT is contained in a maximal reflexive prime ideal P of T, which is a height-1 prime of T
‘by [7, Lemma 2.1] (since T is a maximal order). Then, by [13, Theorem 16.6], PN S = p,.
It now follows from Proposition 3.12 that P =p,T, so that p,T is a prime ideal of T. This
proves (b), and so (ii) holds.

We now give an example to show that statement (ii) of the Main Theorem does not
hold without the hypothesis that the order of G be a unit in S. Note, however, that G is
not X-outer in this example.
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3.14 ExampLE. Let k = Z/2Z and put
S =k[x,x [y, d/dx],

the differential operator ring. Let G =(g) be a cyclic group of order 2 acting on § via
s& —xsx for all s €S. Now, § is finitely generated as a module over its centre
k[x? x72, yz] and so it is a prime Noetherian PI ring. Let M = (x*- 1)§, a G-invariant
height-1 prime ideal of S. Put § = §/M and consider the skew group ring § *G. Then

(Fg—1)72=(x%gt-2tg+1)=x8’-1=x2-1=0,

since k has characteristic 2 and G has order 2. Hence (¥g — 1) is a non-zero central
nilpotent element of § * G, and so

S*G)(M*G)=(SIM)xG=5+G

is not semisimple Artinian. Therefore M * G is not a semiprime ideal of T = §* G, and so
condition (b) of Theorem 3.13 does not hold. But T is a maximal order, as can be seen
using the Test Theorem (Theorem 3.2). In more detail, it can be checked that all height-1
prime ideals of T are localisable; hence we deduce (i) and (iv) of Theorem 3.2; since T is
FBN, (iii) of Theorem 3.2 is vacuous. Finally, part (it) of Theorem 3.2 follows from [17,
Example 6.2] and Proposition 2.7. Hence this example shows that T, being a prime
maximal order, does not imply condition (b) of Theoem 3.13 when the order of G is not a
unit in S.

4. Commutative Coefficients.

4.1 In this section, we prove a result (Theroem 4.6) analogous to Theorem 3.13 for
the case where the coefficient ring is commutative. The following result is an easy
generalisation of [14, Theroem 10.1.16], where the case with R a field is given. Our
definition of local is given in 2.6.

4.2 THEOREM. Let R be a ring and G a finite group. Then the group ring RG is local if
and only if the following conditions hold:

(1) R is local,

(i1) when char(R/J(R)) =0, G ={1}; and when char(R/J(R)) = p >0, G is a p-group.

4.3 LemMA. Let S be a ring and G a finite group acting on S. Denote the skew group
ring S*G by T, and suppose that T is local. Let p be a maximal ideal of S. Define

H(p):={g € G: p® = p; g acts as identity on S/p}.

Then H(p)={1} if char(S/p) =0, and H(p) is a p-group if char(S/p)=p >0.

Proof. Suppose that T is local, but that H:= H(p) does not satisfy the hypotheses of
the lemma. Put

R:=(S/p)*H=(S/p)H,

the ordinary group ring. We claim that R is not local.

Consider when char(S/p) = 0; then H 5 {1}. By Maschke’s Theorem R is semisimple
Artinian, but R is not simple since H # {1}. Therefore R is not local. In the case where
char(S/p)=p >0, H is not a p-group and so R is not local by Theorem 4.2. This proves

the claim. Since 7/J(T) is Artinian, it is easy to see that §/p, and hence R, are both
Artinian.
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In the following, char(S/p) may be either 0 or p. Since H is normal in K := K(p) =
{g € G:p*=p},
(S/p)*K = (S/p)H=*(K/H)=R+(K/H).

Consider the augmentation ideal A of R. Since R is not local, there exists a prime
ideal B of R different from A. If a non-identity element k of K is such that B* = A, then
B=(B*)=A'"=A (where [=k™') since A is K-invariant, a contradiction. Hence no
K-conjugate of B can equal A, and so there are distinct K-orbits O,, O, of primes of R.
Put

Ny=M{P:Pe O} and N,=MN{Q: Q0 € O,}.

By Lying Over (LO) ([13, Theorem 16.6]) there exist maximal ideals M;, M, of R * (K/H)
with M\;NR =N, and M,NR =N,. If M, =M,, then N; = N,, a contradiction to the fact
that O;# O,. Hence M;# M, and we have distinct maximal ideals of (§/p)*K. Put
Po=({p%:g € G} and let M;,M, be the inverse images in (S/po)*K of M, M,
respectively. Note that M, # M,, but

plpo=M,N(S/po) = M, (S/po).

Using [13, Theorem 14.7] we see that there exist distinct maximal ideals of T, a
contradiction to the fact that T is local. Hence the result holds.

4.4 NotaTioN AND DEFINITION. Let S be a commutative Noetherian domain and G a
finite group acting on S. Let T denote the skew group ring S*G. For each 1#g e G,
define

I(g)={s —s%:5 e S}S.

It is clear that each I(g) is an ideal of S. It is easy to check that, for any ideal J of §, the
subset {g € G: I(g) S J} is a subgroup of G in fact it is the largest subgroup of G which
fixes J as a set and acts trivially on S/J.

If we impose the condition that each non-identity element of G acts non-trivially on
S, then this ensures that T is prime.

4.5 LEMMA. Let S,G and T be as in 4.4. Then T is a prime ring if and only if there
does not exist a non-identity element of G which acis trivially on §.

Proof. First suppose that T is prime. Let
H={g e G: g acts trivially on S}

and suppose that H #{1}. Note first that H is a normal subgroup of G, being the kernel of

the map from G into Aut(S). Put 4 =3 {h: h € H}; it is clear that H #0. Note that A

commutes with all g € G. Also, H acts trivially on elements of S, by definition, so that A

is central in 7. Choose 1#h € H. Then, for all t € T, 0=tH(h — 1) = At(h — 1) so that

THAT(h - 1)T =0; a contradiction to the primeness of T. Therefore H={1}, and no

non-identity element of G acts trivially on S.
On the other hand, assume that no non-identity element of G acts trivially on §. As
-in the proof of Lemma 3.5, T has quotient ring Q(T) = Q(S)* G. By hypothesis, G is a
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group of X -outer automorphisms of S, and hence of Q(S). Therefore the set of X-inner
automorphisms, Gj,, of Q(S) is equal to {1}. Now Q(S) is a field and so is certainly prime.
Using [13, Corollary 12.6] Q(S)* G is also prime. Therefore Q(T)= Q(S)*G is simple
Artinian and so T is prime, as required.

We now turn to the main result of this section, the proof of which appears as 4.12.

4.6 THEOREM. Let S, G and T be as in 4.4, Then T is a prime maximal order if and
only if the following conditions hold:
(a) S is integrally closed,
(b) there exists no non-identity element g of G such that 1(g) = p, for some height-1
prime p of S.

For the case where the coefficient ring is a Dedekind domain, the corresponding
result appears in [15, Theorem 40.14], and is due to Auslander, Goldman and Rim.

Remark. Recall from [8, Proposition 5.1.3} that a commutative Noetherian domain is
a maximal order precisely when it is integrally closed; Lemma 2.3 then implies the
equivalence of condition (a) above and condition (a) of Theorem 3.13. The following
result together with Remark 3.6 shows how condition (b) above implies condition (b) of
Theorem 3.13.

Observe that Proposition 4.7 cannot be generalised to non-commutative coefficient
rings S; to see this, take 7 =S5*G as in Example 3.14 and P to be a prime ideal of T
minimal over M * G. (In fact, there is only one such P.) It is easy to calculate that, in this
example, y — y¢ =x~' e I(g), so that I(g) = S.

4.7 PrROPOSITION. Adopt the notation of 4.4 and suppose there exist no non-identity
elements of G acting trivially on S. Let P € Spec(T). Put

Y :={p e Spec(S): p is minimal over P N S}.
Suppose further that 1(g) & p, forall1#g e G, p € W. Then P=(PNS)T.

Proof. We know that (PN S)T = P and that by [13, Lemma 14.1] PN S is a G-prime
ideal of S. Now, P lies over PN S and using [13, Theorem 16.6], Incomparability implies
that there does not exist P, € Spec(T) with P, P and PLNS=PNS. Therefore P
is minimal over (PNS)T. To show that (PNS)T =P it is enough to show that
(PN S)T e Spec(T). Consider

T/((PNS)T)=(S/(PNS))*G;

we show that the latter ring is prime. It is clear that S/(PNS) is G-prime. Let p e W.
Then p/(P N S) is a minimal prime of §/(PNS). Put K:={g € G:p* = p}. Since I(g) & p
for all 1#g e G, no element of K acts trivially on §/p. Lemma 4.5 then gives that
(S/p)*K is prime. Now,

{(S/PNSN/I(p/(PNS))*K =(S/p)*K

and so by [13, Corollary 14.8], (S/(P N S))* G is prime. Therefore T/((P N S)T) is prime,
(PNS)T e Spec(T) and P=(PNS)T, as required.

4.8 ProrosiTION. Let S,G, and T be as in 4.4, and let P be a prime ideal of T. If
P=(PNS)T, then P is localisable.
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Proof. By [8, Theorem 4.2.7], all ideals of S have the right AR-property since S is a
commutative Noetherian domain. In particular, P NS does. Then, by [17, Lemma 4.4],
P = (PN S)T has the right and left AR-property. Using [8, Proposition 6.8.21(ii)], we see
that P is localisable.

In view of Proposition 4.7, it follows immediately from Theorem 3.13 that conditions
(a) and (b) of Theorem 4.6 are sufficient for T to be a maximal order. We now
concentrate on the necessity of these conditions.

4.9 Lemma. Adopt the notation of 4.4 and suppose that each non-identity element of
G acts non-trivially on S. Let P be a localisable height-1 prime of T and put po=P N S. Let
qg:=PNZ=pyNZ, a height-1 prime of Z, where Z is the centre of T. Then
Ty =T,,=T,. In particular, T, is a local ring.

Proof. Since T is a maximal order, by hypothesis, P is localisable by Theorem 3.2. By
[5, Lemma 12.17], the clique of P is equal to {P}. Thus, by [5, Theorem 11.20] (also
discussed in [11]), P is the one and only prime ideal of T lying over PN Z = q. The proof
is now routine.

4.10 ProrosiTION. Adopt the notation of 4.4 and suppose that each non-identity
element of G acts non-trivially on S. Let P be a localisable height-1 prime of T, and put
po=PNS={p% g € G} for some height-1 prime p of S (see Lemma 3.5). Suppose that
char(S/p) = 0. Then there exists no non-identity element g of G such that 1(g) < p.

Proof. Since T, is local, by Lemma 4.9, Lemma 4.3 implies that H(p) = {1} (where
H(p) is as defined in Lemma 4.3). It is now immediate that there exists no non-identity
element g € G such that I(g) S p, as required.

We now prove an analogous result to Proposition 4.10 for the case where S/p has
positive characteristic.

4.11 ProrosiTION. Adopt the notation of 4.4 and suppose that each non-identity
element of G acts non-trivially on S. Assume that T is a maximal order. Let p be a height -1
prime of S, and suppose that char(S/p) = p >0. Then no non-identity element g of G is
such that 1(g) < p.

Proof. Firstly, T, is a local ring by Lemma 4.9. Let H = H(p). By Lemma 4.3, His a
p-group. Let 1#x € H be such that x has order p. First we claim that 7, has infinite
global dimension. For, put N:=p§,, a maximal ideal of S,,. Note that S, /N=Q(S/p),
and that char(§,,/N) = p. Define

G(N):={geG:s—s¢eNforalls e S,}.

We have x € G(N) and x has order p. Therefore, by [17, Theorem 5.2] gl.dim.(7,,) = =,
as claimed.

Now, since T, has a unique non-zero prime ideal J:=J(T,), it is clear that J is
reflexive. Then Proposition 2.7 gives that T, is not a maximal order. It follows that T is
not a maximal order, a contradiction to our initial hypothesis. Therefore there exists no
such element x, and so H = {1}. This completes the proof.
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4.12 Proor oF THEOREM 4.6. As was noted above, the sufficiency of conditions (a) and
(b) of Theorem 4.6 is a direct consequence of Theorem 3.13. For the converse, suppose
that T is a prime maximal order. That (a) holds follows from Lemma 3.8 together with
Lemma 2.3 and the fact that a commutative Noetherian domain is a maximal order
precisely when it is integrally closed. Condition (b) is then proved necessary by
Proposition 4.10 and Proposition 4.11.
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