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QN THE ZETA-FUNCTIONS OF SOME SIMPLE
SHIMURA VARIETIES

R. P. LANGLANDS

1. Introduction. In an earlier paper (14] I have adumbrated a method for
establishing that the zeta-function of a Shimura variety associated to a
quaternion algebra over a totally real field can be expressed as a product of
L-functions associated to automorphic forms. Now I want to add some body
to that sketch. The representation-theoretic and combinatorial aspects of the
proof will be given in detail, but it will simply be assumed that the set of
geometric points has the structure suggested in [13]. This is so at least when
the algebra is totally indefinite, but it is proved by algebraic-geometric methods
that are somewhat provisional in the context of Shimura varieties. However,
contrary to the suggestion in [13] the general moduli problem has yet to be
treated fully. There are unresolved difficulties, but they do not arise for the
problem attached to a totally indefinite quaternion algebra, which is discussed
in detail in [17].

It does not add to the essential difficulties if we enlarge our perspective a
little and consider not only the zeta-function defined by the constant sheaf
but also that defined by the sheaves associated to finite dimensional represen-
tatives of the group defining the variety, and we might even dissipate some of
the current misconceptions about the nature of these sheaves. Their existence
is a formal consequence of Shimura’s conjecture. We should moreover not
confine ourselves to the multiplicative group of the quaternion algebra, but
should in addition consider subgroups lying between the full multiplicative
group and the kernel of the norm, for then we can see the effect of L-indis-
tinguishability [7] in the place where it was first noticed.

In this introduction the results of [7], to which [22] is meant to serve as a
kind of exegesis, are used in conjunction with facts about continuous coho-
mology to arrive at an assertion about the zeta-function which the remainder
of the paper is devoted to proving. Some readers will find that I have given
too free rein to a lamentable tendency to argue from the general to the par-
ticular, and have obfuscated them by interjecting unfamiliar concepts of
representation theory into what could be a purely geometric discussion. My
intention is not that, but rather to equip myself, and perhaps them as well,
for a serious study of the Shimura varieties in higher dimensions. We are in a
forest whose trees will not fall with a few timid hatchet blows. We have to
take up the double-bitted axe and the cross-cut saw, and hope that our
muscles are equal to them.
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The method of proof has already been described in [14]. It is ultimately
combinatoric. The Bruhat-Tits buildings, which arise naturally in the study
of orbital integrals and Shimura varieties, are used systematically. However
the automorphic L-functions used to express the zeta-functions of the varieties
are unusual and most of § 2 is taken up with the attempt to understand them
and express their coefficients in manageable, elementary terms. The appearance
of L-indistinguishability complicates the task considerably.

The meaning of the conjectures of [13] is also obscure, even to their author,
and considerable effort is necessary before it is revealed sufficiently that a
concrete expression for the coefficients of the zeta-functions is obtained. Once
this is done, in § 3 and the appendix, the equality to be proved is reduced to
elementary assertions which are proved by combinatorial arguments in § 4.

A connected reductive group G over Q and a weight p of the associate group
LG9 are the principal data specifying a Shimura variety. The conditions they
must satisfy are described in [4]. If A, is the group of finite adéles one needs
an open compact subgroup K of G(A,) as well. p is the weight of G defined
by the co-weight /g of [13]. The primary datum is ko, rather than p. To com-
pletely define S(K) one needs hy. The variety will be denoted by S(K), and

only K will appear explicitly for G and p are usually fixed. The group *G°
comes provided with a Borel subgroup B® and a Cartan subgroup *77° in
LB’ We may suppose that p is a positive weight of £7°, Moreover if L is a
large Galois extension of Q then & (L/Q) acts on “G°, fixing the subgroups
LBY and *7°. If &(L/E) is the stabilizer of u then the Shimura conjecture,
which has been proved for the groups we shall consider, states that S(K) has
a model over E characterized by the arithmetic structure of its special points
[4]. We will alwaysuse this model. The set of complex points on.S(K) isa double
coset space

(1.1) GAQ)\G(A)/K_K.

Here K, C G(R) and G(R)/K,, is a finite union of Hermitian symmetric
spaces.

Let Z, be the intersection of the kernels of the rational characters over Q
of the centre Z of G and let £ be a representation of G on the vector space V
which is trivial on Z,, both ¢ and 17 being defined over Q. If K is sufficiently
small, as we assume, then

V(Q) Xe.vG(A)/K K — S(K)

defines a locally constant sheaf F:* or F; on S(K). Using the étale coverings
S(K') —» S(K), K € K’, which are defined over E, and the formalism of [12],
we may define the sheaves F; as [-adic sheaves in the étale topology.

For the groups that occur in this paper the quotient (1.1) is compact and
the varieties S(K) are proper, and we introduce the cohomology groups

HY(S(K), Fy).

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-102-1

ZETA-FUNCTIONS 1123

They can be taken over Q or over Q,, according to the exigencies of the
context. If g € G(A,) the formalism of [12], which is the usual formalism,
associates to g a linear transformation

T'(g) : H'(S(K), Fe) » H(S(K), Fy).

The T(g) act to the right and commute with ®(E/E) which acts to the left.
I recall that in the theory of Shimura varieties E is given as a subfield of C.
It is best to take I to be the algebraic closure of E in C.

We shall be concerned with the zeta-function of F; as a formal rather than
as an analytic object, and so we shall only be interested in the individual
local factors, and these only at the primes p of E for which the suggestions
of [13] apply. If ®; is the Frobenius at p and 7¢ the representation of & (E/E)
on H*(S(K), F) then the logarithm of the zeta-function is given by

log Zy(s, S(K), Fy) = > 2yn™} 21 (—1)* trace 7 (®,") |wy|™.

If ¢ is the number of elements in the residue field then

|| = ¢~

We shall be more interested in
Z,(s, S(K), Fe) = [l Zo(s, SK), F).

We want to show that the zeta-function can be expressed in terms of the
L-functions associated to automorphic forms. Considerations that will be
explained shortly suggest an elegant conjecture. It is false and, in general,
meaningless, but it is meaningless for interesting reasons, stemming from
L-indistinguishability, and for the groups treated in this paper we will be able
to modify and correct it, by taking the results of [7] into account. I will
present it in a slicker form than it at first appeared, even though its genesis is
thereby somewhat obscured.

Some auxiliary objects must be introduced. To simplify our considerations
we suppose that the restriction of ¢ to the centre Z of G is of the form

£(z) = v(2)1
where v is a rational character. This does not affect the generality, since ¢
can be decomposed into a direct sum of representations satisfying this
condition.

If T is a Cartan subalgebra of G over R, v is a regular element of T (R), §
belongs to ©(7'/R) (the explanation of this and other notation used below
will be found in [16]), and f is a smooth function in G(R) which is compactly
supported modulo Z(R) and satisfies

flzg) = »(2)f(g) z € Z(R)

we may introduce

® (v, f) = f feh vhg)dg
ThR)\ G(R)
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asin [7]. Here k in A(T) represents 6. We may also introduce the stable orbital
integrals [7]

4'T“(’va) = ESD(T/R) ¢6(7’f)'
Choose f = f; so that
BT/ (y,fe) =0

unless 7'(R) is fundamental, that is, unless Z(R)\7'(R) is compact, and so
that

T _ trace £(y)
1) = s ZRNT )
if T(R) is fundamental. It has to be shown that f; exists, but for the groups
we shall ultimately consider this has been done (cf. [15], §4).

If 7, is a representation of G(R) set m(r,) = m(r,, £) equal to 0 unless
1.(2) =v1(2)] 2z € Z(R).

Otherwise let m(7,,) be the trace of

Wm(fe) = fZ(R)\G(R)fs(g) . (g)dg.

We temporarily disregard the circumstance that m(r,) is in fact not well-
defined. If 7, is a representation of G(A,) let m(x;) = m(w;, K) be the multi-
plicity with which the trivial representation of K occurs in .

The numbers m (r,) and m(w,) will occur as exponents in the expression of
Z(s, S(K), F¢) as a product of L-functions associated to automorphic repre-
sentations = = m, ® m,, but to specify an L-function one needs a represen-
tation of £G as well. Let 7° be the representation of “G° with highest weight u.
The element u, or rather its restriction to the derived group, is a poids minuscule
in the terminology of Bourbaki. Thus the weights of 7° are the wp with w in
the Weyl group Q(*77°, 2G°) of LT° in £G°. Let *M° be the group generated
by £T° and the coroots aV orthogonal to u. The stabilizer of u is Q(*77°, *M?)
and the dimension of 7° is

[Q(ET?, LGO) : Q(ET°, EMO)).
Let x be a non-zero vector transforming according to the weight p. There is
exactly one way of extending 7° to a representation, again denoted 7°, of

LG* X &(L/E)
on the same space so that

r%a)x = x c € O(L/E).

L is here just some large Galois extension of Q, and could be taken to be Q.
Let

r = Ind (%G, LG® X O(L/E), r°).

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-102-1

ZETA-FUNCTIONS 1125

The group G is a semi-direct product
IG' X G(L/Q).

Let g be the dimension of S(K). If the phenomenon of L-indistinguishability
did not manifest itself, one might suspect that

(12) Z(s, SKK), &) = [T L(s — ¢/2, m, r)nOmreImies,

The zeta-function on the left is the product of the local zeta-functions, in-
cluding a factor from the infinite places. The product on the right is over all
automorphic representations of G(A) and m () is the multiplicity with which
x occurs in the space of automorphic forms. The grounds for the suspicion are
initially flimsy, but I shall try to explain them. If the conjectures of Weil and
Ramanujan are compatible the shift in the variable from s to s — ¢/2 must
be present.

Let N be the number of absolutely irreducible components of £, counted
with multiplicity, and let A!, ..., A\ be the highest weights of the distinct
components £, ..., & of the contragredient representation £ with respect to
some order on the roots of a fundamental Cartan subgroup 7'(R) in G(R).
Let ¢ be one-half the sum of the positive roots with respect to this order, and
for every w in the complex Weyl group Q(7°(C), G(Q)) set

A= w(\ + g).

For each A,’ there is a discrete series representation 7(A,?). We set
IT () = {r(A) 1 21 =2k 0 € Q0T (C), GG}

It is a union of the L-indistinguishable classes [11]
IT (&) = (r(89)] @ € QT(C), G(C)}.

ft has been so chosen that
2 reellen M (7s),

which is well-defined, is equal to (—1)%N if
d = dimension 7°.

In the notation of [2]

D11 H (8, foy 7o ® £)

is O unless 7 = ¢ when its dimension is dN, for by the results of those notes
s eten H (g, foy 7 @ £)

is 0 unless j = j/ and ¢ = ¢ when its dimension is d. To see this one has to
observe, among other things, that Q(7°(C), G(Q)) is isomorphic to Q(¥7°, £G°)
and that Q(£7°, £M°) is isomorphic to 2(7T(R), K_), and that the restriction of

@«memm Moo
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to the connected component of G(R) is therefore the direct sum of d irreducible
representations, namely the discrete series representations with the same
infinitesimal character as §’.

If, as occasionally happens ([12], [14]), I1 (¢) consisted of a single element
T, then each time that

T=1r, ® 7y

occurred in the space of automorphic forms it would contribute a subspace to
the cohomology group H*(S(K), F;) over C of dimension dm(n,). A corre-
sponding L-function should appear as a factor of the zeta-function. The degree
of the factors appearing in its expression as an Euler product should be

[E : Qldm(r;) = m(m,) dimension 7

for almost all . The L-function should appear in the numerator or denom-
inator according as ¢ is even or odd. We are led to guess that it is

L(s = ¢/2, 7, r) =060 = L(s — g/2, 7, r)n=mies,

Occam’s razor and the ordinary Eichler-Shimura theory then suggest (1.2).
Unfortunately 11 (¢) generally consists of several elements.

We might still be able to hold onto (1.2) if whenever 7 and 7.’ were two
L-indistinguishable representations of G(R) the representations

T=7,Q 7, and ' =7, ® =,

occurred in the space of automorphic forms with the same multiplicity. We
would just have to choose a representative from each L-indistinguishable
class and agree that the product in (1.2) was to be taken over those 7 =
T, @ m, for which =, belonged to our set of representatives. But we would
have to search for another definition of the exponent m(r,), because, as it
stands, different choices of f; lead to different values for trace =, (f¢). It does
not matter, for # and 7’ do not always occur with the same multiplicity [7].
One may occur while the other does not. This clearly means that the degrees
of the Euler products L(s — ¢/2, 7, r) are then too large. We must seek Luler
products of smaller degree.

L-indistinguishability appears when the sets ©(T) of [16] have more than
one element. If, as we may assume, the centre of £G° is connected then we
may use the definitions of [16] to introduce groups H over Q and homo-
morphisms ¢ : LH — £G. Suppose the principle of functoriality applies and
the L-indistinguishable class of = is the image under ¥, of that of #’. Then

L(s,m,r) = L(s, 7,7 oy).
In general 7 is irreducible but 7 o ¢ is often reducible
roy = @7,

We must expect that the functions L(s — ¢/2, #',7;) will appear in the
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ultimate, correct form of (1.2). The definition of H leads naturally to such a
decomposition of » o y. The constituents r; might not be irreducible, but they
seem nonetheless to yield the L-functions necessary for an analysis of
Z(s,S(K), F¢).

Without repeating the definition of the groups H, we recall that each of
them is attached to a triple (7', «, g1). If T’ is the Cartan subgroup of the
simply connected form of G defined by T the term « is a homomorphism of its
lattice of coweights X4 (7'.) into CX. Moreover g allows an identification of
X4 (Ts.) with the lattice X*(*71") of rational characters of the Cartan
subgroup of the L-group ¥G,.’ and « can therefore be transported to a homo-
morphism «’ of *(¥7,.") into CX. We may extend « to a & (K/Q)-invariant
homomorphism

e: X*¥(FT%) — CX,
Since
LT% = Hom (X*(21"), CX),

e is an element of “7° and lies in the centre of ¢ (*H). The representation
r oy is the direct sum of its restrictions 7, to the eigenspaces of r(e), but
these may not be irreducible. Since any two choices of the extension e differ
by a central element in G, these subspaces are well-defined.

We now try to modify (1.2) by including the L(s — ¢/2, #’, r;) in such a
way that at least the local factors at infinity of the hypothetically equal Euler
products, Z(s, S(K), F:) on the left and some combination of the L(s, «’, 7;)
on the right, are likely to be the same. It seems to be sufficient to consider H
defined by a T for which 7°(R) is fundamental.

The representation 7 may be regarded as a subrepresentation of the re-
striction of 7 to *G® X H(Q/E). It is clear that the eigenspaces of 7(¢) also
decompose 7° into

®r
and that
re = Ind (G, G X &(Q/E), r).

To define L(s, 7., 7;) we need only know the restriction of r; to the local
associate group at infinity, *G, = *G° X &(C/R).

Implicit in the definition of E is an imbedding Q & G, and hence E is a
subfield of G and &(C/R) is a subgroup of & (Q/Q). The double cosets

®(C/RNG(Q/Q)/G(Q/E)

parametrize the infinite places v of E, the coset represented by 7 defining the
valuation

x = |r(x)].
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The decomposition group &, at v = v(r) is

®&(@Q/E) N\ 7 1®(C/R)r
and the restriction of r; to LG, is

P, Ind (*G,,, “G* X O, r7G,771) = @ r,(v).
Consequently

L(S, 7roolr ri) = Hﬂ L(Sv 7rcoly ri(v))v

and we attempt to arrange that the contributions from the L(s — ¢/2, 7./,
7:(v)) for a given v yield the local factor of Z(s, S(K), F;) at the same place.

However our primary interest in this paper is not with equality of the
Euler factors at infinity, but with equality at almost all finite places, and we
are only using the infinite places as a guide to the correct statement. The one
place given by the imbedding E C Q & C provided by the definition of E
will serve.

The weights of 7 on 70 are the elements of

{oulo € Q(ET°, G}

and the differences of any two u;, us of these weights is an integral linear
combination of roots of Z7°° Thus

pr(e)/pa(e) = & (1 — po) = £1,

because 7 (R) is fundamental and «’ therefore of order one or two. Thus there
are one or two 7;" and, at the cost of adding a second of dimension zero, we
suppose there are two, 7;° and 7.°. We are also going to decompose the set
IT (¢) into two subsets II' (¢) and 112 (&), with 7,° and I1¢ (¢) matched. We
first see how to distinguish between 7, and 7,°.

The L-indistinguishable class IT (&%) is equal to 11,,, where

¢;: Wer — G
The notation is that of [11]. Suppose ¢; = ¥ 0 ¢,/ where
o/ Wer — "H
and that =/ lies in I,,,. Then
L(s,7r0¢;) = L(s,7,,7) = L(s, 7/, 70¢) = L(s,ro¢0¢,).

If T(R) is fundamental we may suppose [11] that ¢,/ takes CX & W¢r to
LT% and then

@i (z) = z4'574 z € CX,

Here A’ is one of the A,7, at least if we use the identification of X*(7") with
X (¥T?) provided by g, and ¢ is the non-trivial element of &(C/R). A’ is
non-singular and there is exactly one weight p of #* which lies in the closure of
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the Weyl chamber opposite to that containing A’. Since any other weight u"
is of the form wy’,

(A,, ”Il> — <Al’ #Il _ p'/> + <A,, “l> > <Al’ul>

if W' # u'. Given 7, we take r,° to be the representation with u" as a weight,
and 7.° to be the other. Observe that the labelling depends on the L-indis-
tinguishability class of 7./, and hence on the class in ®(H) represented by ¢/,
but not directly on A’.

We now decompose 11 (¢) into two subsets II' (¢), II2 (¥), matching
I1¢ (¢) with r,. Since T'(R) is taken to be fundamental u is defined by a
coweight

#V = ho'

of 1. Here k¢’ is conjugate under G(R) to ko, and if we use g; as in [16] to
introduce an isomorphism

X (T) =5 X*(*17)
then u lies in the orbit of u¥ under the Weyl group. For each j let A7 be an
element of {A,’|lw € Q(T(C), G(C))} which is such that it and wxV lie in
opposing closed Weyl chambers. Since any two choices of A’ lie in the same
orbit under (T (R), G(R)), the representation 7( A7) = 7’(uV) is well-defined

and independent of the choice of A’. Every element w of the normalizer of
T(C) in G(C) lies in A(T/R) [21] and

w— {a, = 7(w)w|r € $(C/R)}
yields an injection
AT (C), G(C))/2T(R), GR)) & E(T/R).

The image is D(7'/R), but that does not matter. If w is represented by w we
put m(w1A%) in I (¢) or in 12 (¢) according as k({a,}) is 1 or —1. The
assignment does depend on the choice of A7, but that may be inevitable. I
observe that it is not difficult to see [21] that under the isomorphism

H(O(C/R), X4(T)) ~ H'(G(C/R), T(C))

the cocycle {a,} corresponds to wuV — uV.

One point on which we have insisted when assigning the elements of 11 (¥)
to the two sets II' (¢) and 112 (¢) is that =(A7) lie in 1! (¢) for each j. In
order to justify this we recall the way in which the complex structure on S(K)
is introduced as well as the form suggested by Serre [20] for the local factors
Z,(s, S(K), F) in the case of trivial £.

If K.’ is the centralizer of &y’ then

GR)/K, ~GR)/K,
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and the complex structure defining that on S(K) is obtained from an imbedding
GR)/K, S G(C)/P(C)

if P is the parabolic subgroup whose Lie algebra is spanned by those X for
which

WX =X or uWiE)X =3z7X

for z € GL(1).

We choose the order on the roots of 7" with respect to which A’ lies in the
positive Weyl chamber. Suppose U is a subspace of L*(G(Q)\G(A)/K)
transforming under G(R) according to =(A7). It is explained in [12] (cf. also
[2]) how to pass from an element of

HomKoo' (Aqg//foc’v l/' ® E) = @j Hochn' (Aqg/foo/r U ® Ej)ivj

to a ¢-form on S(K) with values in F;. Here N, is the multiplicity with which
¢ occurs in £ It is easier to work with

Homg,, (A%g/t.) @ &, U).
Clearly
g/t = p" @ p-
where pt* is spanned by the image of the root vectors associated to non-

compact positive roots. The elements of p~ yield holomorphic tangent vectors;
those of pt yield anti-holomorphic tangent vectors. We have

Home' (Aq p+ ® gjv Lf) g HomKoo' (Aqg/fcol ® gjv U)1

and it is the elements of the first space which yield forms of Hodge type (g, 0).

Let pp be one-half the sum of the non-compact positive roots and px one-
half the sum of the compact positive roots. The space A?p* is one-dimensional
and transforms under K.’ according to the weight 2p,. The highest weight of
£is A — pp — prand thatof A’pt ® £’ is therefore A? + pp — px. However,
itisa fundamental fact [5] that the restriction of 7 ( A’) to K./ has an irreducible
component with highest weight A7 + pp — pg. Thus

Hom (A%pt ® £, U) = 0
and U or 7 (A’) contributes cohomology of type (0, ¢). No other element of

IT (¢%) does so.

On the other hand we have written the restriction of ¢;/ to CX C W r as

z —> ghigrd’
and we have taken p’ and A’ to lie in opposing Weyl chambers. If ¢ is trivial
and g’ is one-half the sum of the roots a for which (A’, @) < 0, then A’ = —¢’

and
’J" (‘Pj’ (Z)) — Z—(ﬂ"u') é——(aﬁ',y') — 22(y’.p') (zz)—(y',u'>.
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If ¢ is the dimension of S(K) then
&, w)=1q/2

[Added in proof (November, 1979). It appears that the local zeta-functions
at p calculated in this paper are those associated to £ and not to £. The correct
definitions would entail replacing r by its contragredient 7 and 7 (v) by

7(v) = 11(v) + 7(v),

if v is the place of E defined by E C Q C C. If « is the composite of
Wer — Wrr = RX

with the absolute value then
L(s —q/2, 1, Fv) 0 @) = L(s,a72 @ (F(v) 0 ¢,)).

The one-dimensional subspace corresponding to the weight —u’ transforms
under the restriction of a2 ® (#(v) 0 ¢,)) to CX, £ being trivial, according
to the character

2—2(0' ') — 2«0]

We have been led to our labelling by the principle that the v (A7), as the
representations giving rise to forms of type (0, ¢), should be matched with
the weight —u’, which yields, when ¢ is trivial, the character z — =% One is led
to this principle by a suggestion of Serre [20].

If S is a variety over the number field E the factor at infinity of its zeta-
function can of course be expressed in terms of I'-functions and is a product
over the infinite places of E of local zeta-functions. For each place » we take a
corresponding imbedding E < C and introduce the set S(C) of complex
points on

S®x C.

The local zeta-function at the place v may be expressed as
IT, L(s, py)—vr

where p; is a representation of the Weil group W¢,z, on the cohomology group
HY(S(C)) = Dps=i H(S(C)).

Here, in order to conform to custom, ¢ loses temporarily its significance as the
dimension of S(K). The restriction of p; to C* is defined by demanding that
pi(z) act on H??(S(C)) as z7?z~¢. If E, is complex there is nothing more to be
said. If it is real we have to define p,(w) if w is an element of W¢, g, which
maps to the complex conjugation in &(C/E,) and has square —1. When E,
is real, complex conjugation defines an involution . of S(C) and an associated
map * on cohomology. We let p;(w) act on H??(S(C)) as (—1)7.*.
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Now we must bring these puzzling divagations to bear upon some simple
examples. Suppose F is a totally real field and G is the multiplicative group
of a quaternion algebra D over F. The split algebra is excluded. Let 4 be a
connected subgroup of G; = Resz,o GL(1) which is defined over Q and let G
be the inverse image of 4 in G; = Resy/o G with respect to the norm.

The group G is a quotient of

(ITe@/mome GL2, C)) X G(K/Q) = *G* X G(K/Q)
by a subgroup of the centre of *G°, namely by the set of (z,) for which

[Tow/mowmo M) =1 \) € Y,

with V4 defined as in § 6 of [7]. 77 is the image of the diagonal matrices and
X*(ET0) is

{((l”! b"’)l (LGT! th E Zy ()\47) E Y* if )\0 = da + bq}.

We have supposed that ¥ € Q € C. Then p will be (g,) and (u,) will be 0
unless the imbedding x — o(x) of F in G splits D, when it is (1, 0). Observe
that (\,) with \, is equal to 1 if the quaternion algebra splits at ¢ and 0 other-
wise must belong to V. This is to be treated as a condition on 4, because u is
determined by D alone.

For such a G and p we want to present a correct and verifiable expression for
Z(s, S(K), F;) as a product of L-functions associated to automorphic forms.
Two representations = ® 7, and 7’ = ® =,/ will be said to be L-indis-
tinguishable if 7, and =,” are L-indistinguishable for all w and equivalent for
almost all w. Our expression for Z (s, S(K), F:) will be given as a product over
L-indistinguishable classes. We must describe the contribution from each
class.

Suppose that m(z'), the multiplicity with which 7" occurs in the space of
automorphic forms, is constant within the L-indistinguishability class II of .
If II, is the L-indistinguishability class of r, then

w = ®w(@ﬂw7rw/) = ®www=wm®wf

is a representation which contains each 7' in II exactly once. We set

m(Hco) = Z‘”ménoo trace o (ff)
provided

To(3) = v1(z)] z € Z(R)
for one, and hence all elements of II,. Otherwise m (Il,) is to be 0. m(IL,) is
well-defined, and is easily seen to be 0, 1, or —1 when & is absolutely irreducible.
Let m(II;) be the multiplicity with which the trivial representation of K

occurs in w,; and let m (II) be m(x). The contribution of the class II to the
zeta-function is

L(S . q/2 T r)m(ﬂ)m(ﬂoo)m(ﬂf)
s 1y .
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If m(x") is not constant within = there is a Cartan subgroup T of G with
(1.3) [C(T/A), C(T/F)] = 2
and a character 8 of T(Q)\7(A) so that II = II(f) [7]. Let y — ¥ be the

automorphism of T'(A) deduced from conjugation on the corresponding
quadratic field, and define 8 by

0(y) = 0(v).

We suppose not only that 7" satisfies (1.3) but also that 7°(R) is fundamental
and that 6 # § for otherwise m(II,) = 0 and the L-indistinguishable class II
does not contribute to the zeta-function.

We introduce S° C Sas in § 8 of [7], or as in [22]. Then S°\S is of order two.
Let € represent the non-trivial element. As we know, e is associated to

Kt Xu(Tse) = CX

Let (¢, m,) be the pairing of [7]. It is easily seen that there is a constant
n = =1 so that

(=) = (e, o),  mo € TI(E).
The reason can be briefly given. In SL(2) over R we take

r=1(2 1)

The non-trivial element of the normalizer of 7" is represented by

b )

in SL(2, C) and by

b )

in GL(2, R). The cocycle associated to the first matrix is

_(1 0) _(—1 0)
“=0 1) “T\ 0o -1

and the determinant of the second is — 1. Thus (¢, ) is constant on each II_*
II; is of course the set of 7, for which 7, ® 7, lies in II for some . If
Ty = ® Ty set

(ev 7rf> = Hw<€’ Tw).

a2+b2=1}‘

Let
Hji = {7rf € Hf|<ev 7r03><€! ‘Il'/> =1 for Teo € Hwi}

and let m*(II,) be the multiplicity with which the trivial representation of K
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occurs in
Tﬂ'f: = @,Tf.;ufi .
Let m’(#) be 0 unless 11(6,) is contained in a II(¢7), when it is to be (—1)¢N.
Recall that V7 is the multiplicity with which ¢ occurs in £ On the set of
« € II for which m(z) > 0, m(w) is constant. Denote this constant value by

m (I1). When m (11) is not constant on all of II the contribution of II = II(f)
to the zeta-function Z (s, S(K), F¢) is

(14) HiL(S _ q/Q 9 ri)m’(ﬂm)mi(II/)m(lI).

We should recall that although the collection {r;} is the same for all §,, the
labelling may vary. Moreover

m'(0,) = m(IL,).

If m(m) is not constant on II then the stable multiplicity n (=), which we
also write as #(II), introduced in [7] is m(I1)/2 and (1.4) may be written as
(o) /2) (m (11 ) =m2(11 )y m (1T
(s—q/ ) Il)m(nmm(nf)”(Y /u,ﬁr)((m A=l m
o L= q/2,0m)/
if
m(Il;) = m'(Il;) + m*(1l,).
If, perchance, there is only one r; we must as above introduce a second of

dimension 0 in order to employ this notation. When m(w) is constant on II
we define

m'(Il;) — m*(1l;) = 0.

If m(7) is constant on II then m(I1) = n(Il). Thus we are asserting that
the zeta-function Z(s, S(K), F:) can be represented as the product of a stable
part

(1_5) HH L(s — g/?, - r)n(mn(nm)m(nf)

and a labile part. The labile part is itself a product over the stable conjugacy
classes of Cartan subgroups 7" with [§(7/A) : Im G(1/F)] = 2. We want to
represent the labile contribution from 7' as a product over characters of
T(Q)\T (A), but we must remember that two different § can yield the same
L-indistinguishable class I1(8). Since m (II,) will be 0 if 8 is not of type (a)
in the sense of {7] and since m!(II,) — m2*(II,) will be 0 if §, = 8, for some
finite v, we may apply Lemmas 6.7 and 7.1 of [7]. They allow us to write, in
the notation of that paper,

mar) = S5 (1),

Since e () is the number of different 6 yielding the same II(6), the contribution
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from T is

we) I1, (L (s —q/2,6,n)

) (m(Tooy /4) (m (11 1(8)) —m? (1L 1(8)))p(T)

To prove the assertion one proves, in particular, that if we substitute
Ly(s — q/2,7,7r) for L(s — q/2,m,r) in (1.5) and L,(s — ¢/2,0,r;) for
L(s —q/2,0,r;) in (1.6) and take the product with the same exponents
then the result is Z,(s, S(K), F:). We shall take K sufhciently small, and
prove that this is so for almost all p. The restriction on K is ultimately of no
consequence.

Before beginning 1 take this opportunity to mention that while studying
the problems thrown up by Shimura varieties I have frequently been instructed
by Deligne’s conversation and correspondence. His comments on the structure
of the set of geometric points over F, on a Shimura variety associated to a
quaternion algebra over a real quadratic field were invaluable.

2. The trace formula. The procedure to be followed is that of {12] and [14].
We apply the trace formula to calculate the coefficients of the logarithms of
the products in (1.5) and (1.6), and then compare with the coefficients of the
logarithm of the zeta-function, which are obtained from the explicit description
of the sets S(ky).

We first turn our attention to the problem of expressing the logarithms of
(1.5) and (1.6) in a form suitable for the final comparison. The expressions
both are defined for all ¢, whether defined over Q or not. Since they are multi-
plicative in ¢, we may as well suppose that ¢ is absolutely reducible, for that
will simplify some of our considerations. The logarithm of (1.6) demands the
most modification, and we begin with it. We are really interested in the
logarithm of the product of the local I.-functions at p, and it is

@) w(r) Do Ot 11,00) - we11,06))
Xlog L,(s — q/2,0,r1 — 72).

The first step in the transformation of this expression leads to a clumsy,
intermediate result, which we will be able to put in a useful form only after
applying the trace formula to the group 7.

In its role as carrier of 8, T is appearing as one of the groups H of [16]. This
means in particular that the element g, of that note, which allows us to identify
X*¥(T') with X 4 (¥7), is fixed. Moreover it is fixed in a manner consonant with
the remarks at the end of that paper. Then, as in the discussion at the end of
§ 6 of [7], the given g, leads to

v T — G
The map ¢ was denoted ¢ in [16].
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The following lemma has been implicit in the earlier discussion, and may
seem to be a matter of definition, but so far as I can see it needs a proof.

LEmmA 2.1. Suppose ¢’ : Wer — T, ¢ is yo¢', and 6, € W,. Then
O, = {0,} and

o, = 1(5,).

That II, consists of the single element 6, does indeed follow from the
definitions of [11], which show in addition that is enough to verify the equality
I, = I(6,,) when T"isnotsplitand G = GL(2). In this case, one must compare
the definitions of [5] and [11].

In general the explicit description of *G in [7] gives “T as a quotient of the
group of matrices

ay 0) (an 0) x
(O ﬂl X...x O Bn ai,ﬁiéc.

The co-weights are given by # pairs of integers, (a;, 0;), and the co-weight is
positive if and only if a; = b; for all 7.

Taking T to be non-split and G to be GL(2), we let

zfl-b O .
@':Z—»(g S5 z € C~.
It is easily verified that the class of ¢’ is determined by its restriction to CX.
Let v; and 72 be the co-weights (1, 0) and (0, 1) of £7°. They are also weights
of T. The definition of [11] gives

0, :t—y1(t):1()" t € T(R)

as the unique element of II,.. Note that v;(¢) = ¥2(¢) when ¢t € T(R).
11, also consists of a single element. If « = b then ¢ factors through Wg/r —
Wr gk — RX and, in terms of R%,

LA (lgla (sgn 2)|x|") ’

The unique element of 11, is the representation of the principal series corre-
sponding to the two characters of RX appearing here. According to the remark
preceding Corollary 5.14 of [6], this is also 7 (6,,).

If @ 5 b then II, consists of a representation = in the discrete series. It does
not change if @ and b are interchanged. It will be simpler to be explicit if we
assume ¢ > b. According to the definitions of § 3 of [11], the character of =
on T(R), viewed now as a subset of G(R), is

_ {')’1@)(1‘1 ()" — ’Yz(t)"—m%(t)Hl/ZYz(l)‘Yl_l(t)}
1 — yo(t)y: ' (1) ’
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This may be written as

_ ) Yeear©.ae) g0 o, @)
G ol 1=

[t follows from Corollary 5.14 of [6] that if uy and u, are the two characters
of RX defined by
m(x) = [x[* pa(x) = |x["(sgn x),

then the character of 7(6,) on T (R) is the negative of the character of the
finite-dimensional representation (u1, p2). Lemma 5.7 of [6] allows one to
compute easily the character of 7 (u;, u2) on T°(R), and it is seen to equal the
negative of (2.2).

For the purposes of the following corollary and lemma we choose an order
on roots of 7" with respect to which pV lies in the closed negative Weyl chamber.
Otherwise we use the customary parameters to represent roots and weights.
For example, let ¢ be the weight, dominant with respect to this order, repre-
sented by

¢=(1,0) X...X (1,0).
Let X\ be the highest weight of £ and set
0,°(8) = N ) /[ D).

COROLLARY 2.2. I1(6,,) is 1L(¢) if and only if 8, is conjugate under Q(T(C),
G(Q)) to 6,.0.

Once again it is enough to verify the assertion for G = GL(2). Then II(¢)
consists of a single element 7= and on 7'(R) the character of 7 is

t — — trace £(¢).
If \ = (a,b), a > b, this is
~ 00" — 71O v () v )y (t)
1 — 7y (t)v ' () '
Since v1(t) = ¥3(¢), this is equal to
_ () Dlusgn of,’ (@)
[v2()] 1= valt)ya ' (1)

Comparing this with (2.2), we obtain the corollary.

It will be useful to have the following lemma on record.

LeEMMA 2.3. Let A € { Ay} be N + g, where ¢ is one-half the sum of the positive
roots. If ¢’ : Wemr — “1" and its restriction to CX is

2 — ZAEVA
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then
HIP' = {0000}‘

We may write an element of T'(R) as ¢ = eff with ¢(H) = H. The unique
element of II, takes ¢ to

AU = MH) po(H)
Since
A(t) = D
we need only verify that
'™ = ¢ (1) /[¢ (t)].
It is enough to do this when G = GL(2). If
vi(H) =3, v(H) =2
then

11(t) = €%, 7a(t) = ¢
and
e = g2l=El — e2/|ef| = £ (1) /|t (1))

We know that 7" is associated to a quadratic extension L of F. If L is not
totally imaginary then m (I1(6,)) is O for all characters of 7°(Q)\7(A); hence
the product (1.6) is equal to 1, and of no interest. Suppose that I is totally
imaginary, and let x be the associated character of . It is also a character
of Z(A) and Z(R). We set m(6,) equal to 0 unless the restriction of 6 to
ZR) is

z = v (2)k(2),

and then we take

m(ecn) - fZ(R)/T(R) Bm(t)fET(t)dt
with
T o q ZQ 7(C),6(C) SgN ‘eroo(w(t—l))
SO = D s ZRNT R)

LEMMA 2.4. The number m(6.,) is 0 if and only if m(11(8.,,)) 15 0, and m (11(6,,))
is not 0 if and only if MW(0,) is T (£). If 0.,(t) = 0. (w(t)) then

m(f,) = sgn wm (11(6.))).

The first assertion is a consequence of the Weyl integration formula, and
the explicit formula for the restriction of

Z‘”EH (B0} X
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to T'(R). The same formulae also show that m (II(§)) = (—1)% It is clear that
m(f,) has been so defined that

m,) = (—1)%sgn w
when
0,(t) = 0.%(w(1)).

If m(I1(6,,)) is O the corresponding factor of (1.6) is 1, and there is nothing
to be said. Suppose therefore that 11(6,) = T (¢). Then II,* = II'({) may be
introduced. We have agreed that II..' will contain the representation 7 (A;).
Let ¢ be the characteristic function of K © G(A;) divided by the measure of
Zx\K with

We are supposing that
[G(T/A)/Im G(T/Q)] = 2,

and we regard « as the non-trivial character of this quotient. Following § 2
of [7], we set ®T/x(¢, ¢) equal to

IL(ver, b2} L= L)1)

2 |t1t2[,,

X {Z(S(T/A/) k(0)® (¢, ¢)} .

Here the product is over all finite places of F. If § is represented by % in
A(T/A,) = II,%A(7/Q,), the product now being taken over all finite places
of Q, then

' ¢) = f o(g't"g)dg.
Th(A ) G\ (A )

It is a consequence of the definitions and principles of |7] that if =, € II'
then

(& o Y{m' (I1,(6)) — m*(11,(6))}

is equal to

f 0,6)@""(t, ¢)dt = (0, 2""*(, ).
Zg\T(Af)

It should not he forgotten that the pairing (e, m,) depends on 6. The
representations 7; and 7. do also. In order to have a pair of representations
that do not depend on 6,, we let 7+ be that 7; for which X ; contains Vv, and
r~ the other. If 8, = 6.°, then Lemma 2.3 implies that

ry— e =1t — .
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In general if 6..(t) = 6.°(w™1(¢)) then {6} = I, if ¢’ restricted to C* is
z — Z"’AE"“’A.
Since
(WA, wp¥) = (A, 1Y),
the labelling must be such that 7,° contains the weight wuV. Thus
ry— re = & (wuV — V)@t — ).
In order to stress its dependence on 6, rather than on w, we denote the co-
efficient ' (wp — u) appearing here by 7(6,,).
LEmma 2.5. If we take 6,(t) = 0,.°(w(t)) then
a = (¢ 7, (0,,) sgn w,
with T, € 1Y, 15 independent of w.

Before verifying the lemma, we observe that the pairing (e, 7.,) depends
not only on 6, but also on the choice of an additive character and a regular
element in T'(R). Eventually we will be forced to recognize this, but not yet.

To prove the lemma we show that a does not change if w is replaced by

w'w, where o’ is the reflection defined by a simple root. For each real place of
F there is one such reflection.

a) If the division algebra defining G is not split at the place then, according
to the definitions of [7], replacing » by «’w changes the sign of (e, 7). It does
not affect n(6,,).

b) If the division algebra splits at the place then (e, 7,) remains the same
but n(6.,) changes sign.

Putting all these lemmas together, we conclude that the sum (2.1) is equa[‘
to

(2.3) tau(T) Dom(0,){0;, ®T/*(-, ¢))log L,(s — q/2,0, r" — r7).
The sum here is taken over those 6 for which

0(z) = v (z)x(z) ¢ Z(R)

0(z) = «(z) € Zg.

If we are to put (2.3) in a form to which the trace formula can be applied,
we must view the Hecke algebra in the manner of [9]. We are now going to
assume that K = K?K,, where K” C G(A,”) and K, is a special maximal
compact of G(Q,). According to § 2 of [7]

7/5($) = 0

[ I}

unless L is unramified at every place of F dividing p. This we may as well
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assume. We also assume that F is itself unramified over p. Then
(6, ®'*(-,¢)) =0
unless 6,, the restriction of 6 to 7°(Q,), is unramified. To such a 6, is associated
a conjugacy class {#(8,)} in LT, and
log L,(s — q/2, 0, 7% —77)
= 2% ([ /f){trace r* (£(6,)) — trace 7 (1'(6,))}

if w is a uniformizing parameter for Q,. In addition there is an element f,’ of
the Hecke algebra of 7°(Q,) such that

|’ ["*{trace " (' (8,)) — trace »” (t'(6,))} = f \ 0,(t)f, (t)dt
Qp)

ZpT

for all unramified 6,. Here
Zy = Z(Q,) N K,.

Ift=(7t) € TAA) = T(AP)T(Q,), we write
¢(1) = ¢ (") by (1),

where, for example, ¢, is the characteristic function of K, divided by the
measure of Z,\K,. We may also write
BT/x(t, ) = BT/, §7) 2T/ (Ly, bp).

For brevity we denote the second factor by ¢,(f,). It is 41 times the charac-
teristic function of the maximal compact U, of 7°(Q,) divided by the measure
of Z,\U,.

Applying the trace formula on Z(R)Zx7T (Q)\7(A) to the function

= (lor 2, 1) = [e" (1) RT/(87, ¢") 0y * o' (1),

we see that the coefficient of |w?|*/j in the expansion of (2.3) is

@4) 2L neas ZRIZIOQNTA) T 7O, 8¢, 5,70,

The sum is over 7(Q) N Z(R)Z\T(Q).

The first thing to observe is that the term corresponding to a ¢ in Z(Q) is 0
because f:T vanishes on Z(R). If ¢ is not central we write ®7/%(¢, ¢*) as the
product of

q)OT/K(tv ¢p) = Z@(Aﬂ’) K(B) P° (ty ¢)

and

th—t t — ),
[T AG/Fu w7 ) L= 72
Ir — &2 |£1t2],

The product is over all finite places of F which do not divide p. Using various
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product formulae, we may replace it by the inverse of the same product taken
over the infinite primes and the primes dividing p.
The expression

. N2 12) -1
@25 o [T @/ F (5 5) =L i,

in which the product is taken over the infinite places, depends on ¢ and on pV,
but it does not depend on the choice of t° or of the ¢,.

LeMMA 2.6. If t lies in T'(R) und is regular then the expression (2.5) is equal to

trace £(t)
meas Z(R)\T'(R) °

It is clear that we could define the expression (2.5) for any group lying
between

[1.S.®R),

and

{(g) € [I.G.(R)| [].Nmg, > 0}.

Here the product is over the infinite places of F. G,(R) is GL(2, R) if the
quaternion algebra detining G splits at v and the multiplicative group of a
quaternion algebra of it does not. S,(R) consists of the elements of norm 1
in G,(R). It is certainly enough to prove the lemma for the largest of these
groups. Since the group

{(gv) € HU Gv(R)| det gy >0 for all Z}}

contains 7°(R) and supports the character of 7, we may work with it instead.
This yields a situation that factors, and we may finally suppose that there is
only one place.

We take the additive character ¢, to be x — ¢** and define {° by

4O = v (1) = .

We choose 71, y2 so that y; — y2 and pV lie in opposite Weyl chambers, and
set

ty = y1(¢) = re'l.
According to [10],

NE/ Fo, ) = 1
Thus

— 1s ) [(t — 52)2“1/2 = " 16

. t2() |t1t2|1/2

)\(E,,/F,,, Hbv)K (tt‘l'
1
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If D does not split and o is the non-trivial element of the Weyl group,

0, (1) — 0. () _ Ae" = Mw®)e™”
eiﬂ _ 6-10 - eid . ‘—19

= trace 7, (t).

Consequently the value of (¢, . ), defined with respect to 6.° is —1. Since
7(6,,) is clearly also 1, the value of a is 1. Since 7, is £ in this case, the assertion
of the lemma now follows from the definition of f;7.

Suppose D splits at v. There is a unique element =, in I'(¢) and it contains
a lowest weight of 7°(R) with respect to the order making vy, — vy» positive.
The character of 7, is casily calculated and is found to be

—0,0(8)/ (e — e~ ?f),

If 7, is the corresponding element of the holomorphic discrete series, then

6.0 +0."w0)

e — e

X?rm(t) - X'?roo(t) =
As a consequence
(e, m,,) = 1.

Since 7(0,,°) = 1, the number « is — 1. Once again, the assertion of the lemma
follows from the definition of f;7.

The expression

- 212} -1
(26) {HDMLU/E,M(;&_ZO)'(t‘ltltz‘ﬂ/l" Ve

depends on the regular element ¢ in 7(Q,) and on the order on the roots of T’
provided by the identification of X4 (7T") and X*(*1"). It is easily seen that 7°,
the restriction to £7° X &(Q/E) of the representation of “G® X &(Q/E) that
appeared in the constitution of 7, is the direct sum of two representations 7+
and 7,~ such that

rt = Ind (¥T, £T° X (55(6/]5), roT)
r— = Ind (T, LT° X G (Q/E), ry™).
The restriction of 7+ or 7~ to the local associate group £715, = L1 X &(Q,/Q,)

is therefore the direct sum of induced representations parametrized by the
double coset space

®(Q/E)\G(Q/Q)/6(Q,/Q,).

We had fixed £E C Q € C and we have now fixed Q —>(3,, as well. This
double coset space also indexes the primes p of I dividing p, the coset con-
taining ¢ vielding the valuation defined by the imbedding x — ¢~ (x) of E
in Q,. We write

H=@®nt =@
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and define fy’ in the Hecke algebra by

| \"”Z{trace rn' ((6,)) — trace r,” (1(6,))} = f 6,(t)f,’ (t)dt.
Zp/T(Qp)

Then
fpj = Zn fnj-

The representation of f,” as a sum yields a representation of (2.6) as a sum,
the terms being obtained by replacing f,” with f,7. Although we should consider
each of them, there is no loss of generality in fixing our attention on the
prime p defined by the imbedding E — Q — Q,.

The group G(F) is a subgroup of G1(F), if Gi = Resy;oGL(2), and ZG"is a
quotient of ZG,%. Let T be the centralizer of T in G, and then 27 is a quotient
of XT,° If U, and U, are the maximal compact subgroups of 7(Q,) and of
7(Q,) we may define an imbedding f — f’ of the Hecke algebra J#,(1T") of
7(Q,) into #,(T1). The value of f at ¢ is O unless { = su with « € U, and
s € T(Q,) and then

meas U
") = ——=2f(s).
'@ meas U, 1)
If we take 7 and *7T, to be *7° X &(Q,*/Q,) and *T,° X &(Q,"/Q,),
then ¢, (1) and 5 ,(T)) may be regarded as algebras of functions on
L7 X @, and L7419 X &,, with ®, being the Frobenius. The map f — f’ may
also be obtained by pulling back functions by means of

LT X &, — LT X &,
The representations 7,* and 7,~ may be lifted to *7, and it will be advan-
tageous for us to regard f,’ as an element of J,(T}).
_ We have supposed that the totally real field used to define G is imbedded in
Q and hence in C and Q,. The set

Q = 6(Q/MH\G(Q/Q)
parametrizes the imbeddings of ¥ in R € G and in Q,. We represent it as a
set of crosses and circles, the crosses denoting the infinite places at which the
quaternion algebra defining G splits.

OX...Xx0O... X%
We decompose the set into orbits under ®,, and suppose that the action of &,
on each orbit is by a cyclic shift to the right

X...0 Ox...%X...
N m— p—

Qr Qo,
Let 7, be the number of elements in the vth orbit. Then
Su,=n=[F:Q]
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We let m, be the number of points in the vth orbit which are marked by a

cross. The orbits also parametrize the places of F dividing p, and so we may

label an orbit by the place it defines. That is why we have chosen the symbol v.
Over Q,

Tl jad Hvlp '1‘1}
with
T,(Q,) = L)
if
Lv = L ®F Fv,
Thus %P(Tl) ~Q®, ‘%p(Tv)-
Since ¢t = #(8,) € “T° X &, and r,™ and 7,~ are induced,
trace 7yt (¢7) — trace r,=(t7) = 0
if j is not divisible by k& = [E, : Q,]. Consequently f,’ is then to be 0. Let
t =a X &, with a € LT° Then
*F=ad,(a)... 1 a) X &F
and
&, tkd,~1 = u~ 'tk
is conjugate under *G° to t*. Hence if k|j
trace 7yt (/) — trace r,~(t7) = [Ep : Q,]{trace r¢t(¢/) — trace ry(¢7)}.

The representations 7,* and 7y~ are, for the present purposes, to be treated
as representations of £7° X & (Q,™/E,) or of *T1% X &(Q,"™/E,). For each
1in Q, let y1?%, v»* be the weights of *74° or of *T given by

y1i=(0,0) X ... X (0,0) X (1,0) X (0,0) X ... X (0,0)
y2' = (0,0) X ... X (0,0) X (0,1) X (0,0) X ...X (0,0).
There is one non-zero factor and it is at the zth place. For the moment we will
not be too concerned about which order makes the roots v1! — v.* positive.
We take it to be that coming from the identification of X, (7") and X*(2717).
Let 0 € Q be the set of marked spots. It is easily seen that
2.7) rot—ri =+ Qi (1! — 72

on T, To examine this difference on 7% X &(Q,™/Q,) we must not only
describe 7y on £G° X &(Q/E) but also explicitly describe the lifting of
lp: LT — LG to lZ‘ : LT1—> LG1.

We lift 7o and regard it as a representation of “G,* X &(Q/E). The group
LG,0 is a product

[TicoGL(2, C).
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Let »* be the representation obtained by projecting on the ith factor and
then taking the standard representation of GL(2, C) on the space X' of
column vectors of length two. The restriction of 7, to £G," is

®1€Q rt,
acting on
Qo X'

Recall that Q is a homogeneous space on which ¢ Q/Q) acts to the right. By
its definition ®(Q/E) consists of those elements of ¢(Q/Q) that leave Q

invariant. If ¢ € ®(Q/E) then
r()(O') . ®1Eé xi —)®i€(§ xiv.

On =T the homomorphism , is easily described. It takes

- Hm(w;(f) 0 )

2 (t)
To define it explicitly on “T we need to choose a set of representatives z; for
the cosets in (. If we examine the constructions in [16], we see that this

entails choosing g; correctly, but we are in fact allowed to continually choose
g1 anew. We let

Ti0 = dn("')Tj d”(a) € ("5(6/[")-
Set

fi2 ) evos

a(p) = )
1((1) (1)) p€ OWQ/F), »¢ OGQ/L).
Then
J1(0) = [lia(di(e)) X 0.

LemMa 2.7. The function f,7 is O if for some vy the algebra L, = L&y Iy,
15 a field and Q,, has marked points.

We may suppose that [F, : Q,] divides j. Let /, be the greatest common
divisor of n, and j. Up to equivalence the representation 7, and the represen-
tations 7ot and 7™, as representations of £7;, do not depend on the choice of

coset representatives. In an orbit under p = ®,’ we take the representatives
to be

T, TP, TP+ . ., TP e, = n,/l,.
Then

01<e,— 1
1 =e,— 1.

1
d,-pi (P) = {TpevT—I
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Certainly
rpfrr~l = 7@ i/ bp—1
is the Frobenius over F, to the power j/l,. If L, is a field then it is quadratic
over F, and, with the assumption under which we are working at present,
unramified. Thus rp¢r~! lies in & (Q/L) if and only if 2|j/,.
Let {x:? x2*} be the standard basis of X . The collection
®1e§xa’(z‘>i Jj@) =1,2

is a basis for the space in which 7, acts. The representation 7,* acts on the
span of those elements for which

(—1)21ea’ = i(—])lél,

and 7y~ on the span of the other elements. The sign is determined by (2.7).
It is clear that 7o(®,’) permutes the basis elements amongst themselves, and
that the element indexed by {j(z)} is fixed if and only if j(z) is constant on
orbits of ®,’ and

a('rpe”'r"1 = (1 O).
0 1

Since each basis element is an eigenvector for Z7T°, we have
trace 7ot (/) = trace r¢=(t7) = 0

and
trace 7ot (/) — tracery=(¢7) = 0

if 21,  does not divide j and t = a X &,, a € LT° Thus in this case at least
H =

We now suppose that 2/, divides j, and makes a different choice of coset
representatives. We take the representatives of the cosets in Q, to be of the

form
7, 7Py, ..., 7P L
If p = &, then
N 0<i<n—1
drpi(p) = {7'pn”'r_1 i=mn,— 1L

It helps to picture Q, as
l,
XXO...XXO...xx0O...

There are /, orbits under ®,” and each orbit consists entirely of marked or
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entirely of unmarked points. If &, is the number of marked orbits then
my/ky = n,/l,.
We may write
rot () — 1= () = £ Q. (r.F () — r- ().

The tensor product is taken over the marked orbits and the meaning of
7.7 (t?) and r,~(t%) is, I hope, clear. We show that

trace 7,*(t7) = trace r,~ (%)

if 2 € Q.
All our calculations will be within Q,; and so we may as well take the
indices of the points in this set to be 1, ..., n,, agreeing that indices in the

formulae to follow are to be read modulo #,,. Ift! =b X ¥,/ then

v (0) = v @)y, @) oy @)™ @) e @)y ()

Here ¢ # e, and the subscripts, except perhaps at the beginning and end,
appear in blocks of length #, . There are exactly two vectors of the form

®i€z X"

fixed by ®,7, but since we have chosen a new set of coset representations the
subscripts j(z) are no longer constant. At all events,

trace 7.+ (t) — trace 7.~ (/) = + ([ Liezvic0'®) — [Tiezvircn'(®0))-
Since
®,(0) = a"b®,7(a)
the character
a— Jie:vio' ®)
is invariant under ®,. It is therefore a power of

a—yi'@) .. " @)y (@) .. v (a),

and the power must clearly be

Ity I
2y Ly, 20,
0 0

We conclude that
HiEz Vj(i)i(b) = HiEZ'Yj’(i)i(b)-
The lemma follows.

Our purpose has been to find an explicit expression for (2.6), with f,’
replacing f,7, when every prime of F dividing p is unramified in L. We are
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still not finished, but we have shown that it is 0 unless v splits in L whenever
0, contains a marked point. If we pass from #,(T) to #,(T,) we replace
¢, by ¢, and ¢, is a product

o' (1) = [Loeut)

if t = (¢°), t* € T,(Q,). The expression

(28) )\(Lv/Fvy 'pv)Kv(ii'O_:‘_:q%ﬁ) @v(tv)

does not depend on the choice of #° or of ¢,. For lack of space, the image of
the global element ¢° in 7°,(Q,) is also denoted #°.

LEmMmA 2.8. Let U, be the maximal compact subgroup of 1,(Q,) and let &, be
the characteristic function of U, divided by its measure. If v splits in L then
(2.8) s equal to §,(t"). If v does not split and U, and K, are contained in a
common maximal subgroup of G1(Q,), then (2.8) is equal to 6,(t*) if the order of
b — t" in L, 1s even and to —8,(t°) if the order of t,° — t:" 1n L, is odd.

The assertion pertaining to split v is clear. If v is not split we take ¢, to be
such that the largest ideal in which it is trivial is the ring of integers of F,
and we take #° to be such that #,° — #,° is a unit in L,. Then

ML/ Fy) = 1

and
(tlv - t2ﬂ)
Ko\ 70
ty — i

is 1 when the order of £,° — #,” is even and —1 when it is odd. However, it is
observed after the proof of Lemma 2.2 of [7] that with these choices of ¥, and
%, and the assumption that U, and K, are contained in a common maximal
compact subgroup K, of G,(Q,), the function

¢, (t) = @7/ (l, ¢,)
is the characteristic function of U, divided by its measure. Here we write
Kzz = Hv K,

and take ¢, to be the characteristic function of K, divided by its measure.
We return to the functions f,’, which we regard as elements of

‘%pﬁ(fl) e ®v %p(Tv)

We suppose now that Q, contains no marked points if » does not split in L.
If we regard 7ot and 7~ as representations of the associate group of T, over
Q, then we may factor ¢t — r,~ as a tensor product

®olp (71)+ - 7’,,_).
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In order to conveniently specify 7,* and 7,~ we choose the v,% and v,* in such
a manner that all of the y;* — v,? are positive with respect to an order that
puts uY in the closed negative Weyl chamber. This is a choice that refers
only to T and not to the identification of X4(74) and X*(*T).

If Q, contains no marked points then r,* is the trivial one-dimensional
representation and 7, is zero-dimensional. If » splits in L then r,* ® r,~
acts on the span of

®te<‘2v Xjnt
The action of ®, = ¢ sends
®te<‘)v Xin —’®iec;‘zv X501
and @ € LT,° acts as
® x50" = ([Tiea, vicn (@) (® x50).

If we write

W= DY
then
“U = Ziéav ’YZi'
The vector ® x}; lies in the space of 7,* or 7,~ according as (—1) 2/ is 1

or —1.
The following lemma is in any case clear.

LEMMA 2.9. The function fy? is a product 11 f, 7 with fy ,7 in A, (T,).

In order to save on subscripts we suppose for the purposes of describing
the fy,,7 that  remains prime in F and that F splits in L. This allows us to
drop the v when we choose.

Suppose u is a weight of 7¢t + 7=, Then there is a partition of ( into two
disjoint subsets O’ and Q"' with m’ and m'’ elements respectively, and

p= D ea vet + Do M
Moreover m' + m' = m(= m,). Let
b, = Zie@ Ye'
and set
v = m'sy + m''6,.
If £, is a large unramified Galois extension of Q, then
Nmy, qn = [k, 1 Qylv/n.
We set
B) = k(p — p¥) = (="
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LemMA 2.10. Suppose there is only one prime v of F dividing p and that 1t
splitsin L. Let n = ny L = 1, k = ky. If j|[Ey: Q,l and t = a X &, then

trace r¢t (t) — trace 7~ (1%)

1s equal to

k' i
- I B)v(a)'".

Here

ml

B="k k="
m m

Notice that

is a weight if m/k|m’, and so the terms of the sum appearing in the lemma are
well-defined.
The argument used to prove Lemma 2.7 shows that

trace 7o (tY) — trace = () = []. (trace r,*(t/) — trace r,=(#)).

The basis vectors & i, x ;5" for r,;+ ® r,~ are permuted amongst themselves
by &,7. The only fixed vectors are

®i€zx7'i j=12
Thus
trace 7t (#7) — trace r,~(t7) = 62(a)?/' 4+ (—=1)*"%;(a)?’".

Since there are k orbits, we must raise the right side to the kth power. Ex-
panding by the binomial theorem and recalling that

m/k = n/l,
we obtain the lemma.

If w is a local uniformizing parameter for Q, then the element of the Hecke
algebra corresponding to the function

a X &, —>v(a)™
is the characteristic function of
w—jv/n ﬁp

divided by its measure. We denote this function by 6;,,,.

Before summarizing our results on the sum (2.1) we observe that since
Z(R)\T(R) is compact the image of 7°(Q) in

T(R)ZK\T(A) ~ Zx\T'(A))
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is discrete. Clearly

meas (Z(R)ZxT(Q)\7'(A))
meas Z(R)\T'(R)

Summary of the discussion of the sum (2.1).

meas (ZxT(Q)\T'(A))) =

(a) It can be expressed as a sum over the primes p of E dividing p.

(b) If pis such a prime let wy, be a uniformizing parameter for E,. The
term of the sum corresponding to p, which is now our only object of interest,
may be expanded in powers of

@l = |w|*
lf e = [Ep . Oli]'

(c) The coefficient of j='wy|’* is 0 if, for some v|p, v does not split in L
and there is a marked place in Q,. It contains the factor

2[@(T/A)u:( {n)q G e (LT QN (A).

(d) To obtain the coefficient this factor has to be multiplied by a sum over
the non-central elements of

TQ)NZR)ZATQ) = T(Q) M Zx\T(Q)

and over the possible v arising from collections { (m,’, m,”)| m,) + m,”” = m,}.
In the quotient on the right, 7°(Q) is regarded as a subgroup of 7°(A,). The
terms of the sum are themselves the product of three factors. The first is
trace £(¢), and depends only on ¢ and ¢. The second is ®,7/%(¢, ¢”), and depends
only on the image of ¢ in 7T (A/?).

(e) The third factor may be represented by meas U,/meas U, times a
product over the places v of F dividing p of further factors, each depending
only on the image of ¢ in 7,(Q,), times B(r) = x(u — pV). Here p is any
weight of 7o such that, for some large Galois extension k, of Q,,

Nmy, / op
is a multiple of ».

(f) The factor corresponding to a given v is 0 unless v splits in F or there
are no marked places in Q,.

(g) If there are no marked places in Q, and v does not split in F then the
corresponding factor is

+1 |tata]

meas U, |(tx — £2)°],"""

The sign #1 may be expressed as a product of two factors. The first is
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(—1)°rdti—=t) To obtain the second we write

Gl(Qp) = Hu/p Gv(Op)y
with
Gy = Resp, oG,

and let K, = Il K, be a maximal compact subgroup of G,(Q,) containing K,.
If g € G,(Qp) and g 'U,¢g C K, then the second factor is (—1)°rNmg,

(h) We write v = 3 v,. If v splits in F, the corresponding factor is 0 unless
kywv,/m, is a weight. If it is, the corresponding factor is to be

kv! Pfeﬂwﬂe (t) _ It1t2|7)1/2 _
k), (0 — )

Here
kv/ = mv/kv/mv kv’/ = mv”kv/mv Vv/ = jevv/nv-

Notice that /, must now be taken to be the greatest common divisor of 7,
and je. Moreover if m,” + m,”, 0,,,(t) # 0, and g, is the smallest of m,” and
M, then

1/2

e ___ltlt2lv _ dem
P - T

The logarithm of (1.5) has to be subjected to a similar treatment. For-
tunately, we can handle it with more dispatch, partly because we can rely to
some extent on our discussion of (1.6), and partly because (1.5) has been so
set up that the trace formula, in its stabilized form (7], is immediately ap-
plicable and quickly leads to the expressions needed for the comparison.

The logarithm of the local factor at p of (1.5) is

(2.9 ZH n(I)m (IL,,)m (11,) log L,(s — ¢/2, =, r),

where © € II. The number #(II) is the common value of #n(w), = € II. More-
over we may as well agree that the sum is to be taken only over those II

such that
To(2) = v~ 1(z)] 2z € Z(R)
7!',(2) =171 z € ZK

if = m, ® 7, € I, for otherwise either m(II,) or m(II,) is 0. This said we
may replace m (IL,,) by its value

ZTCDEHOD trace T (fE)

We also may write

m(Il,) = ZW/EHfm(Wf)-
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Then m(w,) is non-zero only if m, contains the trivial representation of K,.
Thus we may replace

log Ly(s — ¢/2, m,7)
by

is 4
Doy Dt J%I— trace m, (hv’),

where Ay’ is an appropriate element of the Hecke algebra of G(Q,). It is
defined by

trace m, (hy?) = |w|~7%2 trace r,(g(my)),

whenever m, is an irreducible representation of G(Q,) containing the trivial
representation of K,. Here r, = n,* @ r,~ and g(=,) is an element of the
conjugacy class in *G® X &, associated to m,. We conclude that (2.9) may be
written as the sum over p|p and the sum over j from 1 to o of |w|’*/j times

(2.10) Y., n(w) trace m.(f;) trace 72 (¢?) trace m,(hy?).

Recall that ¢? is the characteristic function of K? C G(A,?) divided by its
measure.

We may apply the stabilized trace formula for G(Q)Z(R)Zx\G(A) to the
function

g — fi(go) 7 (") Iy’ ()

to obtain the form for (2.10) that we need.

In order to write down the contribution from the scalars we need to draw
on our knowledge of harmonic analysis on real groups, namely on the limit
formula of Harish-Chandra, to see that

fe(z) = (—1)9 trace £(z)/meas Z(R)\G'(R) =z € Z(R).

Here G’ is a form of G over R, the one for which Z(R)\G'(R) is compact,
and the measure on Z\G’ is obtained from that on Z\G by transporting
invariant forms of highest degree as in § 15 of [6]. To tell the truth I am
unable to supply a reference to the appropriate computation. The method to
be used is described in [8], and the reader can verify for himself that the
constant is correct. Appealing to § 7 of [7], we see that the contribution of the
scalar matrices to (2.10) is

meas (Z(R)ZxG(Q)\G(A))
(2-11) ZZ(O) N ZR) Zg\ 2(Q) meas (Z(R)\G(R)

X (—1)? trace £(z) ¢" (2) s’ (2).

It will remove some complication from the discussion of the remaining
terms of the trace formula if we take advantage of the possibility we have
allowed ourselves of only working with sufficiently small K. It is convenient
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so to arrange matters that the equation
gty = at

with g € G(Q), ¢t € G(Q), and z: € Z(Q) N\ Z(R)Zx implies that z = 1. The
equation certainly implies that z lies in the centre of the derived group. Since
this is finite, its intersection with Z(R)Zx will be {1} when K is small.

The remaining contribution to the stabilized trace formula is a sum over a
set of representatives 7 for the stable conjugacy classes of Cartan subgroups of

Y meas (7'(Q)Z(R)Z\T(A))u(T)
2 7(Q) N Z(R)ZK\T(Q) [@(7‘/1\) . Im@(T/ﬁ)]

X "1, [T, ¢7) BTt By').

The prime indicates that scalars are excluded from. the sum. Since ®7/1(¢, f¢)
is 0 unless 7T'(R) is fundamental, we agree to sum only over such 7. Then

7, fr) = trace £(1)/(Z(RN\T(R)).

By appealing to our earlier discussion and to the formalism of Hecke
algebras, we easily see that the following assertions are valid.

(i) hy! = 0if e = [E, - Q,] does not divide j.
(i) if
G, = Resy,/0,G
there is a natural imbedding of 5, (G) into @, 7 ,(G,).
(iii) The image of hy’ under this imbedding is a product ® &, , .

(iv) If T, is a split Cartan subgroup of G, and ¢, ¢, the eigenvalues of
t € T,(Q,) >~ L, then, when e|j,

f .’ (¢ tg)dg
Tv(Qp) \ Gv(Qp)

is equal to

ltatal,? B, ( . )
T vy 7. vo! t = .
ltr — ta], Lomssiatn 1O O =

The last assertion is, of course, a consequence of the definition of the Satake
homomorphism, and the relation of the Satake homomorphism with the
formalism of the associate group. Here v, is defined by a pair of non-negative
integers m,’, m,”” with m,” + m,”” = m,, and the sum is over those for which

kv, = kvmvl/mv kv” = kvmu///mv

are integral.
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For any T let U, be as before the maximal compact subgroup of 7°(Q,),
and U, = II U, the maximal compact subgroup of 74,(Q,). Let K, = I1 K,
be the maximal compact subgroup of G,(Q,) containing K,. Replacing 7 by
a conjugate if necessary suppose U, € K, and define

w(l) = K, : K,U,).
Then
u(T") meas U,d7/1(¢, hy")
is equal to
(2.12) ], meas U, I, (¢ 'tg)dg.
Tv(Q\ Gv(Q )

To verify this we observe that both sides are independent of the measures
chosen, and that it therefore suffices to work with one convenient choice of
measure. Let 2 be (meas K,)hy’, where hy’ is taken in #,(G) and let &’ be
(meas K,)hy’, with k7 now regarded as an element of #,(G,) = &, ,(G ).
Then £ is the restriction of 4’ to G(Q,).

1 -1
"Nt h) = Zfao,,)r;(o,»\ﬁl(o,,) f h(g tg)dg.
7OQN\G(Qp)

If we take the measure on 7°(Q,)\G(Q,) to be the same as that on its image
T1(Q)\T1(Q,)G(Q,) in T1(Q,)\G1(Q,), the right side is equal to

[ v
T1(Qp) /G1(Qp)

To completely check the assertion we need to show that with this choice
u(T) meas U)\K, = meas U,\K,.
However

meas U\ K,

meas U,\U,K,

and
meas U,\K, = u(1") meas U,\U,K,.

We have only to evaluate the individual integrals on the right of (2.12).
They have been given in § 6 of [12], albeit for the group GL(2, Q,) and not
for G,(Q,) = GL(2, F,), but the formulae and the proofs are valid without
change. In order to disencumber ourselves of the subscript v when stating the
results, we suppose that p remains prime in F.

We start from G,(Q,) = GL(2, F,) and a

v = a'dy + a'’b;.

Let
7= a'é, + a'’é,
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and let % be a spherical function on GL(2, F,) for which
(Jtr = ta]o/ |tata],'") k(g tg)dg = 1{0,(t) + 0;(t)}

A(F)\GL(2,Fv)

if 4 is a split torus in GL(;). If ¢’ = ¢” and K, the maximal compact sub-
group containing K, then % is the characteristic function of

w,,a’ 0
( 0 w,,a”)K"

divided by the measure of K,. There will be no need for an explicit evaluation
of the other orbital integrals in this case.
In general set

(¢, k) = f k(g 'th).
T»(Qp) \GvOp)

If @’ # o' these integrals can be computed directly, along the lines of § 3 of
[15] or of § 7 of [6], but I prefer to apply the method of § 6 of [12]. Lemma 6.4
of that paper and the Weyl integration formula imply that

P20 f X))@ (&, AW = 0

»(Qp)

if = is an absolutely cuspidal representation of G,(Q,). The sum is over a set
of representatives for the non-split Cartan subgroups and

A(t) = l(tl - 52)2|v1/2/ltlt2|v”2-
In addition ®7v(¢, k) is 0 unless
|det ¢, = |@,|® a=ad +a".

Let G,/ (Q,) be the multiplicative group of the quaternion algebra over F,.
Exploiting the relation between characters of G,(Q,) and characters of G,’ (Q,)
proved in [6], and using as well the Weyl integration formula for G, (Q,) and
orthogonality of characters, we deduce that there is a function ¢(x) on FX
such that

7+ (t, h) = meas (1,(Q,)\G,' (Qy)) ¢ (det #)

if T, is not split. The measure on G, (Q,) may be assumed to be obtained by
transferring that of G,(Q,).

Let x be the representation g — x(det g). If we use the Satake homo-
morphism to compute the trace of x (%) we obtain

0 x ramified

L(lwy|¥ "2 + &, |~ ?)x (w,)* x unramified.

We may also compute it by using the Weyl integration formula. This yields
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the sum of

(S

27, meas (T,(Q,)\G/' (Q,)) jT o x(det #) ¢ (det 1) A(2)"dt

and

[

f x (det £)0, () A(t)dt.

»(Qp)

The second expression is 0 unless x is unramified, but then it equals
w71 2 () .

This yields a value for the first expression. Applying the orthogonality relations
and the Weyl integration formula to the characters of the one-dimensional
representations of G,'(Q,) we conclude that ¢(x) is 0 unless |x| = |w,|* and
that then

B va||a’—a"|/f

¢(x) = 2meas K,

if K,/ is the maximal compact subgroup of G,/(Q,). In order to have a con-

venient notation we let =, be 0 unless |det ¢| = |w|* when E,(¢) is to be 1.
Finally we deduce from Lemma 4.1 of [15] that if z is a scalar then k(z) = 0
unless |det z| = |w,|® but then
B l_w_v‘lu’—-a”ll—2
h(z) = 2meas K,

All the information we need is now at our disposal. It will be a help to
review it once again, and display it in a form convenient for reference.

Summary of the discussion of the sum (2.9).

(a) It can be expressed as a sum over the primes p of E dividing p and
over the possible v, defined by {(m,’, m,”")| m,/ + m,”” = m,}. The m,, m,”
are to be integral except perhaps when m,” = m,”” = m,/2, and then we allow
them to be half-integral.

(b) The term corresponding to p and » may itself be expanded in powers of
[@ol® = |wp]*%, e = [Ey : Q,]. We now fixa p,and av and consider the coefficients
of |wy|7/J.

(c) We treat the case that m, s m,” for at least one v first. Then the
coefficient is a double sum, over the stable conjugacy classes of Cartan sub-
groups T fundamental at infinity and split at every v for which m, = m,”,
and over non-scalar ¢ in 7(Q) N Z(R)Zx\T(Q). The individual terms are
given as products. One factor is

Z[G(T/A)“:({rzx G/ F) ™ (TQ)Z\T(A))).
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A second is

meas U,

T/1 D .
&7 (¢, ¢°) trace £(¢) - u(T) meas U,

The third may again be written as the product over the places v of F dividing
p of factors depending only on the image of ¢ in 7°,(Q,). If T, is split, the
factor is O unless m,/k, divides m,” and m,”. Otherwise it is
1/2
jemor2 __Rol |tata],
P kv’!k—v/7! 0,, (t) Ifl — t2|v .

If T, is not split the expression is more complicated. It is the sum of two
terms. The first is

{ 20§i<kv/2 piemvi/ku (k.v)} meas Tv(Op)\Gv, Q,) = o s (1)

7
1 meas K,

The second is 0 unless k, is even, but it is then

jemy /2 kv ) 1 f —1
myv t d
P (k,,/2 meas K, J 7,0\ ¢.0p o (g LE)dg

if ¢, is the characteristic function of

my /2
0
(wO wm"ﬂ)K’)'

The point is that for split 7', there are several possible v,, and we can decom-
pose the contributions from the orbital integrals of A’ into parts labelled by
them; but for a 7', that is not split there is only one reasonable v, and we
have to take the orbital integral in one piece.

(d) Whatever is not included in the terms gathered in (c) must now be put
together and credited to that » for which m,” = m,” for all . There are two
contributions; the first is a sum over z in Z(Q) N Z(R)Zx\Z(Q). IZach term
of the sum is a product, the first factor being

meas Z(R)ZxG(Q)\G(A) », meas K,
meas Z(R)\G'(R)  Fece @@ Lo

The second factor is itself a product over the places v dividing p of terms
depending only on the image of z in the group G,(Q,). It will be easier to
write them down if we first observe that a simple calculation, which can be
left to the reader (cf. § 15 of [6]), shows that

meas K, = (jw,|~! — 1) meas K,’.

The factor at v is itself a sum of two terms. The first is

m v - - 1 kﬂ jem
— (=1 VM*‘JEjemv/nv(z) Zo§t<k1,/2 A

meas K, 7
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The second is 0 unless k, is even, when it is

(—1)7”" (Z)( )pjemv/Z

meas K, Sjems s k,/2 :
The second contribution is a sum over the stable conjugacy classes of
Cartan subgroups 7" with 7 (R) fundamental of a sum over the non-scalar

elements in 7(Q) M Z(R)Z\T(Q). The terms of the sum are themselves
products. The first factor of the product is

ACT/A) G s s TQIZAT )@ &)

meas U,

X trace £(t) - u (1) meas U
P

The second is a product over v dividing p of terms that once again depend
only on the image of ¢ in 7°,(Q,). If T, is split the first factor is 0 unless k&, is
even, but then it is

, k ) tata] " je
jemy /2 v 14200 o .__7_
p (k,,/Q e,,,/(l) itl — t2|v Vo n, Vy.

If 7", is not split, the factor is the same as in (c).

3. The zeta-function. The next step in the proof is to use the structure of
the set of geometric points on S(KX) over the algebraic closure &, of the residue
field k, of E at p to obtain a formula for

log Zy(s, S(K), Fe)

which can be compared with the formulae of the preceding paragraph. This
logarithm has a power series expansion

Z]—l ) |wn|

j
with

M@G) = D (—1)" trace 7(®),
and we shall be concerned only with the coefficients M (7).
According to [13] the set S(K, k) is a union of subsets indexed by equiva-

lence classes of Frobenius pairs (v, 4£°). These must be described. Recall that
we have supposed that the totally real field F used to define G is imbedded in

Q C C. The set of imbeddings of F in Q or C is then represented by the
finite homogeneous space

Q = G(Q/M\GQ/Q).
To nourish our intuition we wrote this set as

X X...x0O...0X.
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The infinite places at which the algebra splits are marked by a cross; the
others are not marked, but represented by circles. We assumed that F is
unramified at p. Hence the Frobenius &, acts, and we decomposed the set
into its orbits.

X...0...X; O...x...0;

Qo Q.
Let %, be the number of elements in the orbit labelled by . Then
Sun,=n=1[F:Q].

To be definite we viewed the Frobenius as acting on each orbit by a cyclic
shift to the right. We also let m, be the number of marked points in the orbit,
and observed that the orbits or the indices v also label the primes of F divid-
ing p.

There are two kinds of Frobenius pairs, or rather of equivalence classes of
such pairs. To describe one of the first type we start from a totally imaginary
quadratic extension L of I which splits at at least one prime of F dividing p.
We choose a set of representatives for the isomorphism classes over F of such
fields. Ifach L determines a stable conjugacy class of Cartan subgroups of G
over Q. Choose a representative T, for each such class. 7, is contained in a
unique Cartan subgroup T of Gy. It will be less taxing on my powers of
abstraction if 1 fix an isomorphism of 7, with the algebraic group over Q
defined by the multiplicative group of L. In particular 77 (Q) will be identified
with L%, and every imbedding of L in Q defines a rational character of T, and
of T';. The set P of such imbeddings is fibred over Q, each fibre consisting of
two elements. We also think of P as a set of rational characters of T, and as
such it is a basis of the lattice of all rational characters. The dual basis of the
lattice of co-weights is also indexed by P.

We fix, to have a point of reference, hy : R — T 5, which is conjugate under
G(R) to the & defining the Shimura variety. Suppose g ¢ A(7/Q). Let

T =T =g 'Tg.
An £° : R — T must be of the form
hif:r—x"h,(Nx x € GR).

The diagram
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is commutative. Since D(7/F) — ©(1/R) is surjective we may by a suitable
choice of x and g arrange that £;7?"" is any element in the orbit of &, under
the Weyl group of T.(C) in G(C). However hy, itself can only vary within
an orbit of the Weyl group of 7°(R) in G(R).

As in [13] h° defines a co-weight uY of 7. Since g has been fixed for now,
we may pull V¥ back to a co-weight of 7', and hence of T, which I again
denote by pV. It may be written in terms of the dual basis we have chosen.
The coefficients will be 0 or 1. It will help to have a pictorial way of represent-
ing these coefficients.

Let P, be the inverse image of Q, in P. The group ®(Q,/Q,) acts on P,.
If v splits in L then P, falls into two orbits and we represent the map P, — Q,
by the diagram:

P {xo.\..o...x
! Ox...0...0

Q» XX ...0...X.

Ifach horizontal line represents an orbit. A point is marked by an X if the
coefficient of the corresponding element of the dual basis is 1 and is left
unmarked if the corresponding coefficient is 0. Above a marked point of Q,
there is one marked and one unmarked point, and above an unmarked point
there is no marked point. Let m,” and m,” be the number of marked points
in the two orbits. Then

/ "
m, + m, = m,.

If v does not split in L. we may still represent P, — Q, as

{O...x...O
O0...0...%
O...X...X.

However there is only one orbit in P, and no significance is to be attached to
the two horizontal rows in its pictorial representation.

Starting from L, g, and A° we set about defining Frobenius pairs (v, 4°) of
the first kind. We must suppose that m,” ¢ m,” for at least one v with v split.
If £, is a sufficiently large but finite Galois extension of Q, we set

Nmkp /QpMv =V

and write vV as an integral linear combination of the elements of the dual
basis. If [ = [k, : Q,] the coefficient of a co-weight in P, is Im,/2n, if v does
not split in L. If v splits the coefficient is im,’/n, in the first row and Im,”/n,
in the second.

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-102-1

ZETA-FUNCTIONS 1163

We first construct an appropriate v; in 7.(Q) € LX and then take
v = g~ly;g. If v splits let a, and b, be the two prime ideals in L dividing it.
If it does not let g, be the ideal of L generated by the prime ideal in F defined
by the valuation v. Set

an = (H ggmv) (H av2mwbw2mv”).
Some power a° of a is principal. Let
a® = (81).

8y lies in T',(Q). Recall that G was defined as the inverse image of 4 in
Resz/oGL(1). If B is the quotient of these two groups we have injections

TLQN\TL(Q) = B(Q) AQ)\F*< B(Q).

Let §, be the image of 6;. Since uV and »V are co-weights of 7', x(§;) is a
unit for all weights of B and some power &, of §; is the image of a unit 8 in
FX. Set

1 = 8:2/B.

The pair (v, k°) is then of Frobenius type.
Suppose 7 lies in 7" and (7, #°) is also of Frobenius type. Let

¥ =g vg

By the definition of pairs of Frobenius type there are positive integers ¢ and d
for which

|’7ldlv = I'chlv

at every finite place v of L. Thus v, °y,% is a unit. Since L is a totally imaginary
extension of F we may even arrange, by multiplying ¢ and d by a common
factor, that y1=%y;%is a unit in F. Consequently (v, £°) and (¥, k°) are equiva-
lent, and the critical data for the construction of a pair of the first kind are
L, g, and k%, or, if one prefers, h;**"". Actually A **"" is determined by uV,
regarded as a co-weight of 7', and we use u¥ rather than %° It is also clear
that the class of (v, #°) depends only on the image § of g in D(7/Q), and it is
finally most convenient to take L, §, and uV as the fundamental data. I note
in passing that, because m,” # m,” for some 7, no power of v is central and the
group H° of [13], now denoted by I°, is T.

The use of the symbol H in [13] conflicts with its use in [7]. Since the
constructions of those two papers appear simultaneously in the study of
Shimura varieties, it will be best to use I° and I for the groups denoted H°
and H in [13]. It will also be best to denote the groups G° and G of that paper
by J° and J, and not overburden the letter G.

Not every pair 8, ¥ can arise, and it may save us some confusion if we
describe now the relation between 6 and uV that must be satisfied. Observe
first that u¥ must lie in the orbit of u,Y under the Weyl group if u.V is the
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co-weight associated to Aj. Since the image of 7';, is anisotropic, up¥ — uV
defines an element of H1(®(C/R), X4(T'L.)) and hence, by the Tate-
Nakayama theory, an element o, (u¥) of H'(R, T'1). On the other hand ¢ lies
in ©(7"./Q) which may be mapped to ©(7',/R) € H'(R, T',). The condition
is that the image of 6 is a,,(uV). To verify this we observe that the image of § is
the class of H'(R, T'.) corresponding to

prY — gx W (uY) = pV — uV.

LEMMA 3.1. Suppose L, T'1, and hy, are given. Then L, 8, uV¥ are possible data

for the construction of a Frobenius pair if and only if a,,(uV) is the image of &
m D(T/R).

The necessity has just been verified. On the other hand if ¢ represents 4,
the image of 8 is a,,(pY), and p¥ = w(uLY), with w in the Weyl group over C,
then there is an x in G(R) so that gx—! normalizes T and represents w. We then
define A° by

ho(r) = x th(r)x.

We next describe sufficient conditions for the class of pairs associated to
L, 8, and uV to be the same as that associated to L, §, and uV. We continue to
assume that the pairs are of the first kind. Let Q(7";, G; Q) be the quotient
of the intersection of %(7/Q) with the normalizer of 1" by 17'(F). It is a group
and may be properly larger than Q(7°,(Q), G(Q)), the Weyl group over Q.
It acts on D(7°,/Q) to the right, and in the present circumstances consists
of two elements, corresponding to the two automorphisms of L over F.

LEMMA 3.2. Suppose 8, uV¥ and 8, gV are given, and vield classes of Frobemius
pairs of the first kind. These classes are the same if the following conditions are
satisfied:

(i) There is an w in Q(T ;, G; Q) so that

Nmkﬁ/Qp(p’V - w(“v)) =0,

if ky s any sufficiently large Galois extension of Q,.

(i) If (1) s satisfied then g¥ — w(uV) defines an element of H'(®(k,/Q,),
X« (T1)) and hence, by the Tate-Nakayama theory, an element o, (@Y, w(uv))
of H'(Q,, T'1). The equation

way (7Y, w(pV)) = 6

is to obtain.
(iii) If I is a finite prime different from p then wé and & have the same image

in D(T/Q,).

Let 6 and 6 be represented by g and 3. Because of the first condition we may
take

vy=gwg 7=g w(v1)g
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with a common v; in T',(Q). If w is represented by w the third condition
implies that for [ £ p

g=twgu t€T,Q;) ucGQ
and, consequently, that

¥ = u"lyu.

There is one more condition to be verified if equivalence is to be established.
It is a condition on b, the element associated to (y, %) in [13] and discussed
at length in the appendix of this paper, and on b, the element associated in
the same way to (7, £°). The elements y and 7 are conjugate over G(Q) and
hence, by the corollary on p. 170 of [18] over G(Q,""). Let

¥ =uwlyu u € G(QM).

In order to establish equivalence we must show that there is a ¢ in 7°(f) for
which

b = t7'ubo (u)o(t)

if ¢ is the Frobenius on Q," or f.
Since no power of v, is central

g = swgu s € T,(Q,™).
Thus § is represented by the cocycle
fr@r(@r@u'gw} € 6(Q,/Q))
and
8 = wip
in D(7/Q,) if
B = wgr(u)u'g w1,

Notice that 8 is represented by the inflation of a cocycle of &(Q,*/Q,) and
is completely determined by

wgo (u)u g~ w1,

It is a consequence of the definitions and the corollary on p. 170 of [18]
that, after multiplying b and b by yo(y=!) and 3¢(31), y € T(f), 3 € T(f),
we may suppose that o, (7, w(uV)) is represented by the inflation of a cocycle
{a,} of ®(Q,*/Q,) and that

gbg~! = wgbgwla,.
Thus

ubu~! = bg~lwla,wg.
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The second assumption is that
B~ op(mY, w(nY)).

Thus we may even assume that
g lwla,wg = o(u)uL

Then
b = ulbo(n).

LemMmA 3.3. Suppose the classes of Frobenius pairs associated to L, 8, V¥ and
L, 8, gV are of the first kind and the same. Then L = L and the conditions of the
previous lemma are fulfilled.

If the classes are the same then L ® F, and L ® F, are isomorphic for all
finite places v of F which do not divide p. Consequently L and L are iso-
morphic. Since we are working within a set of representatives for the iso-
morphism classes of quadratic extensions, L = L and 7', = Tz

Let 6 and & be represented by g and g and let (y, A°) and (7, h°) be corre-
sponding Frobenius pairs. We suppose they are equivalent. Replacing v and ¥
by appropriate powers of themselves and perhaps multiplying by an appro-
priate central element as well, we may suppose they are conjugate in G(Q;)
for I # p and hence in G(Q). As usual let

Y=g 'vg ¥=g"g

Then v, and 7, are also conjugate in G(Q) and there is an w in (7', G, Q)
so that

F1 = w(y1).
Recall that if X is a rational character of 7', then

Nl = )

and
M) = [l 7,

Here » and 7 are two positive rational numbers and
yV = Nmkp/Q,,/.LV Y = Nmkp/opﬁv.

Consequently
oY = 7o (V).

Since the sum of the coefficients in the expression of »V as a linear combination
of the elements in the dual basis is the same as the sum of the coefficients for
3V, r = 7 and

Nmkp/opﬁv = ankp/opw (}AV)
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This is the first condition of the previous lemma. To verify the second we
have only to observe that if w is represented by w then

Y =g = glwTiawg
and
V= 27718
are conjugate in G(Q;), and hence
wg = tgu te TQ,) uc€GQ).
As in the proof of the previous lemma

g=swgu s €T,QM™ uéeGQm™)
and

¥ = uvu.

Since v is not central, # is determined modulo 7°(Q,") and the class of the
cocycle in 7',

{wgr (w)u='g7'w | 7 € G(Q,"/Q,)}
is well-defined. As we observed before
§ = wdB.

Moreover we may once again suppose that «,(g¥, w(uY)) is obtained by
inflating a cocycle {a,} of ®(Q,*/Q,) and that

ubu~! = bg~lwla,wg.

Since we are assuming the two Frobenius pairs equivalent, there is a ¢ in
T () for which

b= == bo (1) o (£)
and
(ut 2wV oo (u)u=(uo (H)u=t) = bg~'wla,wg.

Cancelling b and taking
2z = wgutu='g 7 lw™!
we obtain
swgo (u)u~g"w e (z71) = a,.

Since {a,} and {r(u)u~!} are both continuous cocycles, it follows readily from
this equation that z € 7°,(Q,™) and that

B = op(mY, w(uY)).

We introduce next another type of Frobenius pair, which we will say is
of the second kind. We again start from the totally imaginary quadratic
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extension L of F, the Cartan subgroup 7', an element g in % (7/Q), and an
hY, but suppose that m,” = m,” for every place v of F dividing p and splitting
in L. Such data exist, for we may so choose L that no place dividing p splits
in it. We construct v as before. The ideal ais now an ideal in F, and so some
power of v is central.

LeEmMa 3.4. Any two Frobenius pairs of the second kind are equivalent.

Suppose (v, k°) and (5, k°) are two pairs of the second kind. We take v
and ¥ central. Choosing k&, so large that it splits both 7, and Tz and noting
that

m, =m,” = m,) =m, = m,/2
we see easily that there are two positive integers ¢ and d and a unit § in FX
for which

By = 7"
Replacing v by £&y¢ and ¥ by ¢ we may suppose v = 7. The equivalence
now follows from the fact that b is well-defined (cf. Lemma A.2).
It is clear that a pair of the second kind cannot be equivalent to a pair of
the first kind. With the following lemma, which is really a matter of definition,
our classification of Frobenius pairs is complete.

LEMMA 3.5. Every Frobenius pair 1s equivalent to one of the first or second kind.

The definition of (v, &%) involves the introduction of a subgroup I° of
G [13], and the choice of a Cartan subgroup 7" of I° which is defined over Q
and through which %° factors. Replacing v by a conjugate over Q if necessary
we may suppose that, for one of the representatives L and some g in %(7°/Q),

T = g'T 0.

If we also suppose, as we may, that the image of 7" in 1,4° is anisotropic over
Q, then, by the very definitions, (y, #°) must be a Frobenius pair associated
to L, g, and A°.

In addition to the group I° there is a group [ over Q and groups J® and J
over Q, attached to a Frobenius pair (recall that J° and J are denoted by G°
and G in [13]). [ is an inner twisting of I°. For a pair of the first kind, I°is T°
and the twisting is trivial. For a pair of the second kind I° is G. An inner
twisting of G is obtained from an inner twisting of Resz, oG or a twisting of
the quaternion algebra D defining G. Thus for pairs of the second kind, I will
be defined by the same subgroup 4 of Resr;,oGL (1) and a new quaternion
algebra D’. According to the prescription for passing from I° to I we are not
to twist away from infinity and p, but D’ must be ramified at every infinite
place. Since the number of infinite places at which D splits is

m = vav
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the invariant will be changed at m infinite places. Once we decipher the
prescription given in [13] for the twisting at p we will see that the invariant
of D at v is to be changed if and only if m, is odd. In particular, the total
number of places at which the invariant is to be changed is even, and the

prescription can actually be carried out.
Over Q,

RCSF/OG = Hv ReSF,}/QpG = Hv Gv‘

The centralizer of 7" in this group is a product I1 7, and if we regard uV as a
co-weight of the product it may be factored as

I uY (multiplicative notation).

The cocycle which defines the twisting is also a product and the vth factor lifts
to the cochain

v oV
g0 = Hrﬁ@(kp/op) Qo7

in GV. Here {a, .} is a representative of the fundamental class of the extension

kn/Qy.

A straightforward calculation shows that
Hl(Om Gadu) = Hl(Fv, Gad)~
The isomorphism is obtained by writing G.q" over Q, as a product

H®(6p /Qp) /@(ap/Fu)dGad

and then restricting a cocycle of ®(Q,/Q,) with values in Gy’ to ®(Q,/F,)
and projecting to the factor 'G,q. We also have the familiar imbedding

Hl(Fvy Gad) C’HZ(®(QP/F0)’ QP)

We have to show that, starting from the given element in H'(Q,, G."),
we finish with the element of H2(®(Q,/F,), Q,) with invariant m,/2. We may
restrict and project before or after taking the co-boundary of {¢,’}, and it is
convenient to take the co-boundary first. We obtain

{ H7 ap,rpwvv }{ Hq— P(aa,f)pqmvv HT apd’T_PO'Tﬂvv}.

The products run over 7 € &(k,/Q,). Substituting o7 for 7 in the first factor
and using the co-cycle relation

Aps = p(Uo,r)Up orllps

we see that this co-boundary equals
{ap,vv”v }

with

Vvv = Nmkp /Qp'U'UV'
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The invariant of the restriction of {a,,} to ®(k,/F,) is

o/ Lk = Qp),

and the invariant of the image of the composite homomorphisms is therefore

mlky, 1 Q) . Ny _mn
2n, (%, : Q,] 2
For pairs of the second kind J° = I° and J = I. For pairs of the first kind
J9 a group over Q,, is the inverse image of 4 in

I

where J'is T if v splits in L and m,” & m,” and is G’ otherwise. J is obtained
in the same manner with D’ replacing D.

There is also a space X and a multiplicity d to associate to a pair (v, 4°)
or, rather, to a class of such pairs. For the moment we ignore the multiplicity
and forego a detailed analysis of the space X. The group K is taken to be a
product K?K, with K? C G(4,°) and K, a special compact subgroup of
G(Q,), that is, the stabilizer of a special vertex in the Bruhat-Tits building.
X depends on K,. The set of points in S(k,) corresponding to the class of
(v, #°) is formally d copies of

Ve = HQ)\G(A/) X X/K?.

The group K? acts on the right through its action on G(A,?). I(Q) acts on
both factors, and the Frobenius &, acts on YV through its action on X.

As in [12] we use the Lefschetz fixed point formula to compute the alter-
nating sum of the traces of ®,’, j > 0, on the cohomology of F;. We take the
sum over the fixed points of the traces on the fibres. The fibres over Q, are
obtained by first taking the fibres of the sheaves over Z/I*Z, then letting
k — o0 to obtain fibres over Z,;, and then tensoring with Q,. Since the fixed
points lie in S(ky) = Sk (&), the only thing that really matters is the resulting
sheaf over S(&), a set with the discrete topology, and the action of &, on it.

We first look at the points in Yk, and find a formula for their contribution
to the alternating sum. If K = K?K, with K» C K? then the inverse image
of Vi in Sz (&) is

Ve = HQ)\G(A/) X X/K?.

The map is the obvious one. Consequently [12] the sheaf over Vi is
(HQ\GAL) X X) Xgr V(Q)).

Here K? acts on 1V (Q;) through its projection on G(Q;). The action of &,
on the sheaf is obtained by letting it act on X.
The point ¥ € Vi represented by (g, x) is fixed by &, if
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There are really two equations here
®yx = hx and k = g lh~lg.
The map from the fibre at &,y to the fibre at y is
(g Py'x) X v— (g x) X
At a fixed point,
(g, ®yix) X v = (hgk, hx) X v = (g,x) X kv
and the trace is
trace £(k™1) = trace £(h).

There is a lemma to be proved before we can find an expression for the
contribution of the points on Yy to the alternating sum of the traces. If
hy, he lie in I(Q) and k,, k, lie in K? the equation

(hagky, hyx) = (haghks, hax)
is equivalent to the two equations
hl_th = gk1k2_1g—l and hl—lhzx = X.

Since the centre Z of G is contained in I° and [ is obtained from I° by an
inner twisting, Z is also a subgroup of I.

LeEmMMA 3.6. There is such an open compact subgroup Ko of G(A,) that if
K C K, then for any Frobenius pair the equations

h = gkg! hx =«
with h € 1(Q), g € G(AP), k € K, x € X imply that h lies in Z.

We may as well divide by Z, and consequently suppose that Z is {1}. Since
I(R) is compact, & is semi-simple. Let it lie in the torus 1" over Q. I claim
that if N is a rational character of 7" and v any valuation of Q then

B = 1.

If v is archimedean, this is a consequence of the compactness of I(R). If v is
non-archimedean but prime to p, it is a consequence of the first of the assumed
equations. If v divides p, it is a consequence of the second assumed equation
and the definition of X [13]. We conclude that \(%) is a root of unity. Since
N(h) lies in a Galois extension whose degree is at most the product of the order
of the Weyl group of G with the order of the group of automorphisms of the
Dynkin diagram, it is one of a fixed finite set of roots of unity. We have merely
to take K, sufficiently small that the ensuing congruence conditions force it
to be 1.

We assume henceforth that K C© K. There is another vexatious possibility
with which I would prefer not to have to deal, simply because it encumbers
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the notation. Suppose 2 € I(Q),g € I(Q)and g'hg = zhwithz € Z(Q) N K.
Then z certainly must lie in the centre of the derived group which is finite. I
take K, so small that this equation implies z = 1.
If 2 € Z(Q) N\ K then (zg, 2x) = (gz, x). If
(gr <I>13jx> = (hgk) hx)
and k; € 1(Q), k1 € K" then
(hlgkl, @,,jhlx) = ((h]hhl_l)hlgkl(kl_lkkl), (hlhhl“l)hlx).

Thus to each fixed point in Yy is associated a conjugacy class {k} in
Z(Q) N K\I(Q), and if Ni(k) is the number of fixed points yielding the
conjugacy class {k} then the total contribution of ¥k to the alternating sum
of the traces is

E(,,) NI(h) trace £(h).
If x € Xand j > 0 set
T = {g € J(Q,)|®x = gx}.

LemMA 3.7. If h lies in 1(Q) and in T2, j > 0, then the centralizer I(h, Q,)
of hin 1(Q,) is the same as its centralizer J(h, Q,) in J(Q,).

The proof of this lemma will have to be postponed until we have examined
the sets 73,7 more closely.

Let ¢, be the characteristic function of 77,7, and if {x} is a set of represen-
tatives for the orbits of J(Q,) in X set

) 1 i, —1
(4 ( ) Z( )meas J(x) IO 7O 12 (g g) £

Here £ is an arbitrary element of J(Q,) and J(x) is the stabilizer of x in J(Q,).
We shall eventually see that the integrals are finite and that, for each j, all
but finitely many of the ¢, are identically zero.

LEMMA 3.8. Suppose ¢* is the characteristic function of KP divided by its
measure, and let

Then N(h) is equal to

meas (ZgI(h, Q)\I(k, A))) o’ (h)

meas Zx I(h,AP)\G(AsP)

¢’ (¢ 'hg)dg.

This lemma is a more general form of some of the lemmas in § 5 of [12].
The number N7(%) is equal to the sum over ¢ of

2on, 2 o.» meas K?¢ (g7 i)Y, (7 1g).
Here k, runs over the conjugates of % in I(Q) modulo Z(Q) N K and (g, )
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runs over
IQN\G(AL) X T(Qy)/K? X J(xy).

We may drop the sum over k; if we divide on the left not by I(Q) but by
I(k, Q). Since

ZgI(Q) M (gKPgt X gJ(x))g™!) = Zx

we may also replace the sum by an integral over ZgI(h, Q)\G(A/®) X J(Q,)
provided we multiply by

meas Zx/ (meas K?) (meas J(x;)).
The integration may be taken first over ZgI(k, Q)\I (%, A,) and then over
I(h: Afp)\G(Afﬂ) X I(h, Op)\J(Op)-

Appealing to Lemma 3.7, we replace the denominator in the second factor by
J(h, Qp). The first integration simply yields a factor

meas (Zgl(h, Q)\I(h, A))).

The lemma follows.

We must next consider the multiplicity d attached to a Frobenius pair. I
have first to confess that the multiplicity suggested in [13] is not quite correct.
It was suggested that it could be incorrect because insufficiently many examples
had been studied, and that is still a possibility, but the error to be mentioned
now arises from a different source, a misinterpretation of my calculations for
the special cases. Such mistakes—another is corrected in [14]—must be
annoying to anyone who is seriously attempting to understand this sequence
of papers. I can only apologize and assure him that they do not seem serious.
I hope to have a fairly thorough discussion of the conjectures and the examples
available sooner or later. It appears to be safe for now to take d to be the
number of elements in H'(Q, I) which become trivial in H'(Q,, I) for all
places v of Q and which have trivial image in H'(Q, Gger\G). In [13] triviality
in H'(Q,, I) was not demanded. I observe as well that in [13] a rather eccentric
notation was employed. The set H' (& (Q/Q), I(Q)) was denoted by H'(Q, I)
and not by H(Q, I).

With this definition of d, we have the following simple lemma.

LeEmwMA 3.9. (a) For Frobenius pairs of the second kind d = 1.
(b) For Frobemius pairs of the first kind d s equal to u(T), iof T = 1° a
Cartan subgroup, and u(1) is the order of the kernel of €(T°/Q) — G(T/A).

For a pair of the second kind
Gder\G ad Ider\I

and I4., is a simply-connected group. Thus it follows from the Hasse principle
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or, more directly, from the fact that H'(Q, l4.;) = 1 that d = 1. For pairs
of the first kind, 7" = I° = I and the kernel of

HY(Q, T) — H'(Q, Gaer\G)
is §(7°/Q). The lemma is verified.

In order to compare the alternating sum of the traces with the results of
§ 2, we need to express it as the sum of a stable and a labile part. We begin
with the contribution from the Frobenius pairs of the first kind attached to a
given totally imaginary quadratic extension of F.

Earlier we fixed 7', and p.Y and, when g € A(7/Q) and k° were given,
regarded pV as a co-weight of 7,. There is more than one possibility for

»V = Ny, g,

Let »1V, »2Y, . .. be the finitely many possibilities. For each of them we choose
a p;Y with norm »;V, and a g; € A(7'./Q) with image §; in D(7",/Q) so that
§; and p;Y satisfy the condition of Lemma 3.1. It follows from the density of
D(Q) in D(R) that g; exists. Set 7', = g;/'T'.¢g; and regard u;¥Y now as a
co-weight of 7°,. Rather than working with 7', and u.V we prefer now to

work with T';, g € A(7';,/Q), and those uV for which
Nmy, sq,1nY = Nmy, q,u;".

However when we come to assemble the contributions from the various 7
we must divide by 2, the order of the group Q(7.,G;Q), because, by
Lemma 3.2, »,¥ and »," yield the same classes of Frobenius pairs if

vV = w@) o€ QG Q).
If
Nmkp/Ozzp‘v = Nmkp/Opp'iV

then by the Tate-Nakayama theory uV — u,;V defines elements a,(uV, u;V)
and a,(uY, pV) in HY(Q,, 1°;) and H'(Q,, T;). By Lemma A.9 there is an
element o (uY, u¥) in H(Q, 7;) whose image in H'(Q,, T.) is a,~'(uY, us¥)
if v =00, 0,(,x;Y)ifv =p, and 1 otherwise. If g and pV actually define a
Frobenius pair then da~'(uV, u;¥) is trivial at oo, and, by Lemma 3.2, the
class of the Frobenius pair is determined by its local behaviour at the finite
places. Conversely Lemma 3.3 shows that, for a given ¢, the cohomology class
of 61 (uVY, u;Y) is determined locally by the Frobenius pair. To free ourselves
of any ambiguity we first of all agree to take pV = u,v, and then to choose g
from a set of representatives {g} for those elements of %(7";/Q) which are
trivial at 00 modulo those which are trivial everywhere.

For such g set 7" = ¢g='T,;g. A datum such as a measure may be trans-
ported from 7°; to T%. The part of the contribution to the alternating sum of
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the traces corresponding to 7' is the product of

(@/2) meas (ZxT(Q)\Ts(A,))/meas Zx
and

(3.1) Z(a) ZhETi(O) ‘Paj(h) ¢(x_lhﬂx)dx'

T0(AP)\G(A )
Here ¢,7 is ¢7, but for the Frobenius pair attached to g. I have not stressed
this before, but it is understood that any term of this sum is zero if the first
factor is zero, even when the second factor is infinite. It will eventually be

clear that if the first factor is not zero, then the second factor is finite.
If €(T';/A;) is the set of elements in €(7";/A) which are trivial at 0 then

C(Ty/Ap)/C(T/Ap) N Im E(T:/Q) ~ C(T'/A)/Im &(T':/Q).

Thus it should be possible to write (3.1) as a sum over the characters « of

€(7/A)/Im €(T/Q) of
[€(T:/A) - Im G(T/Q)™" 2o 2o x(8) 0" ()

X f ¢ (%) dx.
Ti9(AsP)\G(AsP)

Here g runs over a set of representatives for €(7";/A,) and & in G(T',//A,)
is the image of g. However we do have to observe that in the definition of X
and J it was not essential that g lie in A(7";/Q). It need only lie in A (7",/Q,);
thus ¢,’ is defined for ¢ € [], A(7/Q,) by its coordinate in A(7T,/Q,). We set

o, (k") = @i’ (h),

sometimes taking § in ©(7";/Q) and sometimes in D(7°;/Q,).
The inner sum may be written as the product of

TI(h) = Dgcriam k() @ (h, f)

D rion K(8)es’ (h).

The first of these two factors we have met before, and there is little to be said
about it. It is the second which must be studied carefully.

Let f be the completion of the maximal unramified extension of Q,. If b, is
the element of 7°;(f) associated to u;¥Y by the procedure of the appendix then
the element b of 77(f) associated to u;Y by the same procedure is b, = g=1bg.
We recall the manner in which b, is used to construct the space X [13]. To
stress that it depends on g I write X, instead of X.

The group G(f) is contained in G,(f), and if Q = ®(Q/F)\G(Q/Q) then

Gi(f) = [1oGL(2, ¥).

Since F is unramified at p the action of ®&(Q,/Q,) on Q factors through
®(Q,"/Q,), which is also the group of continuous automorphisms of f and

and
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contains ¢ as ®,. To obtain the action of ¢ on G;(f) we choose a set of repre-
sentatives {7} for the cosets of Q and write 7¢ = d.(¢)7’ with d,(¢) € G(Q/F).
Then :

g (gr) - (gf,)

with g/ = d.(s)(g.). Observe that in fact d,(s) is determined only modulo
the inertial group of F € Q,, but that does not matter, for d,(s) is acting on
g~ € GL(2, f) in the usual way.

Let of be the ring of integers in f. The element ¢ acts in the same way on
the collection of (M), 7 € Q, where, for each 7, M, is an o¢-lattice in the space
of column vectors of length two over f. Let (M%) be a fixed point of ¢ and let
K, () be the stabilizer of (3,°) in G,(f). We may so choose (M,°) that if

K, = K,(f) N G:(Q,)
then
K, = K, N G(Qy).
Observe that G;(Q,) is taken to be the set of points in G;(f) fixed by o.
We introduce the set
X = G()/K,(f) S & = Gu(f)/K, ()
with
K,(f) = K,(f) N\ G(f).

X is just the set of (M;). The action of ¢ on ¥ is given by its action on G(f)
or by its action on the sequences (M ;). We introduce the transformation F,
of X which sends ¢ to b,0(c).

Let rin X be (M) and let 9 = F,r be (N;). According to the definition of
[13], supplemented by the correction in [14], the point 1 lies in X, if and only
if the following two conditions are satisfied.

(i) M; = N;if 7 is an unmarked point.
(i) M; 2 N, 2 pM,if i is a marked point.

It will be easier to make the comparisons of the following paragraph if
Wwe can express

(3:2)  2scrign k(8)¢s’ ()

entirely in terms of the set ¥. By the corollary on p. 170 of [18]
H'(Q,/Q", T1) = 1.

Thus we may choose the g to lie in G(Q,"™) and then write

g =tu t € Tf(Qp‘"') u € Gl(op)~
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Here T, is the centralizer of T'; in Gy. Thus

TY =u'Twu
and
b” = u_lbiu.

We let F, be the operator on ¥ which takes the point represented by x in
G1(f) to the point represented by b;o(x), and define X, in the same way that
we defined X, except that F; replaces F,. Then

uX, =u¥N X,
As in [7], €(T';/Q,) may be identified with
GI(QIJ)/Ti(Qp)G(Op) o~ HNZJ FvX/A (Op) Hvlp Nm LvX

with
L,=L QFF,
We may therefore regard « as a character of G1(Q,). If

J(Q,) = {z € G(Q,)|ba ()b~ = g}
the sum (3.2) is equal to

k(u) i —1
_ o k) (@ he)de.
(3:3) 2 wed1n 1m0 E@ 2t 'meas 700 Jroon ¥, (g hg)dg

Here {x} is a set of representatives for the orbits of J(Q,) in ¥ N X, and
Y.’ is the characteristic function of

{g € J(Q,)|®yx = gx}

with &, = F,* if e = [E, : Q,]. I observe that by the definition of E, the
operator ®, must take the set of marked points to itself, and does in fact
operate on X ;.

It is manifest that G,(Q,) N K,(f) takes u¥ to itself for all #, and hence
that (3.3) is O unless « is unramified. We assume then that « is unramified.
For a given T'; there are at most two possibilities for «. If it is not trivial, it
can be unramified only if L is unramified at every place of F dividing p.

We want to transform the expression (3.3), and in order to do so we need
the following lemma.

LEMMA 3.10. The set X ; is contained in G1(Q,)¥.
If G, = Resp/oGL(1) then
Nm : G1(Q,) — G1(Q,)

is surjective. Let g € G1(f) and let ¢ = Nm g. We want to show that if the
image of g in ¥ lies in X then

g € Gi(Q)G(DK, (D).
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Since G is the inverse image of 4 in G, all we need do is show that
1 = 110903

with a; € G1(Q,), as € A(f), as € Gi(f), and |\(a;3)| = 1 for every rational
character of Gi.

The composition of u;Y with 7';— 4 is a co-weight ;¥ of 4 and thus
of G;. Both 4 and G, are split over Q," because F is assumed to be unramified
at p. Consequently =*i’ lies in 4 (Q,*™) if w is a uniformizing parameter of
Q,. Let 5 = Nm b,. The condition for the image of g to lie in X which was
added in [14] and used to deduce conditions (i) and (ii) above is that

ac(a™t) = bw—+iV b,

with |A(b3)] = 1 for every rational character of G;. A simple variant of
Lemma A.7 allows us to establish that b; = a0 (a3™!) with a3 of the desired
form. For simplicity we replace a by aa;~! and suppose that b3 = 1.

The considerations of the appendix apply to the group 4 and the co-weight
@:¥. There are two ways to construct an element b, that is, the element b of
the appendix when A replaces G. On one hand, we can take 5. On the other,
we can observe that 4 splits over an unramified extension /, of Q, with Galois
group generated by o, and that the fundamental cocycle of /,/Q, may be
taken to be

= {1 05,k <ll:Qlj+k<lh:Q
o w 0=2,k<[,:Q),j+k21,:0Q]

This leads to w#:V. The considerations of the appendix show that
bw#iY = aso(as™) as € A(F).

Thus
a; = aay' € G1(Q,).

We may now regard x as a function on X ,, defined by

k(x) = k(u)

if x € u¥X. It is constant on orbits of T,(Q,). Let
J1(Q,) = {2 € Gi(Qy)|ba ()b = g}.

This group contains 7;(Q,) and the usual bijection
T{(Q)\J(Q,) = T:(Qu)\T:(Q,)7(Q;) € T:(Q)\J1(Qy)

is defined. We choose measures on 7;(Q,) and J;(Q,) in such a way that the
restriction of the quotient measure to the image of the arrow corresponds by
transport of structure to the measure on 7;(Q,)\J(Q,) appearing in (3.3).
Recall the definition of the number «(7";) (p. 1156). Replacing 7°; by a con-
jugate if necessary we suppose that K, € K, D U, where K, is a maximal com-
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pact subgroup of G1(Q,) and U, the maximal compact subgroup of 7',(Q,). Let
J1(x) be the stabilizer of x in J,(Q,). We want to show now that the expression
(3.3) is equal to

u(l) oot
times
34 3 & v (¢ ) (g)dg.

meas Jl (x) T (Qp)\ J1(Qp)

The sum is over a set of representatives for the orbits of J,(Q,) in X,, and
U,, U, are the maximal compact subgroups of 7°,(Q,) and T',(Q,).

We described J(Q,) explicitly above. It is clear that J,(Q,) admits a
similar description. It follows from these descriptions that

Norm J(Q,) = Norm G(Q,)
Norm J,(Q,) = Norm G,(Q,).

Consequently the outer sum in (3.3) may be taken over

T1(Q»)7 (Q)\1(Qy)

and the index in the inner sum may be taken to be ux where x runs over a
set of representatives for the orbits of J(Q,) in ¥ N X,. Changing the order
of summation and combining the new inner sum and the integral into a single
integral we obtain

k(x) -1
2 meas J(x) z h dg.
2 "meas J(x) J 7,0 ) 10y ¥ (g hg)k(g)dg

The sum is over a set of representatives for the orbits.

Every orbit of J;(Q,) in X meets ¥, and so the set {x} does meet every
orbit of J1(Q,). The difficulty with which we have to contend is that it may
contain several points from the same orbit. Given x in {x}, choose a maximal
compact subgroup C of J;(Q,) containing J,(x) and let C = C N J(Q,). If
g € J1(Q,) then gx € ¥ if and only if ¢ € J(Q,)C. The number of orbits of
J(Qp) in

-71 (Op)x N¥x
is

[J(Q,)C: J(Q)1(x)] = [C: CTi(x)].
Thus we are free to sum over a set of representatives for the orbits of J,(Q,),
provided we incorporate the factor

[C: CTi(x)]/meas J(x).
What we must do is show that this equals

u(T,;) meas U,/meas U, meas J,(x).
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Let T,(x) and T;(x) be the stabilizers of x in 7;(Q,) and T,(Q,). Then
[C:CTi(x)] _ (C:CT,(x)] 1 . 1
meas J (x) [J1(x) : J(x)T,(x)] meas T;(x)\J(x) meas 7;(x)

The middle factor on the right combines with the denominator of the first
factor to give

(meas T';(x)\J1(x))~! = meas T;(x)/meas J, (x).
On the other hand
[Ci CT1(x)] = “(Ti)[f]p : UpTi(x)]

and

(U, : T:(x)] _ meas U, _meas T(x)
(U, : T:(x)] meas U, meas T;(x)
The desired equality follows.

10, : U,T(x)] =

We started with a particular quadratic extension L, chose 7', and then
nY,»Y,...,and g, g, ...,aswellas Ty, T, ... . On the other hand, in the
previous paragraph we expressed at least part of the contribution to the sums
(2.1) and (2.9) as a sum over 7" and ». We may as well assume the 7 are the
1'1. Moreover the »;Y and the v are essentially the same. If

vV = Zv’/vv and » = X v,
then

v_ o ony,
Vo — [kp :Op] Vye
Since we are dealing with Frobenius pairs of the first kind, m,” # m,” for at
least one v.
Let &, be the image of g; in ©(7/Q) (1" = T,) and §.," and §,° the images of
8;in D(T/R) and D(7/Q,). Then

qDT/x(t’ ¢p) — K((‘Smi)x(é,,i)‘b“/"(t’ 7).

The term «(8.,%) is 1 if « is trivial and cancels the term g(v) if « is not trivial.
The term «(5,%) is 1 if « is trivial. Otherwise it is just what is needed to allow
us to refer the definition of the sign appearing in part (g) of our summary of
the discussion of (2.1) to 7'; rather than 7.

Observe that #(7") is 1 when every place v of F dividing p is unramified,
that the space X, together with the action of &, may be represented as a
Cartesian product over the v dividing p, and that the expression is then also a
product. A comparison of the summaries in the previous paragraph with our
results for Frobenius pairs of the first kind shows that in order to have perfect
cancellation of the contributions of these pairs with the contributions from the
Selberg trace formula parametrized by the v with m, % m,” for some v, we
need only verify the combinatorial facts to be reviewed below.
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Combinatorial facts to be proved. Before describing these facts, we recapitulate
the relevant definitions in the form and with the notation that is now appro-
priate. F, C Q,*™ C Q, is an unramified extension of Q, and we take G to be
Resr,/0,GL(2). The imbeddings of F, in Q, are indexed by

G(Q,™/ F,)\G(Q,™/Q)

and the imbedding x — ®,~%(x) will also be labelled by the integer 7. Let M°
be a lattice in the space of column vectors of length two over O, invariant
under & (F,/Q,) and let K C GL(2, F,) = G(Q,) be the stabilizer of M. K is
a maximal compact subgroup. Let f be the completion of Q,*. Then

GE) ={(g)|1 241 =mgi€GL2 )}
Let M° also denote M° () or and let

K(t) = {(g:) € GO)|g:M° = M° for all 5}.
A point ¢ in

X=GI)/K()
is a sequence (M;), 1 <17 =< n, where M, is an p-lattice in the space of
column vectors of length two over f. The action of ¢, the Frobenius of f, on
(M) iseo: (M) — (M) with M/ = M,_,,2 <1 = n,and M, = ¢"(M"),
if in the last equation ¢” denotes the usual action of ¢" on os-lattices.

Suppose J? is either a split Cartan subgroup of G or G itself, and T is a

Cartan subgroup of J° whose image in Jy° is anisotropic. Let u be a co-weight
of T of the form

n
Zi=1 ai’)’j(i)i,

with j(2) equal to 1 or 2 and «; equal to 0 or 1. The set {v;*} is the standard
basis of the lattice of co-weights. We suppose that

Nmy, o,

factors through the centre of J°, but if J° # G not through the centre of G,
and use p as in the appendix to define b, and then let F be the operator
t — ba(x).

The set X is a subset of X;if r = (M;) and 9 = Fr = (N,) then ¢ lies in X
if and only if the following two conditions are satisfied:

(i) M; = N, if i is an unmarked point.
(i) M; 2 N, 2 pM, if i is a marked point.

Observe in particular that if (M;) and (M) with M, = g,M, lie in X then
ord (det g;) is independent of 7.
If we fix an index 29, 1 < 7y < #, we may define a function x on X by

K (I) = ¢Ord(dety io)
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ifr=(M,)and M, = g;M . Here € is 1if J°isasplit Cartan subgroup and +1
if JOis G. If g = gr with g = (g;) in J(Q,) and # = ord (det g;) then

k(g) = €% (r).

If there are no marked places « is independent of 7, even when ¢ = —1. If
there are marked places a different choice of 7o may change its sign, but that
does not matter.

If e = [Ey: Q,] then &, = F° maps X to itself and we set

To = {g € J(Qy)| &y'x = gx}.

J is obtained from J° by the usual inner twisting. Finally if {x} is a set of
representatives for the orbits of J(Q,) in X and ¢,’ is the characteristic
function of T’ we set

ol () = D _xlx) ¥’ (¢ 'he)« (g)dg

meas J (x) J ;a0\ 70,

with k(g) = ed®erm ) We must assume that g — x(g) is trivial on J(k, Q,).
Here is what we must establish.

(a) Suppose J¢ is a split Cartan subgroup and ¢ = 1. Let

(k5 : Qp]
n

Nmkﬂ/Qp“ = (mllal + mrsz)

with

65 = Z7§=1 'YCiv c = 17 2,
m' # m'', and m' + m"" = m, the number of marked places. Let / be the
number of orbits under ®,7 and k the number of marked orbits. Then ¢,’(h)
is 0 unless m/k divides m’ and m’’. However if ¥ = m’k/m and k'’ = m'’k/m
are integral, then

. B
e (h) = Wq;b] 0, (h)

with ¢ equal to the smallest of m’ and m'’ and
v = jen~ (m''8; + m’'s,).

(b) Suppose m’ = m’’ and they are both integral. Then J° = J = G. Let
¢t lie in the split Cartan subgroup 7" and have distinct eigenvalues ¢y, ¢, Let
ebe 1. If ¥ = m'k/m =k/2 and k"' = m"’k/m = k/2 are not integral then
¢ (t) is 0. Otherwise it is

3 )piem/z —-_l_tltz|l/2—
(k/2 ts — to|"* 0,()

with
v = jen~1(m'dy + m'’5,).
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Suppose ¢ lies in a Cartan subgroup 7 that is not split. If ¢ = —1 only the
case of a T associated to an unramified quadratic extension matters. If m 5 0
then ¢,/ (t) must be 0. If m = 0 then b = 1 and

+1 [tata] '

meas U |(ti — £2)°|"*"

ol (t) =

Here U is the maximal compact subgroup of 7(Q,), and the sign is to be
determined by the rule given in part (g) of the summary of our discussion
of (2.1).

If € = 1 but the eigenvalues are still distinct then ¢,/(f) is a sum of two
terms. The first is

{20§t<k/2 p’(k)} meas T(QN\G'(Q0) o

!
1 meas K

Here G’ is the group obtained from the quaternion algebra over F,, and K’
is a maximal compact subgroup of G’'(Q,). The second term is 0 unless k/2 is
integral, when it is

k ) 1 f 1
jem /2

7 ejm/n t d
p (k /2) meas K J vy ooy € m(g tg)dg

if @¢smm is the characteristic function of

ejm /2n
0
(m 0 wejm/2") K.

(c) The final case to consider is that m’ = m’’/, and they are both half-
integral. The formulae are to be the same as before. Notice however that
split 7 no longer come into question, and that k/2 can no longer be integral.

Notice also that Lemma 3.7 is a consequence of part (a).

Finally we have to examine the contribution of Frobenius pairs of the
second kind to the alternating sum of the traces and compare it with the
results of § 2. We take the sum over conjugacy classes {k} in I(Q) of the
contributions N7(k) given by Lemma 3.8 and decompose it into stable and
labile parts. The group I is now G’, defined in the same manner as G, but in
terms of a different quaternion algebra D’. The Hasse invariants of D’ are the
same as those of D at all finite places that do not divide p, but they are 1 at
every infinite place, and the invariant at a place v dividing p is m,/2.

The contribution of the scalar matrices is already stable. It is a sum over
Z(Q) N\ K\Z(Q). The terms of the sum may be represented as products. The
first factor is

meas (ZxG' (Q)\G'(A)))

meas Z;

¢’ (h).

In order to make the comparison with the results of § 2 we must recall a simple
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property of Tamagawa numbers, viz.,

meas (ZxZ(R)G(Q)\G(A)) = meas (ZxZ(R)G'(Q)\G'(A)).
The measure on the right is equal to

meas (Z(R)\G'(R)) meas (ZxG'(Q)\G'(A ).

The second factor is ¢/(k), defined with respect to the space X associated
to G. Since it is X, the space associated to Gy, that factors as a Cartesian
product, we want to replace ¢’(k) by ¢/(h). Lemma 3.10 is still valid, and
hence every orbit of J,(Q,) = G,/ (Q,) in X meets X. The number of orbits
of 7(Q,) = G'(Q,) contained in the J,(Q,)-orbit of x is

[(C: CTi(x)].
Here C is again a maximal compact subgroup of J,(Q,) containing J,(x).
Since
(C: CTi)] = (C: Ti(x)] _ meas C meas {l(x)
[C:Ji(x)] meas Cmeas Ji(x)
and

meas C _ meas K,
meas ¢ measK,’

we may replace ¢/(k) by ¢’(k), provided that we multiply by the quotient
(in x — f)meas K,/meas K,.

If we observe that ) m, is the dimension of the Shimura variety, we see
that to establish that the contribution of the scalar matrices is equal to their
contribution to (2.9) we need only the following:

Additional combinatorial facts. We must revert to the notation used when
describing the other combinatorial facts to be proved.

(d) Let « be identically 1 and let z lie in the centre of G'(Q,). If & is odd
then ¢,7(h) is equal to

—1 (
v -1 — k jem i

o (Iu;nieasKi) ':je"”"(z){ Zoéiq/?(z’)p] /k} '
If & is even it is the sum of this and

1
meas K

— k jem
‘:'fem/n(z) (k/2)i)] " .

The contribution of the non-scalar elements in G’ (Q) remains to be treated,
but for it no new combinatorial facts are needed. The treatment is by now
routine. We obtain a double sum, over a set of representatives T for the
stable conjugacy classes of Cartan subgroups, and over the characters « of

C(T/A)/Im &(T/Q) = C(T/A,)/C(T/A,) M Im €(T/Q).
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Each term is itself a sum over & in ZxT(Q)\7(Q) of

u(T)
21G(T/A) : Im G(T/F)]

trace £(h)®"/*(t, ¢")

times
D _seccr/on K(8)@! (h?).

This sum is basically the same as (3.2), except that ¢/(h%) is here defined
with respect to a fixed X rather than with respect to varying X,. It may
however be treated in exactly the same way, with the same conclusions.

This is the reason that no additional combinatorial facts are needed. Now
m, = m," for all v, whereas earlier this happened only for some v. Since we
factored the set into a product over v, every possibility for the individual

factors has had to be taken into account already.

4. Combinatorics. The preparations over, we come now, with sighs of
relief from reader and author, to the amusing part of the paper. The com-
binatorial facts to be verified turn out to be statements about a simple type of
tree, the Bruhats-Tits buildings for SL(2). They may well be familiar to
combinatorialists, but a cursory glance at the standard texts yielded nothing
of help.

The notation will now be that used when stating the facts to be proved.
Once a few preliminary remarks are out of the way, we will be able to dismiss
most of the preceding discussion from our minds, and indulge ourselves in a
little elementary mathematics.

We have agreed to take b = 1 when g = 0. Otherwise we have not made
any particular choice of the element b used to define X. It will be convenient
to do so for the calculations of this paragraph. b lies in J°(f) but we are free
to modify it to cba(c~!') with ¢ in J°(f). Thus we can suppose it is of the form
b = (b;) with

by=...=b,=1 and b, = B
If JO is a split torus, which we take to be the group of diagonal matrices, we
may take
_ (¥ o )
B= ( 0o p/-

If J° is G we may take

3 pm/2 0 )
B - ( 0 pm 2

when m is even and

e )
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when m is odd. There is no real need for a specific choice of B, but it does no
harm.

A point r € ¥ is represented by a sequence {M,| 1 <7 < n}. Define M,
for all « € Z by the periodicity condition

BG”(A[H,.”) = 1111.

In addition extend the notion of marked or unmarked point by periodicity.
Then {M,} defines a point of X if and only if the following conditions are
satisfied.

(O) BO’"(MZ+n) = A{i;
(i) At an unmarked point 7, M; = M;_;;
(ii) At a marked point i, M; 2 M,_, 2 pM.,.

The supplementary condition is absorbed into (i) and (ii). Because of the
special form of b, it states simply that if M; = g;M,° then

1y 0 7 unmarked
ord(det(gigi1 ) = {—l i marked.

The operation of ®,’ takes (M) to (M) with
M,’l = ]LI‘[AH‘.

The point & = (h;), 1 =1 =< n, lies in J(Q,) if and only if %, is independent
of 7 and

BO’" (hl)]j—l = hi

for all 7. It will be convenient to change the notation slightly and to write
h = (h,...,h), that is, we identify 2 with any one of its coordinates. If
x = (M;), then b € T,7 if and only if

17‘[1_6]‘ = h]t{l

for all 7.

If M and M’ are two-dimensional lattices over o, they are said to be
homothetic if M’ = \M with X € . Let M be the class of lattices homothetic
to M. The Bruhat-Tits building for SL(2, f) is a tree whose vertices consist
of the homothety classes of lattices, the classes M and N being joined by an
edge if, for some \ € f?,

M 2 \N 2 pM.

o acts on this building and the fixed point set of ¢/ is the Bruhat-Tits building
for SL(2, k) if k is the unramified extension of Q, of degree j.
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The point x in X determines an infinite path in the building

/\_._._/'/

;17_ 1 J—'[(. 1’171 = J’_ 9

with vertices M ;. If x and ' = (M) determine the same path then, because
of conditions (i) and (ii), there is a z € Z(Q,) for which x’ = zx, that is,
M/ = zM, for all 7. Since J(Q,) contains Z(Q,), x and ' lie in the same
orbit. Observe also that if we have a sequence (J;) satisfying the following
three conditions, then it may be lifted to a point of X.

(0) B_M1+n = o (M)
(i) M; = M, if < is unmarked
(ii) M, and M., are joined by an edge if 7 is marked.

We may as well dispose immediately of the case that p = 0 and B = 1.
Then J(Q,) = G(Q,) = GL(2, F,), and M; = M is independent of 7. Since
BM, = ¢"(M;), L is actually a lattice over F,. There is only one orbit and
we may take it to be the point with M = M?° or, if we were being extremely
precise, M° ® o, but at present it is best not to distinguish between a lattice
over 0, and the lattice over o it determines. If ¢ is the characteristic function
of K then

ol (h) = (meas K)™* f k(g)¥ (g ' hg)dg.

@ (h,Qp) \G(Qp)

That ¢.’(k) has the desired value when % is regular and lies in a split torus
follows from the properties of the Satake homomorphism. That it has the
desired value otherwise is immediate for « trivial, and follows from an observa-
tion in § 2 of [7] when « is not trivial.

It is also easy to show that if there are marked points and « is not trivial
then ¢,/(%) is 0. Suppose x = (M) is a point of X. We may define another
point &' = (M) by demanding that M,/ = M whenever 7 is marked and 7’
is the first marked point following 4. If k € J(Q,) and ¥y = hx then y' = hx'.
Moreover

k(x') = —«(x).

Since ¢.?(%) can be calculated by a sum over {x’} rather than a sum over {x}
we conclude that ¢,/ (k) = —¢. ().

We suppose henceforth not only that there are marked points but also that
k is trivial, and fix our attention on a specific # in J(Q,). We observe first of all
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that ¢,7(h) is the sum over the orbits of J(&, Q,), the centralizer of % in

J(Q,), of
k(x)¢.?(h)/meas J(h, x).

Here J(k, x) is the stabilizer of x in J(k, Q,). To see this start from the
definition of ¢./(h) as

k(%) if,—1
P S 7T x hg)dg.
Zl ’meas J(x) J000M IO K(g)¢ (g g) g

This expression is equal to

x .
s s 1 k(€)Y ()

meas J(x)
X meas (J (&, Q;)\J (k, Q,)gJ (x)).
Since

k(gr(x) = x(gx)

and

meas (J (7, Qp)\J (h, Q,)gJ (x)) _ 1
meas J(x) meas J(h, gx)’

the assertion follows.

We are therefore interested only in the set U of those x for which & € T,
Suppose we have a subset U’ of U and an open subgroup J, of J(k, Q,) satis-
fying the following three conditions:

(i) Every orbit of J(k, Q,) in U meets U’.
(ii) If x and y in U’ lie in the same orbit of J(k, Q,) then x = gy with
g € Jo.
(iii) For all x € U’, J(h, x) is a subgroup of J,.

It is then clear that
(4.1) @/ (h) = meas Jo D _.cpr k().

We also want to reformulate the two conditions of periodicity:
(@) "(BM,) =M.,
(b)y BM;,= M.,
Let uej + vn = [. I claim that (a) and (b) are equivalent to the conditions
(c) oMY (M,) = Bl
(d)  BBe™(M;) = M,

From (b)

BM = Mo
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Since ¢(B) = (B), the relation (a) implies that
Moy = a™1BeINYL,

and we deduce (c). Applying (a) and (b) again, we have
Moy = Mipue; = BMi_p = B*B%™(M)).

Conversely if we assume (d), we may write

Moy = Miyys = B/ B ligm2 L3 )

because £ € J(Q,) and
Bo"(h) = hB.

We then apply (c) to infer that the right side of
BB tgmE [(Nf ) = Jpun/ LB Bueillgn=uein/L( }f )

is equal to
Bo™(M,) = o"(BM,).

This is (a). To deduce (b) from (c) and (d) we write
Moy = Mo, = BB g (M),

and replace the right side by
hmmiiBreiligreinlt (M) = M.

The conditions (c) and (d) will be more useful than (a) and (b), but there
is still one useful consequence to be drawn from (a). Consider the set 4 of
points M in the Bruhat-Tits building for which dist (M, ¢"(BM)) is a mini-
mum. It is clear that A is invariant under M — ¢"(BM). Moreover 4 is
convex, in the sense that every vertex on the path joining two points of 4 is
again in 4. To prove this statement we proceed by induction on the length
of the path. Thus it is enough to show that if A7 and N lie in 4 but no other
point on the path joining M and N does then M and N are adjacent.

We examine first the path connecting M and ¢"(BM)

L " (BM)

M
if M # ¢*(BM) and L is the point in the path succeeding M then
dist (L, e"(BL)) £ dist (M, ¢"(BM)).
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Since we must have equality, ¢”(BM) is on the path joining L to ¢"(BI)

L " (BAT)

o"(BL).

Observe that L lies in 4.
Returning to M and N we notice that we can construct a cycle of the form:

A a"(BAT)

® 90—

Y o——e—

" (BN)

If M and N are not adjacent, the sides can have no edge in common with the
top or bottom, and the cycle is not trivial. This is impossible because the
building is a tree.

Suppose & = (M) lies in X. Let M, be such that

dist (M4, A) < dist (M4, A)

for all 7. I claim that M, € 4. Otherwise we could again construct a non-
trivial cycle

1—[ i l—[ i, +1 l_l R
@ L ¢
R _
M B=le" (M)

Here 11 is the point in A closest to M.

The skeleton S(x) of x = (M;) in X will either be the set of integers 7 for
which M; € A or the path formed by joining these vertices in succession.
Suppose for example that 4 is

LAY ® @ & & @ Qo oo
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and M — ¢"(BM) is a shift to the left by two. Let # be 8. Then the skeleton

could be
f 1= Jﬂ:, ;1'_[9
——o—o
J[e = J,ux

To form the full path we have to add subpaths which issue from A. Thus the
full path, or at least a representative part, could be

The sets A are easily described explicitly. If J(Q,) is the split Cartan
subgroup then 4 consists of the lattices M (#/, #'") formed by the set of

w*'x
—

with x, v in or. Here #’ and #' are any two integers. The set A is an infinite
line
LAY o L 4 L 2 L 4 ® @ L Q@ o o

and M — ¢"(BM) is a shift of size |m’ — m’'|. We take it to be to the right.

If 7(Q,) is GL(2, F,) then A is the set of lattices defined over F, and
M — ¢"(BM) acts trivially on 4. If J(Q,) is G’'(F,) then A consists of two
points, the image of the lattice formed by

(;C}) X,y E O¢

together with the image of the lattice formed by

X
(wy) X,y € op.

The map M — ¢"(BJM) interchanges the two points in A.

The sets 4 and A are invariant under J(Q,), and J(Q,) acts transitively
on A. I now introduce a convex subset D of 4, as well as D, the set of lattices
M for which M € D. D will be invariant under J(k, Q,). If % is central in
J(Q,) then D will be A. Otherwise J(k, Q,) is a Cartan subgroup of J(Q,).
We can pass to an extension 0,, at most quadratic, of F, that splits J(k). The
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Bruhat-Tits building over F, becomes, perhaps after taking the first bary-
centric subdivision, a subset of the Bruhat-Tits building over L, (cf. § 3 of
(15]). Over L, we may associate an apartment to J(k, Q,). D is to consist of
the points in 4 at a minimal distance from this apartment. It is geometrically
clear that D can contain at most two points.

It is also easily seen (cf. § 3 of [15]) that in all cases D is a connected tree
and that the same number ¢y 4+ 1 of edges issue from each vertex. We tabulate
the possibilities and give in addition the number f of orbits in D or D under the
action of J (&, Q,).

(a) J* = J is a split torus. Then go = 1 and f = 1.

(b) J° = G and & is central. Then ¢y = p*and f = 1.

(c) J* = G and the centralizer of % is a split torus. Then ¢y = 1 and f = 1.

(d) J° = J = G and the centralizer of % is not a split torus. If the extension
splitting J (%) is unramified then ¢o = —1 and f = 1. If it is ramified then
go=0and f = 1.

(e) J* = G but J = G’, and the centralizer of % is not a split torus. If the
extension splitting J (%) is unramified then gy = 0 and f = 2. If it is ramified
then ¢gp = O and f = 1.

The reduced skeleton RS(x) will either be the set of ¢ on which dist (L,, D)
attains its minimum or the path obtained by joining these points in order.
The reduced skeleton is contained in the skeleton. We choose a set of repre-
sentatives D, for the orbits of J(%, Q,) in D. Then D, is a set of representatives
for the orbits of J(k, Q,) in D. In all cases but one, D, consists of a single
element. All points of D; have the same stabilizer J, and J, is a maximal
compact subgroup of J (%, Q,).

We may now define the set U’. For each possible reduced skeleton RS we
choose an integer 7(RS) in it. Then U’ consists of those x = (M) which are
such that if RS = RS(x) and 7 = #(RS) then the minimum distance from
the path (..., M_,, My, M,,...) to D is equal to dist (M,, N) with N € D,
and M; = gN with

order (det g) = dist (M, N).

To verify that U’ satisfies the three conditions imposed we have only to
observe that if g is any element of J(k, Q,) and, for the same M; and N,

dist (gM;, N) = dist (M;, N),

then gN = N.

There are some remarks to be made about the periodicity condition (c)
before we examine the set U’ more closely. Since that condition is to be valid
for all 4, it implies in particular that, if ¢,’(k) # 0, the transformation

M — h—n/lBeJ'/lo,ejn/l(ﬂ[)
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has a fixed point in D, because it fixes a point in the reduced skeleton and
therefore the closest point in D to the reduced skeleton. Recalling that in all
but a single case there is only one orbit in D, and that in the exceptional case
D consists of two points, we conclude that the transformation fixes every
point of D. So does ¢¢™/!. Thus h~"/'B®/! fixes every point of D.

Examining the various cases we come to the following conclusions about
the nature of those % for which ¢,/(h) # 0.

(@) If J° = J is a split torus then

with
'Ol| — Im,ejm”/n| 'ﬁ| — lm.cjm'/n'_

In particular #» must divide ejm’ and ejm’’, and consequently n/l = m/k
must divide m’ and m”’.

(b) If J° = G and % = 3 is central then
ol =l

(¢c) If J = G and the centralizer of % is a split Cartan subgroup, then the
eigenvalues @ and 8 of % have equal absolute values and

ol = 18] =l
(d) J° = G and the centralizer of % is not split, then
[Norm k| = |w|¢im™
In all cases the order of the determinant of A*B" is
uejm/n + vm = mi/n = k.

The conditions described here are also sufficient for the transformation to
fix every element of D. Moreover that ¢,” (k) is 0 when they are not satisfied
is a part of the combinatorial facts to be proved. We suppose henceforth that
the conditions are satisfied.

Suppose

M — h—n/lBej/lo,ejn/l(M).

The set of points in the Bruhat-Tits building over f that can be joined to M
by an edge may be viewed as the projective line over the algebraic closure of
the finite field F,. The transformation

N_)h—n/lBej/la,e]‘n/l(N)

allows us to put on it the structure of a projective line over F,e, d = ejn/l.
According to Lang’s theorem, there is only one such structure. Thus the set
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of N that are fixed by the transformation and can be joined to M by an edge
contains p¢™/! + 1 elements.

If the minimum distance from {..., M_,, My, M,,...} to D is positive
then the path of the reduced skeleton consists of a single point, say M.
Since D is invariant under B¢" and under k, the periodicity condition

Mi—l = hquo.vn(ﬂ_[l) = h“Mi

implies that M ,_, also lies in the reduced skeleton. Hence M ,_, = M, when
the minimum distance is positive, as we now assume. Since u# and n/l are
relatively prime we deduce from the two equations

huﬂ—li = ‘/Wi and h—nllﬂ_li = ﬁ_fl
that
WM, = M,

Since there are k& marked points in an interval of length /, the path from
M; to M, = M, must have & edges. Consequently points of the above
type can exist only for & even.

It is now an easy matter to construct the points of U’ for which the mini-
mum distance to D is positive. Given a possible reduced skeleton RS and
i = 1(RS) we choose any M ; and A which is fixed by %, and construct a path
M M., ..., M., from M,; to M,_;. To construct it we must suppose
that & is even. Then M, _, = M, if ' is unmarked and one of the p¢/! 4+ 1
elements that can be joined to M, by an edge and satisfy

hn/lﬁ‘[i,_l — B””g”"”’(ﬂ—li/_l)

if 7 is marked. We say that the edge from M, to M,_; is progressive or
retrogressive according as M _, is at a greater or a lesser distance from D
than M. We must be careful that at any stage we have added at least as
many progressive as retrogressive edges, for otherwise we would approach too
closely to D, and we must ultimately take as many retrogressive as progressive
steps, in order that we arrive back at M; = M ,_,. Indeed we must be careful
to return to the initial M, at any 7’ that lies in the given rational skeleton.
Finally we have to choose M so that the closest point to it in D is an N with
N in D;. We define M, in general by the periodicity condition (d), and we
lift the full path to a point x = (M) in X with M; = gN and

order (det g) = dist (M, N).
Then x lies in U’.

There are some observations to be made. First of all the number W of
points that are yielded by a given choice of M, and all possible choices of the
reduced skeleton and all possible paths from M, to M ,_, is independent of
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M ;. We shall show that

42) W= (ksz) pems

The minimum distance can be positive only when D # A4, that is, only
when J(Q,) = G(Q,) and J(k, Q,) is a Cartan subgroup. Then 4 is just the
Bruhat-Tits building over F,. The argument that led to (4.1) shows that if
7(Q,) = J(h, Q,) and |det k| = |w|“™/™ then

(4.3) (measK,)™" f Cemm(g hg)dg

7(Q,)\6(Qp)
is (meas U,)~! times the number of points 37 in the Bruhat-Tits building over
F, that are fixed by % and satisfy

dist (M, D,) < dist (M, D).

However (k};())p“’"” times (4.3) is the second term of the desired formula

for ¢./(h) when « is trivial. Therefore the contribution to (4.3) of those M
for which

0 < dist (M, D,) £ dist (M, D)

is yielded by those x for which the minimum distance from {..., M_;, M,
M, ...} to D is positive.

The equality (4.2) is a consequence of the next lemma, which will be
proved towards the end of the paragraph. Let 7, be a connected tree and
suppose that from every vertex of 7', there issue ¢; + 1 edges, with ¢; = 0.
Let £ = 0 be an even integer, and for each non-empty subset S of Z with
period / choose 7 = 7(S) in S. Let P be a point of 7'; and L an edge containing it.

LeEmwmA 4.1. Let t be the set of pairs (x,S) where x = (Pyy Piy, ..., Piy),
with 1 = 1(S), is « path from P to P in T, with no edge in L and with Py = P
if and only if v € S. The number of pairs in t is then

(k];Q) ai""

The equality (4.2) follows upon taking ¢ = p¢*/!. This lemma will be
proved at the same time as another lemma from which we can deduce the
combinatorial facts needed but not yet proved. Suppose 7y C T is another
connected tree and that there issue ¢y + 1 points from every vertex of T'.
Let P and P’ be two points in 1% a distance d apart and let r = (k — d)/2
be a non-negative integer.

LeEmmA 4.2. Let Q be the set of pairs (x,.S) where x = (Py, Py, ..., Pi)
is a path from P, = P to P,y = P and Py € Ty of and only if i' € S. The
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number of points in Q) is

— Dosa<r (@0 — 1)(991“ + (I;)er-

This lemma will enable us to count the number of paths in U’ for which
the minimum distance to D is 0. The reduced skeleton is then a path in D.
The distance

d = dist (L, k*B'a™(L))

is constant on D. If J* = G then d is 0 if k is even and is 1 if & is odd. If J°
is a split Cartan subgroup then

— auw_vm" 0
e (7 0
and

|‘(D | v(m’’—m")tuej(m’’ —m') In _ lm_ | (K’ ’~k’)‘

Consequently d = |k — k'| = k — 2r if r is the minimum of £’ and k.

To construct the set Uy of points of U’ whose reduced skeleton lies in D
we have merely to construct the associated path in the Bruhat-Tits building
over I, for we can uniquely lift the path to a point in U’. If RS is the reduced
skeleton we have only to construct that part of the path lying between 72(RS)
and 2(RS) — /, for we may complete the part of the path to the full infinite
path by invoking the periodicity condition (d). Moreover the unmarked
points are irrelevant for at them we just mark time, and so we might as well
discard them and obtain the new period k. The reduced skeleton is also a
path in D labelled by the points of RS. That part of it between ¢(RS) and
1(RS) — k joins Mygrsy = M in Dy to Mywsy—x = hB'c™(M). We complete
the reduced skeleton to the complete path segment from M ;rs) to Miyrg—x
by adding flagella which project into the ambient Bruhat-Tits building. Thus
if n =8 and 7 = 7(RS) the reduced skeleton could be

/‘7; J_l,»,l A_1172:A7[[76
o o o O—@ @ ‘_. !o ° o
;111‘77 ﬂl i—8

and the full path

M, Moy Miy=M,._s
—e ——o
M i—7 M i—8

M i—3 Q= M i—5

A—[ i—4
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Applying the lemma with ¢; = p¢"/!, we see that the number of points in
U’ for which the reduced skeleton lies in D is

(44) f{('f)p”’”” — (@ =1 Zoga<,(§)p”"“”} :

if f is the number of orbits of J(k, Q,) in D.

To see that this gives us all the combinatorial facts we needed, we just
have to run through the various possibilities, adding the occasional simple
comment. If J(&, Q,) is a split Cartan subgroup then ¢, =1, g¢o — 1 = 0,
and f = 1. Moreover nr/l = ¢ is the smallest of ' and m"’. Thus

|U0’| _ 1 (k) ejq
w)?

meas Jo meas U,

is the anticipated value of ¢,7(h) if k' # k. If ' = k", it is exactly what is
required to supplement the contribution to ¢,’(k) from U’ — Uy .

Suppose J(k, Q,) is a Cartan subgroup of J(Q,) but is not split. Then
—f(go — 1) is 2 if the corresponding extension is unramified and 1 if it is
ramified. If 7°(Q,) = J(k, Q,) then

meas 7'(Q,)\G'(Q;) _ —f(go— 1)

7
meas K meas U,

U, is the maximal compact subgroup of 7°(Q,).

If k£ is odd then U’ = U,y. Moreover the extension can be unramified only
if m is odd; but then J(Q,) = G'(Q,) and f = 2. The value of ¢,7(k) is seen
to be exactly that stated in the list of combinatorial facts to be proved. If &
is even the value of ¢,/ (k) is given there as a sum of two terms, the first a sum
over 0 < 7 < k/2. This term is yielded by the second part of (4.4), a sum over
0 <a <r=Fk/2 The second part of ¢,/(h) was expressed in terms of the
integral (4.3). Most of it was accounted for by the contribution from U’ — Uy'.
The remainder is taken care of by the first term of (4.4). Notice that f must
be 1 if k is even.

Suppose finally that & is central. Then U’ = Uy and ¢, = |w,|™% It is
consequently manifest that ¢,’(#) has the anticipated value.

We have still to prove Lemmas 4.1 and 4.2. Since there is nothing else to
be done, all symbols apart from those entering the statements of these two
lemmas are free. The skeleton of a pair (x, .S) in B or Q is S. If (x,.5) isin B,
an edge will be called progressive if it is moving away from P. If it is in Q, an
edge will be called progressive if it is moving away from 7. An edge that is not
progressive will be called retrogressive. The sense of the path is from P; to P,_,.

We represent that part of the skeleton lying between 7 = ¢(S) and 7 — / as

XOXXO000X...X

i—1

The points in .S are unmarked. If there is to be any pair with .S as skeleton
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the gaps must all be of even length. Let there be m = m(S) gaps of length
2s1, ..., 25, Given a pair (x,S) we add to S the integers j’ for which the
edge from L, to L;_, is progressive if 1 = j = ¢ — l and j = j'(mod k). The
result will be called the frame F. We can recover S from F. To do this let ¢,
be +1 or —1 according as j is or is not in F. If j» = j; set

J1
Njp = Z €5
J=17J2
Then j; € S if and only if N;, ;, = 0 for all j,. There are £ — s points in a
period of Fand k — s = k/2.

Conversely, suppose we start from a subset F of Z which is periodic of
period / and contains ¢ — s = k/2 points in each period. Define ¢; and N, ;,
as before, and let .S be the set of j; for which N;, ;, = 0 whenever j, < j.
We verify by induction that .S is not empty. Choose j; € F. If j; € S there is
nothing to prove. Otherwise choose the largest j» < j; for which N, ; < 0.
Then j, < j; because j; € Fand N, ;, = 1. Moreover j» > j; — k because

N1 = (B — 25) + Ny .

Finally the set {j» + 1,..., 71} must contain an even number of elements
because N, j,4+1 = 0. Discard this set and all sets congruent to it modulo £,
and pull the remaining points together to obtain a new set I’ of period
k — (j1 — j2). Since exactly half of the points {j» 4+ 1,...,7} lie in F, the
set F’ contains

1

k—s— 30— J2)
points within a period and
k—s—50G1—72) 2 3k — (i — j2)).

It is clear that F and F’ have the same skeleton. The induction assumption
guarantees that the skeleton of // is not empty.

The points in S immediately preceding the gaps, as one moves toward
smaller integers, will be called extremities. The integer j, is an extremity if and
only if N, ;, = 0 for some j» < j;. To a frame we can attach:

(i) The skeleton.
(ii) The number m of extremities within a period.

(iii) To each extremity 2o, 1 £ @ < m, 1 — k < 1, < 1 the length 2s, of the
succeeding gap.

(iv) The spine, which is obtained from the skeleton by discarding the
extremities. If s = 3 s,, the spine has £ — 25 elements in a period and may
therefore be empty.

We want to treat the two lemmas in a uniform manner, and to this purpose
we introduce when dealing with Lemma 4.1 the tree Ty consisting of P alone.
We take P’ to be P, and let ¢ = 0, ¢o = —1. When dealing with Lemma 4.2
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we take ¢ to be go. Let N(c) be the number of paths of length ¢ in T joining
P to P'. The number of elements in P or Q is

(4.5) > (1 —q/q)"q°N(k — 2s),

the sum being taken over all possible frames. To see this we observe that to
construct a path x = (P4 ..., P;y) we first take one of the N(k — 2s)
paths from P to P’ in T, with points labelled by the integers between 7 and
1 — [ lying in the spine, and then at each extremity add one of the ¢ — ¢
possible edges from 7% into 717, and finally at all other points of the frame add
one of the ¢; possible progressive edges.

The expression (4.5) is equal to

(4.6) ZLO{ Zm;l(yy) (—q)'N(& — 25)}918—l~

The inner sum is taken over all frames with m = /. It can be put in a more
manageable form.
If we have a frame F with & — s elements and m = [ then s = . We con-

struct (77) new frames with 2 — (s — [) elements. Take any subset E of the

extremities with / elements (within a period) and for each element of the
subset add to F the last element of the gap in the skeleton following it. Since
the added elements do not lie in F, the result is a frame with & — (s — [)
elements. The added elements will not be extremities of F’, because the
skeleton S of F is contained in the skeleton S’ of F’. The extremities of F’
are the extremities of F that do not lie in E.

The procedure yields not only F’ but also a subset E’ of its spine. E’ consists
of the added elements, and any two elements of E’ are separated by a point
in the spine of F’. Conversely suppose we start with F’ and a set E’ of I
separated points in its spine. Remove these ! points from F’. The result is
still a frame, and the skeleton S of F is contained in the skeleton S’ of F’.
The points of E’ lie in the gaps of S. I claim that they are the last points of
the gaps in which they lie. Since we may argue by induction, we have only to
show that if j is a point of the spine, j' is the smallest point of the spine with
i <j,ji <j—+ 1, and we remove j from F’ to obtain F, then the skeleton of
F is obtained by removing all j, with j £ j; < j’ from the skeleton of F’.

We must certainly remove j. Let j; with 7 < j; < j + [ lie in the skeleton
of F'. Suppose first that 0 < j; < 7. Then j; must be an extremity, and so
Nj ;' = 0 for some j,. If j» < j then

Niw' = Nyt + Ny ' 2 Ny >0,
because j lies in the spine. This is impossible and j < j» < j1. If j3 < j then
0= le,jsl = Nh,ie/ + sz—l.le = N:iz—l,fsl-
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Thus j» — 1 also lies in the skeleton. Iterating we conclude that
Nj 1 =0.
Hence N, ; = —1. and j; is not in the skeleton of F.
Now suppose that 7' < j; <j 4 . If j1 = j. > j then
Nyj =Ny, z0.

Ifj —1<j: £jthen

Nn,n = le.j;z, - 1= le.j’+1/ + (Nj',y‘+1 - 1) + (NJ,J'Z - 1)-

Since j and j’ lie in the spine, all summands on the right are positive or zero.

Let S,,; be the number of ways of choosing / separated points from a cyclic
set with # elements. We now regard the inner sum in (4.6) as taken over all
F' with & — (s — 1) elements, and all possible choices of E’. Since the spine

of F/ has k — 2(s — I) elements and there are (S i l) possible choices for
F’ the sum (4.6) is equal to

r r k . s—
Zl:() ZS:I(S _ l) (—Q)ZN(k - ZS)Sk—2(s-l),l(11 "

We reverse the order of summation and replace s — [ by [ to obtain

T C s k s—
sto Zl=0(1) (—9) IN(k — 25)Sp—21,5-1 Qll-
We then change the order of summation once again, and consider

Z§=l (—q)'N(k — 25)Si_2s,5—1.

Here we substitute s for s — [/ to obtain
4.7 Z;;o (—q)*NE' — 25)Sy

with? =r — [,k =k — 2L

To establish the lemmas we must show that the sum (4.7) has the following
values.

(1) When ¢ = 0 and go = —1 then it is 0 unless # = 0 and then it is 1.
Observe that in this case d = 0 and k¥’ = 27/,

(ii) When ¢ = ¢ itis 1if = 0 and — (go — 1) if ¥ > 0.

If ¢ = 0 the sum reduces to

N(&")Sw 0.

If go = —1 then N(k’) = 0 unless & = 0 and N(0) = Spo = 1. lf ¢ = go =
—1 then £’ = 2r' and the sum reduces to

N(O)S2r’.r’ = Sew,,r.

Since Sy, - is 2 if ' > 0, the value of the sum is again correct. If ¢ = ¢o = 0
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the sum reduces to
N(k")Sy 0.

Since N (k') is always 1 when ¢o = 0 and since Sy o = 1 for all ¥’ = 0, the
value is again correct.

Suppose that ¢ = go > 0. We regard Sy ; as the number of ways of choosing
a set of s points from 1,..., k" which is cyclically separated. Let Sy, be
the number of ways of choosing such X which do not contain k. We first
show that

(4.8) DLy (—qo)'N(E — 25)Sp ., = 1.

Suppose that X does not contain k’. Remove from {1, ..., %’} the points

of X and their immediate successors. This leaves k' — 2s points which can be
used to label the edges of a path of length ¥ — 25 from P to P’. Starting
from this path and the labelling we construct ¢o° new paths of length &’
Choose any edge emanating from P and call it the exceptional edge. The
exceptional edge at any other point will be the edge leading toward P. If 1 € X
and there is no 7’ < 7 not in X then we add to the path an edge issuing from P
and then the same edge in the opposite direction. We are allowed to take any
but the exceptional edge. These new edges are labelled by 7 and 7 + 1. If
there is such an ¢ we take the largest and add an edge and its opposite in
just the same way, except that it must issue from the final point of the edge
labelled by z — 1, and it must not be the exceptional edge. Carrying this out
for each 7+ € X we obtain a path of length k' from P to P’ labelled by
1,...,Fk.
The sum (4.8) is a sum over all paths from P to P’ of length &’ of the sum
over s of (—1)® times the multiplicity with which it is obtained by the above
construction. The sum over s is easily evaluated. Given a path of length &’
let # be the number of subpaths of length two which consist of a move out
from a point along an edge which is not exceptional and a return. Then the
sum is

Z';=o<—1>3(’j) :

It is 0 unless there are no such subpaths, and then it is 1. A little reflection
convinces one that there are no such subpaths in only one case, that of the
path which moves out from P along the exceptional edge and returns 7’ times,
and then proceeds directly to P’. This establishes (4.8).

Let Si , be the number of ways of choosing X so that it does contain '.
To complete the proof of the lemma we have only to show that

2L () T IN(R = 25)Sw,, = 1

if ¥ =21 and # = 2. A separated subset of {1,..., %’} that contains &k’
yields upon removal of k' a separated subset of {2,..., % — 1} that does
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not contain k" — 1. Conversely a separated subset of {2,..., % — 1} that

does not contain k&’ — 1 yields upon addition of %’ a separated subset of
{1,...,k}. Thus

Sllc',g = Sg’—Q,s—ly
and our sum is equal to
D (—qo)'N(E — 2 — 25)Sp_s, o1,
which we have already seen to equal 1.
Appendix. Suppose (v, k°) is a Frobenius pair [13]. We choose a Cartan
subgroup 1" of I° over Q such that 74, the image of 7" in I,4° is anisotropic at

infinity and p and let &, be a finite Galois extension of Q, which splits 7. We
suppose k° factors through 7" and let v be the coweight £,° of 7. We set

\2
o= Zfe@(kp/op) TH .

Let {a, .} be a fundamental 2-cocycle of the extension k,/Q,. We define the
Weil group Wiy, as the set of pairs (x, ¢) with x € &%, and ¢ € & (k,/Q,),
multiplication being defined by

(%, 0) (9, 7) = (X0 (¥)an., o7).
If o belongs to ®(%k,/Q,) we set
ao = [T:e0u, 00 ails -
It lies in
T(k,) > Xo(T) ® ky*.
If w= (x,0) we set
by = V.
LemMA A.1. The 1-cochain w — by, 1s a cocycle.
It must be verified that
app(@o)ape™ = a,,""
The left side is
(IT- a5 H T plao)™™ HIT @™
Replace 7 by o7 in the first product and use the relation
Ao, 1P (Ao 1) Upo,s = Qo

to obtain

l l potuV Vv
raP,V - apvu-
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Suppose we replace a, , by
Gpo = Cop(Co)Cpotp 6.
Then Wy, 0, is replaced by Wy, o,, but
(x, 0) = (x¢, 7!, o)
is an isomorphism from Wy, o, to Wy, ,0,- The 1-cochain {a,} is replaced by

o—d, = a, [+ (c"™ a(c,)7™ ¢V

a.c,” " o(d)d?

d=[[.cm.

If we pull back the cocycle {b,} from Wy, o, to Wi, o, we obtain
w — U(d)bwd_l = w(d)bwd_xr

if

because w acts on 7'(k,) through its projection to ¢. At all events we obtain
a cocycle in the same class, and so our constructions do not depend on the
choice of a fundamental 2-cocycle.

We choose another Cartan subgroup 7 for which T4 is still anisotropic at
infinity and p and which still splits over k,. We suppose that 2°: R — I° is
conjugate under I(R) to A° and factors through 7. Let @V be the coweight
ho® of T. We use it to define the 1-cocycle {b,}.

Lemma A.2. There is a ¢ in I°(k,) so that
by = chpw(c?)
for all w.

Since T,q is anisotropic at p, the coweight »V is actually a coweight of the
centre of I° and hence b, and a, have the same image a,” in I,4°(k,). We use
the cocycle {a,’} to twist I° and obtain a group I over Q,. Then

dy = byub, !

is a cocycle of Wy, o, with values in I(k,) and we have to show that it bounds.

The first step is to verify that it takes values in the derived group I, of I
and factors through & (k,/Q,). The difference between pV and gV, and hence
that between »Y and 7V, is a sum of coroots. Since »Y and 7V are coweights of
the centre, »¥ = 7v. Thus

dp = @,G,7!

and factors through ®(k,/Q,). 1 write d, instead of d,. If \ is a rational
character of I then X\ is orthogonal to coroots and

(oru¥, N) = (oria¥, \).

Consequently N(d,) = 1 and d, lies in Iye;,.
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If I, is the simply-connected covering group of I4e, then
H'O((ky/Qy), Lsc(ky)) = H'(G(Q,/Qp), I:c(Qy)) = 1.
If C is the kernel of
oo — Iger
then the composition
HY(® (kp/Qy), Taer (ky)) = H'(G(Q,/Qy), Laer(Qs))
— H*(8(Q,/Q5), C(Qy))

is injective. We show that the image of d, is trivial.
Choose an integer m so that

muY = uV + Y

where p;Y is a coweight of T'sc and p2V a coweight of the centre Z. Then
mp¥ = g + @Y.

For each p, o let b, , be an mth root of a,,. Then

(1) Hr bzfguxvﬂtz")

and

(2) H bvr(741V+u2")

are liftings of @, and d, to I4(Q,) X Z(Q,). Moreover

(3) { HT b:r:ﬂl"ﬁ—uz")}{ HT b:]fﬁm"+n2")} -1 - { I_I7 b:,rflv}{ HT b:’rfm" —1

is a lifting of d, to I4.(Q,).
Let {¢,..,-} be the boundary of {b,,}. The boundary of (1) is

pr(u1V+pu2V) por(u1V+4u2V) por(p1V+4p2V) —1
{HT b,,,,- }{HT Pba,r }{Hf bpd.f } ’
which equals
\2 \'2 A\
Al
It must of course lie in the centre of I, X Z. There is a similar formula for

the boundary of (2). Taking account of the Galois action on I(Q,) one readily
concludes that the boundary of (3) is

poe = (T 1o g Y T T, gl e )

We should perhaps remind ourselves that u;Y and a," are coweights of dif-
ferent groups, namely, T, and T.. We may also write this boundary as

€p0 = {Hf C’:;‘.—‘flv}{ Hf C:;T;‘,‘:V -
Let Xy (Tyer) and X4 (T's) be the lattices of coweights of T4, and T,
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and let
Vi = Xa(Taer) /X (T'sc).

If X*(T4er) and X*(Ts) are the lattices of weights and
V¥ = X*(Tse)/X* (Tger)

then
y*

Hom (Y4, Q/Z)

and
C(Gz)) = Hom (Y*, 6px)~

Replacing 7" by T we obtain ¥* and Y, but
Vi~ Y,

and
V*~ Y*,

The isomorphisms are canonical.

If we apply the local duality of Tate for finite ®(Q,/Q,) modules, we have
only to check that the cup product of {¢,,} with any element of

H'(©(Q,/Q,), ¥*)
is trivial. An element of this group is represented by a N € X*(Ts,) with
oN — X\ € X*(T4er) for all ¢ or by a X € X*(Ts.) with ok — X € X*(Tqer).
The cup product is
TV ) T, V)
Fow = A TTe Q™ T T cm™

To be definite we take X to be A()\) where I is an element of I(Q,) taking
T to T and

r(ON) (Bth=1) = N(2).
We write
(N, porpY) = (N — por), porprV) + (N, V).

Since N — por\ is a weight of Ty, it is equal to the restriction to T4 of a
weight N of T, and

<)\ — paTA, paT”1V> = <}‘,! m#V> - <>\,v F2V>-

Each ¢, , , is an mth root of unity and

N mpV )
PO T = 1.

We treat (X, pori;V) in the same manner, writing

XN — parh = E(\) — path(\) = B(\) 4+ R(\")
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with
N = (1 — b par(h))por(N).
N’ is a weight of T4, and so
(hON) + E(N'), 1Y) = (R(N), p2Y) = (N, pa¥).
We conclude that
Fro = AL oo} Bomr =0,
However

I[I-cowr = p(I1: 02,) (IT- bp,02) (I T+ 000 )7 (1T 05.) 7

We may replace o7 by 7 in the second factor. The first three terms then form
a boundary and { f, ,} is cohomologous to

bp v—[kp'-op] ((Xvﬁlv )—()\,;11 V>).

However
A mY) = N Yy = N AN EY) — oY) = m\ RN (EY) — uY),
and
N BN @EY) — )
is integral because
) = Y
is a coweight of 7. Since
bp" = o
and
{a, Q)

is trivial, the lemma is proved.

Suppose k,” € k, are two finite Galois extensions of Q, that split 7. There
is a homomorphism w — w’ from Wy, o, to Wy, 0, and we may pull back the
cocycle {b,}, but the result may not be cohomologous to {b,}.

Lemma A.3. There is a cocycle ¢, with values in the units of k< so that
W — byby, 1 1s cohomologous in T'(k,) to c,”” .

We begin by recalling the manner in which the homomorphism from
Wiy 10, 10 Wi, 1s defined [1]. Let {a,.} be a fundamental 2-cocycle for
k,/Q,. For each p’ in &(k,’/Q,) choose a representative p in & (k,/Q,). A
fundamental 2-cocycle for &,’/Q, is then

[ - __—1
@y o’ = Niyiy (@5,30y.55) | Lseowpm a8y
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with
Y = ﬁ&p&_l.

An expression for a, ' which is more useful to us is ([1], p. 188)
[ Lsew i mnr @os 508,508 55

if p is any lifting of p’ to & (k,/Q,). We apply the coboundary relation to the
first factor to obtain

[ 16 pas.sa, 550, 57 a5 505 777,
An element of Wy, 0, may be written as xpé with x € &%, p € O(k,/k,),
and ¢’ € ®(k,’/Q,). It is mapped to
w o= | HBé@(kp/kp’> Bt Hﬂe@(kp/kp’) ag ofo’.

Then b, is the product of

{T1aBxY 3 { 1o as.”}
and

—gapV _gapV —capV

capV capV
Ha'c@(kp'/op) Hﬂ€@(kp/kp’) TUga opales Qg5 Qpoa
Here ¢ is the lifting pé of ¢’ and « any lifting of &’ to & (%,/Q,). If
¢ = [l [1sasz
the first term yields o(c) and the last ¢~1. Since we are only interested in the

cohomology class of w — b,,, we may drop these two terms. The second
term yields

Vv

oTH
Hre@(k,;/oﬁ) Ag,r -
The third and fourth yield

{Ilsaosas s}
Collecting the information at our disposal we see that the lemma is valid with
cw = [Ls%B(x)""as 0005755

It must be verified that ¢, is a unit, but that is a consequence of the next
lemma applied to the trivial torus " = GL(1) and both &k, and &,’.

Lemma A.4. If N\ is a rational character of T over Q, and v the image of w
under the homomorphism Wi,0, — Wo,i0, = QpX then

MGl = fof.

If w = x X o the left side is equal to

{0 T law 7 = (TL bl 4 T faw, ).
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Since
(o7)7le = 7707 (a,,,) X 77!
in Wi,/ ¢ is equal to

(LI 7@ T 107 (a0,

The lemma follows.

Let f be the completion of the maximal unramified extension Q," of Q,.
We have still to explain in detail how the element b of G(f) introduced in [13]
is defined. Let D, be the image of GL(1) in T under »V. It is an algebraic
subgroup over Q,. Let ng/op be the inverse image of the units in Q,* under
the homomorphism Wy, 0, = Wo,/0, = Q%

Lemma A5, If k, is sufficiently large the cocycle {b,} is cohomologous to a
cocycle {b,'} with the following two properties:

(i) The restriction of {b,'} to W,‘Jp,o,, takes values in Dy (k).

(i1) The image of b, in T/D,(k,) lies in T/D;(Q,*™).

The second property is a consequence of the first, because the first implies
that b, is invariant under W,?,,,op modulo D;, and the image of W,?,,,O,, in
& (k,/Q,) is the inertial group. To obtain a cocycle with the first property we
apply results from Chap. X, § 7, of [18]. We may as well suppose that D, is
trivial, and hence that {b,} = {b,} is a cocycle of & (k,/Q,).

We have a diagram of fields

Y

AN

4

and we may regard {b,} as a cocycle of & (k,"*/Q,). By the corollary of Prop. 11
of [18], its restriction to & (k,"/Q,") is cohomologous to the trivial cocycle,

and may therefore be assumed to be trivial, for we are willing to enlarge the
field k,. Thus {b,} is the lifting to & (k,/Q,) of a cocycle of

& (ky M Qp"/Qy)

and is trivial on the inertial group. Consequently {b,} is trivial on W, q,-
Our purposes demand a strengthening of the previous lemma.

LEMMA A.6. Suppose k, is sufficiently large and I, 1s the maximal unramified
extension of Q, in k,. Then {b,} is cohomologous to a product {b,'b,''} where
{0} is the lifting of a cocycle of W1, o, with values in T (I,) and {b,'""} is of the
form by = d,*" where w — d,, is a cocycle of Wy, o, with values in the units
of k<.
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We begin with an extension k, over which T splits, and let [, be the un-
ramified extension of Q, with

[lp : Op] = [kp : Qp] = n.

We shall prove the lemma not for &, but for &,’, the composition of k, and I,,
in which /, is the maximal unramified subfield. Schematically we have:

If we appeal to Lemma A.3, we see that it is sufficient to take the cocycle
{by} associated to the Weil group Wy, /,, and then prove that its lifting to
Wi, 10, can be factored as {0,/b,"'}.

The Galois group &(l,/Q,) is cyclic of order #» and is generated by the
Frobenius element which we shall, during the present proof, denote by ®.
We take a uniformizing parameter w for Q,, which could be p itself, and
take the fundamental cocycle ¢, , of the extension ,/Q, to be

. ],_{1 0<i,j<mi+j<n

PP T e 05d,j<nitjzn
We may also simplify matters by supposing that the lattice of coweights of T
is the free & (k,/Q,)-module generated by uV.

Suppose we can find a chain {¢,} of &(/,/Q,) with values in 7°(/,) and
boundary {c,.”"}. Then we may define a cocycle {d,} of W,, o, with values
in T(l,) by

dp = x"V¢, w=xXo.
Suppose in addition that if

co = [ reowpmon calr)™"

then

[T lcs ()] = |wl.

I claim that if {b,} and {d,} denote the liftings of {b,} and {d,} to Wy, o,
then {b,d,~1} is cohomologous to a cocycle w’ — ¢,*" where {c,} is a
cocycle with values in the group of units of k,’. To see this we pull back {a,}
and {¢,} to cochains {a,} and {c,'} of & (k,’/Q,). Their boundaries are obtained
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by pulling back {a,,”"} and {c,,”"} to {a, """} and {c, »*"}. By local

class-field theory the two cocycles {a, .-} and {c, .} are cohomologous, and
Apr g’ = eyp (€sr)eyra ™10y o

Thus {a,} and {e,*¥¢,/} have the same boundary. Because of our simplifying
assumption, 7°(k,’) has no cohomology in dimension 1, and

ag = feg? Y cora’ (f71).
In particular
w — Uy = bw'f_ldw'_l'w/(f) = bw’f_ldw’_lo'/(f)

takes values in D;(k,’). With the simplifying assumption that the lattice of
coweights is freely generated over & (k,/Q,) by uV,

Di(k,)) = {x*"|x € k)/}.
To establish the claim I must show that if A is a rational character of D; then
P‘(uw’)l =1

for all w’. It will be enough to show this for a rational character of 7" defined
over Q,. Clearly

INf ()] =1

and, by Lemma A.4,
N (bur)| = [p]re¥)

if v is the image of @' in Q,* We check that
INdy)| = Ndw)| = [o|*s")

if w' maps to w in Wy, 0,
This is easily seen to be so if w = x X 1 with x € /%, and so the point is to
verify it when w = 1 X ®. Then v = w and

INdw)| = Tlowom lea(r)|®m).
Since (\, TuV) = (A, uV) the right side equals

{1 fea () [}

and is, by assumption, |w|®*#¥),
To completely prove the lemma we must establish the existence of the
chain {¢,}. We first remark that there is an ¢ in k,% for which

w = Nmkp//kp(l.
Set

Cp = Hre@)(kp'/tp) r(a)™"
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and
coi = ca®P(cs) ... ¥ (cs) 0=21 < n

The chain {c,} then takes values in 7'(/,) and will have the boundary {c, ,”"}
if
"2 ®i(ce) = wrV.

The product on the left is

[Low 0n 7(@)™".

If we take the product over & (k,’/k,) and then over & (k,/Q,) we obtain

v

H@(k;;/(),» o =Y,
Finally
[1-lea@] = [owm l7@)] = o[t = |a|E"#2] = |w],

In [13] I took f to be Q,*™, but I should have taken it to be the closure of
Q,", for I am otherwise unable to prove the next lemma. I shall denote the
Frobenius automorphism of f by .

LeMMA A.7. If d € fand |d| = 1 then the equation
d=co(c!) c€ft

can be solved.

Since the map ¢ — co(c™!) takes Q, to 1, its image is closed, and so we
must only verify that it is dense in the group of units of £%. If v is a unit we
can always find a unit x so that

y = xo(x7") (mod p).
Moreover the equation

(1 + ap"o(l + ap*)™' = (a — o(a))p* (mod p)
and the simple fact that

a — a(a) = b(mod p)

can be solved with an integer a for any given integer b allow us to approximate
any y = 1 (mod p). Since D;(f) >~ X the lemma may be applied to D;(f)
as well.

The element b introduced in [13] can now be defined. It lies in I°(f). It is
not uniquely determined, but the set

4)  {ebo(cM)e € I°(B)}

is. We start from a given 7T, a given, but sufficiently large k,, and a given
fundamental class {a, ,} for k,/Q, and the associated cocycle {b,}. According
to Lemma A.6, {b,} is cohomologous to {b,'b,’’} where b, and b,’’ have the
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properties specified there. We have the usual homomorphisms
Wiyioo = Wapiow = Z.

We choose a w, that maps to 1 € Z and set b = b,,. The previous lemma
shows that the collection (4) is independent of the particular w, chosen.
The cocycle {b,’} is not unique; it might be replaced by

by xw (x~ 1)y,

with x € T(k,), u, € Di(k,). However x and u, are not arbitrary. The
absolute value |\(u,)| must be 1 for any rational character of Dy, and the
image of x in 7/D, must lie in T/D;(l,). By Hilbert’s Theorem 90, there is a
v in T°(/,) so that

x = v(mod D,(k,)).
Let x = vz. Then
by’ xw (x Vuy = by (vw(v™1)) (2w (z71)uty).

We apply Lemma A.7 to zw,(37!)uy, to conclude that the set (4) remains the
same. To change the fundamental class {a,,} does not affect the class of
{0}, and hence does not affect (4). Finally Lemmas A.2, A.3, and A.7 show
that it is not affected by the choice of T" and k.

T has been so taken that its image in I,4° is anisotropic. By the definition
of a Frobenius pair there is therefore a positive rational number r so that

A = far] o)

for all rational characters of 7. The element w is again a uniformizing param-
eter of Q, and absolute values are taken in Q,.

In addition to the group I° (or H°) over Q I introduced in [13] a group J°
(or G°) over Q,. Its definition did not involve T, but it is easily seen that it is
the connected group generated by 7" and the one-parameter root groups
corresponding to roots a for which (@, »V) = 0. Consequently D, lies not
only in the centre of I° but also in the centre of J° and the image of {a,}, or
what is the same, of {b,} in I,4" or Joq° yield elements of H!'(Q,, I,4°) and of
H'(Q,, J.4°) which can be used to twist I° and J°, thereby obtaining new
groups I and J. The twisting of I° can in fact be extended to a global twisting,
but that will not be discussed yet.

Changing {a.} or {b,} within its cohomology class has the usual effect on
J(Q,) and on I(Q,). If {b,} is replaced by xb,w(x~!), then

J(Qy) — {xgx~'|x € J(Qy)}

Since it is easy to keep track of such changes, I feel free to modify {b,} within
its class, and indeed to replace {b,} by {b,}, where {b,'} satisfies the con-
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ditions of Lemma A.6, for {b,”’} commutes with J(Q,). Thus
J(Q,) = {g € JU(B)|ba(g)b~! = g}.

I claim that
J(Qp) = {g € G(D)|ba(g)d™" = g}.

When proving this I may take b to be defined by the cocycle {b,’} con-
structed in the proof of Lemma A.6. Choose k,, /,, and &,’ as in the proof of
that lemma with [k, : Q,] = [/, : Q,] = n. Then

ba(d) ... (b)) =c=x" |x| <L

Iterating the relation

g = ba(g)b!
we obtain

g = co"(g)c!
and

g =cla"(g)e,

or, more generally

g = g™ (g)e"
and
g =M (g)e"

for every positive integer m. We may choose a sequence m; so that {¢™"(g)}
and {e~™"(g)} converge. Then {¢c™igc™} and {c™igc—™i} converge. Since G is
a matrix group, we see, by passing to a larger field with respect to which T
can be diagonalized and taking the form of ¢ into account, that this is possible
only if ¢ commutes with g. Since the connected component of the centralizer
of any positive power of ¢ in G is J?, the centralizer of ¢ in G is connected
and equals J° [23].

Although the groups of this paper are simple enough that the existence of
the global twisting of 7° demanded by the formalism of [13] is clear, it turns
out nonetheless to be useful to say a few words about the construction of the
cocycle defining this global twisting.

Recall that we started with a Cartan subgroup 7 of I° defined over Q such
that 7q, the image of T in I,4°, is anisotropic at o and p. If g¥ is the co-weight
of T4 obtained by composing uV with 7" — T4 then the twisting at p is given
by the cocycle

ap = {d«r}

with

@ = [Lrewupon aerr o € G(ky/Q,).
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We define a twisting cocycle at o0 in exactly the same fashion
A = {d}
with
i = [Trewem a7 o € G(C/R).

We have changed the sign in the exponent but that has no effect on the
resultant cohomology class.

LEMMA A.8. If I is the group over R obtained by twisting I° by a, then I,q4(R)
is compact.

Let ®(C/R) = {1, ¢}. We may take the fundamental cocycle to be
1 =01 =0,1=1 a,= —1.
Then
a =1 a, = (—1).

Every root of 7"in [ or in [ is imaginary. All we must do is verify that the
roots of 7" in [ are compact. Let 8 be a root of 7" in I° and choose root vectors
Xg, X_5 with

(Xs, X 5] = Hp
where
N(Hp) = (N, 8Y).
Since ¢(8) = —8,
o(X5) = cXp o(X_p) = dXs

It is easily seen that ¢ must be real and that ¢cd = 1. Examining the two forms
of SL(2) over R, one sees that ¢ > 0 if and only if 8 is compact. On the other
hand B is compact if and only if (8, uV) = 0. If 8 is not compact, then
(B8, u¥) = +1. When we twist by a, the new action on Xj is

Xﬂ — (—1)<'9'“V)CX_5.

Thus ¢ is replaced by (—1)%+"¢, and compact roots remain compact while
non-compact roots become compact.

The global twisting of I is by an element a of H'(Q, 7,4) whose image in
HY(R, T4) is ay, in H(Q,, Thy) is a,, and whose image in H'(Q,, Ta), ! = p,
is trivial. Its existence follows from standard results in Galois cohomology
which we will now describe. We first state the appropriate lemma formally.

LEMMA A.9. Let T be a torus over Q and pV a co-weight of T. Suppose T 1s
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anisotropic at © and p. Then

Ay = {Hre@(Cm) d:rfmv}
ap = {Hre@(kp/op) a:,ﬂrﬂ}

represent cohomology classes in H' (R, T) and H'(Q,, T) respectively. There is
an element a in H'(Q, T') whose local components are trivial everywhere except
at 0 and p where they equal o, and oy.

Let K be a finite Galois extension of Q that splits 7. Then

T'(K) = X (1) ® K
T'(Ag) = X4(T) @ Ik

If Cx = Ix/KX*is the idéle-class group, set
Te=Xe(T) ® Ck.
The exact sequence
1->TK)—>TAx) > Tc—1
leads to
H'Y(O(K/Q), T(K)) — H (G (K/Q), T'(Ax)) — H'(G(K/Q), T¢).

Let 8 be the element of the middle group with component a, at ©, «, at p,
and 1 elsewhere. All we have to do is verify that its image in the final group is
trivial. The middle group is

®, H'(O(K./Q.), T(K,))

and we must verify that the product of the images a,, @, of a,, and «, in
H' (&(K/Q), T¢) is trivial.
The Tate-Nakayama isomorphisms are

H(G(K,/Q,), X& (1)) >~ H*(G(K,/Q,), T(K,))
and

HY (G (K/Q), X«(T)) ~ H**(OG(K/Q), T¢).
There is a diagram

HY (O(K./Q0), X (1)) >~ H*(O(K/Qy), T(Ky))

l l
HY O (K/Q), Xo(T)) ~ H+*(O(K/Q), T'¢).

The left vertical arrow is corestriction. The right vertical is the composition of
H(®,, T(K,)) ~ H (O, T(K @ Q,)) = H(6, T'(Ax)) — H/(G, T¢)
withj =171+ 2, 0, = &(K,/Q,), ® = &(K/Q). The place v of Q has been
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extended in some way, no matter which, to K. It can be verified without too
much difficulty, although it is more than a mere formality, that the diagram
is commutative. One examines the proof of the Tate-Nakayama theorems
and recalls at the same time the relation between the local and the global
fundamental classes. I forego the details, although I have no reference to
furnish the reader.

Suppose in particular that ¢ = —1. The corestriction takes the element of
H(®(K,/Q,), X«(T)) represented by N\ with Nmgk,,0,A = 0 to the element
of H-1(®(K/Q), X4« (1)) represented by the same \. Therefore &, corresponds
to the element of H='(&(K/Q), X« (T')) represented by —uV and &, to the
element represented by uV, and a., - @, is trivial.
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