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ON EELLS-SAMPSON’S EXISTENCE THEOREM FOR
HARMONIC MAPS VIA EXPONENTIALLY
HARMONIC MAPS

TOSHIAKI OMORI

Abstract. In this note, we introduce an approximation of harmonic maps via
a sequence of exponentially harmonic maps. We then reestablish the existence
theorem of harmonic maps due to Eells and Sampson.

81. Introduction

Throughout this article, let (M, g) be an m-dimensional compact con-
nected Riemannian manifold without boundary, and let (N,h) be an n-
dimensional compact Riemannian manifold. A classical definition says that
w: (M,g) — (N,h) is harmonic if it is a smooth critical point of the Dirich-
let energy functional

B(w)= [ Jdufdu,
M

where |du| is the Hilbert-Schmidt norm of the differential du and where dy,
is the Riemannian volume element on (M, g). A smooth map u: M — N is
harmonic if and only if it satisfies the Euler-Lagrange equation

(1.1) 7(u) =divy(du) = 0.

One of the most interesting and important subjects for harmonic maps
is their existence. A typical existence problem can be formulated in the
following manner:

Can a given map f: M — N be continuously deformed into a harmonic
map u: (M,g) — (N,h)?

In their famous paper, Eells and Sampson [4] first concerned themselves
with such a problem in the general case and proved, under the assump-
tion that (N, h) is nonpositively curved, that a given map f: M — N can
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be deformed into a harmonic map in its homotopy class. Their method is
based on an analysis of the time-evolution problem corresponding to the
harmonic map equation (1.1). They then proved, under the above curva-
ture restriction, that such a time-evolution equation has a global regular
solution, which converges to a harmonic map as time goes to infinity.

In this note, we consider a sequence u. : (M, g) — (N, h) of critical points
of the parameterized exponential energy functional

Ec(u) ::/ ecldul? dig
M
for € > 0. The corresponding Euler-Lagrange equation is given by
divg(edd“‘? du) = eeldul® {r(u) +&(V|dul?,du)} =0,

where 7(u) = divg(du) is the tension field given in (1.1). This sequence
{uc}eso is then expected to approximate a harmonic map as ¢ — 0. We
actually have the following.

THEOREM 1.1. Assume that the sectional curvature of (N,h) is nonpos-
itive: Riem™ < 0. Let {ucteso be a sequence of smooth critical points of
the functional E. for € — 0 satisfying the uniform boundedness condition of

energy
es\due\Q -1
[E e
M 13

with some constant Eo > 0. Then there exists a subsequence {us(x)}pe; C
{uc}eso, (k) — 0 as k — oo, and a harmonic map u: (M, g) — (N,h) such
that

Ue(ky — u(k —00) in C°(M,N).

This theorem will be found to give another approach to the Eells-Sampson
existence theorem in [4]. That is to say, Theorem 1.1 implies the following.

COROLLARY 1.2. Assume that Riem™ < 0. Then any homotopy class of
continuous maps from M to N admits a harmonic map.

The organization of this article is as follows. Section 2 is devoted to some
preliminary issues about exponentially harmonic maps needed in the sequel.
Section 3 gives complete proofs of Theorem 1.1 and Corollary 1.2.

https://doi.org/10.1215/00277630-2010-019 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2010-019

ON EELLS-SAMPSON’S EXISTENCE THEOREM FOR HARMONIC MAPS 135

§2. Exponentially harmonic maps

This section provides some known results on exponentially harmonic
maps, a part of which will be needed later. We start with the definition
of exponentially harmonic maps, which was first introduced by Eells and
Lemaire [3].

DEFINITION 2.1. An ezponentially harmonic map w: (M,g) — (N,h) is
a smooth critical point of the exponential energy functional

E(u) :—/ eldul? dptg.
M
The Euler-Lagrange equation of this problem can be written as
(2.2) divg(e‘d“|2 du) = eldul’ {r(u) + (V|du|*,du) } =0,

where 7(u) = divg(du) is the tension field of w.

One of the reasons why it is interesting to study the functional E is that
the existence of its minima in a given homotopy class is always guaranteed
without any special assumptions.

PROPOSITION 2.3 (see [3]). For any homotopy class H € [M, N] of con-
tinuous maps from M to N, there exists an E-minimizer u in H, which is
necessarily a-Hélder-continuous for any exponent 0 < o < 1.

This proposition follows essentially from the inequality

1/ 2%k — 1 2%k

|dul d#gﬁ/ E |du|™ dpg = E(u),
| |

k' S Mk:ok'

which guarantees that a minimizing sequence for E is uniformly bounded in
each Sobolev space W12*(M, N). From the proof of this proposition in [3],
however, it does not immediately follow that « is smooth, or even Lipschitz-
continuous, or that it satisfies the Euler-Lagrange equation (2.2), even in a
weak sense.

However, the faster the growth of a functional, the higher the regularity of
its minima that we can expect. Indeed, in the case of N =R, Duc and Eells
[2] showed that an E-minimizer u: (M,g) — R of the Dirichlet problem
is smooth in the interior of M, where (M,g) is a compact Riemannian
manifold with boundary, and Lieberman [7] showed the global regularity
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for u: Q — R, where Q CR™ is an open subset. Also, for n > 2, Naito
[8] showed that an E-minimizer u: @ — R™, where Q@ CR™ is a bounded
domain, is smooth in the interior of 2. Thereafter, Duc [1] at last showed
the following strongest regularity theorem for E-minimizers.

THEOREM 2.4 (see [1]). Let H € [M, N] be a given homotopy class. Then
an E-minimizer u: (M, g) — (N,h) in H is necessarily smooth.

REMARK 2.5. (1) Combining this theorem with Proposition 2.3, we see
that there always exists an exponentially harmonic map in a given homotopy
class, which solves (2.2) in the classical sense.

(2) As mentioned in [1, Section 3], the Holder norm ||du||ce of the gradient
of an exponentially harmonic map u is estimated by a constant depending
only on (M, g), (N,h), E(u), and the Lipschitz constant ||dul| . Therefore,
in order to verify Theorem 1.1, it suffices to show that ||du.|| e is uniformly
bounded as € — 0.

Also, we need the following lemmas in the proof of Theorem 1.1. Their
proofs are direct calculations, so we omit them.

LEMMA 2.6. If u: (M,g) — (N,h) is an exponentially harmonic map,
and if we consider a homothetic transformation h — e 'h, for e >0, then
w: (M,g) — (N,e7'h) is a critical point of the functional E..

LEMMA 2.7. An exponentially harmonic map u: (M, g) — (N, h) satisfies
the following identity of Bochner-Weitzenbock type:

SijViVjeM“‘z = 2e|d“|2|V dul* + 2¢ldul’ 7 (u)|?

+ 2€|du‘2 Z <du(RiCM(€z’, ej)ej) ) du(ei)>
1,7=1

_ 9pldul? > (RN (dule;), dule;)) du(e;), dule;)),
ij=1

where RicM stands for the Ricci curvature of (M,g), RN stands for the
curvature tensor of (N, h), {e;}1"; is a local orthonormal frame field on M,

and S eI'(TM @ TM) is given by

(2.8) SY = g 4 2(du(e;),dule;)) (3,5 =1,2,...,m).
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We end this section by noting some basic properties similar to those
of harmonic maps, which can be proved from the Bochner-Weitzenbock
identity.

COROLLARY 2.9 (see [6]). Let u: (M,g) — (N,h) be an exponentially
harmonic map. If Ric™ >0 and Riem® <0, then the following hold.
(1) w is totally geodesic.
(2) If RicM is positive at some point in M, then u is constant on M.
(3) If Riem” < 0 everywhere, then u is either a constant or a map onto a
closed geodesic in N.

83. Proof of the main theorem

This section is devoted to the proof of Theorem 1.1. In what follows, by
using the Nash isometric embedding i : (N,h) < R, we identify i o u with
u for a map u: M — N. We mean by du the derivative of u: M — N, and
by Vu the gradient of the function u: M — N CRY,

Let B, C M be an open ball of radius r > 0 (centered at a fixed point of
M). We need the Euler-Lagrange equation of the form

(3.1) 0:/ Viutvighel Vel dpig +/ Voll'[A(u)(Vu,Vu)cpAeW“‘2 dptg,
(A=1,2,...,N), for any test function ¢ € C§°(B,,RY), where Il : Us(N) —
N is the nearest projection from a tubular neighborhood Us(N) of N onto
N. Note the relation Vdi(X,Y) =V dIl(di(X),di(Y)) for X,Y e T(TN).

Our first task is to show, under the assumption that Riem” <0, that
the gradient of an exponentially harmonic map is bounded by a constant
depending only on (M, g) and its total energy and not on the target metric h.
That is to say, we have the following.

LEMMA 3.2. Assume that Riem™ < 0. Then for any exponentially har-
monic map u: (M,g) — (N,h), there exists a constant Cy depending only
on (M,g), the total energy E(u), and not on h such that

sup|Vuf? < Co [ (7 = 1) d,
M M
REMARK 3.3. Our proof of Lemma 3.2 is mainly due to the arguments

in [8], which are for the case that (M, g) is a Euclidean domain  and that
u: 2 — R™ is an exponentially harmonic function.
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Proof of Lemma 3.2. We first consider the case of m =dim M > 3. The
proof has four steps.
STEP 1. There exists dp = dp(m) > 0 such that

(m—2)/m
(3.4) ((O'T)_m/ el HOIVel d:“g) < 01(17;70)2

for all 0 < § <Jp and 0 < o < 1, where Cy = C1(M) > 0.
As in the proof of [8, Proposition 2.10], choose v < 0 so that v > —(2/m)
and

—m

(3.5) o = VF (w2 V)
as a test function in (3.1), where w :=e/V** and where n: B, =R is a

cutoff function satisfying

0<n<l, n=1on By, suppn C B, V| < ———-
(I1—o)r

First we note that it follows from the Ricci identity that
VigpA _ vivk(wy/2n2vku/})
_ vkvi(w7/2n2vku/§) - gijgklRMjlk(w'y/2772vsuA)’
where Rngkal = V5, Vo, 0k — Vo, Vp,0 is the curvature tensor of (M,g).

Then, after the integration by parts with respect to V¥, (3.1) becomes

0 :/ (V’“Vz-uA ‘|‘ViUAVk‘VU|2)Vi(w7/2n2vkuA)e\VUI2 dyig
B

—i—/B Z<du(RicM(ei,ej)ej),du(ei)>w(7/2)+l772dug
=1

-/, VdHA(u)(Vu,Vu)Vk(w7/2n2VkuA)eW“|2 dpig

= / (VEVu? + Vil VE [ Vu ) ViV w0 D+ 2 dy,

T

+ %/ (VEVu + Viu VE [ Vu?) Vi VE V2w D92 dpy,

r

(3.6) + 2/ (VFVu + Viu VP Vu?) Veu w02+ viy ditg

T
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Ly > (du(RicY (ei,e5)e5), dules) yw 2P dpg
" =1

— | vdit(u)(Vu, VU)V’“(wA’/2772VkuA)e‘vu|2 dpg
B

for each A=1,2,...,N. Since VdII(u)(Vu, Vu) is the vertical part of Au
to N, the last term becomes

- [ vt (VY Put R dy,
after taking the summation with respect to A =1,2,...,N. Also, by the

Leibniz rule,

IVV(iou)
(3.7) o
= |V du* + g* ¢ (V dTT(u)(Viu, Vu), V dTL(uw) (Viu, Viu)),

and by the Gauss formula,

m

Z <RN (du(ei), du(ej)) du(e;), du(ei)>

i,j=1
(3.8) = |V dIl(u)(Vu, Vu)|?
— g% g (V dI1(u)(Viu, Vju), V dI1L(u) (Viu, Viu)).

Substituting (3.7) and (3.8) into (3.6) after taking the summation then
yields

0:/ {Wd“'“gW'V“V’Vu>\2}w”/2)“n2dug

T

Ly
+5(3+1) /BJV\Vu!Q}zw(W)“* dpg

+/Br{<ku\2,vn>

N
+2 3 (VIVul, Vut )T, Vi) b2 g,
A=1
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/B Z<du RlC (elaej)ej) du(e )>w(7/2)+1772d'ug

/ Z <RN du(e;), du(ej)) du(e;),du(e; >w (v/2)+1 Zd'u )
B

7‘2] 1

Here the first term is nonnegative by the choice of v > —(2/m) because u
solves the Euler-Lagrange equation 7(u) + (V|Vu|?, Vu) = 0. The last term
is also nonnegative because (NN,h) is assumed to be nonpositively curved,
so that

B %H)/ || Vul2 w72 2y,
B,
N
< —/B {<V!Vu\2,Vn> +2ZN!VU,\?’vuA><vuA7Vm}w(y/z)ﬂndug

/ E du Ric (el,ej)e]) du(e; >w (v/2)+1 Qng
B
4,7=1

+C(M)/ \Vu|2w(7/2 )+1 Qdu
By

IN

m (M
)/B ‘V|vu‘2‘w(7/2)+1+5|V77|77dﬂg+%/ w(w/2)+1+5n2dﬂg

_ C(m,y)

5 |V (w O/DHD/2) 4 ((FHD/248 7y
By

+ @/ w(V/2)+146 de, ’

where we used ze® < (1/6)e1+9) for all § > 0 and > 0, and V(|Vul?)-w =
Vw. If we choose § = —(y/4) > 0, then since ((v/2)+1)/2+J=1/2 and
(v/2)+1+6<1,

4C(m, .
(RHS) < % ; ’v(w((’y/Z)—i-l)/Q)‘n . 6(1/2)|V ‘Q‘VT]’ dug
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On the other hand, the left-hand side can be written as

1
3(3+1) [ I9IDaP a2y = () [ (9O R
B B

Therefore, after using the Young inequality, we obtain

C(M,~y ul?
I A g ™

T

Applying the Sobolev embedding theorem to this yields
((Jr)_m/ w((/2)+1D)m/(m=2) dﬂg)(m_2)/m

r=m ul?
SC(M/Y)(I_—U)Q/B eV dpy,

which proves (3.4) if we put 1+ g := ((7/2) + 1)m/(m —2) > 1 because

v > —(4/m).
STEP 2. There exists 1 <p <m/(m — 2) such that

((m«) / pom/(m=2)|¥ ‘Qdug)

S02(74—771/ eoap\VuPd'ug)l/P

T

(3.10)

for all @« > 1 and 0 < o < 1, where

— C(M’ a) —m (1+80)|Vul? 1/a
C=0e (r /B ¢ )

((1/p)+ (1/q) =1), and C(M, ) is a constant depending only on m and
|RicM ||z and admits at most polynomial growth in a.

As a test function, we choose (3.5) with w = elVul® and ~v > 0. Then by a
similar calculation,

/ IV (w0222 gy,

CM,y) 1 (
< 7/2) 4146
- ) (1—0)%r? /Br v dig
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for any § > 0, where C'(M,~y) is a constant which admits at most polynomial
growth in 7. After putting « = (/2) 4+ 1 > 1, we use the Sobolev embedding
theorem to obtain

—m am/(m— (m=2)/m
((on [ wemion=2) gy, )
C(Ma a) —-m a+6
<« N
S 510y (r /B W dg)

r

where (1/p) + (1/q) = 1. If we choose p so that 1 <p <m/(m—2) and
subsequently § > 0 so that dg < 1+ dp, then (3.10) is obtained.
STEP 3 (Moser’s iteration). There exists Cs = C5(M,E(u)) > 0 such that

(3.11) sup |Vu| < Cs.
M

By Step 2, there exists 1 < p <m/(m — 2) such that

((Ur)_m /BM wm/(m=2) dug)(mfZ)/m

< OB (o [ )

for all @ >1 and 0 < o < 1, where w = ¢/V¥* and where C(M,a,E(u),r)
is a constant which admits at most polynomial growth in «. Now we set
ro :=r, and for every k € N, we set

k .
1+27/ 1 m Nk
womrllon o=ifm BB e (pty)
Then by noting that oy, > 1 and that agp = a—1m/(m — 2),
—1
(T;m/ wakm/(mfz) dﬂg) ap  (m—=2)/m
By,
< (C(M’ ak‘vE(u),T’k_l)>Oékl
N (1—o0p)?
—1 _
(312) X (T;lnl/ wak71m/(m72) dlu/g)akfl(m 2)/m
Bp_1
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k ) w), T a;1
(I m) )

X (T_m/ w™ (m2) d,u,g>(m_2)/m.
—1

CLAIM. The coefficient H?Zl((C(M, aj, E(u),rj-1))/(1—0;)?)" s
bounded as k — oco.

To this end, it suffices to prove that

C(M,ozj,E(u),rj_l)]

i10 {
a; 8 (1-0,)?

k
=1 7

J

is bounded as k — oo. Since aj = s/, s > 1, while C(M,a;,E(u),7j_1)
admits at most polynomial growth in o, it clearly follows that

k

Z 5 logC’(M, aj,E(u),rj_l)

j=1"7

is bounded as k — oo. Furthermore, by the choice of o;, we see that
k k

1 1 1. (14279)?

—log ——5 =9 —log—F—"<
Zaj ®U—0)? Zsﬂ BT =
]:1 ]:1 J 1

1 y
j+1

M=

which is clearly bounded as k — oo. This proves the claim.
Hence, we can take the limit £ — oo in (3.12) to obtain

sup |Vu|? < sup w
B, /s B, /s

m—2)/m
Sc<r—m/ em/(m—2)|Vu|2dug>( )/

r

S C’3 (M,E(U>)7

proving (3.11).
STEP 4. There exists a constant Cp = Co(M,E(u)) > 0 such that

(3.13) sup |Vu|? < Cg/ (e'vu‘2 —1)du,,
M M
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which proves Lemma 3.2.
Lemma 2.7 and (3.11), combined with the curvature assumption that
Riem” <0, imply that

SV V;(eVH 1) = §9v, v el VeI’

> 2¢lVul® Z <du(RicM(ei, ej)e;), du(e;))

ij=1
C(m, |[RicM || oo el V4 | V|2

>
> —C(m, |RicM || oo, el Vel ) (lVul® — 1),

In the fourth line, we have used the inequality |Vu|? < elVul® — 1. Moreover,
(3.11) then guarantees that the leading term S% of (2.8),

S = gl 4 2ha5 Ve, uVe,u?,

has the bounded eigenvalues both from above and from below by a con-
stant depending only on (M, g) and E(u). This observation enables us to
successfully apply the maximum principle (see [5, Theorem 9.20]) to acquire

’VU|2 < 6\Vu|2 1< CO(M,E(U)) /M(6|Vu|2 _ 1) d,ug.

This proves (3.13), and we now complete the proof of Lemma 3.2 in the case
of m> 3.
The proof in the case of m = 2 is a slight modification of the above
arguments.
STEP 1. Fix 1 < gp < 2. Then there exists dyp = do(qo) > 0 such that
-2

_ u 1/q0 r
(314) ((O'T) 2/; 6(1+6)‘V |2 dﬂg) SOlmE(U)

for all 0 < d < dp and 0 <o < 1, where C; = C1(M).
To this end, taking 0 >~y > 2(1/gp — 1) and applying the Sobolev embed-
ding theorem to (3.9), we obtain

B u 1/q0 r—2 ”
(ony [ eormmmie g, ) ™ < ot ey [ e

which proves (3.14) if we put 1+ do = ((7/2) + 1)go > 1.
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STEP 2. There exists 1 < p < qo such that

1/ 1/
(3.15) ((m-)*2 / e“qolw‘zdug) q‘)gc?(r* / eapruIQdug> :

T

for all > 1 and 0 < o < 1, where

_ C(Mv Oé) -2 (1+80)|Vul? 1/a
o= g (7, T )

((1/p)+ (1/q) =1), and C(M,«) is a constant depending only on (M, g)
and admits at most polynomial growth in «.

By using (3.15), we can apply Moser’s iteration to obtain the bound (3.11)
of the gradient of u, and the same argument as in Step 4 above is also valid
in this case, which proves Lemma 3.2 in the case of m = 2. [l

Proof of Theorem 1.1. Let u. : (M,g) — (N, h) be a sequence of critical
points of the functional E. as € — 0 satisfying

es\VuSP -1
M g

As is mentioned in Remark 2.5(2), to complete the proof, it is enough to
show that ||Vuel|| g~ is uniformly bounded as e — 0.

If we consider the homothetic transformation h — h. := €h, then by
Lemma 2.6, each u. : (M,g) — (N, he) is an exponentially harmonic map.
Then as a consequence of Lemma 3.2, we have

(B17)  e[Vul =|Vu.l. < C(M, Ey) /M(eW"E'is 1) dp,

— (M. Ey) [ (@ 1) g,
M
(Note that (3.16) implies that the total energy E(u.) with respect to he,
which is equal to E.(u.) with respect to h, is bounded by Ey. Also, note
that the curvature assumption that Riem”™ < 0 does not change under the
homothetic transformation.)
Dividing (3.17) by ¢ yields
€E|Vu5|i 1

Vaulh < OB | S duy < COM. Bo) By

for all € > 0, which proves Theorem 1.1. H
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Proof of Corollary 1.2. Let ¢ € H be any smooth map. Theorem 2.4 then
implies that there exists, for each € > 0, a smooth map u. : (M, g) — (N, h)
which minimizes E. in H. Since the resulting sequence {u.}.~¢ satisfies

e€|du5|2 —1 eeldWP —1
f s e

taking the limit as € — 0 yields

eldus* _ eldel> _q
1imsup/ S dpg < limsup/ S dig —/ |dp|? dpag.
M € M € M

e—0 e—0

This implies that some subsequence of {u.}.~¢ satisfies the uniform bound-
edness condition of energy in Theorem 1.1, so that it moreover contains a
subsequence which converges uniformly to some harmonic map u : (M, g) —
(N, h). The obtained harmonic map u represents the homotopy class H. []
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