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Abstract. We prove that if two topologically free and entropy regular actions of countable
sofic groups on compact metrizable spaces are continuously orbit equivalent, and each
group either (i) contains a w-normal amenable subgroup which is neither locally finite
nor virtually cyclic, or (ii) is a non-locally-finite product of two infinite groups, then
the actions have the same sofic topological entropy. This fact is then used to show that
if two free uniquely ergodic and entropy regular probability-measure-preserving actions
of such groups are boundedly orbit equivalent then the actions have the same sofic
measure entropy. Our arguments are based on a relativization of property SC to sofic
approximations and yield more general entropy inequalities.
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1. Introduction

At first glance it may seem that dynamical entropy and orbit equivalence should have little
to do with one another. One is a conjugacy invariant that is tailor-made for the hairsplitting
job of distinguishing Bernoulli shifts, all of which have the same spectral theory, while
the other is a coarse relation between group actions whose tendency to nullify asymptotic
behaviour is most devastating in the setting of amenable groups, where entropy finds its
classical home [10, 26, 27, 34, 41]. One registers information, while the other threatens to
destroy it.

This brutal disparity can, however, be honed so as to bring the two concepts into
frequent and sometimes surprising alignment. Indeed, entropy turns out to be sensitive
in meaningful ways to the various kinds of restrictions that one may naturally impose on
an orbit equivalence, its role as an invariant remaining intact in some cases but completely
neutralized in others. The history of this relationship traces back several decades and in its
original thrust encompasses the work of Vershik on actions of locally finite groups [42, 43],
the Ornstein isomorphism machinery for Bernoulli shifts [32], the theory of Kakutani
equivalence [9, 11, 19, 33], and Kammeyer and Rudolph’s general theory of restricted orbit
equivalence for probability-measure-preserving (p.m.p.) actions of countable amenable
groups that all of this inspired [17, 18, 37] (see [18, Ch. 1] for a genealogy). In a somewhat
different vein from these lines of investigation, Rudolph and Weiss later proved in [38]
that, for a free p.m.p. action of a countable amenable group, the conditional entropy with
respect to a prescribed invariant sub-o -algebra .#is preserved under every .”~measurable
orbit equivalence. As Rudolph and Weiss demonstrated in the application to completely
positive entropy that motivated their paper, this crisp expression of complementarity
between entropy and orbit equivalence, when combined with the Ornstein—Weiss theorem
[34], turns out to be very useful as a tool for lifting results from Z-actions to actions
of general countable amenable groups. More recently Austin has shown, for free p.m.p.
actions of finitely generated amenable groups, that entropy is an invariant of bounded and
integrable orbit equivalence, and that there is an entropy scaling formula for stable versions
of these equivalences [3]. It is interesting to note that Austin makes use of both the theory
of Kakutani equivalence (to handle the virtually cyclic case, which his approach requires
him to treat separately) and the Rudolph—Weiss theorem (in a reduction-to-Z argument
which, ironically, forms part of the verification of the non-virtually-cyclic case).
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The basic geometric idea at play in Austin’s work when the group is not virtually
cyclic is the possibility of finding, within suitable connected Fglner subsets of the group, a
connected subgraph which is sparse but at the same time dense at a specified coarse scale.
By recasting this sparse connectivity as a condition on the action that we called property
SC and circumventing the ‘derandomization’ of [3] with its reliance on the Rudolph—Weiss
technique, we established in [25] the following extension beyond the amenable setting: if G
is a countable group containing a w-normal amenable subgroup which is neither locally
finite nor virtually cyclic, H is a countable group, and G ~ (X, ) and H ~ (Y, v) are
free p.m.p. actions which are Shannon orbit equivalent (that is, the cocycle partitions all
have finite Shannon entropy), then the maximum sofic measure entropies of the actions
satisfy

hy(H ~Y) = h, (G~ X). (1)

One property shared by the groups G in this theorem is that their first £2-Betti number
vanishes, which in the non-amenable world can be roughly intuited as an expression of
anti-freeness, and indeed our approach breaks down for free groups (see [25, §3.5]). In
what is surely not a coincidence, groups whose Bernoulli actions are cocycle superrigid
also have vanishing first £2-Betti number [35], and it has been speculated that these two
properties are equivalent in the non-amenable realm (curiously, however, Bernoulli cocycle
or orbit equivalence superrigidity remains generally unknown for wreath products of the
form Z : H with H non-amenable, which satisfy the hypotheses on G above).

Given that non-amenable products of countably infinite groups form a standard class
of examples within the circle of ideas around superrigidity, cost one, and vanishing first
£2-Betti number, and in particular are known to satisfy Bernoulli cocycle superrigidity
by a theorem of Popa [36], it is natural to wonder whether the entropy inequality (1)
holds if G is instead assumed to be such a product. In [25] we demonstrated, in analogy
with Gaboriau’s result on cost for products of equivalence relations [13], that product
actions of non-locally-finite product groups, when equipped with an arbitrary invariant
probability measure, satisfy property SC, which is sufficient for establishing (1). However,
such actions always have maximum sofic entropy zero or —oo. One of the main questions
motivating the present paper is whether one can remove this product structure hypothesis
on the action.

To this end we establish Theorem A below, which gives the conclusion for bounded orbit
equivalence (that is, orbit equivalence with finite cocycle partitions, as explained in §2.3)
and uniquely ergodic actions. We say that a p.m.p. action G ~ (X, p) is uniquely ergodic
if the only G-invariant mean on L°°(X, p) is integration with respect to w, that is, the
induced action of G on the spectrum of L°°(X, w) is uniquely ergodic in the usual sense of
topological dynamics. When p is atomless, unique ergodicity forces the acting group to be
non-amenable [39, Theorem 2.4]. In fact an ergodic p.m.p. action G ~ (X, ) is uniquely
ergodic if and only if the restriction of the Koopman representation to L*(X, u) © C1
does not weakly contain the trivial representation [39, Proposition 2.3]. It follows that if
G is non-amenable then unique ergodicity holds whenever the restriction of the Koopman
representation to the orthogonal complement of the constants is a direct sum of copies of
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the left regular representation, and in particular when the action has completely positive

entropy [15, Corollary 1.2][40, Corollary 1.7], and thus occurs in the following examples:

(i) Bernoulli actions G ~ (X9, u%), where (X, ) is a standard probability space and
(gx)n = xg-1j, forall g, h € G and x € X (see [24, §2.3.1]);

(i) algebraic actions of the form G ~ ((ZG)WG)"A, w) where A € M, (ZG) is
invertible as an operator on 2(G)®" and p is the normalized Haar measure
[16, Corollary 1.5].
Moreover, if G has property (T) then all of its ergodic p.m.p. actions are uniquely ergodic
[39, Theorem 2.5].
As above, h,(-) denotes the maximum sofic measure entropy, and we write i M(~) for
the infimum sofic measure entropy (see §2.6).

THEOREM A. Let G and I" be countably infinite sofic groups at least one of which is not
locally finite, and let H be a countable group. Let G x I' ~ (X, u) and H ~ (Y, v) be
free p.m.p. actions which are boundedly orbit equivalent. Suppose that the action of H is
uniquely ergodic. Then

hy((HNY) ZQM(G x ' X).

Theorem A is a direct consequence of Theorem 5.2 and Proposition 3.15. When
combined with Theorem A of [25] it yields the following Theorem B. We say that an
action is entropy regular if its maximum and infimum sofic entropies are equal, that is,
the sofic entropy does not depend on the choice of sofic approximation sequence. Entropy
regularity for a p.m.p. action is known to hold in the following situations:

(i) the group is amenable, in which case the sofic measure entropy is equal to the
amenable measure entropy [6, 23];

(i1) the action is Bernoulli [5, 22];

(iii) the action is an algebraic action of the form G ~ ((ZG)"//-(ZG)"A, ) where
A € M, (ZG) is injective as an operator on 02(G)®" and p is the normalized Haar
measure [14];

(iv) the action is a shift action G ~ {1,...,n}¢ equipped with a Gibbs measure
satisfying one of various uniqueness conditions [1, 2].

For the definition of w-normality see the paragraph before Theorem 3.12.

THEOREM B. Let G and H be countable sofic groups each of which either

(1) contains a w-normal amenable subgroup which is neither locally finite nor virtually
cyclic, or

(1) is a product of two countably infinite sofic groups at least one of which is not locally
finite.

Let G ~ (X, u) and H ~ (Y, v) be free p.m.p. actions which are uniquely ergodic and

entropy regular, and suppose that they are boundedly orbit equivalent. Then

hy(H A Y) = h, (G ~ X).

We note that, by a theorem of Belinskaya [4], if two ergodic p.m.p. Z-actions are inte-
grably orbit equivalent, and in particular if they are boundedly orbit equivalent, then they
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are measure conjugate up to an automorphism of Z (what is referred to as ‘flip conjugacy’).
On the other hand, a bounded orbit equivalence between ergodic p.m.p. Z%-actions for
d > 2 can scramble local asymptotic data to the point of scuttling properties like mixing
and completely positive entropy, as Fieldsteel and Friedman demonstrated in [12].

Our strategy for proving Theorem A is to localize property SC to sofic approximations,
yielding what we call ‘property sofic SC’ for a group or an action, or more generally
‘property .~-SC” where .7 is a collection of sofic approximations for the group in question
(see §3.1). The advantage of this localization is that the action itself need not have
a product structure, only the sofic approximation used to model it. This accounts for
the appearance of the infimum sofic entropy in Theorem A, in contrast to (1), but as
noted above many actions of interest are known to be entropy regular, in which case
one does in fact get (1). The trade-off in using property sofic SC is its natural and
frustratingly stubborn compatibility with the point-map formulation of sofic entropy, which
is a kind of dualization of the homomorphism picture adopted in [25] and requires the
choice of a topological model. This has put us into the situation of not being able to
control the empirical distribution of microstates except under the hypothesis of unique
ergodicity, when the variational principle makes such control unnecessary for the purpose
of computing the entropy, and even then we have had to restrict the hypothesis on the orbit
equivalence from Shannon to bounded.

Given that we are adhering to the point-map picture with its use of topological
models, it makes sense to isolate as much of the argument as possible to the purely
topological framework, which also has its own independent interest. Accordingly we
establish the following theorem, the second part of which goes into proving Theorem A
via Theorem 5.2. It is a direct consequence of Theorems 4.1 and 3.12 and Proposition 3.15.
Here h(-) denotes the maximum sofic topological entropy and A(-) the infimum sofic
topological entropy (see §2.5).

THEOREM C. Let G ~ X and H ~ Y be topologically free continuous actions of count-
able sofic groups on compact metrizable spaces, and suppose that they are continuously
orbit equivalent. If G contains a w-normal amenable subgroup which is neither locally
finite nor virtually cyclic then

WH A~ Y) > h(G A~ X),

while if G is a product of two countably infinite groups at least one of which is not locally
finite then

h(H~Y)>h(G ~ X).

If the actions of G and H above are genuinely free or if G and H are torsion-free, then,
using the variational principle [24, Theorem 10.35] and (in the case of torsion-free G
and H) the main result of [30], one can also derive the first part of the above theorem from
Theorem A of [25], or from [3] if G and H are in addition amenable and finitely generated.

In parallel with the p.m.p. setting, we define a continuous action of a countable sofic
group on a compact metrizable space to be entropy regular if its maximum and infimum
sofic topological entropies are equal, and note that this occurs in the following situations:
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(i) the group is amenable, in which case the sofic topological entropy is equal to the
amenable topological entropy [23];
(ii) the action is a shift action G ~ X¢ where X is a compact metrizable space
[24, Proposition 10.28];
(iii) the action is an algebraic action of the form G ~ (ZG)WG)"A where A €
M, (ZG) is injective as an operator on 22(G)®" [14].

From Theorem C we immediately obtain the following result.

THEOREM D. Let G and H be countable sofic groups each of which either

(a) contains a w-normal amenable subgroup which is neither locally finite nor virtually
cyclic, or

(b) is a product of two countably infinite sofic groups at least one of which is not locally
finite.

Let G ~ X and H ' Y be topologically free and entropy regular continuous actions on

compact metrizable spaces, and suppose that they are continuously orbit equivalent. Then

WH A Y)=h(G ~ X).

It was shown in [7, 8] that the finite-base shift actions of a finitely generated
group satisfy continuous cocycle superrigidity if and only if the group has one end
(a property that the groups in Theorem D possess when they are finitely generated—see
[7, Example 1]). As observed in [7], this implies, in conjunction with a theorem from [28],
that if a finitely generated group is torsion-free and amenable then each of its shift actions
with finite base is continuous orbit equivalence superrigid. Whether such superrigidity
ever occurs in the non-amenable setting appears, however, to be unknown.

We begin the main body of the paper in §2 by setting up general notation and reviewing
terminology concerning continuous and bounded orbit equivalence and sofic entropy.
In §3.1 we define properties .~SC and sofic SC for groups, p.m.p. actions, and continuous
actions on compact metrizable spaces. In §3.2 we determine that a countable group fails to
have property sofic SC if it is locally finite or finitely generated and virtually free. In §3.3
we verify that, for free p.m.p. actions, property SC implies property sofic SC, and then
use this in conjunction with [25] to show that (i) for countable amenable groups property
sofic SC is equivalent to the group being neither locally finite nor virtually cyclic, and
(ii) if a countable group has a w-normal subgroup which is amenable but neither locally
finite nor virtually cyclic then the group has property sofic SC. In §3.4 we prove that if a
w-normal subgroup has property sofic SC then so does the ambient group, while in §3.5
we determine that the product of two countably infinite groups has property .#-SC, where
Zis the collection of product sofic approximations, if and only if at least one of the factors
is not locally finite. §§3.6 and 3.7 show property sofic SC to be an invariant of continuous
orbit equivalence for topologically free continuous actions on compact metrizable spaces
and of bounded orbit equivalence for free p.m.p. actions. Section 4 is devoted to the proof
of Theorem 4.1, which together with Theorem 3.12 and Proposition 3.15 gives Theorem C.
Finally, in §5 we establish Theorem 5.2, which together with Proposition 3.15 yields
Theorem A.
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2. Preliminaries

2.1. Basic notation and terminology. Throughout the paper G and H are countable
discrete groups, with identity elements e and ey. We write 7(G) for the collection of
all non-empty finite subsets of G, and ?(G) for the collection of symmetric finite subsets
of G containing eg. For a non-empty finite set V, the algebra of all subsets of V is denoted
by Py, the group of all permutations of V by Sym(V), and the uniform probability measure
on V by m.

Given a property P, a group is said to be virtually P if it has a subgroup of finite index
with property P, and locally P if each of its finitely generated subgroups has property P.

A standard probability space is a standard Borel space (that is, a Polish space with its
Borel o-algebra) equipped with a probability measure. Partitions of such a space are always
understood to be Borel. A p.m.p. (probability-measure preserving) action of G is an action
G ~ (X, p) of G on a standard probability space by measure-preserving transformations.
Such an action is free if the set Xq of all x € X such that sx # x for all s € G \ {eg}
has measure one. Two p.m.p. actions G ~ (X, ) and G ~ (Y, v) are measure conjugate
if there exist G-invariant conull sets Xo € X and Yy € Y and a G-equivariant measure
isomorphism Xog — Yj.

A continuous action G ~ X on a compact metrizable space is said to be topologically
free if the G5 set of all x € X such that sx # x forall s € G \ {eg} is dense. It is uniquely
ergodic if there is a unique G-invariant Borel probability measure on X. By the Riesz
representation theorem this is equivalent to the existence of a unique G-invariant state (that
is, unital positive linear functional) for the induced action of G on the C*-algebra C(X)
of continuous functions on X given by (gf)(x) = f(g_lx) forall g € G, f € C(X), and
x e X.

A p.m.p. action G ~ (X, u) is uniquely ergodic if there is a unique state (or mean as
it is also called in this setting) on L°°(X, n) which is invariant for the action of G given
by (gf)(x) = f(g~'x) forall g € G, f € L™®(X, 1), and x € X. By Gelfand theory, this
is equivalent to the unique ergodicity, in the topological-dynamical sense above, of the
induced action of G on the spectrum of L™ (X, u).

2.2. Continuous orbit equivalence. We say that two continuous actions G ~ X and
H ~ Y on compact metrizable spaces are continuously orbit equivalent if there exist a
homeomorphism @ : X — Y and continuousmaps« : G x X - HandA: H xY — G
such that

d(gx) = k(g, )P (x),
o (ty) = a(t, ()

forallg €e G,x € X,t € H,and y € Y. Such a ® is called a continuous orbit equivalence.

If the action H ~ Y is topologically free then the continuity of ® implies that the map
k is uniquely determined by the first line of the above display and satisfies the cocycle
identity

k(fg,x) =k(f,gx)k(g,x)
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for f, g € G and x € X. In the case that both G ~ X and H ~ Y are topologically free
we have

Ar(g, x),®(x) =g

forall g € G and x € X, and A is uniquely determined by this identity.

2.3. Bounded orbit equivalence. Two free p.m.p. actions G ~ (X, u) and H ~ (Y, v)
are orbit equivalent if there exist a G-invariant conull set Xo € X, an H-invariant conull
set Yo € Y, and a measure isomorphism ¥ : Xg — Yj such that W(Gx) = HWV(x) for
all x € Xo. Such a W is called an orbit equivalence. Associated to W are the cocycles
k:Gx Xo— H and A : H x Yo — G determined (up to null sets, in accord with our
definition of freeness) by

W(gx) =«(g, x)¥(x),
Wl (ry) = A, )@ (y)

forallg € G,x € Xo,t € H,and y € Y. We say that the cocycle « is bounded if k (g, Xo)
is finite for every g € G, and define boundedness for A likewise. If Xg, Yy, and ¥ can be
chosen so that k¥ and X are both bounded, then we say that the actions are boundedly orbit
equivalent, and refer to W as a bounded orbit equivalence.

2.4. Sofic approximations. Given a non-empty finite set V, we define on VV the
normalized Hamming distance

1
PHamm (T, ) = m“v e V:Tv # Sv}|.

A sofic approximation for G is a (not necessarily multiplicative) map o : G — Sym(V)
for some non-empty finite set V. Given a finite set F € G and a § > 0, we say that such a
o is an (F, 8)-approximation if
(i)  PHamm(0s:, 0507) < éforall s, t € F, and
(1)  PHamm(os, 0y) = 1 — § for all distinct s, ¢ € F.
A sofic approximation sequence for G is a sequence X = {0y : G — Sym(Vj)}2, of sofic
approximations for G such that for every finite set F € G and § > 0 there exists a kg € N
such that oy is an (F, §)-approximation for every k > ko. A sofic approximation o : G —
Sym(V) is said to be good enough if it is an (F, §)-approximation for some finite set
F C G and § > 0 and this condition is sufficient for the purpose at hand.

The group G is sofic if it admits a sofic approximation sequence, which is the case for
instance if G is amenable or residually finite. It is not known whether non-sofic groups

exist.

Given a sofic approximation o : G — Sym(V) and aset A C G, we define an A-path to
be a finite tuple (vg, vy, . . ., v,) of points in V such that foreveryi = 1, ..., n there is a
g € A for which v; = ogv; 1. The integer n is the length of the path, the points vy, . . . , vy,

its vertices, and vy and v, its endpoints. When n = 1 we also speak of an A-edge. For
r € N, we say that a set W C V is (A, r)-separated if oorv N oysrw = @ for all distinct
v,weW.
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2.5. Sofic topological entropy. Let G ~ X be a continuous action on a compact
metrizable space. Let d be a compatible metric on X. Let F be a finite subset of G and
8 > 0.Leto : G — Sym(V) be a sofic approximation for G. On the set of maps V — X
define the pseudometrics

1/2
dr(g, ¥) = <| > dp), ¥ () ) ,

veV

doo(p, ) = max d(pv), ¥ (v)).

Define Map,(F, 8, o) to be the set of all maps ¢ : V — X such that d>(pog, gp) < 6 for
all g € F. For a pseudometric space (€2, p) and ¢ > 0 we write N, (£2, p) for the maximum
cardinality of a subset €2¢ of €2 which is (p, €)-separated in the sense that p (w1, wp) > €
for all distinct w;, wy € Q.
Let ¥ = {ox : G — Sym(Vy)}?2, be a sofic approximation sequence for G. For & > 0
we set
$ (G X) = 1nf inf lim sup ﬁ log N.(Map,(F, 8, ox), doo),

§>0 ko0

1
h‘%gz(G ~ X) = 1nf inf lim sup —— log N;(Map,(F, 6, o), d2),
8>0 oo Vil

where the first infimum in each case is over all finite sets F' C G. The sofic topological
entropy of the action G ~ X with respect to X is then defined by

hs(GAX) = sup hs (G ~ X).

e>0

This quantity does not depend on the choice of compatible metric d, as is readily seen,
and by [24, Proposition 10.23] we can also compute it using separation with respect to d»,
that is,

hs(G ~ X) = sup h§,(G ~ X).

e>0

We define the maximum and infimum sofic topological entropies of G ~ X by
h(GX)= mzax hy (G ~ X),
h(G~X) = igfhE(G ~ X),

where X ranges in each case over all sofic approximation sequences for G (when G is
non-sofic we interpret these quantities to be —oo). It is a straightforward exercise to show
that the maximum does indeed exist (we do not know, however, whether the infimum is
always realized). Note that —oo is a possible value for 1y (G ~ X), and so if it occurs for
some X then h(G ~ X) = —o0, and if it occurs for all ¥ then 7(G ~ X) = —oo. The
action G ~ X is entropy regular if its maximum and infimum sofic topological entropies
are equal, that is, the sofic topological entropy does not depend on the choice of sofic
approximation sequence.

2.6. Sofic measure entropy. Let G ~ (X, ) be a p.m.p. action. Let € be a finite Borel
partition of X, F a finite subset of G containing eg, and § > 0. Write alg(%) for the algebra
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generated by %, which consists of all unions of members of %, and write € for the join
\/SGF s€. Leto : G — Sym(V) be a sofic approximation for G. Write Hom,, (%, F, 8, o)
for the set of all homomorphisms ¢ : alg(éF) — Py satisfying
(1) ZAE%m(ogfp(A)Ago(gA)) < dforall g € F,and
(i) X pcq IM(@(A) — n(A)] < 8.
For a finite Borel partition & < ¢ we write [Hom,, (%, F, §, 0)| for the cardinality of
the set of restrictions of elements of Hom, (%, F, §, o) to Z.

Given a sofic approximation sequence ¥ = {0} : G — Sym(Vj)}72, for G, we define
the sofic measure entropy of the action G ~ (X, u) with respect to X by

hs (G~ X) = Sl}l?}p (gl;lgz 1I}f§1>1’(f) h/?ligp ﬁ log [Hom, (€, F, 8, ox)| 2,
where the supremum is over all finite partitions &2 of X, the first infimum is over all
finite partitions % of X refining &2, and the second infimum is over all finite sets F C G
containing eg.

As in the topological case, one can check that there is a maximum among the quantities
hs (G ~ X) over all sofic approximation sequences % for G, where —oo is included as
a possible value. The maximum and infimum sofic measure entropies of G ~ (X, ) are
then defined by

h (G~ X) = m)%x hy (G~ X),
ﬁM(G N X) = il)%fh):,u(G ~ X),

where X ranges in each case over all sofic approximation sequences for G. When G is
non-sofic these quantities are interpreted to be —oo. The action is entropy regular if its
maximum and infimum sofic measure entropies are equal, that is, the sofic measure entropy
does not depend on the choice of sofic approximation sequence.

3. Properties /-SC and sofic SC
3.1. Definitions of properties .#-SC and sofic SC. Write .7 for the collection of all
sofic approximations for G. Let .#’be any collection of sofic approximations for G.

Definition 3.1. We say that the group G has property .#-SC (or property sofic SC if &=

) if for any function Y : F(G) — [0, co) there exists an S € F(G) such that for any

T € ?(G) there are C,n € N, and Sy,..., S, € %(G) such that for every good enough

sofic approximation 7 : G — Sym(V) in .’ there are subsets W and V; of Vfor1 < j <

n satisfying the following conditions:

@) Yo YSHmV)) < 1;

(ii) Uges W =1V,

(iii) if wy, wp € W satisfy mow; = wy for some g € T then wy and wy are connected
by a path of length at most C in which each edge is of the form (v, 75 v) for some
1<j=<nheSjandveV;withmv e V;.

Definition 3.2. We say that a continuous action G ~ X on a compact metrizable space
X with compatible metric d has property #-SC (or property sofic SC if = ¥¢) if for
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any function Y : ¥(G) — [0, co) there exists an S € F(G) such that for any T € F(G)
thereare C,n e N, §y,...,8, € ?(G), F? € F(G), and 8 > 0 such that for every good
enough sofic approximation 77 : G — Sym(V) in . with Mapd(Fﬁ, 8%, ) # @ there are
Wand V; for 1 < j < n as in Definition 3.1. By [24, Lemma 10.24] this does not depend
on the choice of d.

Definition 3.3. We say that a p.m.p. action G ~ (X, w) has property #-SC (or property
sofic SC if Y= %) if for any function Y : F(G) — [0, co) there exists an S € F(G)
such that forany 7' € %(G) thereare C,n e N, S;,..., S, € %(G), a finite Borel partition
€t of X,an FF € F(G) containing eg, and a 8% > 0 such that for every good enough sofic
approximation 7 : G — Sym(V) in . with Homu(‘ﬁn, Fi 8% ) # () there are W and
V;for1 < j < n asin Definition 3.1.

The following proposition shows that, when G is finitely generated, in Definition 3.1 we
can fix n = 1 and take S to be any symmetric finite generating subset of G containing eg,

but with the price that _ ges g W is only most of V instead of the whole of V.

PROPOSITION 3.4. Suppose that G is finitely generated. Let A be a generating set for G
in F(G). Then G has property -SC if and only if for any ¢ > 0 there exists an S € F(G)
such that for any T € F(G) and 8 > 0 there is a C € N such that for any good enough
sofic approximation t : G — Sym(V) in Sthere are subsets W and V of V satisfying the
following conditions:

1) m(V)<e

(i1) m(UgGS W) >1-46;
(i) if wy, wy € W satisfy mow = wy for some g € T then w and wy are connected

by an A-path of length at most C whose vertices all lie in V.

Proof. Denote by €4 the word length function on G associated to A.
Suppose first that G has property .#-SC. Let ¢ > 0. Define Y : ¥(G) — [0, co) by
Y(F) = e~ !|A|™®s<F £a(®) Then there is an S € F(G) witnessing property .#-SC. Let

T € ?(G) and 6 > 0. Then we have C,n, S1,..., S, as given by Definition 3.1. Set
m = maxj<j<, Maxges; £a(g). Let 7 : G — Sym(V) be a good enough sofic approxi-
mation for G in .. Then we have W and V1, ..., V, satisfying conditions (i)—(iii) in

Definition 3.1. Denote by V' the set of all v € V satisfying wgpv = mompv for all g, h €

A™C_ When 7 is a good enough sofic approximation, we have m(V \ V') < §/|S|. Set

W' =W NV’ Foreach | < j <n,setm; =maxges; £4(g) and (V; = Ugeami V.
— T

SetV ={Jj_; V;. Then

mV) <Y m@VH <Y 1AM m(V) <e Y TS)mV)) <e,
j=1 j=1 Jj=1

verifying condition (i) in the proposition statement. Note also that

m(UngW/) Zm(UngW> — 1S -m(V\V)>1-3,

ges ges
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which verifies condition (ii) in the proposition statement. Let g € T and w;, wy € W’ be
such that wew = w;. Then wy and w; are connected by a path of length at most C in
which each edge is an S;-edge with both endpoints in V; for some 1 < j < n. Itis easily
checked that the endpoints of such an edge are connected by an A-path of length at most m ;
with all vertices in (Vj.. Thus w; and wy are connected by an A-path of length at most Cm
with all vertices in V, verifying condition (iii) in the proposition statement. This proves
the ‘only if” part.

To prove the ‘if’ part, suppose that G satisfies the condition in the statement of
the proposition. Let YT be a function ¥(G) — [0, c0). Take 0 < ¢ < 1/(2Y(A)). Then
we have an S as in the statement of the proposition. Let 7 € F(G). Take 0 < § <
1/(6|T|Y(T)). Then we have a C as in the statement of the proposition. Set n = 2,
Si=A,and S, =T. Let 7 : G — Sym(V) be a good enough sofic approximation for
G in .. Then we have W and <V as in the statement of the proposition. Set W/ = W U
ne_Gl(V \ Uges wgW). Then Uges mgW' =V, verifying condition (ii) in Definition 3.1.
Set Vi =Vand V) = UgeT((W’ \W)Um, (W \ W)U n;l(W/ \ W)). Then

m(Vy) < QIT|+ Hm(W'\ W) < 3|T|s,
and hence
T(S)HmM(Vy) + Y (S)m(Vy) < Y(A)e +3Y(T)|T|S < % + % =1,

which verifies condition (i) in Definition 3.1. Let g € T and wy, wy € W’ be such that
mewr = wy. If wy ¢ W or wy ¢ W, then (wq, wz) is an S3-edge with both endpoints
in V. If wy, wy € W, then w; and w, are connected by an Si-path of length at
most C such that all vertices of this path lie in V = V|, yielding condition (iii) in
Definition 3.1. O]

3.2. Groups without property sofic SC. Let . be a collection of sofic approximations
for G which contains arbitrarily good sofic approximations (or, equivalently, which con-
tains a sofic approximation sequence). In Propositions 3.6 and 3.7 we identify two classes
of groups which fail to have property .#-SC, and in particular fail to have property sofic SC.

LEMMA 3.5. Suppose that G is finite. Then G does not have property #-SC.

Proof. Suppose to the contrary that G has property .#-SC. Define Y : ¥(G) — [0, co) by
YT (F) = 4|G| for all F € ¥(G). Then there is some S € ?"(G) satisfying the conditions in
Definition 3.1. Put 7 = {eg}. Then there are C,n € Nand S|, . . ., S, € F(G) satisfying
the conditions in Definition 3.1.

Let ¥ : G — Sym(V) be a good enough sofic approximation in .# so that there are
subsets W and Vq, ..., V, of V satisfying conditions (i)—(iii) in Definition 3.1 and also
so that m(U) < 1/(4|G|) where U consists of all v € V satisfying 7., v # v. Seeing that
wWCcuUu U?:] V;, we have
n

m(W) < m(U) + m( U (v,-) <— 4> mV))
j=1 j=

1 1

n
= —— 4+ — Y T(S)m(V;
4(G] 4|G|]§1 S

< —.
)= 2|G]
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lhus
1 =m U = | | ( ) =< | |Hl( ) < k]
g ”g ” = S m H = G ” = 2

a contradiction. O]

PROPOSITION 3.6. Suppose that G is locally finite. Then G does not have property #-SC.

Proof. Suppose to the contrary that G has property .#-SC. Then G must be infinite
by Lemma 3.5. Take a strictly increasing sequence {Gy} of finite subgroups of G such
that G = UkeN Gy. For each F € 7(G), denote by ®(F) the smallest k € N satisfying
F C Gg.Define T : F(G) — [0, 00) by Y(F) = 3|Go(F)|. Then there is some S € F(G)
satisfying the conditions in Definition 3.1. Put m = ®(S) and T = G,41 € F(G). Then
thereare C,n e Nand Sy, ..., S, € ?’(G) satisfying the conditions in Definition 3.1. Put
M = max{maxj<j<, ®(S;), m + 1}.

Let 7w : G — Sym(V) be a good enough sofic approximation in .%’so that there is a set

V1 C V satisfying the following conditions:
(i) mempv =mgpvforallg,h € Gy andv € Vy;
(i) mev # mpv forallv € Vi and distinct g, h € Gy
(iii) 7V = Viforall g € Gy
@iv) m(Vy) > 1/2.
Then Gy acts on V; via . Denote by & the partition of V; into G, 1-orbits.

By assumption, when 7 is a good enough sofic approximation we can find subsets
W and Vi,...,V, of V satisfying conditions (i)—(iii) in Definition 3.1. Note that
V = Uses meW = Uqeg,, T¢W, which implies that for every member P of & the
intersection P N W is not contained in a single G ,-orbit.

SetV = U,’;l‘:l rqu)(Sj)((Vj N V7). Then

1 1
m(V) = Y [GosplmV; N Vi) < 3 1Gapm(Vy) =3 3 T(SHm(V)) < 3.

I<j<n I<j<n 1<j=<n
(2)

Now let P € & and w; € PN W. Then we can find some wy, € P N W such that
w1 and wy are in different G,,-orbits. We have wy = m,w for some ¢t € G411 \ Gy =
T\Gy.Thuswecanfindsome 1 </ <C,1<j,...,ji<n,vneV;forl <k<lI,
and g € §j, for 1 <k </ such that, setting vog = w, we have mg vz = vy for all
1 <k <I!and v = wy. Then

wy =V = Ng] s ﬂglvo = ﬂgl...glwl,

and hence g; - - - g1 = ¢. It follows that the elements g, ..., g cannot all lie in G,.
Denote by i the smallest k satisfying gy & G,,. Then v; € TGas; ) Wis and hence
wp € JTG(D(Sj_)Ui. Consequently,

TG, W1 < T[Gmn@b(sji)vi = nGd)(Sj,-)vi - nGd)(sji)((Vji NnVvy) V.
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Therefore Vi =|J & = ng,, (W N (J £)) €V, whence m(V) > m(V;) > 1/2, con-
tradicting (2). O

PROPOSITION 3.7. Suppose that G is finitely generated and virtually free. Then G does
not have property .#-SC.

Proof. By Lemma 3.5 we may assume that G is infinite. Take a free subgroup G of
G with finite index. Then G is non-trivial and, by Schreier’s lemma, finitely generated.
Take free generators ay, . . ., a, for G.Set A = {ay, . . . , a,, al_l, e ,ar’l, e }. Denote
by £ the word length function on G associated to ay, . . ., a, al_l, R ar_l. For each
n € N denote by B, the set of elements g in G satisfying £(g) < n. Take a subset H of G
containing e such that G is the disjoint union of the sets hG1 forh € H.Set D = H U A.
For each F € F(G), denote by W(F) the smallest n € N satisfying F C HB,,, and set
F' = HB\IJ(F).

For any g € G and h € H we can write gh uniquely as bd with b € H and d € G,
and using this factorization we set R to be the maximum value of £(d) over all g € D and
h € H.Define Y : F(G) — [0, 00) by Y (F) = 3|HBg| - | F'|.

Suppose that G has property #-SC. Then there is some S € F(G) satisfying the
conditions in Definition 3.1. Put m = W(S), N=m + 1,and T = S{alzN, eG, afZN}S €
F(G). Then there are C,n € N and Sy, ..., S, € F(G) satisfying the conditions in
Definition 3.I. Put €' = C maxi<j<,(1 +¥(S;)) €N and U = ((HA)C/HB2N) U
(HA) HBo) ™' € F(G).

Let 7 : G — Sym(V) be a good enough sofic approximation in .# so that there are
subsets W and Vq, ..., V, of V satisfying conditions (i)—(iii) in Definition 3.1 and a set
V'’ C V satisfying the following conditions:

(i) mgmpv =mgpvforallg, h e UYandv e V/;
(i) mgv # myv forall v € V' and distinct g, h € U;
(iii) m(V’) > 1/2.

Foreachl < j <n, set(V’j = U, ey, V. SetV = U'}zl (V/j

geSj
Let v € V'. We have rru{vv = mp, wq and TNV = TTh, W for some hj, ho € S and
1

wi, wp € W. Then

_ -1
nhz’lal’ZNhl wy = 7Ty,

-1 -1

nal_NnafV TThy W1 = T(hz JTal—NU = wy.
By assumption we can find a path from w; to w, of length at most C in which each edge
is an S;j-edge with both endpoints in V; for some 1 < j < n. Replacing each such edge
by a D-path of length at most 1 + W(S;) and with all vertices in (V;», we find a D-path
from w; to wy of length at most C’ such that all vertices are in V. Thus we get some
I<l<C,vweVforl <k<l and g € D for 1 < k <1 such that, setting vy = wy,
we have g, k1 = v forall 1 <k <[ and v; = wy. Then

Ty grNV = Wy = Mgy oo Mg WL =Ty o =1 N V.

Since hz_lal_N and g1~~-g1h1_1afv belong to U, we conclude that hz_lal_Nz

g glh;lafv. Set tj=gj--- glhf]a{\’ €U for 0 < j <I. We can write each t;
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uniquely as b;d; for some b; € H and d; € Gy. Then we have
E(d,-dj—jl) <R

for all 1 < j <. Consider the path p in G from dy to d; defined by concatenating
the geodesic from d;_y to d; for all 1 < j <[, where we endow G; with the right
invariant metric induced from £. Note that as reduced words dp and d; end with a; and
al_l, respectively. Thus p passes through eg. It follows that there is some 1 < i <[ with
£(d;) < R. Then t; € HBg, whence

— Ll .
V=1, v = ﬂti—lvl € U V.

ge(HBR)™!
Therefore V' € U,y T2 V-
Now we get
1
7 =m(V) = m( U nﬂ) < |HBR|m(V)
ge(HBR)™!
. 1 < 1
< [HBg| Y ISjIm(V)) = 2 3 T (S)mV)) < 3,
j=1 j=1
a contradiction. O

3.3. Groups with property sofic SC. In Theorems 3.11 and 3.12 below we will identify
classes of groups that have property sofic SC. This will rely on results from [25] that we
can access via the connection to property SC established in Proposition 3.10.

Definition 3.8. Let ) be a class of free p.m.p. actions of a fixed infinite G. We say that
) has property SC if for any function Y : ¥(G) — [0, co) there exists an S € F(G) such

that for any T € F(G) there are C,n € N, and Si, . .., Sy € F(G) so that for any G
(X, ) in Q) there are Borel subsets W and V; of X for 1 < j < n satisfying the following
conditions:

D Y TSHuV) <1

i) SW=X;

(1) if wy, wp € W satisfy gw; = w, for some g € T then w; and w; are connected by
a path of length at most C in which each edge is an S;-edge with both endpoints in
V;forsomel < j <n.

We say that a p.m.p. action G ~ (X, ) has property SC if the singleton class containing

it has property SC. We say that G itself has property SC if the class of all free p.m.p actions

G ~ (X, ) has property SC (note that freeness implies atomlessness of the measure since

G is infinite).

Remark 3.9. When £) consists of either a single free p.m.p. action or all free p.m.p. actions
of a fixed G, the existence of the bound C is automatic, as explained in the paragraph
following [25, Proposition 3.5].

PROPOSITION 3.10. Suppose that G is infinite and sofic. Let G ~ (X, n) be a free p.m.p.
action with property SC. Then the action has property sofic SC.
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Proof. We may assume, by passing to a suitable G-invariant conull subset of X, that the
action of G is genuinely free. Let T be a function F(G) — [0, 00). Since G ~ (X, w)
has property SC, using the function 2 we find an S € F(G) such that for any T € F(G)
thereare C,n e N, S1,...,S5, € ?(G), and Borel subsets W and Vi of Xfor1 <k <n
satisfying the following conditions:
() 23— Y(Sou(Vi) < 1;
) SwW=X;
(iii) if wy, wy € W satisfy gw; = w, for some g € T then w; and wy are connected by
a path of length at most C in which each edge is an Si-edge with both endpoints in
YV forsome 1 < k < n.
Let T € F(G). Then we have C, n, S for 1 <k <n,and W and Vy for 1 <k <n as
above. We now verify conditions (i)—(iii) in Definition 3.1 as referenced in Definition 3.3.
Let g e T. For each x € WN g 'W, we can find g1,...,g € G for some 1 <
I < C such that g =g;g—1---g and for each 1 <j </ one has g; € S; and
gj—1"""81X,8j8j—1 " &x € Vi, for some 1 <kj <n. Then we can find a finite
Borel partition ¢ of W N ¢~ ' W such that

C
%] < Cnc( max |Sk|)
1<k<n

and for each A € ¢, we can choose the same /, g1, ..., g1, k1, ..., k; forall x € A. Then
foralll < j </thesetsgj_1---g1Aand gjg;_1 --- g1A are contained in (ij.
Denote by €* the finite partition of X generated by W, Vy, . .., V, and CoforgeT.

Set F¥ = (TUSUU_; $0'°C € F(G). Set D = |T|C*n€ (maxj<x<, |Sk)€ > 0, and
take 8§ > 0 with 38| T|Y(T) < 1/4. Take

n -1
0<8ﬁ§min{<4ZT(Sk)) ,8/(|S|(|T|+D+2))}.
k=1

Let 7 : G — Sym(V) be a sofic approximation for G with Hom,, (€, FE, 8%, ) £ 0
which is good enough so that m(Vyz) > 1 — 8%, where Vp: denotes the set of all v €
V satisfying mwgpv = mempv for all g, h € F® and mev # mpv for all distinct g, h € F*.
Take ¢ € Homﬂ(‘fﬁ, F%, 8%, 7). Then ¢ is an algebra homomorphism alg(‘@”fw) — Py
satisfying
(D) Y 4eqr M(Te(A)Ap(gA)) < 8% forall g € F?, and
(i) X, IM@(A) — u(A)] < 8.

Fi

Let g € T and A € 6,. Then we have [, g1, ..., g1, k1, ...,k as above. Denote by

Wz:’/,A the set Ulgjgl(”gj}g,-_l-~~gl (p(gjgj—1---81A))A@(A)). Then

I
MWy ) <D Mgy g (881 - - - 81A)A(A))
j=1

1
=> m(p(gjgj-1 g1A) AT, g 9(A)) < C8%.
j=1
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Also set W' = Uyeq, W, gaand W =J,cr W¢. Then

C
m(W,) < [%]C8* = C2n (| max |Sil) 6°

1<k<n
and
2.C ¢
m(W") < |T|C?n (lm?x |Sk|> 5% = Ds".
=<K=n
Set W = Uyer (g 1 (@(W) N Vi) \ 9(g ™' W)). Note that

W' =1 (0W) N Ve \ o™ W) € [ (rgmip(W) \ 0™ W)),
geT geT

and hence

m(W) < 3" mr,-19(W)Ap(g™' W) < T,

geT
Set W* = (p(W) N Vi) \ (WU W), and Wi = W* U, ' (V \ U,es 1, W*). Then
Uges e WT =V, verifying condition (ii) in Definition 3.1.
‘We have
m( U ngW*) > m( U nggo(W)) —|SIm(W U W U (V \ Vpz))
gesS gesS
= oo Yaw)) - (Ymeen Jae Y o))
ges ges ges
— |SI(T18" + D&* + 5%
=1- m(( U nggo(W))A U go(gW)) —1SIAT| + D + 1)&*
gesS ges
> 1= m(rp(W)Ap(gW)) — ISI(IT| + D + 1)8*
gesS
>1— |88 — |S|(|T|+ D+ 1)§* >1—36,
and hence

m(WH\ W¥) < m(V U n'gW*> <3.

ges
Put Vi = p(Vy) for 1 <k <n, Syr1 =T € F(G), and

Vi =W\ wHuz,awih\wHur wh wh).

geT

Then

m(V)_ ) < @IT|+ Dm(WH\ W*) < 38|T],
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and hence

n+l n 1 1 n

D T SOmM(VY) < 38ITIT(T) + I T (S)(Vi) +6%) < - + =+ T(S) < 1.,
k=1 k=1 4 2 k=1

verifying condition (i) in Definition 3.1.

Letg € T and wy, wp € W' with mewy = wy. fwy & W* or wy g W¥, then (w1, wp)
is an S,4+1-edge with both endpoints in (VZ +1- Thus we may assume that wy, wy € W*.
Then w; = y'rg_]wz e ng_l(cp(W) N V). Since wy ¢ W/, we get wy € (g~ ' W). Thus

) e¢<w>mw<g—1w>=¢<wmg—1m=¢( U A) = J o).

A€, A€C,

We have w; € ¢(A) forsome A € G,. Letl, g1,..., &, ki, ..., k be as above for this A.
Then for all 1 < j </ thesets g;—j---g1A and g;jg;j—1 - - - g1 A are contained in V;.
Since w; ¢ Wg’A, we have 7 o, .. w1 € 9(gjgj—1 - g1A) for all 1 < j <. Thus
Tg; jgiWls Tgjg; g W1 € (p("ij) = (V,tj for all 1 < j <. Therefore w; and w, are
connected by a path of length / in which each edge is an Si-edge with both endpoints in
(V,: for some 1 < k < n, verifying condition (iii) in Definition 3.1. O

THEOREM 3.11. Consider the following conditions for an infinite G:
(1) G has property SC;
(i) every free p.m.p. action G ~ (X, u) has property SC;
(iii)  there exists a non-trivial Bernoulli action of G with property SC;
(iv)  there exists a non-trivial Bernoulli action of G with property sofic SC;
(v) G has property sofic SC;
(vi) G is neither locally finite nor finitely generated and virtually free.
We have (i) (ii)<(iii)=(iv)<(v)=(vi). Moreover, when G is amenable all of these
conditions are equivalent.

Proof. The equivalence of (i)—(iii) is the content of [25, Proposition 3.5]. For (iii)=-(iv)
apply Proposition 3.10. The implication (iv)=>(v) follows from the fact that non-trivial
Bernoulli actions have positive sofic entropy with respect to every sofic approximation
sequence [5, 21, 22], while (v)=-(iv) follows from the definitions and (v)=-(vi) from
Propositions 3.6 and 3.7.

In the case that G is amenable, [25, Proposition 3.28] asserts that (vi)<>(i), which gives
us the equivalence of all of the conditions. O

A subgroup Gg of G is said to be w-normal in G if there are a countable ordinal y and
a subgroup G, of G for each ordinal 0 < A < y such that:
(i) forany A <A’ <y onehas G, C Gy;
(i) G=Gy;
(iii) for each A < y the group G, is normal in Gy 41;
(iv)  for each limit ordinal A" < y one has Gy =, _,/ Ga.
In conjunction with Theorem 3.11 above, [25, Theorem 3.29] yields the following result.
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THEOREM 3.12. Suppose that G has a w-normal subgroup Go which is amenable but
neither locally finite nor virtually cyclic. Then G has property sofic SC.

3.4. W-normal subgroups and property sofic SC. The proof of the following lemma
applies some of the ideas from [3, §8.1] to the sofic framework.

LEMMA 3.13. Suppose that G is finitely generated and not virtually cyclic, and let A be a
generating set for G in F(G). Then there is a constant b > 0 such that given any

(i) group H containing G as a subgroup,

(i1) finite subset F of H, and
(i) r,MeNands >0
one can find, for any good enough sofic approximation & : H — Sym(V) for H, sets Z
V C Vi, where Vg denotes the set of all v € V satisfying mgp = mgmpv forall g, h € F
and wev # mpv for all distinct g, h € F, such that | UgeAZr a,VI/IVI=1=36, |V| <
b|\V|/r, |Z| < |V|/M, and every point of V is connected to some point of Z by an A-path
of length at most 2M with all vertices in V.

Proof. Since G is not virtually cyclic, there exists a ¢ > 0 such that |[A"| > cn? for all
n € N [29, Corollary 3.5]. Set b =5/c. Let H, F,r, M, §, and 7 be as in the lemma
statement. Set N = |A|’M . Take k € N such that |A¥"| > N|A?"|.

Denote by V' the set of all veV satisfying myv =memuv for all g, he
(F U A)0OMHD) and mrov # myo for all distinet g, h € (F U A)!M+ Denote by
V" the set of all v e V satisfying wgpv = mompv for all g, h € (F U A)R00HOMFr)
and mev # myv for all distinct g, h € (F U A) Q0+ (M+r) Thep V" € V' for every
g € A%TOr Assuming that 7 is a good enough sofic approximation, we have |V"|/|V| >
1 — 8. Take a maximal (A, r)-separated subset W of V”, and also take a maximal
(A, r)-separated subset W’ of V’ containing W. Then we have UgE a2 TgW 2 V" and
hence

1 |V//|

— W| > >1-56.
|V|' U = ’— v =
ge

Let w e W. Set T, = W N 7w a2 w. Note that wuw C V' C w0 W', For each
g€ A¥" we have Tew € 7 2r7 for some z € W’'. Then z € T2 TgW C 7T g2 w, and
hence z € Ty,. Thus

TT pkr W - T[AZrTw.

Therefore
| AFT|

>
|A2r| ~

|Tw| =
SetT = U,ew Tw S W'. We have

|AT|W'| =

|

weW’

=1IVI
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whence

Vi 1v|
A7 S?. 3)

IT| < W' <

Let w € W. Let (T, E,) be the graph whose edges are those pairs of vertices which
can be joined by an A-path of length at most 4 4 1, and let us show that it is connected.
It is enough to demonstrate that a given v € T, is connected to w by a path in (T, Ey).
Choose a shortest A-path from w to v. For each vertex z in this path contained in 7 40 w,
the fact that z € m - w C 742 Ty, means that we can connect z to some u; € Ty, by an
A-path p, of length at most 2r. By inserting p, and its reverse at z, we construct an A-path
from w to v in which points of T, appear in every interval of length 4r + 1. Therefore v is
connected to w by some path in (7y,, Ey,), showing that (Ty,, E,) is connected.

Consider the graph (7', E) whose edges are those pairs of vertices which can be joined
by an A-path of length at most 4r + 1. From the above, every connected component of
this graph has at least N points. Starting with (T, E), we recursively build a sequence of
graphs with vertex set T by removing one edge at each stage so as to destroy some cycle at
that stage, until there are no more cycles left and we arrive at a subgraph (7', E’) such that
(T, E) and (T, E') have the same connected components and each connected component
of (T, E’) is a tree.

For each pair (v, w) in E’, we choose an A-path in 7 44 T joining v to w of length at
most 4r + 1. Denote by V the collection of all vertices which appear in one of these paths.
ThenV C e T C V'’ C Vp. Note that each A-connected component of V has at least N
points,and W € T C V. Thus

1 1
i U mev 2 | U mov] 21
geA> €A
Moreover, using (3) we have
Vv bV
VI < ITI+4rlE'| < Gr+ DT < 5 0 = 2V
cr r

Let C be an A-connected component of V. Denote by (C, Ec) the graph whose edges
are the pairs (w, v) € C? such that mew = v for some g € A. Then (C, E¢) is connected.
Endow C with the geodesic distance p induced from E¢. Take a maximal subset Z¢
of C which is (p, M)-separated in the sense that the M-balls {v € C: p(v, z) < M} for
7 € Z¢ are pairwise disjoint. Then Z¢ is (p, 2M)-spanning in C, that is, every point of C
is connected to some point of Z¢ by an A-path of length at most 2M with all vertices
in C. Since |C| > N = |APY > |A]*, we have |Z¢| > 2. Then |C N mz| > M for
every z € Z¢. Since the sets C N mz for z € Z¢ are pairwise disjoint, we get

ZelM < Y ICNwamzl < [CI.
Z€Z¢

Denote by Z the union of the sets Z¢ where C runs over all A-connected components
of V. Then every point of V is connected to some point of Z by an A-path of length at
most 2M with all vertices in V, and |Z|/|V| < 1/M. O]
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For the definition of w-normality, see the paragraph before Theorem 3.12.

PROPOSITION 3.14. Suppose that G has a w-normal subgroup G° with property sofic SC.
Then G has property sofic SC.

Proof. Suppose first that G” is locally virtually cyclic. Then G” is amenable and, by
Lemma 3.5 and Theorem 3.11, neither locally finite nor virtually cyclic. It follows by
Theorem 3.12 that G has property sofic SC, as desired.

Suppose now that G is not locally virtually cyclic. In this case we will first set out the
argument under the assumption that G” is normal in G. Take a finitely generated subgroup
Go of G” such that Gy is not virtually cyclic. Take an S| € F(Go) generating Go. Let
b > 0 be as given by Lemma 3.13 for the group G and generating set S.

Let T be a function F(G) — [0, 0o). Choose an r € N large enough so that

3bY(S) <r. “)

Set S = 57 € F(Go).

Consider the restriction of 37 to F(G”). Since G” has property sofic SC, there exists an
$” € F(G") such that for any 7" € F(G") there are C*,n” € Nand S, ..., ., € F(G")
such that for any good enough sofic approximation 7 : G — Sym(V) for G there are
subsets W’ and (V,b{ of V for 1 < k < n” satisfying the following conditions:

i) Yl 3TEPmVy) < 1

(i) Uges 7eW> =V;

(i) ifwy, wp € WP satisfy mow| = w, for some g € T’ then w; and w, are connected
by a path of length at most C” in which each edge is an SZ -edge with both endpoints
in (VZ for some 1 < k < nP.

Let T € F(G). Set

S, = $'TS" € F(G).
Take an M € N large enough so that
M = 127 (52)[52]. &)
Set TP = U, (S°STM g SM g7 15" U §°g St g =1 ST S°) € F(G"). Then we have C°,
n°, and Sz for 1 < k < n” as above. Set

C=4M +2+C" €N,

and F = (S;UT US UL, SpOOMCr ¢ 7).

Now let w : G — Sym(V) be a good enough sofic approximation for G. By
Lemma 3.13 we can find sets Z C V| C Vg, where Vg denotes the set of v eV
satisfying 7y, = memyv for all g, h € F and myv # v for all distinct g, h € F, such
that m(Uges 7oV =1 —1/M, m(Vy) < b/r,m(Z) < 1/M, and every point of V7 is
connected to some point of Z by an S1-path of length at most 2M with all vertices in V.
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Note that

b ®1
T(S)m(Vy) < T(Sl); < Z

Set W=V U ne_Gl(V \ UgeS meV1) € V. Then UgES meW =V, which verifies
condition (ii) in Definition 3.1.

Set (V2=(UgeT((W\(Vl)Ung(W\Vl)Ung_l(W\q/l)))UU
Then

ges, TgZ S V.

m(V2) < 3|TIm(W \ V1) + [S21m(Z) < 3|Szlm(V \ U 7Tg(v]> +S201/M < 4[S:1/M,
ges

and hence
(5)
T (S2)m(V2) <4Y(SH)[S201/M < %

Assuming that 7 is a good enough sofic approximation for G, we have W’ and (VZ for
1 < k < n® as above, in which case

b
. b by _ 1
D T(SHm(Vy) < 3
k=1
Putting the above estimates together, we get
b

n
TESHMEV) + Y(S)m(V2) + Y T(SHm(Vy) < 1,
k=1
which verifies condition (i) in Definition 3.1.

Let g € T and wy, wp € W be such that mow; = ws. If either wy € W\ Vy or w; €
W\ Vi, then (w1, wy) is an S>-edge with both endpoints in V5. Thus we may assume
that wy, wy € Vy.Fori = 1, 2, we can connect w; to some z; € Z by an Sj-path of length
at most 2M with all vertices in V. Then w; = 7, z; for some #; € S]ZM. We have 7z =
7q,u1 for some u; € W and a; € S°, and 7o = Tq,uy for some u; € W" and a; € SP.
Note that al_lg and a2_1 are both in S». Since 7Ta1—]gZ1 = uy, the pair (z1, u1) is an Sy-edge
with both endpoints in V>. Also, since 7Taz—122 = uy the pair (w», uy) is an S>-edge with
both endpoints in V5. Note that

ﬂaz—ltz—lgtlg_lalul = naglnt;1ﬂgn,| TTg—1TTq U1
= ﬂaflﬁ,flﬂgﬂlel
2 h
=T T, TTeW]
ay “t; 8
=7 —17T,-1W2
a; " h
=T 12>
a

= up.

Since az_ltz_lgtlg_lal € SbS%MgSleg_le C T°, this means that uy € wpouy. Then uy
and u» are connected by a path of length at most C” in which each edge is an S,E—edge with
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both endpoints in ‘V,i for some 1 < k < n”. Therefore w; and w, are connected by a path
of length at most 4M + 2 4+ C” = C in which each edge is either an S j-edge with both
endpoints in V; for some 1 < j <2 or an Si—edge with both endpoints in (V,bc for some
1<k<nd verifying condition (iii) in Definition 3.1.

Notice that the set S used in the above verification of property sofic SC for G is contained
in G, which can be any non-virtually-cyclic finitely generated subgroup of G, and only
depends on the restriction of Y to ?(GO). This has the consequence that if G, Go, . . . is
a sequence of countable groups such that G, is a normal subgroup of G, for each n and
G is not locally virtually cyclic and has property sofic SC then the group [ J;~, G, has
property sofic SC. Indeed, we can fix a finitely generated subgroup G| of G| which is not
virtually cyclic and apply the above argument recursively, taking Go = G, G’ = G,,and
G = G4 atthe nth stage to deduce that G4 has property sofic SC, and if the function T
is taken at each stage to be the restriction of a prescribed function T(Uflil G,) — [0, 00)
then we can use the same set S for all n, showing that | J7Z; G, has property sofic SC. It
follows by ordinal well-ordering that if G° is merely assumed to be w-normal in G then we
can still conclude that G has property sofic SC. O

3.5. Product groups. Let G and H be countable groups. Let 7 : G — Sym(V) and o :
H — Sym(W) be sofic approximations. The product sofic approximation w x o : G %
H — Sym(V x W) is defined by

(7 X 0)(g,n) (v, W) = (g (V), o (W))

forallg € G,h € H,v € V,and w € W. Note that if {w;} and {o}} are sofic approxima-
tion sequences for G and H, respectively, then {7y x oy} is a sofic approximation sequence
for G x H.

PROPOSITION 3.15. Let G and H be countably infinite groups. Let . be the collection of
product sofic approximations for G X H. Then G x H has property ./-SC if and only if
at least one of G and H is not locally finite.

Proof. If G and H are both locally finite then G x H is locally finite and hence does
not have property .#~-SC by Proposition 3.6. Suppose then that at least one of G and H is
not locally finite. Take two non-trivial Bernoulli actions G ~ (X, u) and H ~ (Y, v).
By [25, Proposition 3.32] the p.m.p. action G x H ~ (X x Y, xv) given by
(g,h)(x,y) =(gx,hy) forall g€ G, he H, x € X, and y € Y has property SC, and
hence has property sofic SC by Proposition 3.10.

By [5, 21], for every finite partition € of X, F € #(G) containing eg, and § > 0
one has Hom, (%, F,5,m) # 0 for every sufficiently good sofic approximation m
for G, and for every finite partition & of Y, L € ¥(H) containing ey, and § > 0
one has Hom,(Z, L, §,0) # @ for every sufficiently good sofic approximation ¢ for
H. Given such sofic approximations 7 : G — Sym(V) and o : H — Sym(W) and
¢ € Hom, (¢, F,$,7) and ¢ € Hom,(Z, L,8,0), we have a homomorphism ¢ :
alg(6r x 1) = alg((F x D rx1) — Pyxw determined by ¢(C x D) = ¢(C) x (D)
for C € 6F and D € 7, and one can readily verify that ¢ belongs to Hom,, (% x
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9, F x L,28, m x o), showing that this set of homomorphisms is non-empty. Since
the algebra of subsets of X x Y generated by products of finite partitions is dense in
the o -algebra with respect to the pseudometric d(A, B) = (u X v)(AAB), it follows by a
simple approximation argument that for every finite partition &£of X x Y, finite setegxpy €
K € G x H, and é > 0 one has Hom,, ., (&, K, 8, m x o) # ¢ for all good enough sofic
approximations 7 : G — Sym(V) and o : H — Sym(W). Since the action G x H ~
(X x Y, u x v) has property sofic SC, it follows that G x H has property .#-SC. O

3.6. Property sofic SC under continuous orbit equivalence.

PROPOSITION 3.16. Let G ~ X and H ~ Y be topologically free continuous actions on
compact metrizable spaces which are continuously orbit equivalent. Suppose that G ~ X
has property sofic SC. Then H ~ Y has property sofic SC.

To prove this proposition we may assume that X = Y and that the identity map of X
provides a continuous orbit equivalence between the actions G ~ X and H ~ X. Let
k:GxX — HandA: Hx X — G be the associated cocycles.

The actions of G and H generate an action G * H ~ X of their free product via
the canonical embeddings of G and H into G *x H. Since the actions of G and H are
topologically free, we can find a G-invariant dense G5 set Wi € X on which G acts
freely and an H-invariant dense G5 set Wp € X on which H acts freely. Set Xo =
Msegen S(Wi N Wy). Then Xo is a G * H-invariant dense G5 subset of X on which both
G and H act freely.

Fix a compatible metric d on X which gives X diameter no bigger than 1. Foreach g € G
there is an n, > O such that for any x, y € X withd(x, y) < n, onehas« (g, x) = «(g, y),
and likewise for each s € H thereis an ny > O such that forany x, y € X withd(x, y) < ny
one has A(s, x) = A(s, y). We put ng = minger n, > 0 for a non-empty finite set F C G,
and n7 = mingey g > 0 for a non-empty finite set L € H.

We will need the following lemma, which will also be of use in the proof of
Theorem 4.1.

LEMMA 3.17. Let L € F(H), and0 < © < 1. Set F = A(L%, X) € F(G) and
v’ = min{n 272 /@8|F)"/2, t/(22|F*)} > 0.

Letw : G — Sym(V) be an (F, t')-approximation for G. Let ¢ € Map,(F, t/, ) be such
that 9(V) C Xo. Definec’ : H— V" by

O/ = Tr(1p)V
fort € Handv € V. Then there is an (L, t)-approximation o : H — Sym(V) for H such

that pHamm (07, 6/) < T forallt € L2

Proof. Denote by VF the set of all v € V satisfying wompv = mgpv for all g, h € F and
mev # v for all distinct g, h € F. Then
21 T
m(V\ Vp) <2|F|"1" < TR
Denote by V,, the set of all v € V satisfying d(¢(7,v), go(v)) < n;2 forall g € F. Then
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7 \? 1
m(V\V¢)§|F|<—> Sg-

N2
Foralls,t € L? and v € Vp NV, since A(t, (v)) € F we have

d (@I, )V)s AL, 9(0)@(V)) < 1p2

and hence
A, 9(Tait @) V) = Als, A(E, (V) (v)) = A(s, to(V)),
which yields
O01V = Ty (5.0(0!)) 91 ¥ = TA(5.0(T 19y 0) A (1) V
= TTA(s,tp() TA(t.0 () V
= T (s.to()A(t.0)V
= T(st.p(v))V
= Gs/tv’
so that
;. T ot 197
PHamm (0307, 0,) <m(V \ (VENVy)) < T + FERTR (6)

Note that oéH = 7. For each t € H choose a 0; € Sym(V) such that o;v = at/v for
all v € V satisfying Ut/,lcr,’v =v. Foreach ¢t € L?, taking s = ¢! in (6) we conclude that

PHamm (07, U;/) =< PHamm (O’t/,ldt/, id)

=< pHamm(U;—| 0}/, UéH) + pHamm(Ue/H ,id)

197 .
=< § + PHamm (T[e(;a id)
- 197 4
TR

19t T 23t
< — —_— =,
- 88 22 88

which in particular shows that pgamm(ov, o)) < t. Forall s, t € L we then have

PHamm (0507, Osr) < PHamm (O, Us/) + PHamm (0%, 0}/) + pHamm(O's/O}/, 0'5/[)

~+ PHamm (Osr» 0—3/;)
- 23t n 23t n 197 n 23t
- 88 88 88 88

For all distinct s, r € L2, since ¢(V) € X we have ojv # o/v for all v € Vg and hence

PHamm (05, 07) > PHamm(O’S/7 Ut/) — PHamm (0%, 0}/) — PHamm (07, (7;/)

23t 2371
=m0V =g T g
23
ST L. .
11 44
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Proof of Proposition 3.16. Let Ty be a function F(H) — [0, 0o0). Define the function

Yi : F(G) — [0, 00) by Yg(F) =2Yg(k(F, X)).

Since the action G ~ X has property sofic SC, there exists an Sg € F(G) such that
for any Tg € F(G) there are Cg,ng €N, Sg1, ..., Sng € F(G), Lg € F(G), and
0 < 76 < 1 such that, for any (Lg, 7G)-approximation 7 : G — Sym(V) for G with
Map,(Lg, TG, w) # @, there are subsets Wg and Vg ; of V for 1 < j < n¢ satisfying
the following conditions:

M 0%, Y6(S,)m( Ve ) < 1;

(ii) UgeSG 7 We =V;

(iii) if wy, wy € W satisfy mgw; = wy for some g € T then wy and w; are connected
by a path of length at most C in which each edge is an Sg j-edge with both
endpoints in Vg ; for some 1 < j < ng.

Set Sy = k(Sg, X) € F(H).

Let Ty € F(H). Set Tg = AM(Th, X) € F(G). Then we have Cg, ng, Sg.j for 1 < j <
ng, Lg, and 1 as above. Set Cy = Cg, ny =ng + 1, Sy j =« (Sg,j, X) € F(H) for
1<j<ng,andSy,, =Tn € F(H). Take 0 < 8y < 1/(6Yy(Ty)|Ty]). Also, set A =
LgUSgUTg UL, S6.j € F(G), Ly = Kk (A2100+C6) | x) e F(H), and

T = min{(rg/2)%, 81 /(4|Sg| - |A|?10+Ca))) > 0,
. ~1/2 12 = 2 1/2
Ty = min{n s200+c) T /BILul) ', T6/R22|Lu|"), 16/ RILH|"")} > 0.

Leto :H — Sym(V) be an (L g, Tr)-approximation for H with Map, (L, tH /2,0) #0.
Choose a ¢ € Map,(Ly, ta/2, o). Since Xg is dense in X, by perturbing ¢ if necessary
we may assume that ¢ € Map,(Lg, Ty, o) and ¢(V) C Xo. Define 7’ : G — vV by

”év = Ok(g.0()V

for all v € V and g € G. By Lemma 3.17 there is an (A'0+C6 | #5)-approximation 7 :
G — Sym(V) such that pgamm (7, ng) < g for all g € A109+C6 For each g € Lg C
A199+C6 we have

da (89, 97g) < da (89, 97,) + do(pmy, YTy

1 1/2
5( Zd(x(g,w(v))ga(v),so(ak<g,¢<v>>v)>2> + g

|V| veV

1 5 1/2 G
S(MZ ) d(rgo(v),gowtv))) +5

veV tek(g,X)
G

< @HILuD'? + 5

= 1G-

Thus ¢ € Map,(Lg, 76, ). Then we have Wi and V¢ ; for 1 < j < n¢ as above.
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We now verify conditions (i)—(iii) in Definition 3.1 as referenced in Definition 3.2.
Denote by V; the set of all v € V satisfying g, 5,0 = 7g, 74,0 for all g1, go € A100FC6,
Then m(V \ V}) < |A|P10+Co) 7. Also, denote by V, the set of v € V satisfying
g U = rrg,rrglv forallg € Aand g € AS6. Thenm(V \ V») < Tg|A|'TC6. Set Wy, =
WeNViNVa, and Wy = Wp, Uo, '(V\ Ujes, o0 Wp)- Then Uyes, onWn =V,
verifying condition (ii) in Definition 3.1.

Note that

m(Wg \ Wjy) < 1 —m( U ahW}_,)

hESH
<1 —m( U néW},)
8€Sc
=1 —m< U ngw;,>
8€Sg
= ISel(m(V \ Vi) + m(V \ V2))

< |Sg|(Fg|A[PU0TCA) 4 751 A|1FC0)

< dy.

Put Vy ; = Vg jforalll < j <ng, and

Vg = |J (W \ W) Uon(Wi \ W) Uo, (Wa \ Wp)).

heTy
Then
(Vi) < QITgl+ Dm(Wy \ W) < 3|Ty|8H,
and hence
ng ng
Z TSy, )m(Vy ;) = Tg(Tp)m(Vyuy) + Z TH«(Sc,j, X))m(Vg ;)
j=1 j=1

1 &
= YuTm(Viag) + 5 Y Y6(S6.,)m(Ve,))
j=1

<3Yu(Tw)|Tuldy + 3 <1,
verifying condition (i) in Definition 3.1. Let 4 € Ty and w, wy € Wy with o, w; = w».
If wy & W}, or wy & Wy, then (wy, wy) is an Sy ,,,-edge with both endpoints in Vg, .
We may thus assume that wi, wy € Wl/i. Then

— —_— / —
W2 = OpW1 = 70 (h g (wy)) W1 = Talhpw) W1 € T16W1

and so w; and wy are connected by a path of length at most Cg in which each edge is
an S¢,j-edge with both endpoints in V¢ ; for some 1 < j < n¢. Itis easily checked that
such an edge is also an Sy _j-edge. This verifies condition (iii) in Definition 3.1. [
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3.7. Property sofic SC under bounded orbit equivalence.

PROPOSITION 3.18. Let G ~ (X, ) and H ~ (Y, v) be free p.m.p. actions which are
boundedly orbit equivalent. Suppose that G ~ (X, ) has property sofic SC. Then so does
H~ (Y,v).

To prove this proposition we may assume that (X, u) = (¥, v), the actions G ~ X
and H ~ X are free, and the identity map of X provides a bounded orbit equivalence
between the actions G ~ X and H ~ X. Letk :Gx X - Hand A: H x X — G be
the associated cocyles.

For each g € G denote by &, the finite Borel partition of X consisting of the sets
Xgs:={x e X:gx =tx}fort € H,andlikewise forr € H denote by & the finite Borel
partition of X consisting of the sets X, for g € G. For every F in ¥(G) or F(H), write
FP = \/geF '@g'

The following is a specialization of [25, Lemma 4.2] to the case of bounded orbit
equivalence, which permits a simplification of the statement.

LEMMA 3.19. Let F € F(G) and set L =« (F% X)e F(H). Let 0 <t <1 and
0 <1t <t/(60|L%). Let o : H— Sym(V) be an (L, t')-approximation for H. Let
¢ € Hom, (22, L, t',0). Let " : F2 — VYV be such that

/ —_—
rrgv = Ok (g,A)V

forallg e F?, A e 2P and v € ¢(A). Then there is an (F, v)-approximation w : G —
Sym(V) for G such that pHamm (77, né) <<t/5forall g € F

Proof of Proposition 3.18. Let Yy be a function F(H) — [0, 00). Define a function Y :

F(G) — [0, 00) by YG(F) =2Y g (k(F, X)).

Since G ~ (X, ) has property sofic SC, there exists an Sg € F(G) such that for any
Tg € F(G) there are Cg, ng € N, SG15--»8Gng € F(G), a finite Borel partition 6
of X,an Lg € %(G), and 0 < g < 1 such that, for any (L, tg)-approximationw : G —
Sym(V) for G with Hom, (¢, LG, TG, w) # ¥, there are subsets W and Vg ; of V for
1 < j < ng satisfying the following conditions:

(1) Z;ﬁl Y6(Sg,j))m(Vg,j) < 1;

(ii) UgeSG 7 We =V;

(iti) if wy, wp € W satisfy mgw; = wy for some g € T then wy and w; are connected
by a path of length at most C¢ in which each edge is an Sg,j-edge with both
endpoints in Vg ; for some 1 < j < ng.

Set Sy = k(Sg, X) € F(H).

Let Ty € F(H). Set Tg = A(Ty, X) € F(G). Then we have Cg, ng, Sg,; for 1 <
J <ng, 66, Lg, and 16 as above. Set Cy = Cg, ny =ng + 1, Spj =«(Sg,j, X) €
F(H) for 1 < j<ng,and Sy, =TH € F(H). Take 0 < 8y < 1/(6Yy(Ty)|TH|). Set
U=LgUSgUTgU U;lil S6,j € F(G), Cn = (66)Lg V yrawice) PNV 1y P, Ly =
k(U2100+C6) | ¥y e F(H), and

TG = min{tg /4, 81/ (2|Sg| - |UP10FTCa)) > 0,
ty = min{7g /(60|Lu|?), 76/ Ik (Lg, X)|)} > 0.
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Leto:H — Sym(V)bean (L, ty)-approximation for H with Hom, (¢4, Ly, TH, 0)
non-empty. Take ¢ € Hom,, (€p, Ly, Ty, o). Define 7/ : U2(100+C6) . vV py

/
TV = Oie(g,A)V

forall g € U2190+C6) A € 2, and v € p(A). By Lemma 3.19 there is a (U '90+C6, 75)-

approximation w7 : G — Sym(V) for G such that pHamm(ng,ng,) <7tg for all g€
U100+CG.

Let g € L. We have
> mrep(A)Ap(gA) < Y m(rep(A)Amip(A) + Y m(myp(A)Ap(gA))

A5 A€Es Aes
< 2pHamm (7Tg, T) + Y Y m(ru0(AN B)Ap(g(AN B))).
A€6GBePy

For any A€ % and Be &, say h=«(g, B) € Ly, we have ng,q)(A NB) =
o,9(AN B) and p(g(AN B)) = ¢(h(A N B)), whence

Y m(rp(ANB)A@(Q(ANB)) = Y m(onp(AN B)Ap(h(AN B))) < .

Aebs A€bs
Therefore
I I
> m(rp(A)Ap(gA)) < 2pHamm(Tg. 7p) + Y > m(rye(AN B)Ap(3(AN B)))
Acbs Be Py Acts
<27 + Z TH
Be P,

G
< > + (g, Xt =< 6.
We also have

3 ImeA) —uAl < Y Im@(B) — u(B)] < 4 < 6.

A€(66)Lg BeCn

Therefore ¢ € Hom, (4G, LG, 76, w). Then we have Wg and Vg ; for 1 < j <ng as
above.

We now verify conditions (i)—(iii) in Definition 3.1 as referenced in Definition 3.3.
Denote by V| the setof v € V satisfying g, 4,0 = g g, v forall g1, g2 € U'90+C6 Then
m(V \ V}) < 7g|U2190+C6) - Also denote by V5 the set of v € V satisfying MgV =
né’,nglv for all g € U and g; € USG. Then m(V \ V») < 7g|U|'TC6. Set W), = Wg N
VinVy,and Wi = Wy Uo ' (V\ Ujes,, onWip)- Then U s, 0nWa =V, verifying

H
condition (ii) in Definition 3.1. Note that

m(Wy \ Wj) < 1— m( U ahwg,>

hESH

51—m< U néW}{)

8€Sg
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=1——m< Ljngwg)

8E€SG
[SgI(m(V \ V1) + m(V \ V2))

< |SGI(F6|UP10FCe) 4 751U HC6) < 8.

IA

Put (VH,j S (VG,]' foralll < j <ng, and

Vg = | (Wa \ W) Uon(We \ W) U, (Wi \ W)
hETH

Then
(Vi) < QITg|+ Dm(Wy \ W) < 3|Ty|8H,

and hence
nyg nG
Z Te Sy, j))m(Vy ;) = YTy (Tep)m(Vyuy) + Z TH«(Se,j, X))m(Vg ;)
j=1 j=1

1 &
= Yu T Vi) +5 Y X6(S6.,)m(Ve,))
j=1
<3Yu(Tw)| Tuldu + 5 < 1,

verifying condition (i) in Definition 3.1. Let 4 € Ty and wy, wy € Wy with o w; = ws.
If w; & W, or wa & Wy, then (w1, wy) is an Sp ,,,-edge with both endpoints in Vg .
Thus we may assume that wi, wy € W;I. Then w; € ¢(A) for some A € &;. Set
g = A, A) € Tg. Then

—_— —_— / —_—
Wy = opwW] = ngwl = TTgWwi,

and so wj and w; are connected by a path of length at most C¢ in which each edge is
an S¢,j-edge with both endpoints in V¢ ; for some 1 < j < ng. Itis easily checked that
such an edge is also an Sy _;-edge. This verifies condition (iii) in Definition 3.1. [

4. Topological entropy and continuous orbit equivalence
Our energies in this section will be invested in the proof of Theorem 4.1, which in
conjunction with Theorem 3.12 and Proposition 3.15 yields Theorem C.

THEOREM 4.1. Let G ~ X and H ~ Y be topologically free continuous actions on
compact metrizable spaces, and suppose that they are continuously orbit equivalent. Let
< be a collection of sofic approximations for G, and suppose that the action G ~ X has
property /-SC. Let T1 be a sofic approximation sequence for G in .#. Then

WH ~Y) > hn(G ~ X).

For the purpose of establishing the theorem we may assume, by conjugating the
H-action by a continuous orbit equivalence, that ¥ = X and that the identity map on X
is an orbit equivalence between the two actions. As usual we write k and A, respectively,
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for the cocycle maps G x X — H and H x X — G. As in §3.6, we take a dense G
subset X of X such that X is G % H-invariant and that both G and H act freely on Xg.

Fix a compatible metric d on X which gives X diameter no bigger than 1. Foreacht € G
(respectively, t € H) we can find an n; > 0 such that for any x, y € X with d(x, y) <,
we have k (¢, x) = k(t,y) (respectively, A(¢, x) = A(¢, y)), and for a non-empty finite
subset L of G or H we set n;, = min;¢y, n; > 0.

LEMMA 4.2. Let L € F(H) and 0 < 8, < 1 with T < 82 Set F = AM(L2, X) € F(G)
and

v/ = min{n, 272/ @8|F)'/2, t/ 22| F|*)} > 0.

Let 81 >0 be such that (v +78))"/?> <6. Let m:G — Sym(V) be an (F,7)
-approximation for G. Suppose that S € F(G) and that W is a subset of V satisfying
the following conditions:

(1) Te-1mew =w forallw € Wandg € S;

(i) memampw = mggpw forallg,h € S,a € A(L, X), andw € W;
(iii) m(UgGS W) > 1-961.
Take 0 < & < nsun,x) such that for any x,y € X with d(x,y) <3, one has
maXsek (S,X) d(tx, ty) < 81. Set

8 = 81"28,/(1S1"?ISA(L, X)S|'/?) > 0.

Let o be a map in Map,(F, t/, 7) N Map,(SA(L, X)S, &', w) with po(V) € Xo and ¢ a
map in Map,(SA(L, X)S, &', ) such that

Kk (g, po(w)) = Kk (g, p(w))

SJorallw € W and g € SA(L, X)S satisfying mew € W. Let 0 : H — Sym(V) be a map
such that paamm 0y, /) < T forallt € L, where ¢’ : H — VViis given by

/
0V = T (t,p0(v))V

forallt € Handv € V. Take ¢ : V — X such that p = ¢ on W and such that for each
v € Uges g W one has

P(v) = k(g, po(w)p(w)
for some g € S and w € W with mgw = v. Then ¢ € Map,(L, §, o).
Proof. Foreacht e HsetV, ={veV :ov=o0/v}.Thenm(V,) >1—rtforalls € L.

Denote by V,, the set of all v eV satistying d(ge(v), ¢(mev)) <6, for all
g € SA(L, X)S. Then

8/ 2 8
1
m(V \ Vy) < ISA(L, X)S|(g) =5
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We define V,, in the same way, and get m(V \ V) < 81/|S]. Set W' = W NV, N Vg,
and V' = (UgES W)\ (UgeS Tg(V\ (Vy N Vyy))). Then

m(V’) > m( U ngW> —[SI-m(V\ Vo) — [S]-m(V \ Vi) = 1 —36;.
gesS

Lett € L,v; € V;NV’/, and v, € V' be such that o;v; = vy. Then we can find some
g1, &2 € S and wi, wy € W such that Tg,Wj =V and ¢(v;) =« (g, po(w;))e(w;) for
j =1,2.8Since v; € V’, we actually have w; € W’. We also have

Wy =7 —1V) =TT _—107V]
2 82

g
=7 10V
g 1 1
= T 1 Talt.po(v)) V1
= T 1 Tt (0) Ty W1
= o o 1

Observe that

d(g1po(w1), po(v1)) = d(g1eo(w1), go(mg w1)) < 82 < MuwL,x)

and
d(po(w2), g5 ' A1, go(vi))gigo(wi))
= Q0T 1, 1 ooy W1- 82 AL @O WD)ZIRO (W) < 83 < s,
and hence
Kk (A, po(v1)), g190(w1)) = Kk (A(F, po(v1)), wo(v1)) = ¢
and

k(g5 A, o) greo(w)) = K (g2, g5 At po(v))gigo(wi)) ™ = k(ga, go(wa)) ™.

Therefore

k(g 't pow)g1, po(wn))
= K(gz_l’ At po(v1))g1po(w1))k (A(F, o (v1)), g1wo(wi))k (g1, po(wi))
= K (82, 9o (w2)) 'tk (g1, po(w)).
We then get

K (g2, po(w2)) '@ (v2) = @ (w2)
s, 85 Mt go(v1))g1o(wr)
= k(g5 "M, po(w)g1. p(w1)e(wy)
= k(g5 'A(t, po(w)g1, o (wi))e(wy)
= k(g2 o(w2)) ' tx(g1. o(w1))e(wr)
= k(g2 po(w2)) ' 1G (1),
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and consequently d(¢(v2), t@(v1)) < 8;. We conclude that
dr(t, §or) < (T + 681 + 6DV < (x +78)V* <8

and hence that ¢ € Map,(L, 8, o). O

Proof of Theorem 4.1. Let Il = {mx : G — Sym(V)}Z2, be a sofic approximation
sequence in . with Ag(G ~ X) > 0. Let ¢ > 0. To establish the theorem it is
enough to show the existence of a sofic approximation sequence ¥ for H such that
hy(HNY) > hl”"_[’z(G ~ X) — 2e.

For each F € 7(G), since « : G x X — H is continuous there exists a finite clopen
partition .22 of X such that for every g € F the map x — « (g, x) is constant on each
member of p 2. Define T : F(G) — [0, 00) by Y(F) = (2/¢) log |r £2|.

Take a decreasing sequence 1 > §; > §, > - - - converging to 0. Take also a decreasing
sequence 1 > 1) > 1 > - - - > 0 with ‘Ck2 < & for all k. Choose an increasing sequence
{Lx} in F(H) with union H.

For each k € N, set Fy = A(L?, X) C G and T = ALy, X) C Fr.

Since G ~ X has property .#-SC, there is some S € F(G) such that for each k € N,
there are Cy,ng € N, Se1, ..., Sk € ?(G), F,f € F(G), and 82 > ( such that for any
good enough sofic approximation 7 : G — Sym(V) in . with Mapd(ij , (SIE, ) # ) there
are subsets W' and V; of V for I < j < ny satisfying the following conditions:

@ X TS Hm V) < 1

(i1) Uges T W =V,

(i) if wy, wy € W' satisty mow; = wy for some g € Ty := ST|'S € F(G) then w; and
wy are connected by a path of length at most Cy in which each edge is an S j-edge
with both endpoints in V; for some 1 < j < ny.

Take &’ > 0 such that for any x, y € X with d(x, y) < &’ one has d(gx, gy) < /8 for

every g € S.

Fix k € N. Set

v = min{n, 27,/ BIFkD'/?, 7/ (221 Fil )} > 0.

Let 0 <81 < 1/2 be such that (zx +78;.1)'/% < & and ((¢/4)> +8.)'/? < /2.
Take O < k2 <nr, such that for any x,y e X with d(x,y) <6, one has
maxsex(s.x) d(1x, 1) < 8. Set 8§ = §;/78c2/(1SIV21TlY?) > 0 and me =,
By Stirling’s formula there is some 0 < yx < &,1/(3|S]) such that for any non-emptj}jﬁni’te
set V the number of subsets of V with cardinality no bigger than y;|V | is at most e¢!V1/2_ Set
Si= UL, Sk.j)C* € F(G) and 8] = min{8}, min{ni, £/16}(yx /1S U SN2, 7} > 0.

Take an mj > k large enough so that

v log Ne(Mapy(Tx U S U Fi U FY, min{8}//2, 87}, 7m,), da)
mg

> max{0, h’f-[’z(G ~ X) — &}
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and so that m,, : G — Sym(V,,) is an ([, r,i)-approximation for G and also a good
enough sofic approximation for G to guarantee the existence of W’ and Vi, ..., V,, as
above. Denote by V,, the set of all w € V,,, satisfying

1v)  Tmpegw =W,

(V) Ty o1 T gw = w forall g € S,

(V) T e TmpaTTmg h W = Ty ganW forall g, h € Sanda € T},
(Vi) T ghW = Ty ¢ pw forall g, h € Sg,
(viil)  7T,gW # Ty pw for all distinct g, 2 in Ty U Sg.
Taking my sufficiently large, we may assume that m(mG) > 1 —6k.1/@3IS).

Take a (dy, &)-separated subset ® of Map, (Tx U Sy U Fy, 8/ /2, m,y,) with maximum
cardinality. Since X is dense in X, we may perturb each element of & to obtain a
(da, €/2)-separated subset @1 of Map, (T U Sx U Fy, 8;{’, T, ) With

such that ¢(V,,,) € Xy forall ¢ € ®;.
For each v € Map,(Tx U Sx U Fy, 8}/, 7, ), using the fact that 8 < min{n, £/16} x
Ve /|Sk U Sl)l/z, we have m(Vy,) > 1 — y; where

Vy = {v € Vi, : d(g¥ (v), ¥ (7Tmy,gv)) < min{ng, ¢/16} for all g € S U S}.
Thus there is a subset @, of ®; such that V,, is the same for all ¢ € ®; and
@] < |DyfeVml/2,

Set W=WwW'n mG NV, C Vi, for ¢ € ®5. Then

m( U nmk,gW>

ges

> m( U nmk,gw’> - m( U s (V mG)) - m< YESUA V(p))
ges ges ges
Sk.1

Zl—T—Vk|S|Zl—5k,1-

For each v :V,, — X, define O(Y) ¢ 1‘[;?’;1 HS%>Vi by OW)(g),vj) =
k(gj, ¥(vj)) forl < j <ngand(gj,v;) € S; x V;. Then
ng ng g
|®(XV’"1<)| < l_[ |Sk,j @|\Vj| — l_[ e(S/Z)Y(Sk,j)\(VjI — 6(8/2) Zj:l Y (Sk, )V < eSImG\/z.
j=1 j=1
Thus we can find a subset ®3 of ®; such that ®(¢) is the same for all ¢ € ®3 and
|®a] < [@3fe”!Vml/2,

We claim that for any g € Ty and wi, wp € W with 7, sw; = w2, the element
k(g, p(w1)) € H is the same for all ¢ € &3. If w; = wy, then g = e and hence
k(g, p(wy1)) = ey forall ¢ € ®3. Thus we may assume that w; #= wy. We can find/ < Cy,
gl,...,8 €G, w :wﬁ,w’z,...,wl’Jrl = wy in V,,, such that for each 1 <i </ one

https://doi.org/10.1017/etds.2021.154 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.154

938 D. Kerrand H. Li

/ / / / . : /
has 7, g, w; = Wiy, &i € Sk,ji and w;, w;, | € Vj, for some 1 < j; < ng. Since w] €
W C V,, we have

r_ ;o
Tmi,gigi—1--&1 W1 = Tmp.gi Tmy.gi—y *° * Tmp,gg W1 = Wig

. . /o / _ /
forall 1 <i <. In particular, 7y, g g_,..q W] = Wi = T gWis and hence

8i8i-1-++81=28§.

Notethatwﬁ e WCV,forallgp € @3 C ®y.Foreach0 <i </ —1andg € ®3, we have

8igi—1---&1 € Sk, and hence d(gigi—1 - - - g19(W}), (T g;gi_1 g1 W) < Mk, Which
implies that
K(gi—i-lv 8i8i—1" " gl‘/’(wi)) = K(gi—H, (P(ﬂmk,g,-g,-_|~-»g1w/1))~
Then
-1
k(g W) = k(gigi1 -+ - g1, o)) = [ [ cgiv1, gigio1 -+ - g19pw)))
i=0
-1
= H K(8it1, (T gigi—1--g1 w/l))
i=0
-1
=[] xCiri, ey )
i=0
-1
=[] oW (git1, wi,)
i=0
is the same for all ¢ € ®3. This proves our claim.

Vin
Fix one g € ®3. Define o) : H — V,,,* by
O sV = Tt po(0)V

forall t € H and v € V. By Lemma 3.17 there is an (L, Tx)-approximation oy : H —
Sym(V,,,) for H such that pgamm (0%, ‘712,;) < 1 for all t € L. For each ¢ € @3 take a

¢ : Vi, — X such that ¢ = ¢ on W and such that for each v € [, 7m;,¢ W one has

o) = Kk (g, po(w))p(w)

for some g € § and w € W with 7, w = v. We may require that g and w depend only
on v, and not on ¢ € ®3. By Lemma 4.2 we have ¢ € Map,(Lk, 8k, ok).

Let ¢ and ¥ be distinct elements in ®3. Since da (@, ¥) > /2 > ((¢/4)* + Sk,1)1/2 and
m(Ug€S Tmg,g W) = 1 — 8.1, we have d(¢(v), ¥ (v)) > ¢/4 for some v € UgeS e W.
Then v = 7, gw for some g € S and w € W such that ¢(v) =k (g, go(w))e(w) and
1/7(1}) =k (g, po(w))¥ (w). Using the fact that w € W C V,, = Vy;,, we have

d(gep(w), gy (w))

> d(@(Tmy,g W), ¥ (Timy,gw)) — d(@ Ty g w), go(W)) — d(WY (Ty,gw), ¥ (w))
& & & &
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From our choice of & we get d(¢(w), ¥ (w)) =d(p(w), ¥(w)) > &'. Therefore
D3 = (@ : @ € D3} is (doo, &')-separated and |®3| = |®3]. Thus

1 ~ 1
log Nes(Map (Lk, 8k, 0k), doo) = log [®3] = log | @3]
| Ving | [Ving |

| Vi |

=

log @] —¢
[ Ving|

> hi,(G ~ X) — 2e.

Now X = {ox}ren is a sofic approximation sequence for H. For any finite set L C H
and § > 0, we have L C L and § > § for all large enough &, and hence

lim log Ny (Map, (L, 8, 03), doo) > lim

k=00 | Vi, | k=00 |Vin, |

> hfo(G ~ X) — 2e.

log Né‘/ (Mapd(Lk9 8’(’ Gk)3 dOO)

Taking infima over L and §, we obtain

he(H ~ X) = h oo (H ~ X) = he5(G ~ X) — 2. O

5. Measure entropy and bounded orbit equivalence
In this final section we establish Theorem 5.2, which in conjunction with Proposition 3.15
yields Theorem A.

For a general reference on the C*-algebra theory and terminology used in the following
proof, see [31].

LEMMA 5.1. Let G ~ (X, ) and H ~ (Y, v) be orbit equivalent free p.m.p. actions

and suppose that H ~ (Y, v) is uniquely ergodic. Then there are a zero-dimensional

compact metrizable space Z, a continuous action G x H ~ Z, and a G x H-invariant

Borel probability measure 1z on Z of full support such that:

1) G ~ (Z, uz) is measure conjugate to G ~ (X, u) and H ~ (Z, uz) is measure

conjugate to H ~ (Y, v);

(i) H ~~ Z is uniquely ergodic;

(iii) there is a G x H-invariant Borel subset Zo of Z with uz(Zy) =1 such that
Gz = Hz for every z € Zy.

If, furthermore, G ~ (X, u) and H ~ (Y, v) are boundedly orbit equivalent then we may

demand that both G ~ Zy and H ~ Z be free and that the cocycles k : G X Zo — H

and ) : H x Zy — G extend to continuous maps G x Z — H and H x Z — G, so that

G ~ Z and H ~ Z are continuously orbit equivalent.

Proof. We may assume that (X, u) = (Y, v) and that Gx = Hx for every x € X. Denote
by # the o-algebra of Borel subsets of X. Denote by ¢ the mean f > fX f du on
L*(X, p).

Let V be a finite subset of 8. We claim that for every ¢ > 0 there is a finite subset W
of % containing V such that for any mean 1 on L*°(X, ) satisfying ¥ (s14) = ¥ (14)
for all s € H and A € W one has |p(14) — ¥ (14)| < ¢ for all A € V. Suppose to the
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contrary that for some ¢ > 0 and every finite subset W of % containing V there is a
mean Yy on L®(X, ) satisfying yryw(s14) = Yw(ly) forall s € H and A € W and
maxaey |@(l4) — ¥w(la)| > €. Then any cluster point ¥ of the net {¢/y} (with index
directed by inclusion) is H-invariant and maxsecv |@(14) — ¥ (14)| > €. This contradicts
the unique ergodicity of H ~ (X, u), thus verifying our claim.

For any countable subset V of 4, writing V as the union of an increasing sequence
{ Vi }x of finite subsets of V and taking a sequence {&i}; of positive numbers tending to 0,
we conclude from above that there is a countable subset W of % containing V such that
for any mean v on L™ (X, u) satisfying ¢ (s14) = ¥ (14) forall s € H and A € W one
has ¢(14) =¥ (14) forall A e V.

For a given countable set &7 C 28, denote by 2/’ the G % H -invariant subalgebra of %
generated by <7, which is again countable. Take a countable subset @7 of & such that
for any distinct x, y € X one has 14(x) # 14(y) for some A € <7 . Inductively, having
constructed a countable subset o7, of %, we take a countable subset 27| of % containing
Ja%;( such that for any mean ¥ on L% (X, ) satisfying ¥ (s14) = ¥ (14) forall s € H and
A € oy1, one has p(14) = Y (1) forall A € 7.

Now we put /= |, @%. This is a countable G % H-invariant subalgebra of %. For
any mean ¢ on L*°(X, ) satisfying ¢ (s14) = ¥ (14) forall s € H and A € <7 one has
@(14) = ¥ (14) for all A € /. Denote by 2 the G x H-invariant unital C*-subalgebra of
L% (X, ) generated by the functions 14 for A € <7 Then 2 is the closure of the linear
span of the functions 14 for A € &/in L (X, ). Thus every state of 2l is determined
by its values on the functions 14 for A € o7 Since every state of 2 extends to a mean of
L*>(X, u), we conclude that ¢|g is the unique H-invariant state on 2I.

Define a G % H-action on {0, 1}*(G*H) by (sw)a, = wy -1, forw € {0, 1} % (G+H)
A€ g and s,t € Gx H, and consider the G x H-equivariant Borel map 7 : X —
{0, 1Y (G*H) given by 7 (x) 4, = 14t~ 'x) = 1,4(x) forx € X, A€ S, and1 € G x H.
Since 7] C 7, the map 7 is injective and hence is a Borel isomorphism from X to 77 (X)
[20, Corollary 15.2]. Put puz = meu and Z = supp(uz). Then Z is zero-dimensional
and pz is a G * H-invariant Borel probability measure on Z of full support. Put Zy =
m(X)N Z. Then Zy is G * H-invariant with uz(Zg) = 1, and Gz = Hz for all z € Zy.
The pullback map 7* : C(Z) — L*°(X, n) is a G * H-equivariant x-homomorphism.
From the Stone—Weierstrass theorem we get 7*(C(Z)) = 2. Since Z is the support of
744, the map 7* is injective and hence is an isomorphism from C(Z) to 2(. Thus C(Z)
has a unique H-invariant state, which means that H ~ Z is uniquely ergodic.

Now assume that G ~ (X, n) and H ~ (Y, v) are boundedly orbit equivalent. By
passing to suitable invariant subsets we may assume that G ~ X and H ~ X are both
genuinely free and that the cocycles k' : G x X — H and A’ : H x X — G are both
bounded. Adding more sets to 7], we may assume that for every ¢t € G (respectively,
t € H) there is a finite partition &2 of X contained in .| such that «’ (respectively, 1) is
constant on {r} x P forevery P € &. Then we can extend k (respectively, 1) continuously
to G x Z — H (respectively, H x Z — G). O

THEOREM 5.2. Let G ~ (X, u) and H ~ (Y,Vv) be free p.m.p. actions which are
boundedly orbit equivalent. Let . be a collection of sofic approximations for G. Suppose
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that G has property .#-SC and that the action H ~ (Y, v) is uniquely ergodic. Let 1 be a
sofic approximation sequence in .. Then

hy(H~Y)>hn(Gn X).

Proof. Combine Lemma 5.1, Theorem 4.1, and the variational principle [24, Theorem
10.35]. O
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