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Abstract
We construct measures whose Fourier coefficients exhibit extreme behaviour among those whose support have
Hausdorff A-measure zero.

1. Introduction

We work on the circle T = R/Z and write || for the length of an interval /. We shall only look a closed
subsets E of T. All measures will be bounded positive Borel measures, and we write P(E) for the
collection of probability measures with support contained in E. We recall the definition of the Hausdorff
h-measure.

Definition 1.1. If /4 : [0, c0) — [0, o0) is a continuous strictly increasing function with 2(0) = 0, we
say that a closed set E has Hausdorff-2 measure

n n
h(E) = 61Lr1(}+inf Z;h(|1j|) : LJ]Ij D E, Ijaninterval, |I;| < ¢
J= Jj=

If1 > a > 0, we write hy(2) =12,

It is not difficult to see that, given E, there exists a number d (with 1 > d > 0) called the Hausdorff
dimension dimg (E) of E such that h,(E) = oo for d > @ and hy(E) = 0 for @ > d. It is often hard
to compute the Hausdorff dimension of a given set, and an important tool is provided by Frostman’s
theorem [2], which asserts that

du(x)du(y) - Oo}
lx — y|@ '

dimgy (E) = sup{a : du € P(E) with //

Using Parseval’s theorem (for details, see [6] Section 3.5), we can express the result in Fourier analytic
form as

AP
e

dimyg (E) = sup{ « : Ju € P(E) with Z < o0

r#0

Some further, more precise, information along these lines is obtained as Theorem V of Chapter III
of the book of Kahane and Salem [3]. (The authors acknowledge inspiration from a talk by Beurling [1].
See also [8].)
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2 Korner T. W.
Theorem 1.2 (Kahane and Salem). Suppose that 1 > a > 0. Then, if u is a probability measure with

3 BOE
e

r+0

the support of u has strictly positive h-measure.
In the first part of this paper, we show that Theorem 1.2 is sharp in the following sense.

Theorem 1.3. Suppose that 1 > a > 0, ¥, > 0 and y, — 0 as r — oco. Then we can find a probability
measure  with support of zero hq-measure, but

la(r)?
Zylrl |r|l—a <
r#0

We actually go a little further. The arguments of [3] go through essentially unchanged to give the
following version of Theorem 1.2.

Theorem 1.4. Suppose that h : [0,1] — [0, ) is an increasing concave function with h(0) = 0.
Suppose, in addition, that there exists an a with 1 > a > 0 such that h(t)t™% increases with t.
Then, if u is a probability measure with

3 OF
i =

r#0
the support of u has strictly positive h-measure.
We prove the following.

Theorem 1.5. Suppose that h : [0,1] — [0, ) is a continuously differentiable increasing function
with h(0) = 0 and t™'h(t) increasing to co as t — O+. Suppose further that there exists an a with
1 > a > 0 such that h(t)t~% increases with t. Then, if y, > 0 and y, — 0 as r — oo, we can find a
probability measure u with support of Hausdorff h-measure zero with

DG
Z e ()

Notice that, for example, if h (1) = 5 ( 10g(1/t))y for ¢ small with 1 > 8 > 0 and y real, or with 8 =1
and 0 > vy, then # satisfies the conditions of Theorem 1.5. Readers will lose little if they take h(f) = t*
throughout. On the other hand, the additional work involved to obtain the more general case is not great

and the proof of Lemma 2.3 appears as something more than a numerical coincidence.
By choosing # in such a way that

h(1)/h(r) = 0, but y,h(1/n)/Rh(1/n) — 0

and then applying Theorem 1.5 to &, we may replace the condition #~!/1(¢) increasing to co as t — 0+
in Theorem 1.5 by the condition t~! (¢) nondecreasing as as t — O+. This allows us to take h(t) = ¢
and recover a result of Salem (see [9] and Theorem VI of Chapter 3 in [3]).

The individual Fourier coefficients of the particular measure u that we construct to prove
Theorem 1.5 are not all small. In particular, we have lim sup ,,|_,, [i(n)| = 1 (see the remark at the end of
Sub-section 2.3). However, this is not an inherent feature, and by modifying our construction, we can
obtain a new proof of a result obtained in [5] concerning individual coefficients.

Theorem 1.6. Suppose that h : [0,1] — [0, ) is an increasing function with h(0) = 0 and t~'h(z)
increasing to oo as t — O+. Suppose further that there exists an @ with 1 > @ > 0 such that h(t)t™¢
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increases with t. Let L : [1,00) — [1,00) be a continuous increasing function such that x~'L(x)
decreases with x and there exists a y with y > «, a K with L(x*/?) < KL(x) for all x € [1, %) and,

further,
e 1
/ ———dx =00
1 xL(x)logx

Then there exists a probability measure u with support of Hausdorff h-measure zero with

) 1
O = R

Jorallr # 1.

Notice that if L(x) = loglogx for x large and h(t) = h,, this gives a probability measure y with
support of Hausdorff-& measure zero, but

-—a
A2 < Ir|
la(r)|” < Toglog|r|
for |r| sufficiently large that the formula makes sense.

The reader will see from the proofs that we could prove a portmanteau theorem to the effect that if
the conditions of Theorems 1.5 and 1.6 apply, then we can find a measure satisfying the conclusions
of both. However, I think that although the two proofs have many points in common, the ideas become
clearer if we look at them separately. (The reader will also see, without surprise, that if the conditions
of Theorems 1.5 and 1.6 apply, we can find a measure u satisfying the conclusion of Theorems 1.6 such

PYAND)
r
that there exists a sequence y,, > 0 withy, — 0 asr — oo, but Z Vr % = 00.)
rlh(|r
r#0

The condition that t~% h(¢) increases for some @ with @ > 0 (or something very close to that condition)
is essential for our proofs (and seems to be needed for proving Theorem 1.4). Section 3, where we see
that the corresponding results for Hausdorff logarithmic measure take a different form, shows that the

restriction is not artificial. The following example from [4] confirms this.

Theorem 1.7. We can find a decreasing positive convex sequence ¢, with ¢, — 0 as n — oo such that
2oy c? diverges, but if u is a nonzero measure with |{i(n)| < c,, then supp u = T.

In my opinion, the central idea of the paper is contained in Lemma 2.3, which states that there exists
a well-behaved function gjs whose behaviour echos the behaviour that we desire from the measure u in
Theorem 1.5 and is such that

gm(r)=0foralll <|r| <M -1,

where we can choose M as large as we want. We now choose an extremely rapidly increasing sequence
of M(j) and seek to show (see Lemma 2.8) that ]—I;’:} gm(j) preserves the desirable properties of
H?:l gm(j)- Standard limiting arguments complete the proof of Theorem 1.5. However, our proof of
Lemma 2.8 depends on an estimate described in Definition 2.4 and Lemma 2.5, so we need to obtain
this first.

A search for information on problems related to those discussed in this paper could start with [6].

2. Proof of Theorem 1.5
2.1. The building blocks

Several of our formulae take a slightly simpler form if we work with k(x) = 1/k(1/x) and make use of
the following remark.
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Lemma 2.1. Suppose that h : [0, 1] — [0, o) is a continuously differentiable increasing function with

h(0) =0and k(x) = .
h(1/x)
(A)If 1 > a > 0, the following statements are equivalent:

(i) h(t)t~ increases with t.
(i) k(x)x~® increases with x.
(iii) xk’(x) > ak(x) for all x.

(B) The following statements are equivalent:

() h(t)t™"increases to oo ast — 0+.
(ii) k(x)x~! increases to co as x — oo.

Proof. Immediate. O

(In the typical case h(z) = t%, then k(x) = x?%, but we are interested in what happens when ¢ is small
and when x is large.) Notice that the final formula of Theorem 1.5 can be rewritten as

S 2 R < o,

r+0 |r|

and we shall use that form in proving the theorem.

Many of the constants we introduce will depend on «, but we shall usually suppress the reference to
« and write C = C(«). We shall use the convention that constants with suffices like C; have only local
importance.

We fix some positive function u € C*(R) with /H, u(t)dt = 1 and suppu € [-1/4,1/4]. The
following lemma is standard.

Lemma 2.2. If R > 1 and we define ug : T — R by
ur(t) = R~ u(Rr) for |t < 1/2,

then ug is a positive C*(T) function with the following properties:

(i) lar(j)| < 4r(0) =1 for allj.
(ii) There are constants g with |lig(r)| < ByR|r|™? forall r # 0.
(iii) suppu C [-R7'/4,R7'/4].

Proof. Use change of variables and integration by parts. O

Here is our basic building block.

Lemma 2.3. Let 1 > a > 0. Then if the conditions of Theorem 1.5 hold, there exists an A = A(«) for
which the following is true. There exists an My (depending on h) such that, if M > M, there exists a
positive function g € C*(T) with the following properties:

@ g(0) =1
(ii) &(r) = 0 if r is not divisible by M.
(iii) Y 7D 2 < .

r#0 |I"|
(iv) There is a finite collection of intervals T such that

UI 2 supp g, but Zh(|1|) <1

1€ 1€
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Proof. Chose My such that k(r) < r for all r > M. If M > My, take R = k=" (M) and

50+61/M +62/M +~-~+5(M—l)/M
M

g(t) = ug *
with ug as in Lemma 2.2, * denoting convolution and §, the Dirac delta measure at . We observe that

. ar(jM) ifr = jM for some j € Z,
g(r) = .
0 otherwise.

Conditions (i) and (ii) are immediate. Condition (iv) follows on choosing Z to be the collection of
intervals

[iM'—R'2, M +R"/2] with0 < j < M - 1.

We now look at condition (iii). We have

SEID gy = 3 KUMD oy

r#0 Il Jj#0 Ml
k(LMD k(MD
= > —laRGMP Y iR (M)
1<l ljM| . |/ M|
<|jI<R/M lj1zR/M

We bound the two sums separately. Since s~k (s) decreases as s increases, we have

1 Mg k(M
1 (s) ds > ({ )
M JG-ym s M

for j > 2. Thus, since |ig(r)| < 1 and k(M) < M,

UMD o <a Y KON

1< ik 1M 1<fmm M
R R
k 2
<2+ —/ ﬁd <2+ — / o 'k (s) ds
M Jy

from Lemma 2.1 (iii). But

R
/ k’(s)ds = k(R) — k(M) < k(R) =
M

S0
k(ljM])

L |ar(jM))* <2+ 2a7!
ljM|

1<|j|<R/M

Since s~'k(s) decreases and k(R) = M, Lemma 2.2 (ii) yields

k(jM]) . k(R) . .
L lar(GM)P < Y g (7 M)
. Ml _ R
ljIzR/M |J|>R/M
sZZ—ﬁl 2_ﬁ1 -IRZ
j=R/M (JM) ]>R/M
for an appropriate constant A,. Condition (iv) follows. m}
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Observe that |exp(iMr) — 1| < M/(2R) = M/(2k~'(M)) must be small when M is large and
t €suppg.

2.2. An intermediate step

Before we complete the proof, we need to extract a little more information about the function g of
Lemma 2.3. We make the following ad hoc definition.

Definition 2.4. If f € C(T), we write

Fr =170+ 3

s#0

Note that | f(r)| < 3| f|le- The object of this section is to prove the following estimate.

Lemma 2.5. Let @ > 0. Then there exists a constant K such that the function g of Lemma 2.3 satisfies
the condition

k(lrD)
2 BOE <K
r+0
We use a preliminary lemma.
Lemma 2.6. Ifbj € Cand n,m > 1, then

2

|b'fs|
NI ;2 <2t Y by

|jl<n 1<|s|<m |jl<n+m

Proof. Observe thatif(0 <6 <1,
(la] + 61b| + 0)c))? < |al*> +36(|al? + |b]* + |c]?).

Thus induction on m gives

2
-] = 9 2
Z bjl+ Y > s]_[1+s—2 Z Ib;|%.
ljl<n 1<|s|<m s=1 |jl<n+m
Since
= 9\ 32> 24
B = l+=|=— < —,
Q( sz) 2 79
we obtain the required result. O

Proof of Lemma 2.5. We start by bounding ¥on <, <one1 (r)2. Set
SN A 18(r —9)| VR 18(r —5)|
am=lgml+s ), oS adp)= ) S
1 <s<2n-1 m-lcg

By Lemma 2.6,

D awr<B Y P

2n <p<2ntl 2n-l <p<ontlypn-l
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We know that |g(r — 5)| < 1, so

- 1 n
&2(r) < Z S—ZSZ +2

s>2n-1

and thus

D, &)<

2n <p<2ntl

Since g = g1 + &2, it follows that

>t = D (@ +am)

2 <p<on 2 <p<onl

<4 @ +a0)

2n <p<2ntl

<2 Y P2

27l <p<onslqpn-l

By considering sums over —2"*! < r < —2" in the same manner, we obtain

D, EWP<2 N P+

2 <|r| <2l 2n=1 <|r|<2n+?
Next we observe that there are constants K and K> such that

K@Y k(D | k2D

K
e T

for all 27! < |r| < 2™*1; 50, taking By = 27K, /K>, we have

Y, Mleren Y Alpepean

2"'S|r|<2"+1 on-1 $|r|<2"+2 | |

Thus

k(D) k()
2y 0SB ) = EE()?

r#0 [r|>4 Il

N kArD) . 2
=B+ §(r)
HZ:;ZH<%;2H+I | |

[

cmand Y Hep

n=2 2"’1<|r\<2’“’2 | |

<B +B Zk(|r|)| ()|2<K

r+0

for appropriate choices of constants B, and K.

We can now draw an obvious conclusion.
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Lemma 2.7. Let @ > 0. Then if the conditions of Theorem 1.5 hold and 1 > & > 0, there exists a K for
which the following is true. There exists a My(5) (depending on h) such that, if M > My(6), there exists
a positive function g € C*(T) with the following properties:

@ g(0) =1L
(ii) g(r) = 0 if r is not divisible by M.
(iii) Y MN(W<%‘

r#0
@iv) There is a finite collection of intervals I such that

U I D suppg, but Z h(l1]) < 6.

1€ IeT

Proof. Replace hby h = 6~'hin Lemma 2.5. O

2.3. Completion of the proof of Theorem 1.5

The rest of the proof of Theorem 1.5 is essentially contained in the next lemma.

Lemma 2.8. Suppose that « > 0, y, > 0 and y, — 0 asr — oco. Then if f € C®(T) is a positive
Sfunction with f(0) = 1 and €, n > 0 and Q > 1 are given, we can find a positive function F € C*(T)
with the following properties:

G) F(0)=1.
i) |F(r) - f(r)| <eforalllr| < Q.
i) Yy P < ex 3y K

r#0 r#0
(iv) There is a finite collection of intervals I such that

UI 2 supp F, but Uh(lll) <n.

1T leZ

(v) supp F' C supp f.

Proof. Observe that it suffices to find a £ satisfying conditions (ii), (iii), (iv) and (v) with € replaced by
a sufficiently small € and then taking F = (F" (0))_1F . We therefore ignore condition (i).

We observe that, since f is infinitely differentiable, we can find a C > 1 with | f(r)| < Cr2forr #0.
Let K be as in Lemma 2.7, and choose N sufficiently large that C"2K~'6¢€/2 > y, for all r > N. Now
let M be an integer with M > Q, to be fixed later, take g to be the corresponding function satisfying the
conditions of Lemma 2.7 and set F(¢) = g(¢) f(¢). Conditions (iv) and (v) are immediate.

Since f € C®, we have f € ['. Further, (0) = 1 and g(r — j) =0for 1 < |r — j| < M, so

DR EYTG)]

lr=jlzM ljlzM-Q

1F(r) = F() =D F(atr = <

JEr

and condition (ii) will hold provided only that M is sufficiently large.
Since N is fixed, we may also choose M sufficiently large

k(rl) kD
DR e e LA OIS W 1f(r)P

1<|r|<N |r| 1<|r|sN |r|
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so, automatically,

P RO < S0 S SR

1<|r|sN

Now, | f| < Cr~2 for r # 0 and |F(r)| < g(r), so, using Lemma 2.7, we have

kdrl) 2. € kQrl) a2
r——IE(n) < - |F(r)]
rgN Il 2C7K67 vEN Irl

€ k(|”|)~ 2
= 2C7KsT 2 Ir] g(r)

|r|>N

k(rD) . 2 _ €
‘2K5—1;4) BT

Combining this result with the final formula of the previous paragraph, we see that condition (iii) holds

and the proof is complete.

The rest of the argument is standard.

Proof of Theorem 1.5. Take fy = 1. By Lemma 2.8, we can find a sequence of positive function

fn € C*=(T) with the following properties:
(i fu(0)=1.

(i) fn(r) N Jn-1(r)| < 27" forall |r| < n.

(i Y yr— o ()P < 1-27"

r#0 |r|
(iv), There is a finite collection of intervals Z,, such that

U I 2 supp f,, but U h(|I]) <27,

1€Z, 1€,

(V) supp fu-1 C supp fu.

Standard theorems now tell us that the measures f,m (where m is Lebesgue measure) converge

weakly to a probability measure y with supp u C supp f,, and that u has the properties we require.

Observe that the final sentence of Subsection 2.2 implies that there is a sequence M (j) — oo such

that exp(iM (j)r) — 1 uniformly on supp u, so g(M(j)) — 1 as j — oo.

3. A result for logarithmic Hausdorff measure

Theorem V of Chapter III of [3] also states the following result, where we write iy (¢) = (log(2/ t))_1

fort € (0,1], h(0) =

Theorem 3.1 (Kahane and Salem). Then if u is a probability measure with
Z I/l(r)l2
r#0

the support of u has strictly positive hy -measure.

Again, we can show that Theorem 3.1 is sharp in the following sense.
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Theorem 3.2. Suppose y, > 0 and y, — 0 as r — oo. Then we can find a probability measure yu with
support zero hy -measure, but

la(n)?
Z)f|r|—|r| < o0

r#0
The proof depends on the following close (but simpler) analogue of Lemma 2.3.

Lemma 3.3. There exists a constant C for which the following is true. Given any M > 1, there exists
exists a positive function g € C* (T) with the following properties:

@ g(0) =1L
(i) g(r)=0for1 <|r| < M- 1.

an 3O |g(r>|2

r#0
@iv) There isa ﬁmte collection of intervals I such that

\J 12 suppg, bur Y he(l1) < 1.

1eT Iel
Proof. We set

50+51/M +62/M +---+5(M—1)/M
M

g(t) = Uexp(M) *

b}

with ug as in Lemma 2.2, and follow the proof of Lemma 2.3.
Conditions (i) and (ii) are immediate. Condition (iv) follows on choosing Z to be the collection of
intervals

[kM™" —exp(-M)/2,kp~" +exp(-M)/2] with | < k < M.

Finally, using a sequence of inequalities that should be compared to the corresponding sequence in

Lemma 2.3,
Zlg(r)l2 Z 18(kM)|> _ 1 Z |fexp(a) (k)|
r#0 k+0 |kM| |k|
1 1 M22B2
< — m+ I ! Z El exp(M)) W
|k|<exp(M) |k|>exp(M)
C
< Ml log (exp(M)) +C> < C
for appropriate constants C, C, and C, so (iii) holds. O

The proof of Theorem 3.1 now follows the same path as that of Theorem 1.5.

4. Proof of Theorem 1.6
4.1. The building blocks
Our proof of Theorem 1.6 requires a more complicated building block. We start with another version of

Lemma 2.3.
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Lemma 4.1. Let 1 > a > 0. Then if the conditions of Theorem 1.6 hold, there exist constants A = A(«a)
and B = B(«a) such that the following is true. If p > 2, there exists a positive function g, € C*(T) with
the following properties:

(i) 8p(0) = ——
8p(0) L(p)
(ii) &p(r) =0ifr is not divisible by p.
(i) [2,(r)| < Blr|™ for |r| = p*/®.
A
@iv) |gp(r)| £ ——— forallr + 0.
g pL(p)

(v) There is a finite collection of intervals I, such that

1
U I 2 suppg,, but Z h(|I]) < L)
1€z, 1€Z, p ( )
Proof. Weset R, = k~'(p?L(p)) and
1 50+51/p+52/p+...+(5(p_1)/p

gp(t) = UR, * ,
P PL(p) " p

with ug as in Lemma 2.2.

Conditions (i) and (ii) are immediate. Condition (v) follows on choosing Z,, to be the collection of
intervals

Lip™ =n ' (p2L(p)™")/2, jp~ + h 7 (p™*L(p)™")/2] with | < j < p.

Before looking at conditions (iv) and (iii), we note that

g,(r)= PLl(p) iR, (r) if p dividesr,
’ 0 otherwise )

Condition (iii) follows from condition (ii) of Lemma 2.2, which yields

1 B3

18p(r)] < pL(p)|ﬁR,,(r)| < mR;|F|_3
_ B3 —1/.2 31,.1-3 B3 “1, .33).1-3
) (A (P L))l < —pL(p)k (p?)’Ir|

< lépg/alrl_3 <Bp~'|r|? < Br?
p

for |r| > p® @, where B is some appropriate constant.

To check condition (iv), we first observe that, if 1 < |r| < R, then
k(Ir)L(Ir]) < k(Rp)L(R,) = p*L(p)L(k™ (p*L(p))) < p*L(p)L(k™" (p*))
< p’L(p)L(p*'*) < CP*L(p?)
so that

C S 1
k(IrDL(r) — p*L(p)*

> (g
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On the other hand, if r > R, then choosing g > (1 + a/_l) /2 using condition (ii) of Lemma 2.2, we have

~ 2 _
81> < BAR2|r[

and
|r|1+cf1
KrDLAr) < & KRy LR, )
p

o)

L

G
Thus condition (iv) holds for an appropriate A. O

We shall make use of the following result.

Lemma 4.2. Let L : [1,00) — [1,00) be a a continuous increasing function, and let P be the set of
prime numbers. Then

© 1
————— dx = oo, impli
‘/1 xL(x)logx T 00, tmphes Z

=0
5 PL(P)

Proof. By the prime number theorem or the much more easily obtained Chebychev inequality (see, for
example, [7]), there exists a strictly positive constant K such that if n is large enough, the number of
elements in

P(ny={peP:2"<p<2mh

exceeds Kn~12". Thus, if n is large enough,

1 2" 1 K on+l
Z L( ) 2 K; X 2n+1L(2n+l) 2 E X (n + 1)2n+1L(2n+1)
pep(m) PP
2n+2

K / 1
> — —dx
2 on+l JCL()C) logx

and the result follows. ad

s

We can now prove our central step.

Lemma 4.3. Let a > 0. Then there exists a constant A’ = A’ (@) such that the following is true.
Suppose that the conditions of Theorem 1.6 hold. Then there exists an My such that, given any
M > M\, there exists exists a positive function g € C*(T) with the following properties:

(i g(0) =1
(i) g(r)=0forl1 <|r| < M.

@iii) |g(r)]| < Wforallr 0.

(iv) There is a finite collection of intervals T such that

U I 2 suppg, but Z h(|I]) < 2.

1€ 1€
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Proof. Ttis sufficient to prove the result with (i) replaced by
()'8(0) > 1.
To this end, we choose M; such that
1
rL(r)

N —

If M > M,, we consider the sequence of consecutive primes p(1), p(2), ... starting with p(1), the
smallest prime greater than M.

By Lemma 4.2 and our choice of M|, we can find an N such that 1 < Z;V:l m < 2. We
pP(HL\p(

set g = Zj.vzl gp(j)> where the g, ;) are as in Lemma 4.1. Conditions (i)', (ii) and (iv) can be read off
directly from conditions (i), (ii) and (v) of that lemma.
We now wish to bound |g(r)|. We observe that

G Y1 D S ]
p()lr|*? lr|/<p(f)<ir|
and bound the two sums separately. By condition (iii) of Lemma 4.1,

> eI Y. Bl < B

p(j)y<ral® p(j)<ral®

:B(k<|r|>)”2(L<|r|>)”2 Sy p—
) RGEGD - VRGDLGrD

for an appropriate B; since k(|r|)|7|~! and L(|r|)|r|~" decrease with |r].
On the other hand, there can be at most 9/« distinct primes r > p(j) > r®/° with g p(j)(r) # 0 (since
the p(j) must divide r, we write p(j)|r when this happens), so, using condition (iv) of Lemma 4.1,

PG >, 1250 ()]

[r1=p(j)>|r|e/? rzp(j)>re®,p(j)ir

< Z A 9Aa~!

<
ropGyamto iy (KAPDLAPD)' ™ (k(rDL (D)

and we are done. O

4.2. Completion of the proof

The remainder of the proof is straightforward.

Lemma 4.4. Suppose that the conditions of Theorem 1.6 hold. Then given any n > 0, there exists an
My(n) such that, if M > My(n), we can find a g € C*(T) with the following properties:

(i) g(0) =1
(i) g(r)=0for1 <|r| < M.
(iii) |8(r)| < ——L— forall r #0.

(k(Ir)L(rD)?

(iv) There is a finite collection of intervals T such that

UI 2 suppg, but Zh(lll) <n.

1€ 1€
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Proof. Wecanchoose h = A’y~'hand L such that L(x)/L(x) — 0so that the conditions of Theorem 1.6
still hold. We now apply Lemma 4.3 with and 4 replaced by & and L by L. O

The next result corresponds to Lemma 2.8 but is little simpler.

Lemma 4.5. Suppose the conditions of Theorem 1.6 hold. Then if f € C*(T) is a positive function with
f(0)=1,e>0and Q > 1, we can find a positive function F € C*(T) with the following properties:

(i) F(0)=1.
i) |£(r) - f(r)] < e(k(rDL(r)) ™2

(iii) There is a finite collection of intervals T such that

UIQ supp F, but Uh(lll) <.

1T 1T

(iv) supp F' C supp f.

Proof. As in the first paragraph of the proof of Lemma 2.8, we observe that we can replace condition
(i) by the weaker condition |F'(0) — 1] < e.

Now let g be as in Lemma 4.4, with  and M to be determined. Set F(¢) = f(#)g(¢). Conditions (iii)
and (iv) are immediate. We know that there exists a C such that | f(r)| < Cr=*, so, provided N is large
enough,

-1/2

@)1= 5 kArDLAAD)

whenever |r| > N.
We also have

1E(r) = f()1 =D F(etr=pl < Y IFDIIg = )
Jj#0 J#0

< Y a0
Jj#0,|r—j|=M

as M — oo for each r, so, provided we take M large enough, we will have

-1/2

|E(r) = f(r)] < e(k(IrDL(Ir]))
forall 1 < |r| < N and in addition |F(0) — 1] < e.

Combining the results of the two previous paragraphs, we see that the required result will hold,
provided we can ensure that

() = £ < 5 (k(rDL(Ir) ™72

for all |r| > N. We have

F(r) = F () < D IFDNRG = )
j#0
< > Cctle-pl+ Y it
J#0,|r=jl<r/2 lr=jl>1rl/2
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We estimate the two sums separately:

(k(r)L(r)) ™2

. _ €
it < 7
Ir=i1>Ir1/2

(with C, an appropriate constant) for all || > N, provided only that we have taken N large enough.
On the other hand, we know that there is a constant C, such that

k(IrhL(rl) < C3k(DLAD

for all |[r — j| < |r|/2, s0

4y A . . n
CjMg(r =)l < cj _ —
7#0.Ir=71<Ir1/2 sor i<z (k(r=7DLAr = jD)
- n
< > oct——
A0l T1<Ir1/2 (k(IrhL(rn)Y
= s 12
(k(rDLArD)
€
< 1/2°
4(k(IrhL(rD)
provided only that we have choose 7 sufficiently small. Condition (ii) follows. O

The rest of the argument is standard.

Proof of Theorem 1.4. Take fy = 1. By Lemma 4.5, we can find a sequence of positive function
fn € C*(T) with the following properties:

D f(0) = 1.
A A 27"
iy 1) = faa (1] € —————.
(k(rDLrD)
(iii), There is a finite collection of intervals Z,, such that

U I 2 supp f,, but U h(|I]) <277,

I€7, I€7,

(iv), supp fn € supp fu-1-

Standard theorems now tell us that the measures f,m (where m is Lebesgue measure) converge
weakly to a probability measure p with supp u C supp f,, and that u has the properties we require. O

The results and proofs of this paper go over with appropriate modifications to T" and R”.
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