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Abstract
We propose a new primal-dual interior-point algorithm based on a new kernel function
for linear optimization problems. New search directions and proximity functions
are proposed based on the kernel function. We show that the new algorithm has
O(J/nlognlog(n/e)) and O(/nlog(n/e)) iteration bounds for large-update and
small-update methods, respectively, which are currently the best known bounds for such
methods.
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1. Introduction

In this paper we propose a new primal-dual interior-point method (IPM) for the
following standard linear optimization (LO) problem:

min{c’x : Ax = b, x > 0}, (1.1

where A € R™*", ¢, x € R", and b € R™. Without loss of generality, we assume that
m < n and rank(A) = m. The dual problem to (1.1) is

max{bTy: ATy +s5s=c,5s>0}, (1.2)

where y € R” and s € R".

Since Karmarkar’s paper [13] in 1984, IPMs have shown their efficiency in
solving large-scale linear programming problems with a wide variety of successful
applications. In this paper we propose a new primal-dual interior-point algorithm
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which is the most efficient from a computational point of view [3]. It is generally
agreed that the iteration complexity of the algorithm is an appropriate measure for its
efficiency [10].

Most polynomial-time interior-point algorithms for LO are based on the logarithmic
kernel function [3, 9, 12, 19]. Peng et al. [15, 16] proposed a new variant of IPMs
based on self-regular kernel functions and achieved so far the best known complexity,
O(/n log nlog(n/e)) for large-update methods with a specific self-regular function.
Roos et al. [4-8, 10, 11] proposed new primal-dual [IPMs for LO problems based on
eligible kernel functions. They also proposed a scheme for analysing the algorithms
based on four conditions on the kernel function [5] and obtained an O(y/n log(n/€))
iteration bound for small-update TPMs in all cases and an O(/n logn log(n/¢))
iteration bound for large-update methods with a specific kernel function [4]. At
present, the open question in this area is the existence of a kernel function whose
complexity bound for large-update methods is the same as or better than the best
known complexity result. Recently, Amini and Haseli [1] proposed a generalized
version of the kernel function in [5], achieved the best known iteration bound for
large-update methods for LO and extended to linear complementarity problems [2].
Motivated by their work, we define a new kernel function and propose a new primal-
dual interior-point algorithm for LO based on this kernel function. We analyse the
complexity for large-update and small-update methods based on the kernel function
and obtain O(y/n log n log(n/€)) and O(y/n log(n/€)) iteration bounds, respectively,
which are the best known results so far.

The paper is organized as follows. In Section 2 we recall the generic IPM and the
motivation for the new algorithm. In Section 3 we define a new kernel function and
give its properties which are essential for complexity analysis. In Section 4 we derive
the complexity result for the new algorithm.

We use the following notation throughout the paper. We let R’} and R’} , denote
the set of n-dimensional nonnegative vectors and positive vectors, respectively. For
x,s € R", xpin and xs denote the smallest component of the vector x and the
componentwise product of the vectors x and s, respectively. We let e denote the
n-dimensional vector (1, 1,...,1). For x,s €eRY, and u >0, we define v:=
Vxs/w, v~!:=./uwe/(xs) whose ith components are /x;s;/; and /11/(x;s;),
respectively. We denote by X the diagonal matrix obtained from a vector x, that
is, X =diag(x). For f(x), g(x) : R4y — Ry, we write f(x) = O(g(x)) if there
exists a positive constant ¢y such that f(x) <cig(x) and f(x) = ®(g(x)) if there
exist positive constants ¢ and c¢3 such that c;g(x) < f(x) < c3g(x), for all x > 0.

2. Preliminaries

In this section we recall some basic concepts and the generic IPM. Without loss
of generality, we assume that both (1.1) and (1.2) satisfy the interior-point condition
(IPC) [17], that is, there exists (xo, yo, sO) such that

Axozb,x0>0, ATy0+s0=c,s0>O.
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By the duality theorem [17, Theorem II.2], finding an optimal solution of (1.1)
and (1.2) is equivalent to solving the following system:

Ax =b, x >0, ATy—f—s:c,sZO, xs =0. 2.1)

The basic idea of primal-dual IPMs is to replace the third equation in (2.1) by the
parameterized equation xs = pe with u > 0. We now consider the following system:

Ax =b,x >0, ATy—|—s=c,s>0, Xs = ue. 2.2)

If the IPC holds, then (2.2) has a unique solution for each p > 0 [14]. We denote this
solution by (x(u), y(u), s()) and call x(u) the p-centre of (1.1) and (y(u), s(u))
the p-centre of (1.2). The set of u-centres, p > 0, is called the central path of (1.1)
and (1.2) [18]. The limit of the central path as u goes to zero exists and since the limit
point satisfies (2.1), it naturally yields the optimal solution for (1.1) and (1.2) [17].
Primal-dual IPMs follow the central path approximately and approach the solution
of (1.1) and (1.2) as u goes to zero.

For given (x, y, s) := (x?, y0, s9), by applying Newton’s method to system (2.2)
we have the following Newton system:

AAx =0, ATAy—i—As:O, SAX + xAs = e — xs. 2.3)

Since A has full row rank, (2.3) has a unique solution (Ax, Ay, As) which is called
the search direction [17]. By taking a step along the search direction (Ax, Ay, As),
one constructs a new iterate (x4, yy, s4),

Xy =x+alAx, yr=y+oaAy, sy=s5+aAs, 2.4)

for some « > 0.
To motivate our new algorithm we define the following scaled vectors: for (x, s) >0
and u > 0,
dy :=vAx/x, ds:=vAs/s. (2.5)

Using (2.5), we can rewrite system (2.3) as follows:
Ad, =0, ATAy+d;=0, di+di=v'—nv, (2.6)

where A := (I/M)AV_lX, V :=diag(v), and X := diag(x). Note that the right-hand
side of the third equation in (2.6) equals the negative gradient of the logarithmic barrier
function ¥ (v), that is,

dy +ds = -V (v), 2.7

where . .
W)=Y i), Yty =Y (> = 1)/2 —log1).
i=1 i=1
We call y; the classical logarithmic kernel function of W;(v). In this paper we replace

Y (t) with a new kernel function ¥ (¢) which will be defined in (3.2). In what follows,
and throughout the paper we assume that T > 1.
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The generic interior-point algorithm works as follows. Assume that we are given a
strictly feasible point (x, y, s) which is in a t-neighbourhood of the given p-centre.
Then we decrease p to puy = (1 —68)u, for some fixed 6 € (0, 1), and then solve
the Newton system (2.3) to obtain the unique search direction. The positivity of a
new iterate is ensured by an appropriate choice of the step size o which is defined
by some line search rule. This procedure is repeated until we find a new iterate
(x4, y+, s4+) that is in a T-neighbourhood of the 1 -centre, and then we let p := 4
and (x, y, s) := (x4, ¥+, s+). Then p is again reduced by the factor 1 — 6 and we
solve the Newton system targeting at the new . -centre, and so on. This process is
repeated until x is small enough, say until np < ¢.

Generic primal-dual algorithm for LO

Input:

a threshold parameter T > 0;

an accuracy parameter & > 0;

a fixed barrier-update parameter 6, 0 <6 < 1;

(x9, 59 and p0 := 1 such that ¥;(y/x%%/u0) < ;
begin

x:=x% s:=50% =l

while nu > ¢ do

begin
wi=1—0)u;
while ¥;(v) > 7 do
begin

solve system (2.3) for Ax, Ay, As;
determine a step size «;

X :=x+alAx;
s:=5 + aAs;
yi=y+aly;
Vi= XS/
end
end
end

REMARK 2.1. If 8 is a constant independent of the dimension of the problem, n, for
example 0 = 1/2, then we call the algorithm a large-update method. If 6 depends on n,
for example 6 = 1//n, then the algorithm is called a small-update method.

3. The new kernel function

In this section we define a new kernel function which is neither self-regular nor
logarithmic and gives the best known complexity result. We call ¥ : Ry — R4 a
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kernel function if i is twice differentiable and satisfies the following conditions:
YD) =v1)=0, ¢"()>0,1t>0, lir(r)l+ v(t) = tlim Y(@)=o0c0. (3.1
t— — 0

Now we define a new function v (¢) as follows:

21 eP®=-D _1q

Y() = , p=1g>1,t>0, (3.2)

2 rq
where g(f) := ¢ ~'=1_ Then we have the following:

V(1) =t — eP 8O Dg(r)r =2
V(1) =14 ePCD=Ve)t=*(pgg(t) +q + 21),

3.3)
¥ (1) = —eP@O=De0)=%(p>q*g(1)* + 3pg*g (1)
+ 6pqg(t)t + ¢ + 6qt + 6t2).
From (3.3), ¥(¢) is clearly a kernel function and
v (t)>1, t>0. (3.4)

In this paper, we replace the function W (v) in (2.7) with the function W (v) defined as
follows:
dy +ds = —V¥(v), 3.5

where ¥ (v) = Zf: 1 ¥ (v;) with ¥ () defined by (3.2). Hence the new search direction
(Ax, Ay, As) is obtained by solving the following modified Newton system:

AAx =0, ATAy + As =0, sAx+xAs=—uvV¥(v). (3.6)

Note that d, and d; are orthogonal because the vector d, belongs to the null space and
dj to the row space of the matrix A. Since d, and d; are orthogonal, we have

Yw)=0cv=esVVW)=0&d,=d; =0 x=x(u) and s = s(u).

We use W (v) as the proximity function to measure the distance between the current
iterate and the p-centre for given p > 0. We also define the norm-based proximity
measure §(v) as follows:

() =3 IVW @Il = 3 lldx + ds . 3.7)
LEMMA 3.1. For yr(t), the following results hold:
(1) ¥ (¢) is exponentially convex, that is,
(V) S S @) + ¥ (0), hh>0;

(i) ¥"(¢) is monotonically decreasing, t > 0;
Gii) " () —¥'(t) >0, t > 0;
(iv) 20" @)* = ' OY" () > 0,1 > 0.
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PROOF. For (i), by [16, Lemma 2.1.2], it suffices to show that ¥ (¢) satisfies
ty" (@) + ' () > 0,¢ > 0. For t > 0, using (3.3),

1" (1) + ' (1) = 2t + ePED Do)t (pgg(t) + g +1) > 0,

with g(¢) defined as before. For (ii), from (3.3), ¥/ (t) < 0, t > 0. For (iii), using (3.3),
we have for r > 0,

" (1) — ¥ (1) = P SO Ve ()1 (pgg(t) + ¢ + 31) > 0.

For (iv), using (3.3), we have for ¢ > 0,

2" (1) =¥ Y (1) =24 PO Ve) ¥ (10pgg (1)1 + 10g1*
F 1415 4 p2qReP @OV g(1)? 4 ¢2ePEO=D g(p)
+ 2€p(g(')_1)g(t)t2 + quep(g(l)—l)g(t)Z
+ 2pqep(g(t)_1)g(t)2t + zqep(g(l)—l)g(t)t
+ quzg(t)2t3 + 3pqze”(g(t)_1)g(t)t3) > 0.

This completes the proof. O

LEMMA 3.2. For ¥ (t), the following results hold:

(i) ¢ —1D22<vy() < @' 1)%/2, t >0;
() v <(pg+qg+3Ht—1?/2,p>1,g>1,1t>1.

PROOF. For (i), using the first condition of (3.1) and (3.4),

t € tré 1 )
lﬁ(t)Z// lﬁ"(§)d§d€2// dCdSZE(t—l) )
1J1 1J1

which proves the first inequality. The second inequality is obtained as follows:
t p& t ré
v = [ [ voacae< [ v@wicac
1 1

t t 1
=/1 1/f”(§)1//($)d$=/] W(é)dv/(é)=5(1//(t))2.

For (ii), using Taylor’s theorem and noting that v (1) = ¢'(1) =0, ¥"(¢) < 0, for all
t>0,and v"(1) = pg +q +3,

1 1
Y =)+ (D@ —1) + 51//”(1)0 - D>+ 5]#”(5)(5 -1’

3
_ P4 +2f1 + - 12

= Y= D+ 966 — 1)
=5V i‘/f £)(&

for some &, 1 <& <t. This completes the proof. |
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LEMMA 3.3 ([5, Lemma 2.4]). If ¥ (¢) satisfies Lemma 3.1(ii) and (iii), then ¥ (t)
satisfies

YOy (B — BY' Y (B >0, t>1,>1

REMARK 3.4. Let ¢(1) = (e?©@O=D _1)/(pg). Then (1) = (1> — 1)/2 + ¢(1).
Since ¢/ (1) = —P8D=Dg(1)1=2 < 0, ¢(r) is monotonically decreasing with respect
tot > 0.

Let 0:[0,00) — [1,00) be the inverse function of ¥ (t) for r>1 and
0 : [0, 00) — (0, 1] the inverse function of —'(¢)/2 for t € (0, 1]. Then we have the
following lemma.

LEMMA 3.5. We have:

() V2u +1 <o) <1+~ 2u,u>0;
(i) p(z) = 1/(1 + g~ log(1 + p~'log(1 + 22))), z > 0.

PROOF. For (i), letu = ¢ (¢) for¢t > 1. Then o(#) =1, ¢ > 1. Using Lemma 3.2(i), we
have u = ¥ (t) > (t — 1)?/2. Then

t=o0@) <1+~ 2u.

By the definition of ¢(¢), we have u = ¥ (¢) = (1 — 1)/2 + ¢(t). Using Remark 3.4
and (1) =0, we have ¢(¢) <0, t > 1. Hence,

2R2=u+1/2—@@)>u+1/2.
Thus

t=o0w)>~2u—+1.

For (ii), let z = —¢/(r) /2 for 0 < ¢ < 1. Due to the definition of p, p(z) = for z > 0.
From (3.3), we have —f 4+ e?©@O~=Dg()=2 =2z and

P8O Doy 2 =1 42:<1+42z, O0<t<I. (3.8)
By taking the logarithm of both sides of (3.8), we obtain
p(g(®) — 1) +q@™ " —1)—2logr <log(l + 2z).

Since0 <t <1,
g(t) <1+ p~log(l +22). 3.9)
Taking the logarithm of both sides of (3.9), we obtain

q(t™' = 1) <log(l + p~'log(1 + 22))

and hence
7' <1447 "log(1 + p~log(l + 22)).
That is,
1
)=12= .
PR 1+ q log(1 + p—log(1 + 22))
This completes the proof. O
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LEMMA 3.6. Let B> 1. Then yr(Bt) < ¥ (1) + t>(B> — 1)/2.
PROOF. Using Remark 3.4, we have ¢(8¢) — ¢(¢) <0 for 8 > 1. Hence
Y (B = (B> = 1)/2+ ¢(B1)
= (® = 1)/24 o) + (B = 17)/2+ p(Bt) — (1)
=y () + (B —11)/2+ 9(B) — (1)
<y + 2B - 1)/2.
This completes the proof. u

Using Lemma 3.3, we have the following. The reader can refer to [5, Theorem 3.2]
for the proof.

LEMMA 3.7. Let g : [0, 00) — [1, 00) be the inverse function of Y (t), t > 1. Then

W(Bv) <ny(Bo(¥(v)/n)), veRL =1

In the following theorem we compute two upper bounds for the effect of a y-update
on the value of W (v).

THEOREM 3.8. Let0<0 <l and vy =v/+/1 — 0. If ¥ (v) <, then:

(i) W(vy) < 2T + 60+/8nT +6n)/(2(1 — 0));
(i) W(vy) < (V16 +~21)*(pg +q +3)/2(1 — 6)).

PROOF. For (i), using Lemma 3.6 with 8 = 1/+4/1 — 0, we obtain

S ! ol
W(vy) =W(v) = ;(wm) + 5 (8% - l)v?) =V g (10

By the first inequality in Lemma 3.2(i) and the Cauchy—Schwarz inequality,
n n
W) =2 Y) =Y (wi— D =v|*=2e"v+n> (o] - llel)>.
i=1 i=1
Hence,

vl < llell + V2% (v) = V1 + /2% (v). (3.11)

From (3.10), (3.11), and ¥ (v) < t we have

V() V@) + ——— 20 —0) QY (v) + /8nW¥(v) + n)
< 2(1 _9)(2‘5 + 0+ 8nt + 0n).

For (ii), since 1/4/1 —6 > 1 and o(W(v)/n) > 1, we have o(V(v)/n)/+/1 —6 > 1.
Using Lemma 3.7 with 8 =1/+/1—6, Lemma 3.2(ii), the second inequality in
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Lemma 3.5(i), and ¥ (v) < 7,

Q(‘I’(U)/")) _(pata+3m (g(\vw)/n) ~ 1>2
V1—6 B 2 V1-0

V(vy) < HW(

_(pg+q+3)n (Q(‘I'(v)/n) —J1= 9)2
a 2 N

- (pq+q+3)n(1 + V2t /n — /1 —9)2
= 2 J1—6

_ (pg+q+3)n (9 + N/_zr/n)z
= 2 NS

_ ”24(“;—11;33(\/50 +27)2, (3.12)

where the last inequality holds because

1-VT—0=0/1+J1-0)<6, 0<0<1.

This completes the proof. O
Define

240 Bat+on - 3
By EEOVERT RO G PAYANI g o),

0= : 2(1—0)

) (3.13)

We will use W and Wy for the upper bounds of W (v) for large-update and small-update
methods, respectively.

REMARK 3.9. By Theorem 3.8 and the assumption that W (v) < t just before the
update of p, ¥ (v4) < min{ Wy, \Ilo}. For large-update methods with t = O(n) and
6 = ©(1), we have Wy = O(n), and for small-update methods with t = O(1) and
6 = ©(1//n), we have ¥y = O(pg + q).

4. Complexity analysis

In this section we compute a proper step size and the decrease of the proximity
function during an inner iteration and give complexity results for the algorithm.
For fixed p, if we take a step size «, then we have a new iterate x4 = x + o Ax,
s+ =58 + aAs. Using (2.5),

Ax dy X
xp=x|leta— |=xle+aoa— )=—-(+ady)
v v

X
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and

A d
Sy =s<e+a—s) =s<e +a—s> = i(v + ady).
s v v

X4+ S+

Thus we have

=V (v +ad,) (v + ady).

Vy 1=
Define, for o > 0,
fl@) =W (vy) — ¥(v).

Then f (o) is the difference of proximities between a new iterate and a current iterate
for fixed . By Lemma 3.1(1),

W(vy) = V(Y (v+add) (v +ady)) < F(V( +ady) + (v + ady)).
Hence we have f(«) < fi(«), where
fil@) =W+ ady) + (v + ady)) — ¥ (v). (4.1)

We have
f(0)= f1(0) =0.

Taking the derivative of f](«) with respect to o, we obtain
/ 1 . / /
file) =5 3 (0 (i + ald]ldyli + ' (vi + alds1)1ds]),
i=1

where [d,]; and [d,]; denote the ith components of the vectors d, and dj, respectively.
Using (3.5) and (3.7),
[0 =3¢ (dr +d) = =3V V@) = -28%(0). 42

Differentiating f;(c) with respect to &, we obtain
1 n
Al =5 Y " Wi+ aldI)lde]] + 9" Wi+ oldsDlds ], (43)
i=1

Since f{'(a) > 0, fi(e) is strictly convex in & unless dy = dy = 0.

LEMMA 4.1. Let §(v) be defined as in (3.7). Then

S(v) =W (v)/2.

PROOF. Using Lemma 3.2(i),

2_1 21 ~ 2 w
)’ = ZIVe )| —4;@ W))? = =
Hence 6 (v) > /W (v)/2. O

For notational convenience we denote § := §(v) and ¥ := ¥ (v).
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LEMMA 4.2 (Modification of [5, Lemma 4.1]). Let fi(«) be defined as in (4.1) and &
as in (3.7). Then

A (@) < 28%9" (vmin — 2a0). (4.4)
LEMMA 4.3 (Modification of [5, Lemma 4.2]). If the step size o satisfies the
inequality
_w/(vmin —2ad) + vf/(vmin) <26, 4.5)
then
fi@) <0.

LEMMA 4.4 (Modification of [5, Lemma 4.3]). Let p : [0, o0) — (0, 1] denote the
inverse function of —y'(t)/2 for all t € (0, 1]. Then, in the worst case, the largest step
size a satisfying (4.5) is given by

3= L (o(8) —
&= 2(p(3) = p(28)).

LEMMA 4.5 (Modification of [5, Lemma 4.4]). Let p and a be defined as in

Lemma 4.4. Then |

o> —.
V" (p(28))
For later reference, we define

G— (4.6)
U (p(28))

Thena < .

LEMMA 4.6 ([16, Lemma 1.3.3]). Suppose that h(t) is a twice-differentiable convex
Sfunction with
h(©0)=0, K (0) <0,

and such that h(t) attains its (global) minimum at t* > 0, and h" (¢t) is increasing with
respect to t. Then for any t € [0, t*],

th’(0)
h(t) < 7

LEMMA 4.7 (Modification of [5, Lemma 4.5]). If the step size « is such that o < @,
then
fla) < —as?.

PROOF. Let the univariate function £ be such that
h(O0)= f1(0) =0, K (0)= f{(0)=—28% h'(e) =28*Y" (Umin — 2:8).

Then h(t) is twice differentiable, 4(0) = 0, and 4’(0) < 0. Since h”(a) > 0, h(?) is
strictly convex and hence has a global minimum at some «* > 0. From (4.4), we have
fi' (@) < h"(er). As aresult, we have f{(a) <h'(a) and fi(a) < h(x). Takinga < a
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and using (4.5), we obtain
a
h' (@) = h'(0) + / h"(¢) d¢
0

— 287 4257 f W (omin — 2£6) dE
0

2 282 * "
= —26" — 2_5 Y (Umin — 288) d(vmin — 269)
0

= 26" = §(¥' (Vmin — 208) — ¥ (Umin))
< —28% 4252 =0.
Hence we have & < a*. Since
B (@) = —483Y"" (Umin — 2a8) > 0,
h" (a) is monotonically increasing in . Thus, using Lemma 4.6,

ah'(0)

fil@) <h(a) < —ad?.

Since f(«) < f1(x), the lemma is proved. O
Using Lemma 4.7 and (4.6), we have the following lemma.
LEMMA 4.8 (Modification of [5, Lemma 4.6]). Let & be defined as in (4.6). Then
52
Y (p28)
Using Lemma 3.1(iv), we obtain the following.

LEMMA 4.9 (Modification of [5, Lemma 4.10]). The right-hand side in (4.7) is
monotonically decreasing with respect to 4.

fla) < 4.7)

Denote the value of W (v) after the w-update as Wy. Then
Wy <y and Wy <y, (4.8)
where Wy and Wy are defined in (3.13). Define
L(Y, p):=1+ p~'log(l +2/2W). (4.9)
Then L(W, p) is monotonically increasing with respect to W and L(W, p) > 1.

THEOREM 4.10. Let & be defined as in (4.6), X:=1+¢~! log(L(\, p)), and
Xo:=1+ q_l log(L (o, p)). Assume that WV >t > 1. Then for p > 1and q > 1,

JT

10L(Wo, p)Xg(pgL(Vo, p) +q +2)
where L(Wy, p) :=1+ p~!log(1 4 2/2W)).

fl@) <-
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PROOF. Using Lemma 3.5(ii),
(2 ‘I') > ! (4.10)
0 — > . .
2 1+ g~ 1log(1 + p~1log(1 +24/2W))
Using (4.10), ¥""(t) <0, for all ¢ > 0, (3.3), and the assumption,

/) ()

=14+ (pqL(lI/, p)+q+ 3%)(1 + 22U L(W, p)x*

< 2(1 +V29)L(¥, p)X*(pqL(¥, p) +q +2)
< SVWL(Y, p)X*(pgL (¥, p) +q +2), (4.11)

where the last inequality follows from the assumption W > 1 and a simple calculation.
Using Lemmas 4.8, 4.9, 4.1, and (4.11),

82
Y (p(25))
-__ %2
T Y (pQY)2))

f(@

- /2
5VUL(Y, p)X4(pgL(V, p) +q +2)
B NAT

T 10L(W, pX4(pgL(V, p) +q +2)
< ﬁ
~  10L(Wo, p)X§(pgL(Yo, p) +q +2)

where the last inequality follows from the assumption Wy > W. This completes the
proof. O

IA

LEMMA 4.11 ([15, Lemma 14]). Let tg, t1, . . ., tx be a sequence of finitely many
positive numbers such that
1-4
eyt <tr —yt, . k=0,1,...,K—1,

where y > 0and 0 < ,3 <1. Then K < Ltg/(y,g)J.

After the pu-update we denote the subsequent values in the same outer iteration as
U, k=1,2,..., K. Then

Vg 1>17, 0<V¥g <rt.
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Denote

N(¥, p, q) := LW, p)(1 + g~ " log(L(¥, p)*(pgL(¥, p) +q +2), (4.12)

where L(W, p) is defined in (4.9). Then N (W, p, g) is monotonically increasing with
respect to W.

LEMMA 4.12. Let Wy and ‘ilo be defined as in (3.13) and K| and K, be the total
number of inner iterations in the outer iteration for large-update and small-update
methods, respectively. Then for p > 1 and q > 1,

K1 <20N (Y, p, )8, and K, <20N(¥y, p, 9) ¥,

PROOF. By Theorem 4.10, Lemma 4.11 with g = 1/2 and y :=1/(10N (Yo, p, q)),

and (4.8),
Ky < 20N (o, p, 9)¥y/> <20N (¥, p, )%,
and
1/2 = =1/2
This completes the proof. O

THEOREM 4.13. Let an LO be given and Wy, Vg be defined as in (3.13). Then for
p>1,qg>10<6 <1, and t > 1, the total number of iterations required to obtain
an approximate solution with nu < € is bounded by:

@) [(ZO/Q)N(‘IJO, D, q)\p(;/z log(n/e€)], for large-update methods;
(i) [(20/0)N (Fg, p, 9)B,/* log(n/e)l, for small-update methods.

PROOF. If the parameter 1 has the initial value 10 = 1 and is updated by multiplying
by 1 — 6 with 0 < 8 < 1, then after at most

[(1/6) log(n/€)]
iterations we have nu < € [17]. For the total number of iterations, we multiply the
number of inner iterations by the number of outer iterations. Hence the total numbers
of iterations for large-update and small-update methods are bounded by
= T 1/2 = T1/2
[20/6)N (¥, p, 9)¥,/* log(n/e)] and  [(0/0)N (o, p, q) ¥y log(n/€)1,

respectively. This completes the proof. O

REMARK 4.14. By Remark 3.9 and Theorem 4.13, for large-update methods, taking
T =0O(n) and § = ©(1), the algorithm has

Ol + g 1og@N*(pgD + g + 2)v/n log(n/e))
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iteration complexity where 9 := 1+ p~!log(l +2+/2n). In particular, choosing
p = O(log(1 4 2+/2n)) and g = 1, the algorithm has O(/n log n log(n/€)) iteration
complexity which is currently the best known result for large-update methods.

For small-update methods, taking T = O(1) and 6 = ©(1/+/n), the algorithm has

OBl +4q " 102(3)*(pg3 + q + 2)v/n log(n/e))

iteration complexity where 3 :=1+ p~!log(l +2+/2(pq + q)). Choosing p =1
and ¢ = 1, we have O(y/n log(n/e)) iteration complexity which is the best known
complexity result for such methods.

5. Concluding remarks

Motivated by recent work of Amini and Haseli [1], we propose a new primal-
dual interior-point algorithm for LO problems based on a new kernel function and
analyse the iteration complexity of the algorithm. We obtain O(/n log n log(n/¢€))
and O(y/nlog(n/e€)) iteration bounds for large-update and small-update methods,
respectively. These are the best known results for such methods.

Future research might focus on the extension to semidefinite optimization, second-
order cone optimization, and complementarity problems. Numerical tests will be
another topic for future research.
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