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Abstract

We characterise number fields without a unit primitive element, and we exhibit some families of such
fields with low degree. Also, we prove that a noncyclotomic totally complex number field K, with degree
2d where d is odd, and having a unit primitive element, can be generated by a reciprocal integer if and
only if K is not CM and the Galois group of the normal closure of K is contained in the hyperoctahedral
group Bd .
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1. Introduction

In its simplest form, the primitive element theorem asserts that any algebraic number
field (or, simply, any number field) K may be generated over Q by a single element,
that is, there is a complex number θ such that the set {1, θ, . . . , θd−1} is a basis of the
Q-vector space K. The number θ is called a primitive element (or a generator) of K and
the field K is denoted by Q(θ). Multiplying such an algebraic number θ by a certain
rational integer we easily obtain a primitive element of K which is an algebraic integer.
Five years ago, Miller [12] asked the following question:

Question 1.1. Does there exist a primitive element of K which is a unit?

In response to Question 1.1, Brooks exhibited some families of biquadratic
number fields K without a unit primitive element. Poonen signalled that there is a
positive (respectively, a negative) answer to Question 1.1 when K is not a CM-field
(respectively, when K belongs to a certain class of CM-fields), without giving details.
Recall that the field K is called a CM-field (we also say that K is CM) if it is a totally
nonreal quadratic extension of a totally real number field, say RK , which is unique.
These answers of Brooks and Poonen, respectively, are contained in Corollary 1.7 and
in Theorem 1.4 below. In fact, Theorem 1.4 is a corollary of the next theorem, which
is, itself, a complete answer to the following question, related to some special units
generating a given number field.

c© 2016 Australian Mathematical Publishing Association Inc. 0004-9727/2016 $16.00

420

https://doi.org/10.1017/S0004972715001410 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972715001410


[2] Number fields without a unit generator 421

Question 1.2. Let K be a real (respectively, a nonreal) number field. Can we find a
primitive element of K which is a Pisot (respectively, a complex Pisot) unit?

A Pisot number is a real algebraic integer greater than 1 whose other conjugates are
of modulus less than one, and a complex Pisot number is a nonreal algebraic integer
with modulus greater than 1 whose other conjugates, except its complex conjugate, are
of modulus less than one. Clearly, a positive answer to Question 1.2 yields a positive
answer to Question 1.1.

Throughout, when we speak about conjugates and degree of an algebraic number
field K without mentioning the basic field, this is meant over Q. Similarly, if
the extension K : Q is normal (respectively, cyclic), then we say that K is normal
(respectively, cyclic). Also, we denote, by ΩK , GK , D and d, respectively, the group
of roots of unity in K, the Galois group of the normal closure of K (that is, the normal
closure of the extension K : Q), a negative square-free rational integer and a positive
rational integer.

It is clear that we have a negative answer to Question 1.2 when K = Q or when K is
a nonreal quadratic field, since the units of K, in these two cases, belong to ΩK . The
following theorems collect some known answers to Question 1.2; the first one is due to
Pisot (see for instance [2, 5, 13]) and the other may easily be deduced from the results
of [3].

Theorem 1.3.

(i) A real number field with degree greater than one can be generated by a Pisot
unit.

(ii) Let K be a nonreal number field satisfying K < {Q(i),Q(i
√

3)}. Then, K is
generated by a complex Pisot unit if and only if K is not CM or ΩK , {±1}, or
K = Q(i

√
β) for some totally positive Pisot unit β (generating RK), where i2 = −1.

As mentioned above, the first consequence of Theorem 1.3 is a characterisation of
number fields without a unit primitive element.

Theorem 1.4. The number field K is generated by a unit if and only if K satisfies one
of the following conditions:

(i) K is not CM;
(ii) K is CM and ΩK , {±1};
(iii) K is CM, ΩK = {±1} and K = Q(i

√
β) where β is a totally positive Pisot unit

(generating RK).

We refer frequently to the following theorem easily deduced from Theorem 1.4.

Theorem 1.5. Let K be a CM field whose only roots of unity are ±1 and let RK be its
maximal totally real subfield. If all totally positive units in RK that generate RK are
squares in RK then K has no unit primitive element.

On the other hand, if R is a totally real field that contains a totally positive unit β
that is not a square in R and generates R, then the CM field K = Q(i

√
β) has a unit

primitive element (i
√
β), and RK = R.
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The question of which totally real number fields R contain a totally positive unit that
is not a square in R has been investigated by various authors (see, for example, [7]).

Here we are concerned, in the proofs of Theorem 1.10 and Proposition 3.2, with
totally real number fields R all of whose totally positive units are squares in R. The
referee suggested Proposition 1.6 below which uniformises and thus simplifies the
subsequent proofs.

To state this result, let f1 = −1, f2, . . . , fd be a set of fundamental units of the
totally real number field R with [R : Q] = d. Form the d × d ‘matrix of signs’ of all d
embeddings of f1, . . . , fd into R. Thus, all entries in the first column will be −1, while
for j > 1 the (i, j)th entry will be the sign (±1) of f j in the ith embedding of R into R.
Now, map these matrix entries into F2 by mapping 1 7→ 0 ∈ F2 and −1 7→ 1 ∈ F2. (This
is a kind of logarithmic map, being an isomorphism between the multiplicative group
{−1, 1} and the additive group F+

2 .) Denote the resulting matrix by MR.

Proposition 1.6. If det(MR) = 0, the totally real number field R is generated by a totally
positive unit which is not a square in R.

On the other hand, if det(MR) = 1, all totally positive units in the totally real number
field R are squares.

Recall that when K is a quartic CM-field, the real quadratic field RK contains a
unique (fundamental) unit greater than 1, say fK , such that any unit in RK is of the
form ε f k

K , where ε = ±1 and k ∈ Z. In this case, we deduce from Theorem 1.4 the
following consequence.

Corollary 1.7. Let K be a quartic field. Then, K has no unit primitive element if and
only if the following conditions all hold:

(1) K is CM;
(2) {i, i

√
3, ei2π/5} ∩ K = ∅; and

(3) fK has norm −1, or fK has norm 1 and K , Q(i
√

fK).

A simple calculation (see also the proof of Corollary 1.7) shows that the field
K = Q(

√
2,
√

D), where D < −3, is a quartic CM-field, K ∩ {i, i
√

3, ei2π/5} = ∅ and
fK = 1 +

√
2. It follows from Corollary 1.7 that K cannot be generated by a unit,

since fK has norm −1. For the same reason (see, for instance, [15]) any quartic
CM-field K satisfying the conditions K ∩ {i, i

√
3, ei2π/5} = ∅ and RK = Q(

√
a2 + 4),

where a is a positive rational integer, has no unit generator. Similarly, there is no
totally nonreal quadratic extension K of Q(

√
6) which is generated by a unit, since

fK = 5 + 4
√

6 and 1
2 (1 + i

√
3) ∈ Q

(
i
√

5 + 4
√

6
)
. Also, from Corollary 1.7, the field

Q
(
i
√

2 +
√

3
)

= Q(
√

3, i
√

2) is the unique quartic CM-field K having a unit primitive

element and such that
√

3 ∈ K and ΩK = {±1}, since the norm of fK = 2 +
√

3 is 1.
From this computation another question arises.
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Question 1.8. Let R be a totally real number field. Does there exist a CM-field (or
do there exist infinitely many CM-fields) K without a unit primitive element and
satisfying RK = R?

Clearly, we have a positive answer to Question 1.8 when R = Q, since each quadratic
field Q(

√
D), where D < {−1,−3}, has no unit generator. Also, we may deduce from

Corollary 1.7 a positive answer to Question 1.8 when R is quadratic.

Corollary 1.9. Let R be a real quadratic field. Then there are infinitely many
biquadratic CM-fields K without a unit primitive element and such that RK = R.

We are unable to answer Question 1.8 when the degree of R is greater than 2. Using
the following result, we can prove a positive answer to Question 1.8 when R belongs
to certain classes of number fields, and from this we deduce some families of number
fields without a unit generator.

Theorem 1.10. Let K be a CM-field with ΩK = {±1}. Suppose that there is a
fundamental set of units of RK whose elements f1, . . . , fd−1 are positive, and such that
for each embedding σ of RK into R, other than the identity of K, there is one and only
one element of the set {1, . . . ,d − 1}, say jσ, such thatσ( f jσ) < 0. If the correspondence
σ 7→ jσ is one-to-one, then K has no unit primitive element.

A remarkable class of the set of units is formed by reciprocal integers. An algebraic
integer α is said to be reciprocal if 1/α is a conjugate of α. Then, the inverse of each
conjugate of α is also a conjugate of α, the degree of α is even, except when α = ±1
and the Galois group GQ(α) is contained in the hyperoctahedral group Bd = Z/2 o S d,
where Z/2 is the cyclic group with order 2, S d is the the symmetric group on d
letters, and each σ ∈ GQ(α) is identified, for an appropriate ordering of the conjugates
α1, . . . , α2d of α, with an element σ̃ of S 2d, defined by the equalities σ(α j) = ασ̃( j) for
all j ∈ {1, . . . , 2d}. The following question has been considered by Lalande [11].

Question 1.11. Let K be a number field having a unit primitive element and such that
GK ⊆ Bd, where 2d is the degree of K. Is K generated by a reciprocal integer?

Here the notation GK ⊆ Bd means that GQ(θ) ⊆ Bd for a certain primitive element θ of
K, with an appropriate ordering of the conjugates of θ. Lalande [11] obtained a positive
answer to Question 1.11 when the field K has at least one real conjugate. (In this case,
the condition ‘having a unit primitive element’ may be removed.) To complete this
result it remains to consider the case where K is totally complex. Clearly, we have a
positive answer to Question 1.11 when K is cyclotomic, that is, when K is generated
by a root of unity, and, in particular, when K is a nonreal quadratic field, because in
this last case K = Q((1 + i

√
3)/2) or K = Q(i). The theorem below gives some partial

answers to Question 1.11.

Theorem 1.12.

(i) Let K be a noncyclotomic totally complex number field having a unit primitive
element of degree 2d, where d is odd. Then, K is generated by a reciprocal
integer if and only if GK ⊆ Bd and K is not CM.
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(ii) Let K be a quartic totally complex field having a unit primitive element. Then,
K is generated by a reciprocal integer if and only if GK ⊆ B2.

(iii) Let K be a CM-field with ΩK = {±1}. Then, K is generated by a reciprocal integer
if and only if there is a totally positive reciprocal integer β such that Q(β) = RK

and K = Q(i
√
β).

Dubickas in [6] recently considered the problem of whether a number field can
be generated by a nonreciprocal unit satisfying certain conditions related to the
distribution of its conjugates in the complex plane.

The proofs of Theorem 1.12 and some related lemmas, presented in the last section,
use Theorem 1.3, Kronecker’s theorem, asserting that an algebraic integer is a root of
unity when its conjugates belong to the unit circle, and a well-known characterisation
of CM-fields which says that a nonreal number field K is CM if and only if K is
closed under the complex conjugation, and each embedding of K into C commutes
with the complex conjugation (see, for instance, [4]). In the next section, we easily
deduce Theorem 1.4 from Theorem 1.3. The corollaries, Theorem 1.10 and two
auxiliary results, proved in the third section, allow us to obtain families of number
fields with degree at most 10 and without a unit generator. Theorem 1.10 is, in fact, a
consequence of Theorem 1.4. All computations are done using the systems PARI [1]
and SAGE [14].

2. Proof of Theorem 1.4

The direct implication in the equivalence, K is not CM, or ΩK , {±1} or K = Q(i
√
β)

for some totally positive Pisot unit β (generating RK) if and only if K is generated by a
unit, follows trivially from Theorem 1.3, since a real or a complex Pisot unit is a unit,
and the fields Q, Q(i) and Q(i

√
3) are, respectively, generated by the units 1, i = ei2π/4

and (−1 + i
√

3)/2 = ei2π/3. To prove the converse, suppose that K is generated by a
unit u and K is CM (if K is not CM, then there is nothing to show). Let u1, u1, . . . , ud,
ud be the conjugates of u and let θ be a Pisot unit generating the real field RK ; such an
element θ exists by Theorem 1.3(i). If θ1, . . . , θd are the corresponding conjugates of θ,
then the conjugates of the algebraic integer uθn, where n ∈ N, are u1θ

n
1, u1θ

n
1, . . . , udθ

n
d,

udθ
n
d and the result follows immediately from Theorem 1.3(ii), since uθn is a complex

Pisot unit generating K, when n is sufficiently large.

3. Families of number fields without a unit generator

Throughout this section, we always take for D a negative integer.

Proof of Theorem 1.5. Let K be a CM field with ΩK = {±1} and such that all totally
positive units generating RK are squares in RK . Assuming on the contrary that K is
generated by a unit, we have, from Theorem 1.4, that K = Q(i

√
β) for some totally

positive (Pisot) unit β generating RK . Then,
√
β ∈ RK , i = i

√
β/
√
β ∈ K and this last

relation leads to a contradiction, since K does not contain nonreal roots of unity. �
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Proof of Proposition 1.6. Since det(MR) ∈ F2, it is either 0 or 1 ∈ F2. If it is 0, then
some sum of columns is the 0 vector, so that the corresponding product of distinct f j

is totally positive. Clearly, this product is not a square in R, as it could be taken to be
a fundamental unit.

On the other hand, if the determinant is 1, then no such product is totally positive,
so that the only totally positive units in R are squares. �

Proof of Corollary 1.7. Let K be a quartic field. If K , Q(u) for all units u ∈ K
then we deduce from Theorem 1.4 that K is CM, and ΩK = {±1} implies i < K,
(−1 + i

√
3)/2 < K and ei2π/5 < K; thus, K ∩ {i, i

√
3, ei2π/5} = ∅. Also, the case where

fK has norm 1 and K = Q(i
√

fK) cannot hold because fK is a totally positive Pisot unit
generating RK .

To prove the converse, notice first when ξ ∈ ΩK and ξ , ±1 that a conjugate
of ξ belongs to the set {ei2π/3, ei2π/4 = i, ei2π/6} when ξ is quadratic, or to the set
{ei2π/5, ei2π/8, ei2π/10, ei2π/12} when ξ is quartic. It follows from the equalities (ei2π/6)2 =

ei2π/3 = (−1 + i
√

3)/2, (ei2π/10)2 = ei2π/5 and (ei2π/8)2 = (ei2π/12)3 = i, that the relation
{i, i
√

3, ei2π/5} ∩ K = ∅ implies ΩK = {±1}. Now, assume on the contrary that the
CM-field K, satisfying the two conditions {i, i

√
3, ei2π/5} ∩ K = ∅ and fK has norm

−1 (respectively, has norm 1 and K , Q(i
√

fK)), is generated by a unit. It follows
from Theorem 1.5 that there is a totally positive Pisot unit β such that RK = Q(β)
and K = Q(i

√
β). Hence, β = f 2(l+1)

K (respectively, β = f 2(l+1)
K or β = f 2l+1

K ) for some
nonnegative rational integer l and so

√
β = f (l+1)

K ∈ RK (respectively
√
β = f (l+1)

K ∈ RK

or i
√
β = i f l

K

√
fK ∈ Q(i

√
fK), which implies K ⊆ Q(i

√
fK)). This leads immediately

to a contradiction, since i = i
√
β/
√
β ∈ K (respectively, since i = i

√
β/
√
β ∈ K or K =

Q(i
√

fK)). �

Proof of Corollary 1.9. Set R = Q(
√

N), where N is a square-free rational integer
greater than one. Then, each biquadratic field K of the form R(

√
D) = Q(

√
N,
√

D)
is a normal CM-field such that GK is the Klein group, RK = R and ei2π/5 < K,
since Q(ei2π/5) is cyclic. Letting (for instance) |D| run through the set of prime
numbers greater than max{3,N}, we see that the quadratic subfields of K are Q(

√
N),

Q(
√

D) and Q(
√

ND) and so {i, i
√

3} ∩ K = ∅. The result follows immediately, from
Corollary 1.7. �

Proof of Theorem 1.10. With the above notation, let R = RK with K a CM-field
satisfying ΩK = {±1}. By reordering, if necessary, the embeddings of R into R, we see
that MR is an upper triangular matrix with only 1 on its diagonal. Hence, det(MR) = 1
and the result follows immediately from Proposition 1.6 and Theorem 1.5. �

The following consequence of Theorem 1.10 allows us to answer Question 1.8, in
some particular cases, and also to obtain families of sextic cyclic CM-fields without a
unit generator.
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Corollary 3.1. Let R be a normal real number field with odd prime degree d. If there
is an element of R all of whose conjugates, except one, have the same sign and form a
fundamental set of units of R, then there are infinitely many cyclic CM-fields K of the
form R(

√
D) without a unit primitive element and such that RK = R.

Proof. Notice first that if θ generates the totally real number field R, then θ +
√

D is a
primitive element of the field K := R(

√
D). Hence, K is CM, RK = R and K is normal,

as R is so. By considering the element σ of GK which sends
√

D to −
√

D and whose
restriction to R is a generator of GR (R is cyclic because its degree d is prime), we
obtain from the relations σ j(θ) = θ if and only if j ≡ 0 (mod d) and σ j(

√
D) =

√
D if

and only if j ≡ 0 (mod 2) where j ∈ Z, that the order of σ is 2d, and so K is cyclic.
In order to apply Theorem 1.10, we first prove that the equality ΩK = {±1} holds,

when D is sufficiently small. Indeed, let ζ ∈ ΩK , satisfying ζ , ±1. Then the
degree of ζ is 2 or 2d. Since K is cyclotomic when the degree of ζ is 2d, and
since there are at most a finite number of cyclotomic fields with a given degree, we
immediately see that the degree of ζ is not 2d when D is sufficiently small. Notice
also that a calculation similar to the one in the proof of Corollary 1.7 shows that
the degree of ζ cannot be equal to 2 when {i, i

√
3} ∩ K = ∅. Because the cyclic

field K contains one and only one quadratic field, namely Q(
√

D), the condition
D < {−1, −3} implies immediately {i, i

√
3} ∩ K = ∅ and so the claim is proved. To

conclude, consider the conjugates, say u1, . . . , ud of a unit u of R satisfying the second
assumption in Corollary 3.1. By replacing, if necessary, u by −u, we may reorder
these numbers so that u1 > 0, . . . , ud−1 > 0 and ud < 0. Also, we may suppose without
loss of generality that {u1, . . . , ud−1} is a fundamental set of units of R. Now, let ϕ j

be the unique automorphism of R sending ud to u j, where j ∈ {1, 2, . . . , d}. Then
GR = {ϕ1, . . . , ϕd} = {σ1, . . . , σd}, where σ j := ϕ−1

j for j ∈ {1, . . . , d} and so for each
σ j with σ j , σd (σd is the identity of R) there is one and only one element jσ ( jd = j)
of the set {1, . . . , d − 1} such that σ j(u jσ) < 0, since σ j(u j) = ud. The results follow
immediately from Theorem 1.10, since the above-mentioned correspondence between
the group GR and the set {1, . . . , d} is trivially one-to-one. �

Using Corollary 3.1, one can easily deduce a positive answer to Question 1.8
when R runs through the normal cubic fields Cn := Q(θn) defined by the conditions
θ3

n − nθn + n = 0, where n is a square-free positive rational integer, the residue (mod 3)
of each prime divisor of n is 1 and 4n − 27 is the square of a rational integer.

This family of normal cubic fields has been investigated by Francisca [8], who has
also shown that each field Cn contains a unit, say u, such that the set {u, u′}, where u′

is a conjugate of u, is a fundamental set of units of Cn and the conjugates of u do not
have the same sign. Thus, each Cn satisfies the condition of Corollary 3.1, and so there
are infinitely many CM-fields of the form Cn(

√
D) without a unit primitive element. In

fact, using the approach of Gras [10] to show Godwin’s conjecture [9], a fundamental
set of units of Cn is explicitly given in [8]. The following proposition exhibits two
examples of families of CM-fields having degrees 8 and 10 without a unit generator.
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Table 1. Fundamental units for Case 1 of Proposition 3.2.

θ f1(θ) f2(θ) f3(θ) f4(θ)
2 cos 2π/11 0.83 . . . 1.39 . . . 3.51 . . . −0.76 . . .
2 cos 4π/11 −1.30 . . . −1.08 . . . 0.2 . . . −3.51 . . .
2 cos 6π/11 −1.91 . . . 0.54 . . . −1.20 . . . 0.59 . . .
2 cos 8π/11 −0.28 . . . 0.37 . . . −0.59 . . . −0.52 . . .

2 cos 10π/11 1.68 . . . −3.22 . . . 0.76 . . . 1.20 . . .

Proposition 3.2. If R = Q(θ) where θ4 + θ3 − 3θ2 − θ + 1 = 0 (respectively, where
θ5 + θ4 − 4θ3 − 3θ2 + 3θ + 1 = 0), then there are infinitely many (respectively, infinitely
many cyclic) CM-fields K of the form R(

√
D) without a unit primitive element and such

that R = RK .

Proof.

Case 1: R = Q(θ) and θ5 + θ4 − 4θ3 − 3θ2 + 3θ + 1 = 0.
Replacing (x + 1/x) by x in the irreducible cyclotomic polynomial (x11 − 1)/(x − 1),

we see that R = RQ(ei2π/11) is cyclic and the conjugates of θ are 2 cos 2π/11 '
1.68 . . . , 2 cos 4π/11 ' 0.83 . . . , 2 cos 6π/11 ' −0.28 . . . , 2 cos 8π/11 ' −1.30 . . . and
2 cos 10π/11 ' −1.91 . . ..

With the same argument as in the first part of the proof of Corollary 3.1, each field
K of the form R(

√
D), where D < {−1,−3,−11}, is a cyclic CM-field such that R = RK

and ΩK = {±1} (recall that Q(
√
−11) is the unique quadratic subfield of Q(ei2π/11)).

Using SAGE [14],

{ f1(θ) = θ2 − 2, f2(θ) = θ3 − 2θ, f3(θ) = θ2 + θ − 1, f4(θ) = θ4 + θ3 − 3θ2 − 3θ}

is a fundamental set of units of R. Table 1 gives the approximate values of the elements
of the corresponding four fundamental units of R.

We compute the corresponding matrix MR:

MR =


1 0 0 0 1
1 1 1 0 1
1 1 0 1 0
1 1 0 1 1
1 0 1 0 0

 .
Thus det(MR) = 1 and the result follows from Proposition 1.6 and Theorem 1.5.

Case 2: R = Q(θ) and θ4 + θ3 − 3θ2 − θ + 1 = 0.
Now, R is a totally real quartic field whose Galois group is the dihedral group D4.

Similarly to the proofs of Corollary 1.9 and Case 1, we find that K := R(
√

D) is a
CM-field with ΩK = {±1} for infinitely many D. Using SAGE [14],

{ f1(θ) = θ, f2(θ) = θ3 + θ2 − 2θ, f3(θ) = θ3 + 2θ2 − θ − 1}

is a set of fundamental units of R. The approximate values of these units, together with
their conjugates, are given in Table 2.
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Table 2. Fundamental units for Case 2 of Proposition 3.2.

θ = f1(θ) f2(θ) f3(θ)
1.35 . . . 1.61 . . . 3.81 . . .
0.47 . . . −0.61 . . . −0.91 . . .
−0.73 . . . 1.61 . . . 0.42 . . .
−2.09 . . . −0.61 . . . 0.67 . . .

We conclude as in the previous case since the corresponding matrix MR is

MR =


1 0 0 0
1 0 1 1
1 1 0 0
1 1 1 0

 ,
and its determinant is 1. �

4. Proof of Theorem 1.12
To make clear the proof of Theorem 1.12, let us give some auxiliary results. The

first one has already been proved in [11]; we prefer to give a different simple proof.

Lemma 4.1 [11]. Suppose that the conjugates θ1, θ2, . . . , θ2d−1, θ2d of an algebraic
number θ are ordered so that GQ(θ) ⊆ Bd. Then θ2 j ∈ Q(θ2 j−1) for all j ∈ {1, . . . , d}.

Proof. Let θk be a conjugate over the field Q(θ2 j−1) of the number θ2 j for some j and k.
Then there is an embedding σ of Q(θ2 j−1, θ2 j) into C sending θ2 j−1 to θ2 j−1 and θ2 j
to θk (σ is an extension of the identity of Q(θ2 j−1)). By considering an element
of GQ(θ) ⊆ Bd whose restriction to Q(θ2 j−1, θ2 j) is σ, we see that σ(θ2 j−1) = θ2 j−1,
σ(θ2 j) = θ2 j, which implies θ2 j = θk. Thus, the only conjugate of θ2 j over Q(θ2 j−1)
is θ2 j and so θ2 j ∈ Q(θ2 j−1). �

The following result asserts that the Galois group of the normal closure of a CM-
field is always contained in the hyperoctahedral group.

Lemma 4.2. If K is a CM-field with degree 2d, then GK ⊆ Bd.

Proof. Let θ be a primitive element of the CM-field K. Suppose that the conjugates
θ1, . . . , θ2d of θ are ordered so that θ2 j = θ2 j−1 for all j ∈ {1, . . . , d} and let σ ∈ GQ(θ)
satisfy σ(θ2 j) = θ2l (respectively, σ(θ2 j) = θ2l−1) for some j and l. Since the restriction
of σ to the CM-field Q(θ2 j) commutes with the complex conjugation, that is, σ(θ2 j) =

σ(θ2 j), we see that σ(θ2 j−1) = θ2l−1 (respectively, that σ(θ2 j−1) = θ2l). In a similar
manner, when σ(θ2 j−1) = θ2l (respectively, σ(θ2 j−1) = θ2l−1), we find σ(θ2 j) = θ2l−1
(respectively, σ(θ2 j) = θ2l). Thus GQ(θ) ⊆ Bd and so GK ⊆ Bd. �

The lemma below may be viewed as a converse of Lemma 4.2.

Lemma 4.3. Let K be a totally complex number field of degree 2d such that GQ(θ) ⊆ Bd
for some primitive element θ of K and where the conjugates are ordered so that
θ2 j = θ2 j−1 for all j ∈ {1, . . . , d}. Then K is a CM-field.
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Proof. From Lemma 4.1, θ2 j ∈ Q(θ2 j−1) and so K is closed with respect to complex
conjugation. Set θ := θ1 and let ϕ be an embedding of Q(θ) into C sending θ to some
θ2 j (respectively, some θ2 j−1). By considering an element of GQ(θ) whose restriction
to K is ϕ, we deduce in the two cases that ϕ(θ) = ϕ(θ2) = θ2 j−1 = θ2 j (respectively,
ϕ(θ) = ϕ(θ2) = θ2 j = θ2 j−1) and ϕ(θ) = ϕ(θ), and so ϕ commutes with the complex
conjugation. Hence, K is a CM-field. �

The following result is an analogue of Theorem 1.3(ii), for reciprocal generators.

Lemma 4.4. Let α be a reciprocal integer generating a CM-field K. If α < ΩK , then the
degree of α is a multiple of 4 and there is a totally positive reciprocal integer β ∈ RK

such that α2 = ζβ and ζ ∈ ΩK\{1}.

Proof. Let α1 := α, . . . , α2d be the conjugates of α, ordered so that α2 j = α2 j−1 for all
j ∈ {1, . . . , d}. Then, as in the proof of Theorem 1.3(ii) (see [3]), the conjugates of α
over RK are α and α, and the conjugates of the algebraic integer β := |α|2 ∈ RK (overQ)
are the numbers |α1|

2, |α3|
2, . . . , |α2d−1|

2. It follows that there is no j ∈ {1, . . . , d} such
that |α2 j−1|

2 = 1, since otherwise all conjugates of α belong to the unit circle and so,
by Kronecker’s theorem, α ∈ ΩK . Hence, if αk is a conjugate of α, then so are all the
distinct numbers αk, αk, 1/αk and 1/αk, and consequently 1/β is a conjugate of β; thus,
β is a totally positive reciprocal integer (having even degree) and the degree of RK is
even, and so the degree of K is a multiple of 4. Moreover, since β is a unit and the
conjugates of the algebraic integer α2/β ∈ K are the numbers α2

1/|α1|
2, . . . , α2

2d/|α2d |
2,

all of modulus 1, we have again by Kronecker’s theorem that α2/β ∈ ΩK and so
α2 = ζβ, for some ζ ∈ ΩK\{1}. �

The lemma below allows us to obtain a complete answer to Question 1.11 in the
quartic case.

Lemma 4.5. A quartic CM-field, having a unit primitive element, is generated by a
reciprocal integer.

Proof. Let K be a quartic CM-field having a unit primitive element. Clearly, when
there is a quartic element ζ ∈ ΩK , the cyclotomic field K is generated by the reciprocal
integer ζ. Notice also, when ΩK = {±1}, that Corollary 1.7 yields K = Q(i

√
fK),

where the fundamental unit fK of RK has norm 1. Hence, 1/ fK is a conjugate of
fK , the conjugates of i

√
fK are i

√
fK ,−i

√
fK , i/

√
fK ,−i/

√
fK = 1/i

√
fK , and so i

√
fK is

a reciprocal integer generating K. Finally, suppose that there is a quadratic element
ζ ∈ ΩK . Then the minimal polynomial of ζ over RK is (x − ζ)(x − ζ) ∈ Z[x], and since
the real quadratic number f 2

K is a reciprocal integer generating RK , we deduce that the
conjugates of ζ f 2

K are the four distinct numbers ζ f 2
K , ζ f 2

K , ζ/ f 2
K and ζ/ f 2

K = 1/ζ f 2
K , and

so ζ f 2
K is a reciprocal integer generating K. �

Remark 4.6. We may also deduce from Lemma 4.5 the following answer to
Question 1.1: a nonnormal quartic CM-field has no unit primitive element. Indeed,
let K be a quartic CM-field, and suppose that K has a unit primitive element. Then,
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Lemma 4.5 asserts that K is generated by a reciprocal integer, say α. If α , 1/α, then
K is a normal extension of Q, because the conjugates of α are α, 1/α, α and 1/α.
Otherwise, α = 1/α and there is a conjugate α′ of α such that α′ < {α, 1/α}, and so the
conjugates of α are α, 1/α, α′ and 1/α′. It follows, in this last case, from the relation
α′ < {α, 1/α, α′} that α′ = 1/α′ and the conjugates of α are on the unit circle (α is a
root of unity by Kronecker’s theorem), and so the field K is (cyclotomic) normal.

Proof of Theorem 1.12. The proof is in three parts.

Proof of Part (i). Let K be a noncyclotomic totally complex number field having a
unit primitive element and being of degree 2d where d is odd. The direct implication
in Theorem 1.12 follows trivially from the introduction and the first assertion in
Lemma 4.4, because K is not cyclotomic and 2d is not a multiple of 4. Notice also
from Lemma 4.2 that the condition GK ⊆ Bd is always true when K is CM.

To prove the converse, suppose that K is not CM and GK ⊆ Bd. Let θ be a primitive
element of K such that GQ(θ) ⊆ Bd, for an appropriate ordering, say θ1, θ2, . . . , θ2d−1, θ2d,
of the conjugates of θ. It follows by Lemma 4.3 that there is j ∈ {1, . . . , d} such that
θ2 j , θ2 j−1.

To simplify the notation, we may suppose, without loss of generality, that j = 1,
since any conjugate of a reciprocal integer is reciprocal and each conjugate of K
satisfies the same assumptions as K. Let α1 be a complex Pisot unit generating K;
such an element exists from Theorem 1.3(ii), since K is not CM (this does not affect
the assumption j = 1). Let α1, α2, . . . , α2d−1, α2d be the corresponding conjugates of
α1. Then θ2 , θ1 implies α2 , α1 and we have from Lemma 4.1 that α2 j ∈ Q(α2 j−1)
for all j ∈ {1, . . . , d}. Let c be the unique element of {3, . . . , n} such that α1 = αc and
consider the algebraic integer η1 := α1/α2 ∈ K. The corresponding conjugates of η1

are η1, η2 := α2/α1 = 1/η1, . . . , η2d−1 := α2d−1/α2d, η2d := α2d/α2d−1, and so η1 is a
reciprocal integer. Now, we claim that η1 is a primitive element of K. Indeed, let s be
the degree of η1 (over Q) and let t be the degree of α1 over Q(η1). Then st = 2d and
the claim follows immediately when t = 1. Assume on the contrary that t ≥ 2. Then η1

is repeated t times in the set {η1, η2, . . . , η2d}. Notice also that if α1/α2 = ηl = αl/αv for
some l ∈ {2, . . . ,2d} and v ∈ {l − 1, l + 1}, then α1αv = αlα2,1 ≤ |α1αv| = |αlα2|, because
α1 is a complex Pisot number, and so 1 < |αl|, since |α2| < 1; thus, αl = α1, l = c and
so t = 2. Hence, s = d, and this last equality leads to a contradiction, because d is odd
and the degree s of the reciprocal integer η1 is even (|η1| > |α1| > 1 implies η1 , ±1).

Proof of Part (ii). From the introduction we know that the direct implication is true.
To prove the converse, consider a primitive element θ of the totally complex quartic
field K and suppose that the conjugates θ = θ1, θ2, θ3, θ4 of θ are ordered so that
GQ(θ) ⊆ B2. Recall, by Lemma 4.1, that θ2 ∈ Q(θ1) and θ4 ∈ Q(θ3). From Lemma 4.5,
K is generated by a reciprocal integer when it is CM. This happens, in particular, when
θ2 = θ1, because in this case θ4 = θ3, and so K is CM from Lemma 4.3. Suppose, now,
that K is not CM (so θ2 , θ1), and set, for instance, θ3 = θ1. Then θ4 = θ2, and by
Theorem 1.3(ii), there is a complex Pisot unit α generating K. Let α1 = α, α2, α3, α4
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be the corresponding conjugates of α. Then, α2 ∈ Q(θ2) = Q(θ1) = Q(α1), α3 = α1 and
α4 = α2 ∈ Q(θ3) = Q(α3). Now we claim, similarly to the proof of Theorem 1.12(i),
that the reciprocal integer η := α1/α2, whose conjugates are α1/α2, α2/α1 = 1/η,
α3/α4 = η and α4/α3 = 1/η, is a generator of K. Indeed, assuming the contrary, we
see that η is quadratic, since |α1| > 1 > |α2|, and so |η| > 1 > |1/η|. Moreover, η is
real, since η = η. It follows, from the relations Q ⊂ Q(η) ⊂ Q(η)(α) = Q(α), that α
is quadratic over Q(η) and the minimal polynomial of α over the real field Q(η) is
(x − α)(x − α) = (x − α1)(x − α3), and so the minimal polynomial of α2 over Q(η) is
(x − α2)(x − α2) = (x − α2)(x − α4). Hence, K is a quadratic totally nonreal extension
of the totally real field Q(η), and this last assertion leads to a contradiction, since K is
supposed to be non-CM.

Proof of Part (iii). Let K be a CM-field with ΩK = {±1}. Suppose that there is a
reciprocal integer α generating K. Then the second assertion in Lemma 4.4 implies that
there is a totally positive reciprocal integer β ∈ RK such that α2 = −β. Hence, the degree
of β is half the degree of α, β is a primitive element of RQ(α) and K = Q(α) = Q(i

√
β).

The converse follows trivially from the fact that i
√
β is a reciprocal integer generating

the CM-field Q(i
√
β) when β is a totally positive reciprocal integer. �
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de Mathématiques de Bordeaux, 2012), pari.math.u-bordeaux.fr/pub/pari/manuals/2.5.1/users.pdf.
[2] M. J. Bertin, A. Decomps-Guilloux, M. Grandet-Hugot, M. Pathiaux-Delefosse and J. P. Schreiber,

Pisot and Salem numbers (Birkhäuser, Verlag, Basel, 1992).
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