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ON THE ZETA-FUNCTIONS OF SOME SIMPLE 
SHIMURA VARIETIES 

R. P. LANGLANDS 

1. Introduction. In an earlier paper [14] I have adumbrated a method for 
establishing that the zeta-function of a Shimura variety associated to a 
quaternion algebra over a totally real field can be expressed as a product of 
L-functions associated to automorphic forms. Now I want to add some body 
to that sketch. The representation-theoretic and combinatorial aspects of the 
proof will be given in detail, but it will simply be assumed that the set of 
geometric points has the structure suggested in [13]. This is so at least when 
the algebra is totally indefinite, but it is proved by algebraic-geometric methods 
that are somewhat provisional in the context of Shimura varieties. However, 
contrary to the suggestion in [13] the general moduli problem has yet to be 
treated fully. There are unresolved difficulties, but they do not arise for the 
problem attached to a totally indefinite quaternion algebra, which is discussed 
in detail in [17]. 

It does not add to the essential difficulties if we enlarge our perspective a 
little and consider not only the zeta-function defined by the constant sheaf 
but also that defined by the sheaves associated to finite dimensional represen
tatives of the group defining the variety, and we might even dissipate some of 
the current misconceptions about the nature of these sheaves. Their existence 
is a formal consequence of Shimura's conjecture. We should moreover not 
confine ourselves to the multiplicative group of the quaternion algebra, but 
should in addition consider subgroups lying between the full multiplicative 
group and the kernel of the norm, for then we can see the effect of L-indis-
tinguishability [7] in the place where it was first noticed. 

In this introduction the results of [7], to which [22] is meant to serve as a 
kind of exegesis, are used in conjunction with facts about continuous coho-
mology to arrive at an assertion about the zeta-function which the remainder 
of the paper is devoted to proving. Some readers will find that I have given 
too free rein to a lamentable tendency to argue from the general to the par
ticular, and have obfuscated them by interjecting unfamiliar concepts of 
representation theory into what could be a purely geometric discussion. My 
intention is not that, but rather to equip myself, and perhaps them as well, 
for a serious study of the Shimura varieties in higher dimensions. We are in a 
forest whose trees will not fall with a few timid hatchet blows. We have to 
take up the double-bitted axe and the cross-cut saw, and hope that our 
muscles are equal to them. 
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The method of proof has already been described in [14]. It is ultimately 
combinatoric. The Bruhat-Tits buildings, which arise naturally in the study 
of orbital integrals and Shimura varieties, are used systematically. However 
the automorphic L-functions used to express the zeta-functions of the varieties 
are unusual and most of § 2 is taken up with the attempt to understand them 
and express their coefficients in manageable, elementary terms. The appearance 
of L-indistinguishability complicates the task considerably. 

The meaning of the conjectures of [13] is also obscure, even to their author, 
and considerable effort is necessary before it is revealed sufficiently that a 
concrete expression for the coefficients of the zeta-functions is obtained. Once 
this is done, in § 3 and the appendix, the equality to be proved is reduced to 
elementary assertions which are proved by combinatorial arguments in § 4. 

A connected reductive group G over 0 and a wreight \x of the associate group 
LG° are the principal data specifying a Shimura variety. The conditions they 
must satisfy are described in [4]. If A ; is the group of finite adèles one needs 
an open compact subgroup K of G (A,) as well, /z is the weight of LG° defined 
by the co-weight fa of [13]. The primary datum is fa, rather than /x. To com
pletely define S(K) one needs fa. The variety will be denoted by S(K), and 
only K will appear explicitly for G and ju are usually fixed. The group LG° 
comes provided with a Borel subgroup LB° and a Cartan subgroup LT0 in 
LB°. We may suppose that ju is a positive weight of Lrf°. Moreover if L is a 
large Galois extension of 0 then ®(L/Q) acts on LG°, fixing the subgroups 
LB° and LT®. If &(L/E) is the stabilizer of \x then the Shimura conjecture, 
which has been proved for the groups we shall consider, states that S(K) has 
a model over E characterized by the arithmetic structure of its special points 
[4]. We will always use this model. The set of complex points on S(K) is a double 
coset space 

(1.1) G(Q)\G(A)/KœK. 

Here Kœ C G(R) and G(R)/Kœ is a finite union of Hermitian symmetric 
spaces. 

Let Zo be the intersection of the kernels of the rational characters over 0 
of the centre Z of G and let J be a representation of G on the vector space V 
which is trivial on Z0, both £ and V being defined over 0- If K is sufficiently 
small, as we assume, then 

V(Q) X^Q),i)G(A)/KœK-^S(K) 

defines a locally constant sheaf F$K or F% on S(K). Using the étale coverings 
S{K') —> S(K), K Ç K', which are defined over £ , and the formalism of [12], 
we may define the sheaves F$ as Z-adic sheaves in the étale topology. 

For the groups that occur in this paper the quotient (1.1) is compact and 
the varieties S(K) are proper, and we introduce the cohomology groups 

H'MK), Ft). 
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They can be taken over Q or over 0/, according to the exigencies of the 
context. If g G G (A/) the formalism of [12], which is the usual formalism, 
associates to g a linear transformation 

r ( 2 ) : f f ' ( S ( n F t ) ^ f f ' ( S ( i O , F { ) -

The Tl(g) act to the right and commute with © ( £ / £ ) which acts to the left. 
I recall that in the theory of Shimura varieties £ is given as a subfield of C. 
It is best to take £ to be the algebraic closure of £ in C. 

We shall be concerned with the zeta-function of Ft as a formal rather than 
as an analytic object, and so we shall only be interested in the individual 
local factors, and these only at the primes p of £ for which the suggestions 
of [13] apply. If $p is the Frobenius at p and rl the representation of @(£/£) 
on i£'(5(i£)> F{) then the logarithm of the zeta-function is given by 

log Zp(s, S(K), FÙ = Zn^in-1 Zi (-1)'trace r ' ( V ) k > r 

If g is the number of elements in the residue field then 

| *r* | = q~l. 

We shall be more interested in 

Zp(s, S(K), F*) = E U Z»(s, S(K), Ft). 

We want to show that the zeta-function can be expressed in terms of the 
^-functions associated to automorphic forms. Considerations that will be 
explained shortly suggest an elegant conjecture. It is false and, in general, 
meaningless, but it is meaningless for interesting reasons, stemming from 
£-indistinguishability, and for the groups treated in this paper we will be able 
to modify and correct it, by taking the results of [7] into account. I will 
present it in a slicker form than it at first appeared, even though its genesis is 
thereby somewThat obscured. 

Some auxiliary objects must be introduced. To simplify our considerations 
we suppose that the restriction of £ to the centre Z of G is of the form 

«(*) = v(z)I 
where ^ is a rational character. This does not affect the generality, since £ 
can be decomposed into a direct sum of representations satisfying this 
condition. 

If £ is a Cartan subalgebra of G over R, y is a regular element of £ (R) , Ô 
belongs to 3 ) (£ /£ ) (the explanation of this and other notation used below 
will be found in [16]), a n d / is a smooth function in G(R) which is compactly 
supported modulo Z(R) and satisfies 

f{zg) = v{z)f{g) z£Z(R) 

we may introduce 

$ô(y,f) = I f(g~lh~\hg)dg 
J Th(R)\G(R) 
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as in [7]. Here h in 31 (T) represents 8. We may also introduce the stable orbital 
integrals [7] 

*T/1(y,f) = ZîXr/R) $ ô (7 , / ) . 

Choose / = /{ so that 

*Tn(y,h) = 0 

unless T(R) is fundamental, that is, unless Z ( R ) \ T ( R ) is compact, and so 
that 

**Ny U) = trace f (7) 
Ky'n) meas Z ( R ) \ 7 \ R ) 

if r ( R ) is fundamental. It has to be shown that /^ exists, but for the groups 
we shall ultimately consider this has been done (cf. [15], §4). 

If 7rœ is a representation of G(R) set w(7rœ) = m(irœ, £) equal to 0 unless 

rjz) = v-i{z)I z € Z(R). 

Otherwise let m ( 0 be the trace of 

*Jft) = I /«(g) Too ( g ) ^ -
•/ Z(R)\G(R) 

We temporarily disregard the circumstance that m(irœ) is in fact not well-
defined. If TTf is a representation of G(Af) let m{jf) = m{irf, K) be the multi
plicity with which the trivial representation of K occurs in 717. 

The numbers m(irœ) and m{jf) will occur as exponents in the expression of 
Z(s, S(K), F%) as a product of L-iunctions associated to automorphic repre
sentations I = 7rffi0 717, but to specify an L-function one needs a represen
tation of LG as well. Let r° be the representation of LG° with highest weight pi. 
The element JU, or rather its restriction to the derived group, is a /wids minuscule 
in the terminology of Bourbaki. Thus the weights of r° are the co/x with co in 
the Weyl group tt(LT°, LG°) of LT0 in LG°. Let L ¥ ° be the group generated 
by LT° and the coroots aw orthogonal to /x. The stabilizer of M is Sl(LT°, LM°) 
and the dimension of r° is 

[12(LP, LG°) : 0 ( L P , LM0)]. 

Let x be a non-zero vector transforming according to the weight /x. There is 
exactly one way of extending r° to a representation, again denoted r°, of 

LG° X ®(L/£) 

on the same space so that 

r°(cr)tf = x (T 6 &(L/E). 

L is here just some large Galois extension of 0 , and could be taken to be Q. 
Let 

r = Ind (LG, LG° X ®(L/E) , r° ) . 
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The group LG is a semi-direct product 
LG°X®(L/Q)., 

Let q be the dimension of S(K). If the phenomenon of L-indistinguishability 
did not manifest itself, one might suspect that 

(1.2) Z(s, S(K), f) = IT L(s - g/2, T | r)~<*>»<*»3»<'/># 

The zeta-function on the left is the product of the local zeta-functions, in
cluding a factor from the infinite places. The product on the right is over all 
automorphic representations of G (A) and m(w) is the multiplicity with which 
7T occurs in the space of automorphic forms. The grounds for the suspicion are 
initially flimsy, but I shall try to explain them. If the conjectures of Weil and 
Ramanujan are compatible the shift in the variable from s to s — q/2 must 
be present. 

Let N be the number of absolutely irreducible components of £, counted 
with multiplicity, and let X1, . . . , X* be the highest weights of the distinct 
components f1, . . . , £ * of the contragredient representation £ with respect to 
some order on the roots of a fundamental Cartan subgroup T(R) in G(R). 
Let g be one-half the sum of the positive roots with respect to this order, and 
for every co in the complex Weyl group Q(T(C), G(C)) set 

V = «(x* + g). 

For each Aœ
l there is a discrete series representation 71*(Aw*)- We set 

I I (?) = ( i r (V) l 1 ^ i Û k, co G 12(7X0, G(C))}. 

It is a union of the L-indistinguishable classes [11] 

r i t e o = {T(AJ)\CO < E Q ( T ( C ) , G ( C ) ) } , 

/$ has been so chosen that 

ZX^IKÉ) W ( 0 » 

which is well-defined, is equal to (—l)QdN if 

d = dimension r°. 

In the notation of [2] 

is 0 unless i — q when its dimension is dN, for by the results of those notes 

is 0 unless j = / and i = q when its dimension is d. To see this one has to 
observe, among other things, that !2(7XC), G(C)) is isomorphic to iï(LT°, LG°) 
and that tt(LT°, LM°) is isomorphic to 12(T(R), i£œ), and that the restriction of 
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to the connected component of G(R) is therefore the direct sum of d irreducible 
representat ions, namely the discrete series representat ions with the same 
infinitesimal character as lj. 

If, as occasionally happens ([12], [14]), H (£) consisted of a single element 
7rœ, then each time tha t 

7T = 7Tœ ® 717 

occurred in the space of automorphic forms it would contr ibute a subspace to 

the cohomology group Hq(S(K), F\) over C of dimension dni(irf). A corre

sponding L-function should appear as a factor of the zeta-function. T h e degree 

of the factors appearing in its expression as an Euler product should be 

[E : Q]drn(TTf) - m{jf) dimension r 

for almost all p. The L-function should appear in the numerator or denom
inator according as q is even or odd. We are led to guess that it is 

L(s- q/2,7T, r)(-iw*/) = L(s - q/2, TT, r)m^n^\ 

Occam's razor and the ordinary Eichler-Shimura theory then suggest (1.2). 
Unfortunately II (£) generally consists of several elements. 

We might still be able to hold onto (1.2) if whenever irœ and irj were two 
L-indistinguishable representat ions of G(R) the representat ions 

TT = 7rœ ® iTf and 7r' = 7 ĉo
, ® 717 

occurred in the space of automorphic forms with the same multiplicity. We 
would jus t have to choose a representat ive from each L-indistinguishable 
class and agree t h a t the product in (1.2) was to be taken over those IT = 
^œ ® Kf for which irœ belonged to our set of representat ives. Bu t we would 
have to search for another definition of the exponent m(irœ), because, as it 
s tands, different choices of/^ lead to different values for t race 7rœ(/$). I t does 
not mat ter , for T and ir' do not always occur with the same multiplici ty [7]. 
One may occur while the other does not. This clearly means t ha t the degrees 
of the Euler products L(s — q/2, T, r) are then too large. We mus t seek Euler 
products of smaller degree. 

L-indistinguishability appears when the sets £) (T) of [16] have more than 
one element. If, as we may assume, the centre of LG° is connected then we 
may use the definitions of [16] to introduce groups H over Q and homo-
morphisms \p : LH —* LG. Suppose the principle of functoriality applies and 
the L-indistinguishable class of TT is the image under $* of t h a t of T''. Then 

L(s, 7T, r) = L(s, 7T', r o \p). 

In general r is irreducible bu t r o \f/ is often reducible 

r o ^ = © r i. 

We mus t expect t h a t the functions L(s — q/2, TT', rt) will appear in the 
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ultimate, correct form of (1.2). The définition of H leads naturally to such a 
decomposition of r o \j/. The constituents rt might not be irreducible, but they 
seem nonetheless to yield the L-functions necessary for an analysis of 
Z(5,S( t f ) ,F { ) . 

Without repeating the definition of the groups H, we recall that each of 
them is attached to a triple (T, K, gx). If TBC is the Cartan subgroup of the 
simply connected form of G defined by T the term K is a homomorphism of its 
lattice of coweights X*(TSC) into Cx . Moreover gi allows an identification of 
^*(^sc) with the lattice X*(LTSC°) of rational characters of the Cartan 
subgroup of the L-group LGSC° and K can therefore be transported to a homo
morphism Kf of *(LTac°) into Cx . We may extend K' to a ($(K/Q)-invariant 
homomorphism 

e:X*(LT°)-*Cx. 

Since 
L r ° = Horn (X*(LT»),CX), 

e is an element of LT° and lies in the centre of \p(LH). The representation 
r o \p is the direct sum of its restrictions rt to the eigenspaces of r(e), but 
these may not be irreducible. Since any two choices of the extension e differ 
by a central element in LG, these subspaces are well-defined. 

We now try to modify (1.2) by including the L(s — q/2, 7r', Y t) in such a 
way that at least the local factors at infinity of the hypothetically equal Euler 
products, Z(s, S(K), F$) on the left and some combination of the L(s, ir', rt) 
on the right, are likely to be the same. It seems to be sufficient to consider H 
defined by a T for which T(K) is fundamental. 

The representation r° may be regarded as a subrepresentation of the re
striction of r to LG° X &(Q/E). It is clear that the eigenspaces of r(e) also 
decompose Y° into 

0 rt° 

and that 

rt = Ind (LG, LG° X © ( § / £ ) , rt°). 

To define L(s, wœ, r t) we need only know the restriction of rt to the local 
associate group at infinity, LGœ = LG° X ®(C/R) . 

Implicit in the definition of E is an imbedding 0 ^ C, and hence E is a 
subfield of C and ®(C/R) is a subgroup of © ( 0 / 0 ) - The double cosets 

®(C/R)\®(0/0)/®(0/£) 

parametrize the infinite places v of E, the coset represented by r defining the 
valuation 

x —+ \T(X)\. 
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The decomposition group &v at v = V(T) is 

®(0/£)nr-1@(C/R)r 

and the restriction of r{ to LGœ is 

0 C Ind (LGœ, LG« X ®„ f i l rO.r- 1 ) = 0 rt(v). 

Consequently 

L(s,TcJ,ri) = Y[vL(s,TrJ,ri(v)), 

and we attempt to arrange that the contributions from the L(s — q/2, wj, 
Ti(v)) for a given v yield the local factor of Z(s, S(K), Fç) at the same place. 

However our primary interest in this paper is not with equality of the 
Euler factors at infinity, but with equality at almost all finite places, and we 
are only using the infinite places as a guide to the correct statement. The one 
place given by the imbedding E Ç Q c ^ C provided by the definition of E 
will serve. 

The weights of r° on LT° are the elements of 

jcoM|co g Çl(LT°, LG0)} 

and the differences of any two JUI, jtx2 of these weights is an integral linear 
combination of roots of LT°. Thus 

Hi(e)/id2(e) = K'(HI — jLt2) = ± 1 , 

because T(R) is fundamental and K therefore of order one or two. Thus there 
are one or two rt

Q and, at the cost of adding a second of dimension zero, we 
suppose there are two, ri° and r2°. We are also going to decompose the set 
I t (£) into two subsets TI1 (£) and IT2 (£), with r*0 and 11* (£) matched. We 
first see how to distinguish between fi° and r2°. 

The L-indistinguishable class I I (£;) is equal to 11^ , where 

<Pj : WC/R -> LG. 

The notation is that of [11]. Suppose <pj = \p o <p/ where 

<P/ : WC/R -> LH 

and that wj lies in 1 ^ . Then 

L(s, r o <pj) = L(s, 7Tro, r) = L(s, wj, r o \f/) = L(s, r o f o ^ / ) . 

If T(R) is fundamental we may suppose [11] that <p/ takes C x Ç WC/R to 
L r ° and then 

*>/(z) = zA'z°*' z e Cx . 

Here A' is one of the Aj, at least if we use the identification of X*(T) with 
X*(LT°) provided by gu and a is the non-trivial element of @(C/R). A' is 
non-singular and there is exactly one weight \x of r° which lies in the closure of 
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the Weyl chamber opposite to that containing A'. Since any other weight // ' 
is of the form w/i', 

( A ' ) M " ) = ( A ' , M " - M ' ) + ( A ' , M ' ) > ( A ' ) M ' ) 

if JU" 7e- //• Given TJ we take n0 to be the representation with /x' as a weight, 
and r2° to be the other. Observe that the labelling depends on the L-indis-
tinguishability class of irj, and hence on the class in $(H) represented by <p/, 
but not directly on A'. 

We now decompose I I (£) into two subsets I I 1 (£), I I 2 (£), matching 
I I 1 (£) with rt. Since T(R) is taken to be fundamental M is defined by a 
coweight 

Mv = fto' 

of T. Here feo' is conjugate under G(R) to ho, and if we use gi as in [16] to 
introduce an isomorphism 

X*(T)-^X*(LT°) 

then jn lies in the orbit of /xv under the Weyl group. For each j let A; be an 
element of { Aj\co 6 fi(T(C), G(C))} which is such that it and MV He in 
opposing closed Weyl chambers. Since any two choices of A; lie in the same 
orbit under 12(T(R), G(R)), the representation T( As) = 7r;(juv) is well-defined 
and independent of the choice of AJ. Every element w of the normalizer of 
T(C) in G(C) lies in » ( T / R ) [21] and 

w->{aT = T{W)W~1\T e ®(C/R)} 

yields an injection 

n(r(C), G(C))/Q(r(R), G(R)) <=+ <g(r/R). 

The image is S ) ( r /R) , but that does not matter. If co is represented by w we 
put 7r(co_1AJ) in I 1 (£) or in I 2 (J) according as K({CLT}) is 1 or — 1. The 
assignment does depend on the choice of A-*, but that may be inevitable. I 
observe that it is not difficult to see [21] that under the isomorphism 

2?->(®(C/R), Xm(T)) ~ IPmC/R), r ( C ) ) 

the cocycle \aT) corresponds to co/xv — juv. 
One point on which we have insisted when assigning the elements of I I (£) 

to the two sets H 1 ({) and I I 2 (£) is that ir(AJ) lie in I I 1 (£) for each j . In 
order to justify this we recall the way in which the complex structure on S(K) 
is introduced as well as the form suggested by Serre [20] for the local factors 
Zv(s, S(K), Ft) in the case of trivial £. 

If KJ is the centralizer of A0' then 

G(R)/KJ ~ G(R)/Kt 
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and the complex structure denning that on S(K) is obtained from an imbedding 

G(R)/KJ^G(C)/P(C) 

if P is the parabolic subgroup whose Lie algebra is spanned by those X for 
which 

^(z)X = X or iiy(z)X = z~lX 

fors 6 GL{1). 
We choose the order on the roots of T with respect to which A; lies in the 

positive Weyl chamber. Suppose U is a subspace of L2(G(Q)\G(A)/K) 
transforming under G(R) according to ir(Aj). It is explained in [12] (cf. also 
[2]) how to pass from an element of 

H o n w ( A V I » , U ® 0 = 0 , H o n w ( A V C U ® £j)Ni 

to a ç-form on 5(iv) with values in F^ Here Nj is the multiplicity with which 

P occurs in £. It is easier to work with 

Homw (AVC ® I', £/)• 

Clearly 

where p+ is spanned by the image of the root vectors associated to non-
compact positive roots. The elements of p~ yield holomorphic tangent vectors; 
those of p+ yield anti-holomorphic tangent vectors. We have 

H o n w (A*p^ ® lj, U) C H o n w (A%/fJ ® |>, U), 

and it is the elements of the first space which yield forms of Hodge type (q, 0). 
Let pP be one-half the sum of the non-compact positive roots and pK one-

half the sum of the compact positive roots. The space Aq p+ is one-dimensional 
and transforms under KJ according to the weight 2pP. The highest weight of 
ï3 is A; — pP — pK and that of Ag p+ ® £J is therefore A; + pP — pK. However, 
it is a fundamental fact [5] that the restriction of ir( Aj) to KJ has an irreducible 
component with highest weight Aj + pP — pK. Thus 

Horn (Affp+ ® £', U) ^ 0 

and £7 or 7r(A;) contributes cohomology of type (0, g). No other element of 
I l (£') does so. 

On the other hand we have written the restriction of <p/ to C x C 1/FC/R as 

s —>zAVA' 

and we have taken /z' and A' to lie in opposing Weyl chambers. If £ is trivial 
and g' is one-half the sum of the roots a for which ( A', a) < 0, then A' = — g' 
and 

n'(<p/(z)) = z-
{a'-^z-{°9''^ = z2{°''»'} (zz)~{9''^\ 
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If q is the dimension of S(K) then 

<£', M') = g/2. 

[Added in proof (November, 1979). It appears that the local zeta-functions 
a t p calculated in this paper are those associated to £ and not to £. The correct 

definitions would entail replacing r by its contragredient r and r(v) by 

r(v) = ri(v) + r2(v), 

if v is the place of E defined by E C Q C C. If a is the composite of 

^ C / R - ^ R / R = RX 

with the absolute value then 

L(s - g/2, *«,', r(v) o *>) = L(5, o r " 2 ® (f(v) o <^)). 

T h e one-dimensional subspace corresponding to the weight — p! transforms 
under the restriction of a~q/2 ® (f (z;) o <£,)) to C x , £ being trivial, according 
to the character 

We have been led to our labelling by the principle tha t the 7r(A j), as the 
representations giving rise to forms of type (0, q), should be matched with 
the weight —//, which yields, when £ is trivial, the character z —» z~Q. One is led 
to this principle by a suggestion of Serre [20]. 

If S is a var ie ty over the number field E the factor a t infinity of its zeta-
function can of course be expressed in terms of T-functions and is a product 
over the infinite places of E of local zeta-functions. For each place v we take a 
corresponding imbedding E ^ C and introduce the set S(C) of complex 
points on 

The local zeta-function a t the place v may be expressed as 

UtL(s,Piy-»' 

where pt is a representation of the Weil group Wc/Ev on the cohomology group 

Here, in order to conform to custom, q loses temporari ly its significance as the 
dimension of S(K). T h e restriction of p* to C x is defined by demanding t ha t 
pi(z) act on Hp'q(S(C)) as z~pz~q. If Ev is complex there is nothing more to be 
said. If it is real ŵ e have to define pt(w) if w is an element of WC/EV which 
maps to the complex conjugation in &(C/EV) and has square — 1 . When Ev 

is real, complex conjugation defines an involution i of 5 ( C ) and an associated 
m a p L* on cohomology. We let pi(w) act on HP'Q(S(C)) as ( — 1 ) V . 
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Now we must bring these puzzling divagations to bear upon some simple 
examples. Suppose F is a totally real field and G is the multiplicative group 
of a quaternion algebra D over F. The split algebra is excluded. Let A be a 
connected subgroup of G\ = ResF/Q GL(\) which is defined over 0 and let G 
be the inverse image of A in G\ = ResF/Q G with respect to the norm. 

The group LG is a quotient of 

(UmmmofQ) GL& C ) ) X ®(K/Q) = LG» X ®(K/Q) 

by a subgroup of the centre of LG°, namely by the set of (zff) for which 

l\®(K/F)\®iK/Q) KM = 1 (K) € F* 

with F* defined as in § 6 of [7]. LT° is the image of the diagonal matrices and 
x*(Lr°) is 

{(a9, ba)\ aa, ba 6 Z, (X„) £ F* if X, = a, + M-

We have supposed that F C Q Ç C. Then /x will be (/*,) and (/*„) will be 0 
unless the imbedding x —> <r(x) of F in C splits D, when it is (1, 0). Observe 
that (Xa) with \a is equal to 1 if the quaternion algebra splits at a and 0 other
wise must belong to F*. This is to be treated as a condition on A, because JU is 
determined by D alone. 

For such a G and /x we want to present a correct and verifiable expression for 
Z(s, S(K), F$) as a product of L-iunctions associated to automorphic forms. 
Two representations TT = ® ww and wf = <g> 71V will be said to be //-indis
tinguishable if TTW and wj are L-indistinguishable for all w and equivalent for 
almost all w. Our expression for Z(s, S(K), F$) will be given as a product over 
L-indistinguishable classes. We must describe the contribution from each 
class. 

Suppose that m (7/), the multiplicity with which ir' occurs in the space of 
automorphic forms, is constant within the L-indistinguishability class II of IT. 
If Uw is the L-indistinguishability class of ww then 

™ = (&w ( 0 n M , irj) = ®w TxJw = Wœ (g) -UTf 

is a representation which contains each -w' in II exactly once. We set 

™ ( n j = ^co^noo trace ITJU) 

provided 

Tm(z) = v-i{z)I z e Z(R) 

for one, and hence all elements of nœ . Otherwise m(Uœ) is to be 0. m(Uœ) is 
well-defined, and is easily seen to be 0, 1, or — 1 when £ is absolutely irreducible. 
Let m (11/) be the multiplicity with which the trivial representation of K 
occurs in mf\ and let m(II) be m(ir). The contribution of the class II to the 
zeta-function is 

L(s-q/2, 7T, r)"<n>"<n~>*<n/>. 
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If m(j') is not constant within ir there is a Cartan subgroup T of G with 

(1.3) [g(r/A),g(r//0] = 2 

and a character J of T(Q)\T{A) so that II = II(0) [7], Let 7-^7 be the 
automorphism of T(A) deduced from conjugation on the corresponding 
quadratic field, and define 0 by 

Hi) = e(y). 

We suppose not only that T satisfies (1.3) but also that T(R) is fundamental 
and that 6^6 for otherwise m(Uœ) = 0 and the L-indistinguishable class II 
does not contribute to the zeta-function. 

We introduce S° C 5 as in § 8 of [7], or as in [22]. Then 5° \5 is of order two. 
Let e represent the non-trivial element. As we know, e is associated to 

K ' : X » ( r B C ) - > C x . 

Let (e, Tœ) be the pairing of [7]. It is easily seen that there is a constant 
r] = ± 1 so that 

The reason can be briefly given. In SL(2) over R we take 

- {(-: :) a2 + b2 = 1 

The non-trivial element of the normalizer of T is represented by 

C.4) 
in SL (2, C) and by 

( i -9 
in GL(2, R). The cocycle associated to the first matrix is 

a i = ( o I) a ' = ( " o -Î ) 
and the determinant of the second is — 1. Thus (e, 7rœ) is constant on each nœ*. 

11/ is of course the set of wf for which Tœ (g) 717 lies in II for some 7rœ. If 
717 = 0 irw set 

(e, 7T/) = IIw(e, TTto). 

Let 

n / = {T, e n.Ke, o<«, *v> = i for 7rœ G nœ*} 

and let w*(!!/) be the multiplicity with which the trivial representation of K 
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occurs in 

Let mf(6) be 0 unless U(6œ) is contained in a II(£'')> when it is to be (— l)gNj. 
Recall that N3 is the multiplicity with which £J occurs in £. On the set of 
f Ç II for which m(w) > 0, m(ir) is constant. Denote this constant value by 
m (II). When m (II) is not constant on all of II the contribution of II = 11(6) 
to the zeta-function Z(s, S(K), F$) is 

(1.4) UiL(s - g/2, 6, r<)*'<«»>»'<n/>*<n>. 

We should recall that although the collection {rt} is the same for all 6œ the 
labelling may vary. Moreover 

m'(6j = m ( n j . 

If m(7r) is not constant on II then the stable multiplicity n(ir), which we 
also write as n(U), introduced in [7] is m(II)/2 and (1.4) may be written as 

iTfc , / 0 û v \ \ (m(IIoo)/2)(mi(II/)-m2(II/))m(II 

L ( ' ç - ? A 7 r ' ° IL(7-172^ ,7 2 )7 
if 

w ( n r ) - w^ ï ï ; ) + m2(Uf). 

If, perchance, there is only one rt we must as above introduce a second of 
dimension 0 in order to employ this notation. When m(w) is constant on II 
we define 

ml(TLf) - w2(II r) - 0. 

If M(TT) is constant on II then m(II) = n(Jl). Thus we are asserting that 
the zeta-function Z(s, S(K), Ft) can be represented as the product of a stable 
part 

(1.5) n n I ( . S - « / 2 , M ) " ( " , " ( 1 W " < " ' ) 

and a labile part. The labile part is itself a product over the stable conjugacy 
classes of Cartan subgroups T with [6(77A) : Im &(T/F)] = 2. W7e want to 
represent the labile contribution from T as a product over characters of 
T(Q)\T(A), but we must remember that two different 6 can yield the same 
L-indistinguishable class 11(6). Since m(ïlœ) will be 0 if 8 is not of type (a) 
in the sense of [7] and since ?nl(Uf) — m2(Uf) will be 0 if 6V = £p for some 
finite v, we may apply Lemmas 6.7 and 7.1 of [7]. They allowr us to write, in 
the notation of that paper, 

m(n) = -e-^M(r). 

Since e(ir) is the number of different 6 yielding the same 11(0), the contribution 
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from T is 

h(o n/o a „ \\(w(nOo)/4)(m1(n/(0))-m2(n/(e)))M(r) 

U-o; I ^ \ L ( 5 - g / 2 , ^ r 2 ) / 

T o prove the assertion one proves, in particular, tha t if we subst i tu te 
LP(s — q/2} 7T, r) for L(s — g/2, w, r) in (1.5) and Lp(s — g/2, 6, rt) for 
L(s — q/2, 6f rt) in (1.6) and take the product with the same exponents 
then the result is Zp(s, S(K), Fç). We shall take K sufficiently small, and 
prove t ha t this is so for almost all p. T h e restriction on K is ul t imately of no 
consequence. 

Before beginning I take this oppor tuni ty to mention tha t while s tudying 
the problems throwm up by Shimura varieties I have frequently been instructed 
by Deligne's conversation and correspondence. His comments on the s t ructure 
of the set of geometric points over Fp on a Shimura var ie ty associated to a 
quaternion algebra over a real quadrat ic field were invaluable. 

2. T h e trace f o r m u l a . The procedure to be followed is t ha t of [12] and [14]. 
We apply the trace formula to calculate the coefficients of the logarithms of 
the products in (1.5) and (1.6), and then compare with the coefficients of the 
logarithm of the zeta-function, wrhich are obtained from the explicit description 
of the sets S(KP). 

We first turn our a t tent ion to the problem of expressing the logarithms of 
(1.5) and (1.6) in a form suitable for the final comparison. The expressions 
both are defined for all £, whether defined over 0 or not. Since they are multi
plicative in f, wre may as well suppose tha t £ is absolutely reducible, for t ha t 
will simplify some of our considerations. The logarithm of (1.6) demands the 
most modification, and we begin with it. We are really interested in the 
logarithm of the product of the local L-functions a t p, and it is 

(2.1) M ( D £ , - ™ f f l ^ > l (m1 (11,(0)) ~ m* (11,(6))) 

X logLp(s - q/2,d,n » r 2 ) . 

The first s tep in the transformation of this expression leads to a clumsy, 
intermediate result, which we will be able to pu t in a useful form only after 
applying the trace formula to the group T. 

In its role as carrier of 6, T is appearing as one of the groups H of [16]. This 
means in part icular t ha t the element gi of t ha t note, which allows us to identify 
X*(T) with X*(L7^), is fixed. Moreover it is fixed in a manner consonant with 
the remarks a t the end of t ha t paper. Then, as in the discussion a t the end of 
§ 6 of [7], the given gi leads to 

<£: LT->LG. 

T h e map \p was denoted J in [16]. 
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The following lemma has been implicit in the earlier discussion, and may 
seem to be a matter of definition, but so far as I can see it needs a proof. 

L E M M A 2.1. Suppose <pf : WQ/R —> LT, <p is \f/o<pf, and 0œ 6 I V . Then 

IV = { U and 

n„ = n(0-
That IV consists of the single element 0œ does indeed follow from the 

definitions of [11], which show in addition that is enough to verify the equality 
11̂  = n(0œ) when Tis not split and G = GL (2). In this case, one must compare 
the definitions of [5] and [11]. 

In general the explicit description of LG in [7] gives LT° as a quotient of the 
group of matrices 

( ô , 0 J x - x(ô"°J "'•**• 
The co-weights are given by n pairs of integers, (ai} b{), and the co-weight is 
positive if and only if a* ^ 6* for all i. 

Taking T to be non-split and G to be GL{2), we let 

v-*-*\o it) zec-

It is easily verified that the class of y is determined by its restriction to Cx . 
Let 7i and y2 be the co-weights (1, 0) and (0, 1) of LT°. They are also weights 
of T. The definition of [11] gives 

oœ:t->7l(ty^(ry te T(R) 

as the unique element of IV. Note that 71 (0 = 72 (0 when / Ç T(K). 
IV also consists of a single element. If a = b then <p factors through WQ/R —+ 

WR/R —» R x and, in terms of Rx , 

(\x\a 0 ) 
ip'%~^ \ 0 (sgnx)\x\aJ ' 

The unique element of n^ is the representation of the principal series corre
sponding to the two characters of R x appearing here. According to the remark 
preceding Corollary 5.14 of [6], this is also 7r(0œ). 

\î a 9e b then IV consists of a representation 7r in the discrete series. It does 
not change if a and b are interchanged. It will be simpler to be explicit if we 
assume a > b. According to the definitions of § 3 of [11], the character of ir 
on T(R), viewed now as a subset of G(R), is 

b i f f l - 1 2 7i( / )* + 1 / 2 - yi(t)"-ll^(t)b+ll^{thl-\t)\ 

1 - 7ï(/hr '(0 
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This may be written as 

(or>\ _ I*® ]J>€Q(r(C),g(C)) sSn <»C MO) 
1 ' MOI l - T 2 ( 0 7 f 1 ( 0 

It follows from Corollary 5.14 of [6] that if /xi and JU2 are the two characters 
of R x defined by 

m(x) = \x\a m(x) = \x\b(sgnx)a-b+\ 

then the character of 7r(0œ) on T(R) is the negative of the character of the 
finite-dimensional representation 7r(/xi, /X2). Lemma 5.7 of [6] allows one to 
compute easily the character of 7T(MI, M2) on r ( R ) , and it is seen to equal the 
negative of (2.2). 

For the purposes of the following corollary and lemma we choose an order 
on roots of T with respect to which JUV lies in the closed negative Weyl chamber. 
Otherwise we use the customary parameters to represent roots and weights. 
For example, let f be the weight, dominant with respect to this order, repre
sented by 

r = (1,0) x . . . x (1,0). 

Let X be the highest weight of £ and set 

ej{t) = x(0(f(0/lr(0D-

COROLLARY 2.2. II ( O is n(£) if and only if 6m is conjugate under Q(7\C), 
G(C)) to ej. 

Once again it is enough to verify the assertion for G = GL{2). Then n(£) 
consists of a single element ir and on 7"(R) the character of -K is 

/ - > - trace l(t). 

If X = (a, b), a > b, this is 

_ 7i(0a72(/)6 - yi{t)by,{t)ay,(t)yi-
l{t) 

1 - y2(t)yi~\t) 

Since 71 (0 = 72 (0> this is equal to 

_ y*(t) I ^ s g n a ^ 0 ^ ) ) 
I72WI 1 -72(t)yi~1(t) ' 

Comparing this with (2.2), we obtain the corollary. 

It will be useful to have the following lemma on record. 

LEMMA 2.3. Let A G { Aw} be X + g, where g is one-half the sum of the positive 
roots. If ip' : WC/R —> LT and its restriction to C x is 

z —> zAz°A 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-102-1


1138 R. P. LANGLANDS 

then 

IV = 
We may write an element of T(R) as t = eH with a(H) = H. The unique 

element of IV takes t to 

eA(H) _ e\{H)eg(H)^ 

Since 

we need only verify that 

e'lH) = f(0/lf (01-

It is enough to do this when G = GL(2). If 

yi(H) = z, 72 (H) = z 

then 

and 

7i(0 = ^ 72(0 

, . W = e«/2-2/2 = ^ / | ^ | = f (/)/|f (/)|. 

We know that T is associated to a quadratic extension L of F. If L is not 
totally imaginary then m ( I I ( 0 ) is 0 for all characters of T(Q)\T(A); hence 
the product (1.6) is equal to 1, and of no interest. Suppose that L is totally 
imaginary, and let K be the associated character of IF. It is also a character 
of Z(A) and Z(R). We set ra(0œ) equal to 0 unless the restriction of 0œ to 
Z(R) is 

2; —> V~1(Z)K(Z), 

and then we take 

m(6j = I dœ(t\hT(t)dt 
J Z(R)/T(R) 

with 

/ € ^ l j m e a s Z ( R ) \ r ( R ) 

LEMMA 2.4. 77^ number m (0œ) is 0 i/ and only if m (Il (0œ) ) 2's 0, awrf m (II (0œ) ) 
is not 0 if and only if I I (0J is 11(E). / / 0«,(O = Oj(œ(t)) then 

w ( 0 j = sgncom(n(0œ)). 

The first assertion is a consequence of the WTeyl integration formula, and 
the explicit formula for the restriction of 

Z-̂ ren(0oo)X7r 
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to T(R). The same formulae also show that m(II(£)) = (— 1)Q. It is clear that 
m(6œ) has been so defined that 

m ( 0 j = (- l )*sgnco 

when 

UO = CM*)). 
If m(n(^00)) is 0 the corresponding factor of (1.6) is 1, and there is nothing 

to be said. Suppose therefore that 1 1 ( 0 = n(£). Then n^* = IT(£) may be 
introduced. We have agreed that 11^ will contain the representation 7r(Ai). 
Let <t> be the characteristic function of K Q G(Af) divided by the measure of 
ZK\K with 

ZK = Z(Af) r\ K. 

We are supposing that 

[g(r/A)/im g(r/o)] = 2, 
and we regard K as the non-trivial character of this quotient. Following § 2 
of [7], we set <S>TU(t, </>) equal to 

{n.(»(i./F.,*.).,(i^i)^ft-)} 
(«)*'(/, 4>)} • 

Here the product is over all finite places of F. If 8 is represented by h in 
%{T/Af) = TIW %(T/QW), the product now being taken over all finite places 
of Q, then 

* ' ( ' , 4>) = f 4>{g-lthg)dg. 
J Th(Af)G\(Af) 

It is a consequence of the definitions and principles of [7] that if wœ G n^1 

then 

(^coX^Hn/W) -ro2(n,(0))} 
is equal to 

f ef(f)*
T»{t,4>)dt = <0„$ r /* (•,<*>)>. 

J ZK\T(Af) 

It should not be forgotten that the pairing (e, 7rœ) depends on 6œ. The 
representations rY and r2 do also. In order to have a pair of representations 
that do not depend on 0œ, we let r+ be that rt for which Xt contains /xv, and 
r~ the other. If 6œ = 6œ°, then Lemma 2.3 implies that 

ï\ — r2 = r+ — r~. 
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In general if 6œ(t) = 0œ°(w - 1(O) then {dj = I V if <p' restricted to C x is 

z —>zwAz™A. 

Since 

<«Afco/iv> = ( A , M V ) , 

the labelling must be such t ha t ri° contains the weight COJUV. T h u s 

ri — r2 = K'(COJHV — M V ) ( ^ + ~ ^ " ) . 

In order to stress its dependence on 0œ, ra ther than on co, we denote the co
efficient K'(W/Z — M) appearing here by rj(0œ). 

LEMMA 2.5. 7/ we take Bœ(t) = 6œ°(<a(t)) then 

<* = <€, 0 * 7 O U sgnco, 

with 7rœ 6 II^1, is independent of co. 

Before verifying the lemma, we observe t ha t the pairing (c, irœ) depends 

not only on 6œ bu t also on the choice of an addi t ive character and a regular 

element in T ( R ) . Eventual ly we will be forced to recognize this, bu t not yet . 
To prove the lemma we show tha t a does not change if co is replaced by 

a/co, where co' is the reflection defined by a simple root. For each real place of 
F there is one such reflection. 

a) If the division algebra defining G is not split a t the place then, according 
to the definitions of [7], replacing co by a/co changes the sign of (e, 7rœ). I t does 
not affect rj(dœ). 

b) If the division algebra splits a t the place then (e, 7rœ) remains the same 
bu t 7/(0œ) changes sign. 

Pu t t ing all these lemmas together, we conclude t ha t the sum (2.1) is equal 
to 

(2.3) W(T) T,em(dJ(df, **<<(., 0 ) ) log Lp(s - q/2, 0, r+ - r~). 

The sum here is taken over those 6 for which 

6(z) = V~1(Z)K{Z) Z t Z ( R ) 

6(z) = K(Z) z e ZK. 

If we are to pu t (2.3) in a form to which the trace formula can be applied, 
we mus t view the Hecke algebra in the manner of [9]. We are now going to 
assume tha t K = KPKP, where Kp Ç G ( A / ) and Kp is a special maximal 
compact of G(QP). According to § 2 of [7] 

$ r / , ( 0 ) = 0 

unless L is unramified a t every place of F dividing p. This we may as well 
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assume. We also assume that F is itself unramified over p. Then 

<0„*r/"M)> = o 

unless 0„, the restriction of 0 to T(QP), is unramified. To such a dp is associated 
a conjugacy class \t(ôp)} in LT, and 

logLp(s-q/2, 6,r+ -r~) 

= £ 7 = i ( k T ~ s / 7 j ) ( trace r + 0 % ) ) - t r a c e r " ^ ) ) ! 

if ID- is a uniformizing parameter for Qp. In addition there is an element fp
j of 

the Hecke algebra of T(QP) such that 

kT* / 2{trace r V ( 0 . ) ) - trace r~(*'(*„))} = f Op(t)fp
j (t)dt 

J ZpT\(Qp) 

for all unramified 0P. Here 

Zp = Z(QP) r\ Kp. 

If / = (tp, tp) e T(Af) = T(Af
p)T(Qp), we write 

0(0 = <t>p(tp)<f>p(tp), 

where, for example, <t>p is the characteristic function of Kp divided by the 
measure of ZP\KP. We may also write 

* r / ' ( / f « ) = $ r '«(/*,^)$ r '*(*Pf«p). 

For brevity we denote the second factor by <pp(tp). It is + 1 times the charac
teristic function of the maximal compact Up of T(QP) divided by the measure 
of ZP\UP. 

Applying the trace formula on Z(R)ZKT(Q)\T(A) to the function 

t = (*«,, **, tp) -^ftT(0$T/K(tp, <t>p)<PP *fP
j(tP), 

we see that the coefficient of \w3\s/j in the expansion of (2.3) is 

(2.4) ^ P m e a s (Z(R)ZKT(Q)\T(A)) £ f,T(t)^T/K(t, <?)<pp * fP
j(t). 

The sum is over T(Q) C\ Z(R)ZK\T(Q). 
The first thing to observe is that the term corresponding to a / in Z(Q) is 0 

because/£ r vanishes on Z(R). If / is not central we write $TU(t} <f>p) as the 
product of 

**THt,4T) = X W > *(«)*'(*,*) 
and 

n \{L./F„ *.)>c(~Tzre)lJk -h)Vn 

t t i 1 / 2 

The product is over all finite places of F which do not divide p. Using various 
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product formulae, we may replace it by the inverse of the same product taken 
over the infinite primes and the primes dividing p. 

The expression 

(2.5) « { i l \(L./Fn+,)K,(ft^) ^ ^ f t - } " / {
r 0 ) , 

in which the product is taken over the infinite places, depends on t and on JUV, 
but it does not depend on the choice of t° or of the \j/v. 

LEMMA 2.6. / / / lies in T(R) and is regular then the expression (2.5) is equal to 

trace £ (l) 
meas Z(R)\T(R) ' 

It is clear that we could define the expression (2.5) for any group lying 
between 

n . 5 , ( R ) , 

and 

{(g.) € n.G.(R)| n . N m g . X ) } . 

Here the product is over the infinite places of F. G»(R) is GL(2, R) if the 
quaternion algebra defining G splits at v and the multiplicative group of a 
quaternion algebra of it does not. 5W(R) consists of the elements of norm 1 
in Gfl(R). It is certainly enough to prove the lemma for the largest of these 
groups. Since the group 

{(gv) G r L G , ( R ) | d e t g , > 0 for all Ŝ 

contains 7'(R) and supports the character of 7rœ, we may work with it instead. 
This yields a situation that factors, and we may finally suppose that there is 
only one place. 

We take the additive character \pv to be x —> e2irix and define t° by 

h° = yi(t°) = i. 

We choose 71, y2 so that 71 — 72 and MV lie in opposite Weyl chambers, and 
set 

h = 71 (0 = reie. 

According to [10], 

\(EV/FV, \pv) = i. 

Thus 

\ ( E 9 / F V 9 ^ ) K ( ^ ^ ) ^ 
ht 

. \ 2 . 1/2 
h) \v %B 
- T 7 2 = e - e 
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If D does not split and œ is the non-trivial element of the Weyl group, 

dj(t) - 0œ\a(t)) _ \(t)ei$ - \(u(t))e-ie _ 
id -id — id -id — trace Trœ\i). 

e — e e — e 
Consequently the value of (e, 7rœ), defined with respect to 0œ°, is — 1. Since 
y](6œ) is clearly also 1, the value of a is 1. Since 7rœ is £ in this case, the assertion 
of the lemma now follows from the definition of f%T. 

Suppose D splits a t v. There is a unique element 7rœ in II1 (J) and it contains 
a lowest weight of J T ( R ) with respect to the order making 71 — 72 positive. 
The character of 7rœ is easily calculated and is found to be 

-0J(t)/(eie - e-ie). 

If ïtœ is the corresponding element of the holomorphic discrete series, then 

/A m _ fl~°(0 + CMP) 
Xirœ\l) — Xzœ\t) — — id _ -id 

As a consequence 

<€, 7Tœ) = 1. 

Since riiSJ*) = 1, the number a is — 1. Once again, the assertion of the lemma 
follows from the definition o f / $ T . 

The expression 

(2.6) { EU ML./F,, ^K^rrf^o) ^lt$y'2} X ^ */*-'(') 
depends on the regular element t in T(QP) and on the order on the roots of T 
provided by the identification of X*(T) and X*(LT°). I t is easily seen t ha t r°, 
the restriction to LT° X ®(Q/E) of the representation of LG° X ®(Q/E) t ha t 
appeared in the consti tution of r, is the direct sum of two representations r0

+ 

and r0~ such tha t 

r+ = Ind (LT, LT* X ® ( Q / E ) , r0
+) 

r- = Ind (LT, LT° X @ ( Q / £ ) , r<r). 

The restriction of r+ or r~ to the local associate group LTP = LT° X © ( O P / O P ) 
is therefore the direct sum of induced representations parametrized by the 
double coset space 

®(Q/E)\®(Q/Q)/<!HQ,/Q,). 

We had fixed £ C Q C C and we have now fixed Q -+ Qp as well. This 
double coset space also indexes the primes p of E dividing p, the coset con
taining a yielding the valuation defined by the imbedding x~-^a~1(x) of E 
in Qp. We write 

r+ = © r„+ r~ = © r„-
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and define/ / in the Hecke algebra by 

/ . 
Then 

\VT3\-Q"{trace rv
+(t}(8p)) - trace rv~(t3(6p))\ = I dp(t)fv

3(t)dt. 
J zP/r(Qp) 

The representation of fp
j as a sum yields a representation of (2.6) as a sum, 

the terms being obtained by replacing fp
j w i t h / / . Although we should consider 

each of them, there is no loss of generality in fixing our attention on the 
prime p defined by the imbedding £ —> Q —» Qp. 

The group G(F) is a subgroup of Gi(F), if G\ = ResF/0GL(2), and LG° is a 
quotient of LGi°. Let 7\ be the centralizer of T in Gi, and then LT° is a quotient 
of LTi°. If J7P and ^ are the maximal compact subgroups of 7\(QP) and of 
T(QP) we may define an imbedding/—>/' of the Hecke algebra Jti?p(T) of 
T(QP) mtoJ^fp(Ti). The value of/ ' at t is 0 unless / = su with u Ç t/p and 
5 £ r ( 0 P ) and then 

meas f/p 

If we take LT and L 7 \ to be LT0 X @ ( 0 / V 0 P ) and L f i ° X ®(QP
un/<W, 

then Ji?p(T) and J^fp(Ti) may be regarded as algebras of functions on 
LT° X 3>p and' LT\° X <£?, with % being the Frobenius. The map /—»/ ' may 
also be obtained by pulling back functions by means of 

L f i ° X %-* LT° X <ïy 

The representations rp
+ and rp~" may be lifted to LT, and it will be advan

tageous for us to regard/p-7 as an element of 3ti?p(Ti). 
We have supposed that the totally real field used to define G is imbedded in 

0 and hence in C and Qp. The set 

Q = ®(Q/F) \®(Q/Q) 
parametrizes the imbeddings of F in R Ç C and in QP- We represent it as a 
set of crosses and circles, the crosses denoting the infinite places at which the 
quaternion algebra defining G splits. 

O X . . . X O . . . X 

We decompose the set into orbits under %, and suppose that the action of <£p 

on each orbit is by a cyclic shift to the right 

. X . . . 

Let nv be the number of elements in the wth orbit. Then 

X>„ = n = [F:Q]. 
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We let mv be the number of points in the flth orbit which are marked by a 

cross. The orbits also parametrize the places of F dividing p, and so we may 

label an orbit by the place it defines. That is why we have chosen the symbol v. 

Over Qp 

?i ^ Y[V)P Tv 

with 

TV(QP) = Lvx 

if 
Lv — L ®F Fv. 

Thus^iTi) ~®v3ffp(Tv). 
Since / = t(6p) £ LT° X % and rp

+ and rf~ are induced, 

trace rp+(tj) — trace rp~(tj) = 0 

if j is not divisible by k = [Ep : Qp]. Consequently fp
j is then to be 0. Let 

t = a X $ p with a £ LT°. Then 

/* = a%{a) . . . V " 1 ^ ) X <V 

and 

^ S y - 1 = a~Hka 

is conjugate under LG° to tk. Hence if k\j 

trace rp+(tJ) - trace ?y-(/>) = [Ep : Qp]{ trace r0
+(tj) - trace r0-(t

J)}. 

The representations r0
+ and r0~ are, for the present purposes, to be treated 

as representations of LT° X @(Q/ n /%) or of ^TV X &(Qp
ua/E^). For each 

i in 0 , let 7i', 72* be the weights of LT\° or of LT given by 

7i* = (0, 0) X . . . X (0, 0) X (1, 0) X (0, 0) X . . . X (0, 0) 

72* = (0, 0) X . . . X (0, 0) X (0, 1) X (0, 0) X . . . X (0, 0). 

There is one non-zero factor and it is at the iih place. For the moment we will 
not be too concerned about which order makes the roots 71* — 72* positive. 
We take it to be that coming from the identification of X*(T) and X*(LT°). 

Let Q C Q be the set of marked spots. It is easily seen that 

(2.7) r0+ - r0~ = + ® t& (7l* - 72 ') 

on LT1°. To examine this difference on LTi° X ®(0pun/0p) we must not only 
describe r0 on LG° X ®(Q/E) but also explicitly describe the lifting of 
i, : LT-> LG t o ^ i : LT! -> LGi. 

We lift r0 and regard it as a representation of LGi° X @(Q/E). The group 
LGi° is a product 

n « « G L ( 2 , C ) . 
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Let rl be the representation obtained by projecting on the ith factor and 
then taking the standard representation of GL(2, C) on the space X1 of 
column vectors of length two. The restriction of r0 to LGi° is 

acting on 

Recall that Q is a homogeneous space on which ®(Q/Q) acts to the right. By 
its definition ®(Q/£) consists of those elements of 0 ( 0 / 0 ) that leave Q 
invariant. If a Ç ®(Q/£) then 

rQ(<r) : ® <€Q * * - » ® KQ*'*-

On L f i° the homomorphism fa is easily described. It takes 

To define it explicitly on LTi we need to choose a set of representatives z{ for 
the cosets in Q. If we examine the constructions in [16], we see that this 
entails choosing gi correctly, but we are in fact allowed to continually choose 
gi anew. We let 

no- = dTl(a)rj dTl(a) G &(Q/F). 
Set 

o tëî) P € &(Q/L) 

P € ®(Q/F) , P € ® ( 0 / £ ) . 
\ \ i u / 

Then 

LEMMA 2.7. The function f$j is 0 if /or some ^0 the algebra LVo = L®F FVQ 

is a field and QVQ has marked points. 

We may suppose that [Ep : QJ divides j . Let lv be the greatest common 
divisor of nv and j . Up to equivalence the representation r0 and the represen
tations r0

+ and r0~, as representations of L f i , do not depend on the choice of 
coset representatives. In an orbit under p = $p

3 we take the representatives 
to be 

r, rp, rp2, . . . , rpev~l ev = w„//B. 

Then 

0 ^ i <ev- 1 
drpi(p) — ) ev - 1 • „ i 

\Tp T i = ev — L. 
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Certainly 

rpevT~l = T%Uvi/lvT~ 

is the Frobenius over Fv to the power j/lv. If Lv is a field then it is quadratic 
over Fv and, with the assumption under which we are working at present, 
unramified. T h u s rp€vT~l lies in @(Q/L) if and only if 2\j/lv. 

Let {%i\ x2
i\ be the s tandard basis of X\ The collection 

' i£Q Xjd)* jii) = 1, 2 

is a basis for the space in which r0 acts. The representation r0
+ acts on the 

span of those elements for which 

(-l)*teQ>W = ± ( - l ) ' « i , 

and r0~ on the span of the other elements. The sign is determined by (2.7). 
I t is clear t ha t r0(%

j) permutes the basis elements amongst themselves, and 
tha t the element indexed by \j{i)) is fixed if and only if j(i) is cons tant on 
orbits of %j and 

. ( , * , ->. (j ?). 
Since each basis element is an eigenvector for L 7 \ ° , we have 

trace r0
+(tj) = trace rt~(/J") = 0 

and 

trace r0
+(tj) — trace r0~(tj) = 0 

if 2lVo does not divide j and / = a X %, a G LTi°. Thus in this case a t least 
h> = 0. 

We now suppose tha t 21VQ divides j , and makes a different choice of coset 
representatives. We take the representatives of the cosets in Qv to be of the 
form 

r, r%, . . . , r%n*-\ 

If p = $v then 

, / x _ / l 0 S i < nv - 1 
aTpi{p) — ) nv - 1 . -, 

\rp r % = nv — 1. 

I t helps to picture Qv as 
/,. 

i 1 
xxO. . . xxO ... xxO. . . 

There are I, orbits under $p' and each orbit consists entirely of marked or 
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entirely of unmarked points. If kv is the number of marked orbits then 

fflv/Kv flv/l'V. 

We may write 

ro+(tj) - r0-(t
j) = ± ® 2 (r,+ (/>) - r,-&)). 

The tensor product is taken over the marked orbits and the meaning of 
rz

+(t}) and rz~(tj) is, I hope, clear. We show that 

trace rz
+(tj) = trace rz-(t

j) 

if z e e v 
All our calculations will be within QV(j\ and so we may as well take the 

indices of the points in this set to be 1, . . . , nV0J agreeing that indices in the 
formulae to follow are to be read modulo nVQ. If V = b X %\ then 

y/ib) = yt\a)yt
t+\a) • • • y>{ah/^+\a) . . . 7 e > ° ( a h > + 1 ( a ) • • • 

Here ef ^ e, and the subscripts, except perhaps at the beginning and end, 
appear in blocks of length nv . There are exactly two vectors of the form 

fixed by %j, but since we have chosen a new set of coset representations the 
subscripts j (i) are no longer constant. At all events, 

trace r+(tj) - trace rz~(tj) = + ( E U * 7**)*(&) ~ 11^7fd)'^)). 

Since 

%(b) = a~'b%j(a) 

the character 

a _ > Yliezyji^ib) 

is invariant under %. It is therefore a power of 

a—>yi1(a) . . . yinv°(a)y2
1(a) . . .y2

nv°(a), 

and the power must clearly be 

> . j 

We conclude that 

n<€*7y(0*(&) = EU*7*'(0*(&). 

The lemma follows. 

Our purpose has been to find an explicit expression for (2.6), with f$j 

replacing fp
j, when every prime of F dividing p is unramified in L. We are 
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still not finished, but we have shown that it is 0 unless v splits in L whenever 
Qv contains a marked point. If we pass from Jfp(T) toJfp(Ti) we replace 
VP by <pp' and p / is a product 

if t = (f), f Ç TV(QP). The expression 

(2.8) xa./i?.,^.)«.(^V5^)*'.(o 

does not depend on the choice of t° or of \pv. For lack of space, the image of 
the global element t° in TV(QP) is also denoted t°. 

LEMMA 2.8. Let Uv be the maximal compact subgroup of TV(QP) and let bv be 
the characteristic function of Uv divided by its measure. If v splits in L then 
(2.8) is equal to dv(t

v). If v does not split and Uv and Kp are contained in a 
common maximal subgroup of Gi(Qp), then (2.8) is equal to ôv(t

v) if the order of 
hv — W in Lv is even and to —8v(t

v) if the order of t\ — t2
v in Lv is odd. 

The assertion pertaining to split v is clear. If v is not split we take \pv to be 
such that the largest ideal in which it is trivial is the ring of integers of Fv 

and we take t° to be such that /i° — t2° is a unit in Lv. Then 

\(LV/F,4,,) = 1 

and 

is 1 when the order of V — t2
v is even and —1 when it is odd. However, it is 

observed after the proof of Lemma 2.2 of [7] that with these choices of \//v and 
t°, and the assumption that Uv and Kv are contained in a common maximal 
compact subgroup Kp of Gi(Qp), the function 

is the characteristic function of Uv divided by its measure. Here we write 

Kp = Ylv Kv 

and take <f>v to be the characteristic function of Kv divided by its measure. 
We return to the functions fpj, which we regard as elements of 

^ ( f i ) ^ ® , ^ ( r , ) . 
We suppose now that Qv contains no marked points if v does not split in L. 
If we regard r0

+ and r0~ as representations of the associate group of 7\ over 
Qp then we may factor r0

+ — r^r as a tensor product 

®v\v (Xv+ - rv~). 
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In order to conveniently specify rv
+ and r~ we choose the 71* and 72i in such 

a manner that all of the 7 ^ — 72* are positive with respect to an order that 
puts MV in the closed negative Weyl chamber. This is a choice that refers 
only to T and not to the identification of X*(T\) and X*(LTi). 

If Qv contains no marked points then rv
+ is the trivial one-dimensional 

representation and rv~ is zero-dimensional. If v splits in L then rv
+ © rv~ 

acts on the span of 

The action of % = a sends 

and a Ç L2\° acts as 

If we write 

MV = I V 
then 

The vector ® %){i) lies in the space of rv
+ or rv~ according as (—l)2^1') is 1 

or - 1 . 
The following lemma is in any case clear. 

LEMMA 2.9. The function fpj is a product TLfPtV
j with fp J in^p(Tv). 

In order to save on subscripts we suppose for the purposes of describing 
the fptV

j that p remains prime in F and that F splits in L. This allows us to 
drop the v when we choose. 

Suppose JU is a weight of r0
+ + r0~. Then there is a partition of Q into two 

disjoint subsets Q' and Q" with m' and m" elements respectively, and 

M= 2 i € 5 ' 7 2 * + X)*€ë" 7i*-

Moreover m' + ra" = m ( = m»). Let 

5« = ]C*€<2 7e l 

and set 

y = m'hi + w"5i. 

If kp is a large unramified Galois extension of Qp then 

Nm^/Q^ = [fej, : Qp>/w. 

We set 

P(v) = K ( / X - MV) = ( " I )*" -
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LEMMA 2.10. Suppose there is only one prime v of F dividing p and that it 
splits in L. Let n = nv, I = lv, k = kv. If j\[E$ : Op] and t = a X $P then 

trace rQ+(ts) — trace r0~(tj) 

is equal to 

Here 

m m 

Notice that 

JnV = J\fP) = l l \ ï v ) 
is a weight if m/k\m\ and so the terms of the sum appearing in the lemma are 
well-defined. 

The argument used to prove Lemma 2.7 shows that 

trace r0
+(tj) - trace r<r(tJ) = Y[z (trace r+(tj) - trace rz-(t

3))-

The basis vectors ®iç.zxj(i)
i for rz

+ © rz~ are permuted amongst themselves 
by %j. The only fixed vectors are 

® , € , x / j = 1,2. 

Thus 

trace r+(tj) - trace rz~(tj) = ô2(a)i/l + (-l)n/%(a)i/l. 

Since there are k orbits, we must raise the right side to the &th power. Ex
panding by the binomial theorem and recalling that 

m/k = n/l, 

we obtain the lemma. 

If TIT is a local uniformizing parameter for Qp then the element of the Hecke 
algebra corresponding to the function 

a X %->v(a)j/n 

is the characteristic function of 

mj>/nUp 

divided by its measure. We denote this function by Ojv/n. 
Before summarizing our results on the sum (2.1) we observe that since 

Z (R) \T(R) is compact the image of T(Q) in 

T(R)ZK\T(A) ~ ZK\T(Af) 
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is discrete. Clearly 

(7 T(f\\\T(K W meas ( Z ( R ) Z g r ( Q ) \ r ( A ) ) 
meas (ZKT(Q)\T(Af)) = m e a s Z(R)\T(R) " 

Summary of the discussion of the sum (2.1). 

(a) It can be expressed as a sum over the primes p of E dividing p. 

(b) If p is such a prime let m^ be a uniformizing parameter for E$. The 
term of the sum corresponding to p, which is now our only object of interest, 
may be expanded in powers of 

\mp\
s = \m\se 

if e= [Ep : Op]. 

(c) The coefficient of j~l\m$\js is 0 if, for some v\p, v does not split in L 
and there is a marked place in Qv. It contains the factor 

2[@(r/A)M:Img(77/0]meaS (^(QftTXA,)). 

(d) To obtain the coefficient this factor has to be multiplied by a sum over 
the non-central elements of 

T(Q) r\ Z(R)ZK\T(Q) = T(Q) H ZK\T(Q) 

and over the possible v arising from collections {(mj, mv")\ mv' + mv" = mv\. 
In the quotient on the right, 7X0) is regarded as a subgroup of T(Af). The 
terms of the sum are themselves the product of three factors. The first is 
trace £(/), and depends only on J and /. The second is $oT/K(t, </>p), and depends 
only on the image of / in T ( A / ) . 

(e) The third factor may be represented by meas c7p/meas Up times a 
product over the places v of F dividing p of further factors, each depending 
only on the image of / in TV(QP), times t3(v) = K(H — JLXV). Here JU is any 
weight of r0 such that, for some large Galois extension kp of Qp, 

is a multiple of v. 

(f) The factor corresponding to a given v is 0 unless v splits in F or there 
are no marked places in Qv. 

(g) If there are no marked places in Qv and v does not split in F then the 
corresponding factor is 

± 1 _ | M 2 ] . . 1 / 2 _ 
meas Uv \(h — t2)

2\v
l/2 ' 

The sign dzl may be expressed as a product of two factors. The first is 
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(_l)ord(*i-*2) To obtain the second we write 

Gi(Qp) = Llv/pGv(Qp), 

with 

Gv = ResFv/QG, 

and let Kv = I I Kv be a maximal compact subgroup of Gi(Qp) containing KP. 
If g G G , (OP) and g " 1 ^ Ç X, then the second factor is (-l)°«»*m*. 

(h) We write v — ^ vv. lî v splits in F, the corresponding factor is 0 unless 
kvvv/mv is a weight. If it is, the corresponding factor is to be 

Here 

kv
f = mv'kv/mv kv" = mv"kv/mv vv

f = jevv/nv. 

Notice that lv must now be taken to be the greatest common divisor of nv 

and je. Moreover if mv
f + ra/', QVv'(t) ^ 0, and qv is the smallest of mv

f and 
mv>> then 

. j e m v / 2 1 ^ 2 |p . j e q v 

p W^W\7n-p • 
The logarithm of (1.5) has to be subjected to a similar treatment. For

tunately, we can handle it with more dispatch, partly because we can rely to 
some extent on our discussion of (1.6), and partly because (1.5) has been so 
set up that the trace formula, in its stabilized form [7], is immediately ap
plicable and quickly leads to the expressions needed for the comparison. 

The logarithm of the local factor at p of (1.5) is 

(2.9) £ n n ( n ) m ( n X n , ) l o g i c s - g/2, TT, r), 

where T Ç II. The number n(Ii) is the common value of U(TT), IT Ç II. More
over we may as well agree that the sum is to be taken only over those II 
such that 

7Tœ(z) = V-1(Z)I Z e Z ( R ) 

TTf{z) = I Z £ ZK 

if 7T = irœ ® Tf Ç II, for otherwise either tn(ILœ) or m (II/) is 0. This said we 
may replace m(Hœ) by its value 

trace *•«,(/{). 

We also may write 
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Then m{jj) is non-zero only if TTP contains the trivial representation of Kp. 
Thus we may replace 

\ogLv{s - q/2, TT, r) 

by 

\VJ\ 
Hx>\v X ) ? = I — r - t r a c e irp(fo

3), 

where h$j is an appropriate element of the Hecke algebra of G (OP)- It is 
defined by 

trace 7Tp(/fyO = \m\~jq/2 trace ^(g(*>))> 

whenever wp is an irreducible representation of G(QP) containing the trivial 
representation of Kv. Here r$ = rp

+ © r^~ and g(wp) is an element of the 
conjugacy class in LG° X % associated to irp. We conclude that (2.9) may be 
written as the sum over p\p and the sum over j from 1 to oo of \T*J\JS/J times 

(2.10) ^ n(ir) trace 7rœ(/{) trace ivv{<i>p) trace TTP(V')-

Recall that <j>p is the characteristic function of Kv C G (A / ) divided by its 
measure. 

We may apply the stabilized trace formula for G(Q)Z(R)ZK\G(A) to the 
function 

g-*Mgœ)<P(gpW(gP) 

to obtain the form for (2.10) that we need. 
In order to write down the contribution from the scalars we need to draw 

on our knowledge of harmonic analysis on real groups, namely on the limit 
formula of Harish-Chandra, to see that 

/ { ( z ) = ( - l ) * trace £(*)/meas Z(R) \G ' (R) z ç. Z(R). 

Here G is a form of G over R, the one for which Z(R)\G r (R) is compact, 
and the measure on Z\G is obtained from that on Z\G by transporting 
invariant forms of highest degree as in § 15 of [6]. To tell the truth I am 
unable to supply a reference to the appropriate computation. The method to 
be used is described in [8], and the reader can verify for himself that the 
constant is correct. Appealing to § 7 of [7], we see that the contribution of the 
scalar matrices to (2.10) is 

/ 9 i n v meas (Z(R)ZJCG(Q)\G(A)) 
(2.11) 2^(o> n *(R)^z(Q) m e a s ( Z ( R ) \ G ( R ) 

X ( -1 )* trace {(*)**(*)**'(*). 

It will remove some complication from the discussion of the remaining 
terms of the trace formula if we take advantage of the possibility we have 
allowed ourselves of only working with sufficiently small K. It is convenient 
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so to arrange matters that the equation 

g~ltg = zt 

with g e G(Q), t 6 G(Q), and z£ Z(Q) H Z(R)ZK implies that z = 1. The 
equation certainly implies that s lies in the centre of the derived group. Since 
this is finite, its intersection with Z(R)ZK will be {1} when K is small. 

The remaining contribution to the stabilized trace formula is a sum over a 
set of representatives T for the stable conjugacy classes of Cartan subgroups of 

i V meas (T(Q)Z(R)ZK\T(A))»(T) 
2 2_no) n ZMZK\T<Q) [g ( r /A) : Im ®(T/F)] 

The prime indicates that scalars are excluded from, the sum. Since $T/1(t,fz) 
is 0 unless T(R) is fundamental, we agree to sum only over such T. Then 

*Tn(t,ft) = trace * ( 0 / ( 2 ( R ) \ r ( R ) ) . 

By appealing to our earlier discussion and to the formalism of Hecke 
algebras, we easily see that the following assertions are valid. 

(i) hp3 = 0 if e — [Ep m Qp] does not divide j . 

(ii) if 

Gv = ResFv/QpG 

there is a natural imbedding of 3tfp(G) into ®viP3fp(Gv). 

(iii) The image of h$j under this imbedding is a product ® hptV
j. 

(iv) If Tv is a split Cartan subgroup of Gv and tu h the eigenvalues of 
t G TV(QP) c^ Lv

x, then, when e\j, 

I h*,v'(g tg)dg 
Tv(Qp)\Gv(Qp) 

is equal to 

The last assertion is, of course, a consequence of the definition of the Satake 
homomorphism, and the relation of the Satake homomorphism with the 
formalism of the associate group. Here vv is defined by a pair of non-negative 
integers mv\ mv" with m J + mv" = mv, and the sum is over those for which 

KV
 = KV7VIV /tnv KV

 = KvfHv fyyiy 

are integral. 
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For any T let Up be as before the maximal compact subgroup of T(QP), 
and Up = IT Uv the maximal compact subgroup of Ti(Qp). Let Kp = Yl Kv 

be the maximal compact subgroup of Gi(Qp) containing Kp. Replacing 7 \ by 
a conjugate if necessary suppose Ûp Ç Kp and define 

u(T) = [Kp : KPVP\ 

Then 

^ ( r ) m e a s Up$>T/1(t, V ) 

is equal to 

(2.12) I L m e a s C / , I hJ(g-hg)dg. 
J Tv(QP)\Gv(Qp) 

T o verify this we observe t ha t both sides are independent of the measures 
chosen, and tha t it therefore suffices to work with one convenient choice of 
measure. Let h be (meas Kp)h$j, where hp

j is taken in J^P(G) and let h! be 
(meas Kp)hp

j, with h$j now regarded as an element of Jti?p(Gi) = 0tJ?fp(G ). 
Then h is the restriction of h! to G(QP). 

$>T/\t,h) = H T K Q ^ ( Q P ) ^ I ( Q P ) I h(g~ltg)dg. 

If we take the measure on T(QP)\G(QP) to be the same as t ha t on its image 

Fi(Qi>)\Fi(Q*)G(Q2>) in TI(QP)\GI(QP), the right side is equal to 

f h'(g-ltg)dg. 
J Ti(QP)/Gi(Qp) 

T o completely check the assertion we need to show t h a t with this choice 

u(T) meas UV\KP = meas UP\KV. 

However 

meas UP\KP = meas UP\UPKP 

and 
meas UP\KP = u(T) meas Up\OpKp. 

We have only to evaluate the individual integrals on the right of (2.12). 
They have been given in § 6 of [12], albeit for the group GL(2, Qp) and not 
for GV(QP) = GL(2, Fv), bu t the formulae and the proofs are valid wi thout 
change. In order to disencumber ourselves of the subscript v when s ta t ing the 
results, we suppose t ha t p remains prime in F. 

We s ta r t from GV(QP) = GL(2, Fv) and a 

v = a'Ô2 + a"b\. 

Let 
v = a'bi + a"Ô2 
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and let h be a. spherical function on GL(2, Fv) for which 

(|*i - h\v/\ht2\v
U2) J h{g-

ltg)dg = j{e,(0 + e*(*)} 

if A is a split torus in GL(2). If a' = a" and Kv the maximal compact sub
group containing Kp then h is the characteristic function of 

divided by the measure of Kv. There will be no need for an explicit evaluation 
of the other orbital integrals in this case. 

In general set 

*Tv(t,h) = f hifhh). 
J Tv(Qp)\GvQP) 

If a' 7̂  a" these integrals can be computed directly, along the lines of § 3 of 
[15] or of § 7 of [6], but I prefer to apply the method of § 6 of [12]. Lemma 6.4 
of that paper and the Weyl integration formula imply that 

J Tv(QP) 

if 7T is an absolutely cuspidal representation of GV(QP). The sum is over a set 
of representatives for the non-split Cartan subgroups and 

A(0 = \(h - h)V/2/\tM,u*. 

In addition $Tv(t, h) is 0 unless 

|deU| r = \mv\
a a = a' + a". 

Let GV'(QP) be the multiplicative group of the quaternion algebra over Fv. 
Exploiting the relation between characters of GV(QP) and characters of G J (Op) 
proved in [6], and using as well the Weyl integration formula for GJ (Qp) and 
orthogonality of characters, we deduce that there is a function <p(x) on Fx 

such that 

S r ' ( / , A) = meas (TV(QP)\GJ(Qp))<p(det t) 

if Tv is not split. The measure on GJ(Qp) may be assumed to be obtained by 
transferring that of GV(QP). 

Let x be the representation g—>x(detg). If we use the Satake homo-
morphism to compute the trace of x W we obtain 

0 X ramified 

h(Wv\a'-a"12 + Wv\a'f-a'l2)x(^v)a X unramified. 

We may also compute it by using the Weyl integration formula. This yields 
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the sum of 

i S'r.meas(r,(Op)\G.'(Oj»)) I x(det *Mdet t)A(t)2dt 
J T„(C>„) Tv(Qp) 

and 

I x(dett)e„(t)A(t)dt. 
J A„(C>„) 

1 
1 Av(Qp) 

The second expression is 0 unless x is unramified, but then it equals 

è|^|H«' -«"l /2 x (^)«. 

This yields a value for the first expression. Applying the orthogonality relations 
and the Weyl integration formula to the characters of the one-dimensional 
representations of Gv'(Qp) we conclude that <p(x) is 0 unless \x\ = \mv\

a and 
that then 

I \\a'-a"\/2 

2measA„ 

if Kv' is the maximal compact subgroup of GV'(QP). In order to have a con
venient notation we let E« be 0 unless |det t\ = \w\a when S a(0 is to be 1. 

Finally we deduce from Lemma 4.1 of [15] that if z is a scalar then h(z) = 0 
unless |dets | = 1^1° but then 

I \\a'-a"\/2 

2measA„ 

All the information we need is now at our disposal. It will be a help to 
review it once again, and display it in a form convenient for reference. 

Summary of the discussion of the sum (2.9). 

(a) It can be expressed as a sum over the primes p of E dividing p and 
over the possible v, defined by {(mj, mv'

f)\ mv
r + mv" = mv). The mj, mv" 

are to be integral except perhaps when mj = mv" = mv/2, and then we allow 
them to be half-integral. 

(b) The term corresponding to p and v may itself be expanded in powers of 
|tD-p|s = |-ro>|se, e = [Ep : Op]- We now fix a p, and a v and consider the coefficients 

ofl^lVi. 
(c) We treat the case that mv' ^ mv" for at least one v first. Then the 

coefficient is a double sum, over the stable conjugacy classes of Cartan sub
groups T fundamental at infinity and split at every v for which mv

f 9e mv", 
and over non-scalar t in T{Q) P\ Z(R)ZK\T(Q). The individual terms are 
given as products. One factor is 

— ^ -meas (T(Q)ZK\T(A,)). 
2[g( r /A) : lm <£(T/F)Y 
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A second is 

* ( ^ } t r a c e m - u { T ) ^ u P -
The third may again be written as the product over the places v of F dividing 
p of factors depending only on the image of t in TV(QP). If Tv is split, the 
factor is 0 unless mv/kv divides m J and mv". Otherwise it is 

.jemv/2 kv\ , . \hh\v  

If Tv is not split the expression is more complicated. It is the sum of two 
terms. The first is 

v^ uemvi/kv(kv\\ meas TV(QP)\GV'(QP) „ / A 

The second is 0 unless kv is even, but it is then 

Piemv/ik
kv/o) —~^ f ( ^(g-\)dg 
\lzv/ZJ meas A» J TV(QP)\GV(QP) 

if (pmv is the characteristic function of 

(vTmv/2 0 \jr 

\ o ^ W W V A -
The point is that for split Tv there are several possible vv, and we can decom
pose the contributions from the orbital integrals of hp

j into parts labelled by 
them; but for a Tv that is not split there is only one reasonable vv and we 
have to take the orbital integral in one piece. 

(d) Whatever is not included in the terms gathered in (c) must now be put 
together and credited to that v for which m J = mv" for all v. There are two 
contributions; the first is a sum over z in Z(Q) Pi Z(R)ZK\Z(Q). Each term 
of the sum is a product, the first factor being 

m e a sZ(R)Z.G(Q)\G(A) m e a s ^ 
meas Z(R)\G (R) measKp 

The second factor is itself a product over the places v dividing p of terms 
depending only on the image of z in the group GV(QP). It will be easier to 
write them down if we first observe that a simple calculation, which can be 
left to the reader (cf. § 15 of [6]), shows that 

meas Kv = ( l ^ l - 1 — 1) meas Kv
r. 

The factor at v is itself a sum of two terms. The first is 

~ ( _ 1 ) meas IT. *~,(z)^os*<w2^. )P (• 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

file:///hh/v
https://doi.org/10.4153/CJM-1979-102-1


1160 R. P. LANGLANDS 

The second is 0 unless kv is even, when it is 

Mt/2)' \ •*•/ h-i ( „ \ \ K v \j~x3
emv/2 

measK1}
Ajemv/nv 

The second contribution is a sum over the stable conjugacy classes of 
Cartan subgroups T with T(R) fundamental of a sum over the non-scalar 
elements in T(Q) C\ Z(R)ZK\T(Q). The terms of the sum are themselves 
products. The first factor of the product is 

~iT1 imeas (T(Q)ZK\nAf))*
T,l(t, / ) 

2[®(r/A) : I m @ ( r / F ) ] 

X trace KO ' u(T) 
meas Up 

meas Ur> ' 

The second is a product over v dividing p of terms that once again depend 
only on the image of t in TV(QP). If Tv is split the first factor is 0 unless kv is 
even, but then it is 

P \i /0)Vvv'\t) |- , i vv - „ Vv 

\kv/ZI \h — i2\v nv 

If Tv is not split, the factor is the same as in (c). 

\kJ2l 

3. The zeta-function. The next step in the proof is to use the structure of 
the set of geometric points on S(K) over the algebraic closure K$ of the residue 
field Kp of £ at p to obtain a formula for 

logZp($,S(K),Ft) 

which can be compared with the formulae of the preceding paragraph. This 
logarithm has a power series expansion 

& M(j) l~f 
with 

M (J) = Z a - D ' trace r ' ( * ) , 

and we shall be concerned only with the coefficients M(j). 
According to [13] the set S(K, R$) is a union of subsets indexed by equiva

lence classes of Frobenius pairs (7, h°). These must be described. Recall that 
we have supposed that the totally real field F used to define G is imbedded in 
0 Q C. The set of imbeddings of F in 0 or C is then represented by the 
finite homogeneous space 

Q = ®(0/F)\®(0/0). 
To nourish our intuition we wrote this set as 

x x . . . x O . . . O x . 
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The infinite places a t which the algebra splits are marked by a cross; the 
others are not marked, bu t represented by circles. We assumed tha t F is 
unramified a t p. Hence the Frobenius $v acts, and we decomposed the set 
into its orbits. 

X . . . O . . . X; O . . . X . . . O; 

Let nv be the number of elements in the orbit labelled by v. Then 

J2 nv = n = [F : Q]. 

T o be definite we viewed the Frobenius as acting on each orbit by a cyclic 
shift to the right. We also let mv be the number of marked points in the orbit , 
and observed tha t the orbits or the indices v also label the primes of F divid
ing p. 

There are two kinds of Frobenius pairs, or ra ther of equivalence classes of 
such pairs. T o describe one of the first type we s tar t from a totally imaginary 
quadrat ic extension L of F which splits a t a t least one prime of F dividing p. 
We choose a set of representatives for the isomorphism classes over F of such 
fields. Each L determines a stable conjugacy class of Car tan subgroups of G 
over 0 - Choose a representative TL for each such class. TL is contained in a 
unique Car tan subgroup TL of G\. I t will be less taxing on my powers of 
abstract ion if I fix an isomorphism of TL with the algebraic group over 0 
defined by the multiplicative group of L. In particular TL(Q) will be identified 
with L x , and every imbedding of L in 0 defines a rational character of TL and 
of TL. The set P of such imbeddings is fibred over Q, each fibre consisting of 
two elements. We also think of P as a set of rational characters of TL and as 
such it is a basis of the lattice of all rational characters. The dual basis of the 
lattice of co-weights is also indexed by P. 

We fix, to have a point of reference, hL : R —> TL which is conjugate under 
G(R) to the h defining the Shimura variety. Suppose g Ç 2 l ( r / Q ) . Let 

T = T V = g~lTg. 

An h° : R —> T must be of the form 

hL
x : r —-> x~lhL(r)x x G G(R) . 

The diagram 
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is commutative. Since &(T/F) —* J5 ( r /R) is surjective we may by a suitable 
choice of x and g arrange that hL

xç~l is any element in the orbit of hL under 
the Weyl group of TL(C) in G(C). However /^ itself can only vary within 
an orbit of the Weyl group of T(R) in G(R). 

As in [13] h° defines a co-weight /iv of T. Since g has been fixed for now, 
we may pull /zv back to a co-weight of TL and hence of 7^, which I again 
denote by /xv. It may be written in terms of the dual basis we have chosen. 
The coefficients will be 0 or 1. It will help to have a pictorial way of represent
ing these coefficients. 

Let Pv be the inverse image of Qv in P. The group ® (QP/QP) acts on Pv. 
If v splits in L then Pv falls into two orbits and we represent the map Pv —> Qp 

by the diagram: 

p / xo , . . o . . . x 
' I O X . . . O . . . O 

e, xx... o... x. 
Each horizontal line represents an orbit. A point is marked by an X if the 
coefficient of the corresponding element of the dual basis is 1 and is left 
unmarked if the corresponding coefficient is 0. Above a marked point of Qv 

there is one marked and one unmarked point, and above an unmarked point 
there is no marked point. Let mj and mv" be the number of marked points 
in the two orbits. Then 

mv' + mv" = mv. 

If v does not split in L we may still represent Pv —> Qv as 

O . . . X . . . O 

0 . . . 0 . . . x 

o.. . x. . . x. 
However there is only one orbit in Pv and no significance is to be attached to 
the two horizontal rows in its pictorial representation. 

Starting from L, g, and h° we set about defining Frobenius pairs (7, h°) of 
the first kind. We must suppose that m J 7e- mv" for at least one v with v split. 
If kp is a sufficiently large but finite Galois extension of Qp we set 

N m J p / 0 / = vv 

and write vy as an integral linear combination of the elements of the dual 
basis. If / = [kp : Op] the coefficient of a co-weight in Pv is lmv/2nv if v does 
not split in L. If v splits the coefficient is lmv'/nv in the first row and lmv"/nv 

in the second. 
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We first construct an appropriate 71 in TL(Q) C Lx and then take 

7 = &_17ig- If *> splits let av and bp be the two prime ideals in L dividing it. 

If it does not let g» be the ideal of L generated by the prime ideal in F defined 

by the valuation v. Set 

a = (ïïzv
m*)(n.av

2m*'bw
2mv''). 

Some power as of a is principal. Let 

as = (50. 

<5i lies in TL(Q). Recall t ha t G was defined as the inverse image of A in 
ResF/QGL (1 ) . If B is the quotient of these two groups we have injections 

TL(Q)\TL(Q)^B(Q) A(Q)\Fx^B(Q). 

Let 5i be the image of 81. Since juv and vv are co-weights of TL, x(5i) is a 
unit for all weights of B and some power V of ôi is the image of a uni t /3 in 
Fx. Set 

71 = «i 2 ' /0 . 

The pair (7, h°) is then of Frobenius type. 
Suppose 7 lies in T and (7, h°) is also of Frobenius type. Let 

7 = g -17ig-

By the definition of pairs of Frobenius type there are positive integers c and d 
for which 

a t every finite place v of L. T h u s yi~cyid is a unit. Since L is a totally imaginary 
extension of F we may even arrange, by multiplying c and d by a common 
factor, t ha t 7i~c7id is a unit in F. Consequently (7, h°) and (7, h°) are equiva
lent, and the critical da ta for the construction of a pair of the first kind are 
L, g, and h°, or, if one prefers, hL

X9~\ Actually hL
X9~l is determined by /xv, 

regarded as a co-weight of TLl and we use juv ra ther than h°. I t is also clear 
tha t the class of (7, h°) depends only on the image ô of g in T)(T/Q), and it is 
finally most convenient to take L} 5, and JUV as the fundamental da ta . I note 
in passing tha t , because mv

r ^ mv" for some i} no power of 7 is central and the 
group H° of [13], now denoted by P, is T. 

The use of the symbol H in [13] conflicts with its use in [7]. Since the 
constructions of those two papers appear simultaneously in the s tudy of 
Shimura varieties, it will be best to use 1° and / for the groups denoted H° 
and H in [13]. I t will also be best to denote the groups G° and G of t ha t paper 
by J° and / , and not overburden the letter G. 

Not every pair ô, JUV can arise, and it may save us some confusion if we 
describe now the relation between ô and /xv t ha t must be satisfied. Observe 
first t ha t jutv must lie in the orbit of /xI/

v under the Weyl group if nL
w is the 
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co-weight associated to hL. Since the image of TL is anisotropic, /JLL
W — /xv 

defines an element of i J _ 1 ( @ ( C / R ) , X*(TL)) and hence, by the T a t e -
N a k a y a m a theory, an element aœ(ixy) of HX(R, TL). On the other hand 8 lies 
in T)(TL/Q) which may be mapped to ®(TL/R) Q Hl(R, TL). T h e condition 
is t ha t the image of <5 is aœ(nw). T o verify this we observe t ha t the image of 8 is 
the class of ^(R, TL) corresponding to 

LEMMA 3.1. Suppose L, TL, and hL are given. Then L, 8, JUV are possible data 
for the construction of a Frobenius pair if and only if aœ(/xv) is the image of 8 
in$)(T/R). 

T h e necessity has jus t been verified. On the other hand if g represents <5, 
the image of 8 is a œ ( / i v ) , and /xv = co(/xz,v), with co in the Weyl group over C, 
then there is an x in G(R) so t ha t gx~l normalizes T and represents w. We then 
define h° by 

h°(r) = x~lhL{r)x. 

We next describe sufficient conditions for the class of pairs associated to 
L, 8, and yuv to be the same as t ha t associated to L, 8, and /xv- We continue to 
assume tha t the pairs are of the first kind. Let iï(TL, G; Q) be the quot ient 
of the intersection of %{T/Q) with the normalizer of T by T(F). I t is a group 
and may be properly larger than £l(TL(Q), G(Q)), the Weyl group over Q-
It acts on T)(TL/Q) to the right, and in the present circumstances consists 
of two elements, corresponding to the two automorphisms of L over F. 

LEMMA 3.2. Suppose 8, /xv and ô, /zv are given, and yield classes of Frobenius 
pairs of the first kind. These classes are the same if the following conditions are 
satisfied: 

(i) There is an co in ti(TL, G;Q) so that 

N n u p / 0 , ( / i v - « ( M V ) ) = 0, 

if kp is any sufficiently large Galois extension of Qp. 
(ii) If (i) is satisfied then /zv — o>(jixv) defines an element of H~l(&(kp/Qp), 

X*(TL)) and hence, by the Tate-Nakayama theory, an element ap(ji
y, co(juv)) 

of Hl(Qp, TL). The equation 

cc8ap(py, co(juv)) = 8 

is to obtain. 
(iii) If I is a finite prime different from p then cc8 and 8 have the same image 

in®(T/Q,). 

Let 8 and 8 be represented by g and g. Because of the first condition we may 
take 

7 = g_1Yig y = I _ 1 W ( T I ) I 
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with a common 71 in TL(Q). If co is represented by w the third condition 
implies t ha t for / 3^ p 

g = twgu t 6 TL(Ql) u G G(Oi) 

and, consequently, t ha t 

7 = u~~1yu. 

There is one more condition to be verified if equivalence is to be established. 
I t is a condition on b, the element associated to (7, h°) in [13] and discussed 
a t length in the appendix of this paper, and on 5, the element associated in 
the same way to (7, h°). The elements 7 and 7 are conjugate over G(Q) and 
hence, by the corollary on p. 170 of [18] over G(Qp

nn). Let 

y = u~
lyu u G G(Qp

nn). 

In order to establish equivalence we must show tha t there is a t in T(t) for 
which 

I = t-lu-lb(j(u)(T(t) 

if a is the Frobenius on Qp
un or f. 

Since no power of 71 is central 

g = swgu s e rL(o,u n) . 
T h u s 8 is represented by the cocycle 

{r{w)r{g)r{u)u-'g-'w^} T G ® ( O P / O P ) 

and 

8 = oo<50 

in 3 ) ( r / Q n ) if 

j3 = wgr(u)u~1g~1w~l. 

Notice t ha t /3 is represented by the inflation of a cocycle of ®(QP
un/QP) and 

is completely determined by 

wga (u)u~1g~1w~1. 

I t is a consequence of the definitions and the corollary on p . 170 of [18] 
tha t , after multiplying b and b by yv(y~l) and ya(y^1), y G ^ ( ï ) , y G r ( ï ) , 
we may suppose t h a t a p ( / l v , CO(JUV)) is represented by the inflation of a cocycle 
{aT} of ©(QfT/Q*) and tha t 

| 5 | - 1 = wgbg~lw~laa. 

T h u s 

ubu~1 = bg~lw~la(Twg. 
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The second assumption is t ha t 

P ^ a p ( / Z V , C0(jLiV)). 

T h u s we may even assume tha t 

g~lw~~laffwg = a(u)u~l. 

Then 

b = u~lba(u). 

LEMMA 3.3. Suppose the classes of Frobenius pairs associated to L, 5, MV and 
L, ô, /zv are of the first kind and the same. Then L = L and the conditions of the 
previous lemma are fulfilled. 

If the classes are the same then L ® Fv and L ® Fv are isomorphic for all 
finite places v of F which do not divide p. Consequent ly L and L are iso
morphic. Since we are working within a set of representat ives for the iso
morphism classes of quadra t ic extensions, L = L and TL — Tz> 

Let 5 and 8 be represented by g and g and let (7, h°) and (7, h°) be corre
sponding Frobenius pairs. We suppose they are equivalent . Replacing 7 and 7 
by appropr ia te powers of themselves and perhaps mult iplying by an appro
priate central element as well, we may suppose they are conjugate in G(Qi) 
for / ^ p and hence in G(Q). As usual let 

T = g^yig y = g~ly\g. 

Then 71 and 71 are also conjugate in G(Q) and there is an co in Œ ( 7 \ , G, Q) 
so t h a t 

7i = ^(71). 

Recall t ha t if X is a rational character of TL then 

|X(7i)| = H ^ - v > 

and 

I M T * ) I = k l r < x ' ; v > -
Here r and f are two positive rational numbers and 

vw = N m v o / vy = N m , p / 0 / . 

Consequent ly 

rvy — fco(vv). 

Since the sum of the coefficients in the expression of vy as a linear combinat ion 
of the elements in the dual basis is the same as the sum of the coefficients for 
vv, r = f and 

Nm*p / 0 p / ïv = Nmkp/Qpœ(fxw). 
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This is the first condition of the previous lemma. To verify the second we 
have only to observe tha t if co is represented by w then 

7 = g - 17ig = g~lw~lyiwg 

and 

f = g~ly\g 

are conjugate in G(Qt), and hence 

wg = tgu * £ T(Qi) u € G(Oi) . 

As in the proof of the previous lemma 

| = swgu s 6 r L ( Q P
u n ) u e G(Qr) 

and 
7 = u~1yu. 

Since 7 is not central, u is determined modulo T(Qp
un) and the class of the 

cocycle in TL 

{wgr{u)u-'g-'w^\ T e &(Opnn/Qv)} 

is well-defined. As we observed before 

ô = coô/3. 

Moreover we may once again suppose tha t ap(jl
v
} co(/iv)) is obtained by 

inflating a cocycle {aT} of ®(QP
un/QP) and tha t 

ubu~1 = bg~1w~1aawg. 

Since we are assuming the two Frobenius pairs equivalent, there is a t in 
T(t) for which 

5 = t-lu~lba{u)a{t) 
and 

(ut~1u~1)ba(u)u~1(ucr(t)u~1) = bg~1w~1aawg. 

Cancelling & and taking 

s = wgutu~1g~1w~l 

we obtain 

zwgo-(w)w~1g_1W"1(7(2-1) = aa. 

Since {aT} and {T(U)M~1} are both continuous cocycles, it follows readily from 
this equation tha t z G TL(Qp

un) and tha t 

i 8 = a , G l v , « G i v ) ) . 

We introduce next another type of Frobenius pair, which we will say is 
of the second kind. We again s tar t from the totally imaginary quadra t ic 
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extension L of F, the Car tan subgroup TL, an element g in 2 l (77Q) , and an 

h°, bu t suppose t h a t mv
f = mv" for every place z; of F dividing p and spli t t ing 

in L. Such d a t a exist, for we may so choose L t h a t no place dividing p splits 

in it. W e construct y as before. T h e ideal a is now an ideal in F, and so some 

power of y is central . 

LEMMA 3.4. Any two Frobenius pairs of the second kind are equivalent. 

Suppose (7, h°) and (7, h°) are two pairs of the second kind. W e take 7 

and 7 central . Choosing kp so large t ha t it splits both TL and Tz and noting 

t h a t 

mv' = mv" = mv' = mv" = mv/2 

we see easily t ha t there are two positive integers c and d and a uni t £ in F x 

for which 

hc = yd. 

Replacing 7 by £yc and 7 by yd we may suppose 7 = 7. T h e equivalence 
nowT follows from the fact t ha t b is well-defined (cf. Lemma A.2). 

I t is clear t ha t a pair of the second kind cannot be equivalent to a pair of 
the first kind. Wi th the following lemma, which is really a ma t t e r of definition, 
our classification of Frobenius pairs is complete. 

LEMMA 3.5. Every Frobenius pair is equivalent to one of the first or second kind. 

The definition of (7, h°) involves the introduct ion of a subgroup P of 
G [13], and the choice of a Car tan subgroup T of P which is defined over 0 
and through which h° factors. Replacing 7 by a conjugate over 0 if necessary 
we m a y suppose tha t , for one of the representat ives L and some g in 21 (!T/Q)> 

T = g-'TLg. 

If we also suppose, as we may, t ha t the image of T in 7ad° is anisotropic over 
Op then, by the very definitions, (7, h°) mus t be a Frobenius pair associated 
to L, g, and h°. 

In addit ion to the group P there is a group / over 0 and groups J° and / 
over O P a t tached to a Frobenius pair (recall t ha t J° and / are denoted by G° 

and G in [13]). / is an inner twisting of P. For a pair of the first kind, P is T 

and the twisting is trivial. For a pair of the second kind P is G. An inner 
twisting of G is obtained from an inner twisting of Res F/QG or a twisting of 
the quaternion algebra D defining G. T h u s for pairs of the second kind, I will 
be defined by the same subgroup A of ResF/QGL(I) and a new quaternion 
algebra D'. According to the prescription for passing from P to / we are not 
to twist away from infinity and p, bu t D' mus t be ramified a t every infinite 
place. Since the number of infinite places a t which D splits is 

m = E r W » 
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the invariant will be changed at m infinite places. Once we decipher the 
prescription given in [13] for the twisting at p we will see that the invariant 
of D at v is to be changed if and only if mv is odd. In particular, the total 
number of places at which the invariant is to be changed is even, and the 
prescription can actually be carried out. 

Over Qp 

ResF/QG = Ylv ResFv/QpG = YlvGv. 

The centralizer of T in this group is a product I I T\ and if we regard JUV as a 
co-weight of the product it may be factored as 

I I IJLV
W (multiplicative notation). 

The cocycle which defines the twisting is also a product and the z;th factor lifts 
to the cochain 

v _ T~T (TTMV 

a —> aa — I Ir^&ikp/Op) a<r,T 

in Gy. Here {aajT} is a representative of the fundamental class of the extension 
R"p/ v p -

A straightforward calculation shows that 
Hi(QPJGaa

v)^Hi(FVJGaû). 

The isomorphism is obtained by writing G&av over Qp as a product 

1 l©CQp/Qp) /ŒXQp/FvfGaa 

and then restricting a cocycle of ®(QP/QP) with values in Ga/ to ®(QP/FV) 
and projecting to the factor ^ad- We also have the familiar imbedding 

H^Fv, Gad) ^ H*(®(QP/FV), QP). 

We have to show that, starting from the given element in Hl{Qv, G a / ) , 
we finish with the element of H2(($(QP/'Fv), Qp) with invariant mv/2. We may 
restrict and project before or after taking the co-boundary of \aa

v], and it is 
convenient to take the co-boundary first. We obtain 

The products run over r G ®(kp/Qp). Substituting ar for r in the first factor 
and using the co-cycle relation 

we see that this co-boundary equals 

with 

vv
y = Nmkp/Qpfxv

w. 
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T h e invar iant of the restriction of {aPj(T} to &(kp/Fv) is 

nv/[kp : Qp], 

and the invar iant of the image of the composite homomorphisms is therefore 

mv[kp : QP] nv = w_t 

2nv ' [kp : O J 2 ' 

For pairs of the second kind J° = P and J = I. For pairs of the first kind 
7°, a group over QP1 is the inverse image of A in 

where Jv is Tv if v splits in L and mv' 7e- mv" and is Gv otherwise. / is obtained 
in the same manner with D' replacing D. 

There is also a space X and a multiplicity d to associate to a pair (7, h°) 
or, rather , to a class of such pairs. For the moment we ignore the multiplici ty 
and forego a detailed analysis of the space X. T h e group K is taken to be a 
product KPKP with Kp Ç G(Af

v) and 2£j, a special compact subgroup of 
G(QP), t h a t is, the stabilizer of a special vertex in the Bruha t -T i t s building. 
X depends on Kp. The set of points in S(ic$) corresponding to the class of 
(7, h°) is formally d copies of 

YK = H(Q)\G(A/) X X/KP. 

T h e group Kv acts on the right through its action on G ( A / ) . 7 ( 0 ) acts on 
both factors, and the Frobenius % acts on Y through its action on X. 

As in [12] we use the Lefschetz fixed point formula to compute the alter
nat ing sum of the traces of $p

j, j > 0, on the cohomology of F^. We take the 
sum over the fixed points of the traces on the fibres. T h e fibres over Qt are 
obtained by first taking the fibres of the sheaves over Z/ /*Z, then lett ing 
k —> 00 to obtain fibres over Z h and then tensoring with 01- Since the fixed 
points lie in S(ic$) = SK(kp)} the only thing t ha t really mat te r s is the resulting 
sheaf over 5(/cp), a set with the discrete topology, and the action of <£>p on it. 

We first look a t the points in YK, and find a formula for their contr ibut ion 
to the a l ternat ing sum. If K = KVKV with Kv Ç Kv then the inverse image 
of YK in SK(ÎCP) is 

YK = H(Q)\G(Aj?) X X/K\ 

The map is the obvious one. Consequent ly [12] the sheaf over YK is 

(H(Q)\G(A?) XX) X ^ F ( O i ) . 

Here Kp acts on V(Qi) through its projection on G(Qi). T h e action of <£» 
on the sheaf is obtained by lett ing it ac t on X. 

T h e point y G YK represented by (g, x) is fixed by %j if 

(g, V * ) = (hgk, hx) k e Kp,h e / ( 0 ) . 
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There are really two equations here 

$$}x = hx and k = g~~lh~lg. 

The map from the fibre at %jy to the fibre at y is 

(g, %jx) X v —» (g, x) X v. 

At a fixed point, 

(g, $ijx) X v = (Agft, hx) X v = (g, x) X fe 

and the trace is 

trace ê(&-1) = trace £ (A). 

There is a lemma to be proved before we can find an expression for the 
contribution of the points on YK to the alternating sum of the traces. If 
hit h>2 He in I(Q) and ki, k2 lie in Kp the equation 

(higki, hix) = (h2gk2, h2x) 

is equivalent to the two equations 

hrlh2 = gkik2~lg"1 and hrlh2x = x. 

Since the centre Z of G is contained in P and 7 is obtained from 1° by an 
inner twisting, Z is also a subgroup of I. 

LEMMA 3.6. There is such an open compact subgroup K0 of G(Af) that if 
K C Ko then for any Frobenius pair the equations 

h = gkg~l hx = x 

with h e 1(0), g Ç. G (A/ ) , k € Kp, x £ X imply that h lies in Z. 

We may as well divide by Z, and consequently suppose that Z is {1}. Since 
7(R) is compact, h is semi-simple. Let it lie in the torus T over 0- I claim 
that if X is a rational character of T and v any valuation of 0 then 

|X(A)|. = 1. 

If v is archimedean, this is a consequence of the compactness of 7(R). If v is 
non-archimedean but prime to p, it is a consequence of the first of the assumed 
equations. If v divides p, it is a consequence of the second assumed equation 
and the definition of X [13]. We conclude that X(h) is a root of unity. Since 
X(A) lies in a Galois extension whose degree is at most the product of the order 
of the Weyl group of G with the order of the group of automorphisms of the 
Dynkin diagram, it is one of a fixed finite set of roots of unity. We have merely 
to take Ko sufficiently small that the ensuing congruence conditions force it 
to be 1. 

We assume henceforth that K C Ko. There is another vexatious possibility 
with which I would prefer not to have to deal, simply because it encumbers 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-102-1


1172 R. P. LANGLANDS 

the notation. Suppose h G 1(0), g £ I(Q) and g~lhg = zh with z Ç Z(Q) ^ ^ -
Then s certainly must lie in the centre of the derived group which is finite. I 
take Ko so small that this equation implies z = 1. 

If z e Z(Q) r\ K then (zg, zx) = (gz} x). If 

(g, <V'x) = (hgk, hx) 

and Ai G 7(0) , &i G # " then 

(higki, %jh\x) = ((hihhi~1)higki(ki~lkki), (hihhi~l)hix). 

Thus to each fixed point in YK is associated a conjugacy class \h) in 
Z(Q) C\ K\I(Q), and if Nj(h) is the number of fixed points yielding the 
conjugacy class {h} then the total contribution of YK to the alternating sum 
of the traces is 

£ ( » # ' ( * ) trace £(*). 

U x £ X and j > 0 set 

TJ = {g £J(QP)\%jx = gx}. 

LEMMA 3.7. If h lies in I(Q) and in Tx\ j > 0, then the centralizer I(h, Qp) 
of h in /(Op) is the same as its centralizer J(h, Qp) in J(QP). 

The proof of this lemma will have to be postponed until we have examined 
the sets Tx

j more closely. 
Let \f/x

j be the characteristic function of TV, and if {x} is a set of represen
tatives for the orbits of J(QP) in X set 

¥>'(*) = Z(»)m p f l q TM J v tJ{g~lhg)dg. 
meas J{x) J j(h,Qp)\ J(QP) 

Here h is an arbitrary element of J(QP) and J(x) is the stabilizer of x in J(QP). 
We shall eventually see that the integrals are finite and that, for each j , all 
but finitely many of the \px

j are identically zero. 

LEMMA 3.8. Suppose 4>p is the characteristic function of Kv divided by its 
measure, and let 

ZK = Z(Af) C\K. 

Then N}(h) is equal to 

meas (Zgf (A, Q)\I(A>A /))y
J(A) f <t?{g-lhg)dg. 

meas ZK J i(h,\fp)\o(A/p) 

This lemma is a more general form of some of the lemmas in § 5 of [12]. 
The number Nj(h) is equal to the sum over i of 

£ » ! E<*.*> messK^ir'hig^x^iT'hig). 

Here hi runs over the conjugates of h in I(Q) modulo Z(Q) P\ i£ and (g, g) 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-102-1


ZETA-FUNCTIONS 1173 

runs over 

7 ( 0 ) \ G ( A / ) X J(QP)/K> X J{xt). 

We may drop the sum over h\ if we divide on the left not by I(Q) but by 
I(h, 0 ) . Since 

zKi(Q) n {gK*rl x gj(xi)rl) = ^ 
we may also replace the sum by an integral over ZKI(h, Q ) \ G ( A / ) X J(QP) 
provided we multiply by 

meas Z^/(meas Kv) (meas J(xi)). 

The integration may be taken first over ZKI(h, Q)\I(h, Af) and then over 

I(h, A / ) \ G ( A / ) X I(h, QP)\J(QP). 

Appealing to Lemma 3.7, we replace the denominator in the second factor by 
J(h, OP)- The first integration simply yields a factor 

meas(ZKI(h,Q)\I(h,Af)). 

The lemma follows. 

We must next consider the multiplicity d attached to a Frobenius pair. I 
have first to confess that the multiplicity suggested in [13] is not quite correct. 
It was suggested that it could be incorrect because insufficiently many examples 
had been studied, and that is still a possibility, but the error to be mentioned 
now arises from a different source, a misinterpretation of my calculations for 
the special cases. Such mistakes —another is corrected in [14] —must be 
annoying to anyone who is seriously attempting to understand this sequence 
of papers. I can only apologize and assure him that they do not seem serious. 
I hope to have a fairly thorough discussion of the conjectures and the examples 
available sooner or later. It appears to be safe for now to take d to be the 
number of elements in Hl(Q, I) which become trivial in Hx(QVt I) for all 
places v of 0 and which have trivial image in Hl(Q, GûeT\G). In [13] triviality 
in Hl(Qv, I) was not demanded. I observe as well that in [13] a rather eccentric 
notation was employed. The set #U@(Q/Q)> I(Q)) was denoted by i f ^O , I) 
and not by H1 (Q, I). 

With this definition of d, we have the following simple lemma. 

LEMMA 3.9. (a) For Frobenius pairs of the second kind d = 1. 
(b) For Frobenius pairs of the first kind d is equal to n(T), if T — 7°, a 

Car tan subgroup, and n(T) is the order of the kernel of Ç£(T/Q) —• @(7yA). 

For a pair of the second kind 

Gder\G c^ 7d e rV 

and 7der is a simply-connected group. Thus it follows from the Hasse principle 
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or, more directly, from the fact that H1^, 7der) = 1 that d = 1. For pairs 
of the first kind, T = P = I and the kernel of 

IP(QtT)^HHQ9GAeT\G) 

is @ ( r / 0 ) . The lemma is verified. 

In order to compare the alternating sum of the traces with the results of 
§ 2, we need to express it as the sum of a stable and a labile part. We begin 
with the contribution from the Frobenius pairs of the first kind attached to a 
given totally imaginary quadratic extension of F. 

Earlier we fixed TL and nL
v and, when g G $t(T/Q) and h° were given, 

regarded /xv as a co-weight of TL. There is more than one possibility for 

»v = N m , p / 0 /
v . 

Let viw, v2
w> . . . be the finitely many possibilities. For each of them we choose 

a JU;
V with norm VjW, and a gj £ %{T L/Q) with image bj in T)(TL/Q) so that 

5j and HjW satisfy the condition of Lemma 3.1. It follows from the density of 
D(Q) in D(R) that gj exists. Set Tj = gflTLgj and regard HjW now as a 
co-weight of Tj. Ra ther than working with TL and piL

v we prefer now to 
work with Tj, g £ 2l(7VQ), and those /zv for which 

Nmkp/Qpn
w = N m ^ / Q ^ / . 

However when we come to assemble the contributions from the various Tj 
we must divide by 2, the order of the group Çl(TLyG;Q), because, by 
Lemma 3.2, vt

y and v3
v yield the same classes of Frobenius pairs if 

If 

Nmkp/Qpn
w = Nmkp/QpHiW 

then by the Tate-Nakayama theory JUV — fjLt
y defines elements ap(fjL

w, iit
w) 

and aœ(/xv, MiV) in Hl(Qv, Tt) and Hl(Qœ, Tt). By Lemma A.9 there is an 
element a(juv, juf

v) in H1^, Tt) whose image in Hl(Qv, Tf) is a ^ 1 ^ , pt^v) 
if v = oo, ap(fjL

w, fjLt
w) it v = p, and 1 otherwise. If g and ^v actually define a 

Frobenius pair then oo;-x (MV, MZV) is trivial at oo, and, by Lemma 3.2, the 
class of the Frobenius pair is determined by its local behaviour at the finite 
places. Conversely Lemma 3.3 shows that, for a given i, the cohomology class 
of <5Û:_10XV, MiV) is determined locally by the Frobenius pair. To free ourselves 
of any ambiguity we first of all agree to take juv = /XzV, and then to choose g 
from a set of representatives {g} for those elements of 2I(7VQ) which are 
trivial at oo modulo those which are trivial everywhere. 

For such g set TV = g~xFig. A datum such as a measure may be trans
ported from T i to TV. The part of the contribution to the alternating sum of 
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the traces corresponding to Tt is the product of 

(d/2) meas ( Z i , r , ( 0 ) \ r i ( A / ) ) / m e a s ZK 

and 

(3.1) Zie) 2ft€r.-(0) *>/(*) I <t>(x~lh°x)dx. 
u T0(AfP)\G(AfP) 

Here <p/ is <p̂ , but for the Frobenius pair attached to g. I have not stressed 
this before, but it is understood that any term of this sum is zero if the first 
factor is zero, even when the second factor is infinite. It will eventually be 
clear that if the first factor is not zero, then the second factor is finite. 

If fë(Ti/Af) is the set of elements in @(7VA) which are trivial at oo then 

©(TVA^/gCTVA,) H Im <£(7VQ) ~ @(r , /A)/Im g(7VQ) . 

Thus it should be possible to write (3.1) as a sum over the characters K of 
g ( r / A ) / I m g ( r / 0 ) of 

[<g(7VA) : I m g ^ / O ) ] " 1 £ * Z<*> * ( W ( * ' ) 

X I <t>(x~lh°x)dx. 
J TiO(AfP)\G(AfP) 

Here g runs over a set of representatives for ©(TVA,) and ô in g(7VA/) 
is the image of g. However we do have to observe that in the definition of X 
and / it was not essential that g lie in 2l(7VQ). It need only lie in $l(Tt/Qp) ; 
thus <p0

j is defined for g Ç Y[v 21(^/0») by its coordinate in 2l(7VQp)- We set 

sometimes taking ô in S)(7 ,
i /0) a n d sometimes in 2)(7\/Qp). 

The inner sum may be written as the product of 

* r""(A) = Eacr^/A/P) «(«)**(*,/) 
and 

The first of these two factors we have met before, and there is little to be said 
about it. It is the second which must be studied carefully. 

Let f be the completion of the maximal unramified extension of Q?- If b{ is 
the element of 7\(f) associated to HiW by the procedure of the appendix then 
the element b of T°(t) associated to JLXJV by the same procedure is bg = gr^tg. 
We recall the manner in which bg is used to construct the space X [13]. To 
stress that it depends on g I write XQ instead of X. 

The group G(t) is contained in &(! ) , and if Q = ®(Q/F)\®(Q/Q) then 

Gi(î) = UQGL(2,Ï). 

Since F is unramified at p the action of ® (QP/QP) on Q factors through 
®(Qpun/Qp), which is also the group of continuous automorphisms of f and 
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contains a as <ïy T o obtain the action of a on Gi(f) we choose a set of repre
sentat ives {r} for the cosets of Q and write T<J = dT(a)rr with dT(a) G ®(Q/F). 
Then 

o- : (gr) -> ( g / ) 

with g / = dr(a)(gT>). Observe t ha t in fact dT(a) is determined only modulo 
the inertial group of F Ç Qp , bu t t ha t does not mat ter , for dT(<r) is act ing on 
g r ' G GL(2, Î) in the usual way. 

Let Of be the ring of integers in f. T h e element c acts in the same way on 
the collection of (Mi), i G Q, where, for each i, Mt is an Of-lattice in the space 
of column vectors of length two over f. Let (Mf) be a fixed point of a and let 
Kp(t) be the stabilizer of (Mt°) in &(î). We may so choose (Mi0) t h a t if 

Rv = ^(one^o,) 
then 

Kp = Kpr\G(Qp). 

Observe tha t Gi(Qp) is taken to be the set of points in Gi(t) fixed by a. 
We introduce the set 

Ï - G(t)/Kp(î) Ç ï = 5 i ( ï ) / ^ ( ! ) 

with 

xp(f) = ^ ( i ) n G ( t ) . 

ï is jus t the set of (Mi). T h e action of a on £ is given by its action on G(t) 
or by its action on the sequences (Mi). We introduce the t ransformation Fg 

of ï which sends c to bga(c). 
Let £ in £ be (AT*) and let §) = F ^ be (TV*)- According to the definition of 

[13], supplemented by the correction in [14], the point £ lies in Xg if and only 
if the following two conditions are satisfied. 

(i) Mi = Ni if i is an unmarked point, 
(ii) Mi^ iVz 2 pMi if i is a marked point. 

I t will be easier to make the comparisons of the following paragraph if 
we can express 

(3.2) J2®(Ti/QP) K(ô)cpô
j(h) 

entirely in terms of the set 36. By the corollary on p. 170 of [18] 

H^Qt/Qp™, Ti) = 1. 

T h u s we may choose the g to lie in G(Qp
un) and then write 

g = tu te T <(Qp
un) u G 3 i (Qp) . 
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Here Tt is the centralizer of Tt in G\. Thus 

7 7 = u-lTiU 

and 
bg = u~lbiU. 

We let Ft be the operator on X which takes the point represented by x in 
Gi(t) to the point represented by ^o-(x), and define Xt in the same way t h a t 
we defined Xg except tha t F* replaces F g. Then 

uXg = uH C\ X t. 

As in [7], &(Ti/Qp) may be identified with 

Gi(QP)/Tt(Qp)G(Qp) ~ UV\P Fvx/A (QP) E U Nm L* 
with 

L, = L ®FFV. 

We may therefore regard K as a character of Gi(Qp). If 

the sum (3.2) is equal to 

(3.3) Y,u$Gi(QP)/Ti(QP)G(QP) llix}——Jrjri I , "Px(g~lhg)dg. 
meas 7 ( A ; J T\(QP)\(QP) 

Here {x} is a set of representatives for the orbits of J(QP) in uH C\ Xt and 
\px

j is the characteristic function of 

{g e J(QPWx = gx] 

with % = F t
e if e = [Ep : Q J . I observe tha t by the definition of E, the 

operator <ï>p must take the set of marked points to itself, and does in fact 
operate on X {. 

I t is manifest t ha t Gi(Qp) C\ Kp(t) takes uH to itself for all u, and hence 
tha t (3.3) is 0 unless K is unramified. We assume then tha t K is unramified. 
For a given Tt there are a t most two possibilities for K. If it is not trivial, it 
can be unramified only if L is unramified a t every place of F dividing p. 

We want to transform the expression (3.3), and in order to do so we need 
the following lemma. 

LEMMA 3.10. The set X t is contained in Gi(Qp)X. 

If Gi = Res F I Q GL (1) then 

N m : 5 i ( 0 p ) - > G i ( 0 P ) 

is surjective. Let g £ G\{t) and let a = N m g. We want to show tha t if the 
image of g in 36 lies in X then 

g d G1(Qp)G(t)Kp(t). 
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Since G is the inverse image of A in Qu all we need do is show t h a t 

a = aididz 

with a\ 6 G I ( O P ) » a2 G A{t), ciz G Gi(f) , and |X(a3)| = 1 for every rat ional 
character of G\. 

T h e composition of /x*v with Tt —> A is a co-weight jû*v of 4̂ and thus 
of G\. Both 4̂ and G\ are split over 0 / n because F is assumed to be unramified 
a t p. Consequently TD »̂"' lies in 4̂ ( Q / n ) if TF is a uniformizing parameter of 
Op. Let b = N m 6<. The condition for the image of g to lie in X which was 
added in [14] and used to deduce conditions (i) and (ii) above is t h a t 

d(r{d~l) = bm-^bz 

with |X (63) I = 1 for every rational character of Gi. A simple va r ian t of 
L e m m a A.7 allows us to establish t h a t b% = dz<j(d%~1) with a3 of the desired 
form. For simplicity we replace a by aa 3

_ 1 and suppose t ha t 63 = 1. 
T h e considerations of the appendix apply to the group A and the co-weight 

jxt
y. There are two ways to construct an element bA, t h a t is, the element b of 

the appendix when A replaces G. On one hand, we can take b. On the other, 
we can observe t ha t A splits over an unramified extension lp of Qp with Galois 
group generated by a, and tha t the fundamental cocycle of lp/Qp may be 
taken to be 

n = h 0^j,k< [lp : Qp],j + k<[lp: QP] 
° " ' ' * \VT 0£j,k< [lp : 0 , ] , j + k£[lp: QV] 

This leads to TD-^'V'. T h e considerations of the appendix show t h a t 

hsr-**" = d2(r(d2~1) d2 € A(t). 

T h u s 

di = dd<rx ç Gi(Qp). 

We may now regard x as a function on Xu defined by 

K(X) = K(U) 

if x G uH, I t is cons tant on orbits of 7 \ ( Q P ) . Let 

MQP) = ( § f G^v)\b<j{g)b-' = g}. 

This group contains Ti(Qp) and the usual bijection 

Z\(QP)V(Q„) =* f\(Q„)\7\(Q,)/(Q,) Ç 7\(Qp)V7i(Q„) 

is defined. We choose measures on 7 \ (Q P ) and Ji(Qp) in such a way t h a t the 
restriction of the quot ient measure to the image of the arrow corresponds by 
t ranspor t of s t ructure to the measure on Ti(Qp)\J(Qp) appearing in (3.3). 

Recall the definition of the number u{Tt) (p. 1156). Replacing Tt by a con
jugate if necessary we suppose t ha t Kp Ç Kp 2 Up where Kp is a maximal com-
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pact subgroup of Gi (Op) and Up the maximal compact subgroup of 7\(Q„). Let 
Ji(x) be the stabilizer of x in Ji(Qp). We want to show now that the expression 
(3.3) is equal to 

,_ . meas UP 

u{T. i) jf 
meas Uv 

times 

(3-4) E *ïX)
r(xs f. , . ^(f\)«(g)dg. meas Ji(x) J Ti(QP)\ JI(QP) 

The sum is over a set of representatives for the orbits of Ji(Qp) in Xu and 
Up, Up are the maximal compact subgroups of Ti(Qp) and Ti(Qp). 

We described J(QP) explicitly above. It is clear that Ji(Qp) admits a 
similar description. It follows from these descriptions that 

Norm/(Q p ) = Norm G(QP) 

Norm J1 (Qp) = Norm Gi(Qp). 

Consequently the outer sum in (3.3) may be taken over 

fi(Q,)/(Q„)V7i(Q,,) 

and the index in the inner sum may be taken to be ux where x runs over a 
set of representatives for the orbits of J(QP) in ï Pi Xt. Changing the order 
of summation and combining the new inner sum and the integral into a single 
integral we obtain 

meas J(x) J Tl(Q }\^](Qp) 

The sum is over a set of representatives for the orbits. 
Every orbit of Ji(Qp) in X meets ï , and so the set {x} does meet every 

orbit of Ji(Qp). The difficulty with which we have to contend is that it may 
contain several points from the same orbit. Given x in \x\, choose a maximal 
compact subgroup C of Ji(Qp) containing Ji(x) and let C = C C\ J(QP). If 
g G Ji(Qp) then gx G ï if and only if g G J(QP)C. The number of orbits of 
J(QP) in 

Ji(QP)*nx 
is 

U(QP)C:J(Qp)J1(x)] = [C: CA(x)]. 

Thus we are free to sum over a set of representatives for the orbits of Ji(Qp), 
provided we incorporate the factor 

[C : CJi(x)] /meas/(x) . 

What we must do is show that this equals 

u{Tt) meas L^/meas Up meas Ji(x). 
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Let Ti(x) and Tt(x) be the stabilizers of x in Tt(Qp) and 7\(QP). Then 

[C:CJi(x)] = [C :Cf , (x ) j 1 1_ 

meas J{x) [Ji(x) : J{x)l\{x)] meas l\(x)\J(x) meas 7\(x) 

The middle factor on the right combines with the denominator of the first 
factor to give 

(meas r i ( x ) \ J i ( x ) ) _ 1 = meas 7\(x)/meas J\(x). 

On the other hand 

[C: CT^x)} = w(r f)[£/„: £/p7\(x)] 
and 

~ . 7T ̂  / .\i = \Uy : ^«0*0 ] = nieas Up ^ meas T^pr) 
[î/p : Tt(x)] meas £/p meas Tt(x) 

The desired equality follows. 

We started with a particular quadratic extension L, chose TL, and then 
VIs', v2

w,. . . , and gi, g2, . . . , as well as Ti, T2, . . . . On the other hand, in the 
previous paragraph we expressed at least part of the contribution to the sums 
(2.1) and (2.9) as a sum over T and v. We may as well assume the T are the 
TL. Moreover the vt

w and the v are essentially the same. If 

then 

v _ nv 
Vv ~ [kP:Qp]"v-

Since we are dealing with Frobenius pairs of the first kind, mv
f 9^ mv

n for at 
least one v. 

Let ôi be the image of gt in &(T/Q)(T = TL) and 8^ and <5/ t n e images of 
at in SD(r/R) and SD(r/QP). Then 

The term /c(5œ*) is 1 if K is trivial and cancels the term $(v) if /c is not trivial. 
The term K(<V) is 1 if K is trivial. Otherwise it is just what is needed to allow 
us to refer the definition of the sign appearing in part (g) of our summary of 
the discussion of (2.1) to T* rather than T. 

Observe that u(T) is 1 when every place v of F dividing p is unramified, 
that the space Xt together with the action of 3>p may be represented as a 
Cartesian product over the v dividing p, and that the expression is then also a 
product. A comparison of the summaries in the previous paragraph with our 
results for Frobenius pairs of the first kind shows that in order to have perfect 
cancellation of the contributions of these pairs with the contributions from the 
Selberg trace formula parametrized by the v with mj 7^ mv" for some v, we 
need only verify the combinatorial facts to be reviewed below. 
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Combinatorial facts to be proved. Before describing these facts, we recapitulate 
the relevant definitions in the form and with the notation that is now appro
priate. Fv Ç Qp

un Ç Qp is an unramified extension of Op and we take G to be 
ResFV/QPGL(2). The imbeddings of Fv in OP are indexed by 

® ( 0 / n / ^ ) \ ® ( O p u n / 0 ) 

and the imbedding x —» %~l(x) will also be labelled by the integer i. Let M° 
be a lattice in the space of column vectors of length two over Ov invariant 
under ®(FV/QP) and let K Q GL(2, Fv) = G(QP) be the stabilizer of M°. K is 
a maximal compact subgroup. Let f be the completion of Qp

un. Then 

G(f) = {(gt)\ 1 £iûn,gieGL(2,t)}. 

Let M° also denote M° (x) or and let 

K(t) = {(gi) e G(l)\gtM° = M° for all i}. 

A point £ in 

X = G(l)/K(t) 

is a sequence (Mi), 1 ^ i' ^ n, where Mt is an Or-lattice in the space of 
column vectors of length two over f. The action of a, the Frobenius of f, on 
(Mt) is a : (Mi) -> (M/) with M( = Mt=1, 2 S i S n, and M J = an(Mn), 
if in the last equation an denotes the usual action of on on Of-lattices. 

Suppose J° is either a split Cartan subgroup of G or G itself, and T is a 
Cartan subgroup of J° whose image in Jad° is anisotropic. Let /u be a co-weight 
of T of the form 

with j(i) equal to 1 or 2 and at equal to 0 or 1. The set {7/} is the standard 
basis of the lattice of co-weights. We suppose that 

Nmkp/Qpfx 

factors through the centre of 7°, but if J° 9^ G not through the centre of G, 
and use /x as in the appendix to define b, and then let F be the operator 

The set X is a subset of 36; if £ = (Mt) and g) = F j = (Nt) then £ lies in X 
if and only if the following two conditions are satisfied: 

(i) Mi = Ni if i is an unmarked point, 
(ii) Mi^ Nf^ pMt if i is a marked point. 

Observe in particular that if (Mt) and (M/) with M/ = ĝ Af* lie in X then 
ord (det gt) is independent of '̂. 

If we fix an index i0, l S io ^ n, we may define a function K on X by 

K ( J ) = €ord<det*t-o) 
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if £ = (Mi) and Mi = giM?. Here e is 1 if J° is a split Cartan subgroup and =fcl 
if J° is G. If g = g£ with g = (#<) in J(QP) and w = ord (det gt) then 

«(fl) = €«K(Ï). 

If there are no marked places K is independent of i0 even when e •= — 1 . If 
there are marked places a different choice of to may change its sign, but that 
does not matter. 

If e = [Ep : Op] then % = Fe maps X to itself and we set 

?V = tee/(Q,)lv* = **}• 
/ is obtained from J° by the usual inner twisting. Finally if {x\ is a set of 
representatives for the orbits of / ( O P ) in X and \px

j is the characteristic 
function of Tx

j we set 

meas J(x) J j(h.Qp)\j(.Qp) 

with *(g) = e
ord(Norm<». We must assume that g—>x(g) is trivial on J(h, Qp). 

Here is what we must establish. 

(a) Suppose J° is a split Cartan subgroup and e = 1. Let 

Nmw(?/ = \hl9A { m „ h + m%) 

with 
àc = £ " - i 7 c ' , c = 1,2, 

m' ^ ra", and m' + m" = m, the number of marked places. Let / be the 
number of orbits under %û and k the number of marked orbits. Then <pK

j(h) 
is 0 unless m/k divides m' and m". However if k' = m'k/m and k" = m"k/m 
are integral, then 

with q equal to the smallest of m' and m" and 

v = jcn~l(mnbi + m'bi). 

(b) Suppose m' = m" and they are both integral. Then J° = J = G. Let 
£ lie in the split Cartan subgroup T and have distinct eigenvalues /i, t2. Let 
e be 1. If kf = m'k/m = k/2 and fe" = m"k/m = fe/2 are not integral then 
(pK

j{t) is 0. Otherwise it is 

U / 2 / | f i - / s | 1 / 2 0 ' ( O 

with 
j, = jen~1(mfô2 + m"<5i). 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

file:///hl9A
https://doi.org/10.4153/CJM-1979-102-1


ZETA-FUNCTIONS 1183 

Suppose t lies in a Cartan subgroup T that is not split. If e = — 1 only the 
case of a T associated to an unramified quadratic extension matters. If m ^ 0 
then (pK

j{t) must be 0. If m = 0 then 6 = 1 and 

»Ut\ - ^ [Mil 
*' (t) ~ m e a s ^ | ( ^ - / 2 ) 2 p -

Here U is the maximal compact subgroup of T(QP), and the sign is to be 
determined by the rule given in part (g) of the summary of our discussion 
of (2.1). 

If e = 1 but the eigenvalues are still distinct then <pK
j(t) is a sum of two 

terms. The first is 

jemi/k(k\ I meas T(QP)\G'(QP) „ 

Here G' is the group obtained from the quaternion algebra over Fv, and K! 
is a maximal compact subgroup of G (Op)- The second term is 0 unless fe/2 is 
integral, when it is 

Piem/ik
k
/2) ^~1F f t <Pt^(£-ltg)dg 

\k l] meas A J T(on)\G(on) 
\k/2) IlieciS^V •* T(QP)\G(QP) 

if ^ M / B is the characteristic function of 

/ejm/2n Q \ 

\ 0 meJm/2n)K. 

(c) The final case to consider is that m' = m", and they are both half-
integral. The formulae are to be the same as before. Notice however that 
split T no longer come into question, and that k/2 can no longer be integral. 

Notice also that Lemma 3.7 is a consequence of part (a). 

Finally we have to examine the contribution of Frobenius pairs of the 
second kind to the alternating sum of the traces and compare it with the 
results of §2. We take the sum over conjugacy classes {h} in I(Q) of the 
contributions Nj(h) given by Lemma 3.8 and decompose it into stable and 
labile parts. The group I is now G\ defined in the same manner as G, but in 
terms of a different quaternion algebra D*'. The Hasse invariants of D' are the 
same as those of D at all finite places that do not divide p, but they are \ at 
every infinite place, and the invariant at a place v dividing p is mv/2. 

The contribution of the scalar matrices is already stable. It is a sum over 
Z(Q) r^ K\Z(Q). The terms of the sum may be represented as products. The 
first factor is 

meas (ZKC(Q)\G'(A,)) . 
meas Zk 

In order to make the comparison with the results of § 2 we must recall a simple 
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property of Tamagawa numbers, viz., 

meas (Z*Z(R)G(Q)\G(A)) = meas (Z*Z(R)G'(Q)\G'(A)). 

The measure on the right is equal to 

meas (Z(R)\G'(R)) meas (Z KGf (Q)\Gf (A ,)). 

The second factor is (fj(h), defined with respect to the space X associated 
to G. Since it is X, the space associated to Gi, that factors as a Cartesian 
product, we want to replace <pj(h) by <pj(h). Lemma 3.10 is still valid, and 
hence every orbit of Ji(Qp) = Gi (Qp) in X meets X. The number of orbits 
of / ( O P ) = G'(QP) contained in the Ji(Qp)-orbit of x is 

[ C : CJi(*)]. 

Here C is again a maximal compact subgroup of Ji(Qp) containing Ji(x). 
Since 

and 

\f* nj / M [C '• Ji(x)] meas Cmeas Ji(x) 
[L : tJi(x)\ = = z 

[C : Ji(x)] meas Cmeas Ji(x) 

meas C _ meas Kv 

meas C measXp ' 

we may replace <pj(h) by <pj(h), provided that we multiply by the quotient 
(in x — (Jmeas i?p/meas Kv. 

If we observe that J2 mv is the dimension of the Shimura variety, we see 
that to establish that the contribution of the scalar matrices is equal to their 
contribution to (2.9) we need only the following: 

Additional combinatorial facts. We must revert to the notation used when 
describing the other combinatorial facts to be proved. 

(d) Let K be identically 1 and let z lie in the centre of G'(QP). If k is odd 
then (fK

j(h) is equal to 

(k.r1 -1) ~ (s){zog(<* /2(*)^mi/*}. meas K 

If k is even it is the sum of this and 

The contribution of the non-scalar elements in G' (0) remains to be treated, 
but for it no new combinatorial facts are needed. The treatment is by now 
routine. We obtain a double sum, over a set of representatives T for the 
stable conjugacy classes of Cartan subgroups, and over the characters K of 

e(r/A)/im e(r/Q) = g(r/A/)/@(r/A/) r\ im @(r/Q). 
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Each term is itself a sum over h in ZKT(Q)\T(Q) of 

mlT/A^iaiT/F)}trace «W^C ^ 
times 

Z^(5(77Qp) K(8)ipj(h8). 

This sum is basically the same as (3.2), except that cpj(h5) is here defined 
with respect to a fixed X rather than with respect to varying X0. It may 
however be treated in exactly the same way, with the same conclusions. 

This is the reason that no additional combinatorial facts are needed. Now 
mv

f = mv" for all v, whereas earlier this happened only for some v. Since we 
factored the set into a product over v, every possibility for the individual 
factors has had to be taken into account already. 

4. Combinatorics. The preparations over, we come now, with sighs of 
relief from reader and author, to the amusing part of the paper. The com
binatorial facts to be verified turn out to be statements about a simple type of 
tree, the Bruhats-Tits buildings for SL{2). They may well be familiar to 
combinatorialists, but a cursory glance at the standard texts yielded nothing 
of help. 

The notation will now be that used when stating the facts to be proved. 
Once a few preliminary remarks are out of the way, we will be able to dismiss 
most of the preceding discussion from our minds, and indulge ourselves in a 
little elementary mathematics. 

We have agreed to take b = 1 when /z = 0. Otherwise we have not made 
any particular choice of the element b used to define X. It will be convenient 
to do so for the calculations of this paragraph, b lies in J°(t) but we are free 
to modify it to cba(c~l) with c in /°(f). Thus we can suppose it is of the form 
b — (bt) with 

b2 = . . . = bn = 1 and b\ = B. 

If J° is a split torus, which we take to be the group of diagonal matrices, we 
may take 

* - K ;•) • 

If J° is G we may take 

when m is even and 
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when m is odd. There is no real need for a specific choice of B} bu t it does no 

harm. 
A point £ Ç ï is represented by a sequence {Afj| 1 ^ i S n}. Define Mt 

for all i 6 Z by the periodicity condition 

In addit ion extend the notion of marked or unmarked point by periodicity. 
Then {M^ defines a point of X if and only if the following conditions are 
satisfied. 

(o) Bo»(Mi+n) = Mt; 
(i) At an unmarked point i, Mi = Mt-\\ 

(ii) At a marked point i, Mt 2 Mt-i 2 pMt. 

The supplementary condition is absorbed into (i) and (ii). Because of the 
special form of b, it s tates simply tha t if Mt = g\Mi then 

ord(det(g,g,_i X)) = | _ 1 * 
0 i unmarked 

marked. 

T h e operation of %j takes (Mi) to (M/) with 

M{ - Mt-ej. 

The point h = (ht), 1 f^ i S n, lies in J(QP) if and only if ht is independent 
of i and 

Ban(hi)B~l = hi 

for all i. I t will be convenient to change the notat ion slightly and to write 
h — (h, . . . , h), t ha t is, we identify h with any one of its coordinates. If 
x = (Mi), then h G Tx

j if and only if 

Mi-ej = hMi 

for all i. 
If i f and M! are two-dimensional lattices over Of, they are said to be 

homothetic if M' = \M with X G ïz. Let M be the class of latt ices homothet ic 
to M. The Bruha t -Ti t s building for SL(2, Ï) is a tree whose vertices consist 
of the homothe ty classes of lattices, the classes M and N being joined by an 
edge if, for some X G ïz, 

M 2 XiV ^ ^Af. 

o- acts on this building and the fixed point set of aj is the Bruha t -T i t s building 
for SL(2, k) if k is the unramified extension of O P of degree j . 
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The point x in X determines an infinite path in the building 

• • •? % 
i l /_! Mu Ml = M 2 

with vertices Mt. If x and x' = (M/) determine the same path then, because 
of conditions (i) and (ii), there is a z G Z(QP) for which x1 = zx, that is, 
Mi = zMi for all i. Since J(QP) contains Z(QP), x and x' lie in the same 
orbit. Observe also that if we have a sequence (M t) satisfying the following 
three conditions, then it may be lifted to a point of X. 

(o) BMi+n = <r-*(Mi) 
(i) Mt = Mi-i if i is unmarked 

(ii) Mi and M{-i are joined by an edge if i is marked. 

We may as well dispose immediately of the case that /z = 0 and 5 = 1. 
Then J(QP) = G(QP) = GL(2, Fv), and Af< = M is independent of i. Since 
BMi+n = a~n(Mi), L is actually a lattice over Fv. There is only one orbit and 
we may take it to be the point with M = M° or, if we were being extremely 
precise, M° ® Of, but at present it is best not to distinguish between a lattice 
over op and the lattice over Or it determines. If \p is the characteristic function 
of K then 

<pK
j(h) = (measiO-1 f K{g)Hg~lhg)dg. 

J G(h,Qp)\G(Qp) 

That (pK
j(h) has the desired value when h is regular and lies in a split torus 

follows from the properties of the Satake homomorphism. That it has the 
desired value otherwise is immediate for K trivial, and follows from an observa
tion in § 2 of [7] when K is not trivial. 

It is also easy to show that if there are marked points and K is not trivial 
then <pK

j(h) is 0. Suppose x = (Mi) is a point of X. We may define another 
point x' = (Mi) by demanding that Mi = Mt> whenever i is marked and i' 
is the first marked point following i. If h G J(QP) and y = hx then y' = hx'. 
Moreover 

K(X') = —K(X). 

Since <pK
j(h) can be calculated by a sum over \xf] rather than a sum over {x} 

we conclude that <pK
J(h) = —ipK

j(h). 
We suppose henceforth not only that there are marked points but also that 

K is trivial, and fix our attention on a specific h in J(QP). We observe first of all 
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that <pK
j(h) is the sum over the orbits of J(h, Qp), the centralizer of h in 

J(Qp), oi 

K(x)\f/X
j(h)/meas J(h, x). 

Here J(h, x) is the stabilizer of x in J(h, Qp). To see this start from the 
definition of <pK

j(h) as 

meas J(xj •/ j(h,QP)\j(QP) 

This expression is equal to 

Sui m e a s J/XN S ^ . O P ) ^ ( O P ) / ^ ) *(g)^/(*) 

X meas (/(A, Qp)\J(h, Qp)gJ(x)). 
Since 

/c(g)*(x) = /<(gx) 

and 

meas (J(h,Qp)\J(h,Qp)gJ(x)) = 1_ 
meas J(x) meas /(A, gx) 

the assertion follows. 
We are therefore interested only in the set U of those x for which h £ Tx

j. 
Suppose we have a subset U' of U and an open subgroup Jo of /(A, OP) satis
fying the following three conditions: 

(i) Every orbit of J(h, Qp) in U meets Uf. 
(ii) If x and y in U' lie in the same orbit of J(h, Qp) then x = gy with 

g e Jo. 
(iii) For all x £ U', J(h, x) is a subgroup of Jo. 

It is then clear that 

(4.1) <pK
j(h) = meas Jo X ^ ' *(*)• 

We also want to reformulate the two conditions of periodicity: 

(a) <Tn(BMi) = Mt-n 

(b) AM, = Mt-ej. 

Let «£/' + vn = I. I claim that (a) and (b) are equivalent to the conditions 

(c) <rein/l(Mi) = B-ej/lhn/lMt 

(d) huB'<rm(Mt) = M,,-* 

From (b) 

hn,lMi = M 
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Since a(B) = (B), the relation (a) implies that 

Mt.enj/l = <T<*»lB'"lMu 

and we deduce (c). Applying (a) and (b) again, we have 

M,_, = Mi-n^uti = huMt-vn = huBvevn(Mt). 

Conversely if we assume (d), we may write 

M*-* = Mi-lnll = hun/lBm^avn2/l(Mt) 

because h Ç J(QP) and 

Ban(h) = hB. 

We then apply (c) to infer that the right side of 

founI Ij^vnI IçVnî / l /j^£ \ _ JjUn/Ij^^—uej/ lan—uejn/1/j^ \ 

is equal to 

Bo» (Mi) = <in(BMx). 

This is (a). To deduce (b) from (c) and (d) we write 

Mt-eJ = Mi-um = huej/lBvei/la9ein/l(Mt)9 

and replace the right side by 

h-vn/ljgvej/lpvejn/l^^ = M ^ 

The conditions (c) and (d) will be more useful than (a) and (b), but there 
is still one useful consequence to be drawn from (a). Consider the set Â of 
points M in the Bruhat-Tits building for which dist (M, an(BM)) is a mini
mum. It is clear that Â is invariant under M-+an(BM). Moreover Â is 
convex, in the sense that every vertex on the path joining two points of Â is 
again in Â. To prove this statement we proceed by induction on the length 
of the path. Thus it is enough to show that if M and N lie in Â but no other 
point on the path joining M and TV does then M and TV are adjacent. 

We examine first the path connecting M and <rn(BM) 

L an(BM) 

M 

if M 7^ an(BM) and L is the point in the path succeeding M then 

dist ( I , <rn{BL)) g dist (M, an(BM)). 
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Since we must have equality, an(BM) is on the path joining L to an(BI) 

L a"(BM) 

an(BL). 

Observe that L lies in Â. 
Returning to M and N we notice that we can construct a cycle of the form: 

XI an(BM) 

T • * — T 

1 I 

I i 

1 +- • 1 
N an(BN) 

If M and N are not adjacent, the sides can have no edge in common with the 
top or bottom, and the cycle is not trivial. This is impossible because the 
building is a tree. 

Suppose x = (Mi) lies in X. Let Mi0 be such that 

dist (Mi0, Â) S dist (Mu Â) 

for all i. I claim that MiQ G Â. Otherwise we could again construct a non-
trivial cycle 

? * • # 1 

i i 

i # • • i 
M B-la-n(M) 

Here M is the point in Â closest to Mi0. 
The skeleton S(x) of x = (Mi) in X will either be the set of integers i for 

which Mi G Â or the path formed by joining these vertices in succession. 
Suppose for example that Â is 
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and M —> an(BM) is a shift to the left by two. Let n be 8. Then the skeleton 
could be 

M{ = M, M, 

To form the full path we have to add subpaths which issue from Â. Thus the 
full path, or at least a representative part, could be 

Mi 

MI = MJ M9 JU 
M6 = Ms 

M2 = M4 

The sets A are easily described explicitly. If J(QP) is the split Cartan 
subgroup then A consists of the lattices M(u', u") formed by the set of 

u'x \ 
u"y) 

with x, y in Of. Here u' and u" are any two integers. The set A is an infinite 
line 

and M —> an(BM) is a shift of size \m' — m"\. We take it to be to the right. 
If / ( O P ) is GL(2y Fv) then A is the set of lattices defined over Fv and 

M-> <jn(BM) acts trivially on Â. If J(QP) is G'(FV) then Â consists of two 
points, the image of the lattice formed by 

y x'-\y/ , y ^ 0 t 

together with the image of the lattice formed by 

x, y d Of. 
\vjyj 

The map M —» an(BM) interchanges the two points in Â. 
The sets A and A are invariant under J(Qp)j and J(QP) acts transitively 

on Â. I now introduce a convex subset D of Â, as well as D, the set of lattices 
M for which M C D. D will be invariant under J(h, Qp). If h is central in 
J (OP) then D will be Â. Otherwise J(h, Qp) is a Cartan subgroup of /(Qp)-
We can pass to an extension bv, at most quadratic, of Fv that splits J(fe). The 
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Bruhat-Tits building over Fv becomes, perhaps after taking the first bary-
centric subdivision, a subset of the Bruhat-Tits building over Lv (cf. § 3 of 
[15]). Over Lv we may associate an apartment to J(h, Qp). D is to consist of 
the points in Â at a minimal distance from this apartment. It is geometrically 
clear that D can contain at most two points. 

It is also easily seen (cf. § 3 of [15]) that in all cases D is a connected tree 
and that the same number g0 + 1 of edges issue from each vertex. We tabulate 
the possibilities and give in addition the number / of orbits in D or D under the 
action of J{h, QP). 

(a) J° = J is a split torus. Then qo = I a n d / = 1. 
(b) J° = G and h is central. Then g0 = pn a n d / = 1. 
(c) J° = G and the centralizer of h is a split torus. Then qo = I a n d / = 1. 
(d) J° = J = G and the centralizer of h is not a split torus. If the extension 

splitting J(h) is unramified then g0 = — 1 and / = 1. If it is ramified then 
go = 0 a n d / = 1. 

(e) J° = G but J = G', and the centralizer of h is not a split torus. If the 
extension splitting J(h) is unramified then g0 = 0 and / = 2. If it is ramified 
then go = 0 a n d / = 1. 

The reduced skeleton RS(x) will either be the set of i on which dist (Lu D) 
attains its minimum or the path obtained by joining these points in order. 
The reduced skeleton is contained in the skeleton. We choose a set of repre
sentatives D\ for the orbits of J(h, Qp) in D. Then Dx is a set of representatives 
for the orbits of J(h, Qp) in D. In all cases but one, D\ consists of a single 
element. All points of D\ have the same stabilizer Jo and Jo is a maximal 
compact subgroup of J(h, Qp). 

We may now define the set U'. For each possible reduced skeleton RS we 
choose an integer i(RS) in it. Then U' consists of those x = (Mi) which are 
such that if RS = RS(x) and i = i(RS) then the minimum distance from 
the path (. . . , M-U M0, Mu . . .) to D is equal to dist (Mu N) with N Ç Dx 

and Mi = gN with 

order (det g) = dist (Mu N). 

To verify that Ur satisfies the three conditions imposed we have only to 
observe that if g is any element of J(h, Qp) and, for the same Mt and N, 

dist (gMu N) = dist (Mt, N), 

then gN = N. 
There are some remarks to be made about the periodicity condition (c) 

before we examine the set Uf more closely. Since that condition is to be valid 
for all i, it implies in particular that, if <pK

j(h) ^ 0, the transformation 

M->h~n/lBej/laejn/l(M) 

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-102-1


ZETA-FUNCTIONS 1193 

has a fixed point in D, because it fixes a point in the reduced skeleton and 
therefore the closest point in D to the reduced skeleton. Recalling that in all 
but a single case there is only one orbit in D, and that in the exceptional case 
D consists of two points, we conclude that the transformation fixes every 
point of D. So does aejn/l. Thus h~n/lBej/l fixes every point of D. 

Examining the various cases we come to the following conclusions about 
the nature of those h for which (pK

j(h) ^ 0. 

(a) If J° = J is a split torus then 

with 

\a\ = |xD-e^"M| |/3| = \wejm'/n\. 

In particular n must divide ejm' and ejm", and consequently n/l = m/k 
must divide m' and m". 

(b) If 7° = G and h = z is central then 

\z\ = lxa-1 «*»/». 

(c) H J = G and the centralizer of h is a split Cartan subgroup, then the 
eigenvalues a and 0 oi h have equal absolute values and 

\a\ = \p\ = \m\ejm/2n. 

(d) 7° = G and the centralizer of h is not split, then 

|Norm/*| = \m\ejm/n 

In all cases the order of the determinant of huBv is 

uejtn/n + vm = ml/n = k. 

The conditions described here are also sufficient for the transformation to 
fix every element of D. Moreover that <pK

j(h) is 0 when they are not satisfied 
is a part of the combinatorial facts to be proved. We suppose henceforth that 
the conditions are satisfied. 

Suppose 

M = h~n/lBej/laejn/l(M). 

The set of points in the Bruhat-Tits building over t that can be joined to M 
by an edge may be viewed as the projective line over the algebraic closure of 
the finite field Fp. The transformation 

N -> hrn/lBej/l<rejn/l(N) 

allows us to put on it the structure of a projective line over FPd, d = ejn/l. 
According to Lang's theorem, there is only one such structure. Thus the set 
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of N that are fixed by the transformation and can be joined to M by an edge 
contains pejn/l + 1 elements. 

If the minimum distance from {. . . , M-i, M0, M\, . . .} to D is positive 
then the path of the reduced skeleton consists of a single point, say Mt. 
Since D is invariant under Ban and under h, the periodicity condition 

Mi-1 = huBv<jvn(Mi) = huM{ 

implies that M{-i also lies in the reduced skeleton. Hence Mt-i = M{ when 
the minimum distance is positive, as we now assume. Since u and n/l are 
relatively prime we deduce from the two equations 

huMt = Mi and h~nllMt = Mt 

that 

hMi = Mi. 

Since there are k marked points in an interval of length /, the path from 
Mi to Mi-1 = Mt must have k edges. Consequently points of the above 
type can exist only for k even. 

It is now an easy matter to construct the points of U' for which the mini
mum distance to D is positive. Given a possible reduced skeleton RS and 
i = i(RS) we choose any Mi and Â which is fixed by h, and construct a path 
Mi, Mi-\, . . . , Mi-1, from Mt to Mi-\. To construct it we must suppose 
that k is even. Then My-i = Mt> if ï is unmarked and one of the pejn/l + 1 
elements that can be joined to My by an edge and satisfy 

hn/lMi'-! = Beill(Te3n,l{MV-i) 

if ï is marked. We say that the edge from My to My-i is progressive or 
retrogressive according as MV-i is at a greater or a lesser distance from D 
than My. We must be careful that at any stage we have added at least as 
many progressive as retrogressive edges, for otherwise we would approach too 
closely to Z), and we must ultimately take as many retrogressive as progressive 
steps, in order that we arrive back at Mi = Mi-X. Indeed we must be careful 
to return to the initial Mt at any i' that lies in the given rational skeleton. 
Finally wre have to choose Mt so that the closest point to it in D is an À7 with 
N in Di. We define Mr in general by the periodicity condition (d), and we 
lift the full path to a point x — {Mr) in X with Mi = gN and 

order (det g) = dist (Miy N). 

Then x lies in U'. 

There are some observations to be made. First of all the number W of 
points that are yielded by a given choice of Mi and all possible choices of the 
reduced skeleton and all possible paths from Mi to Mt-i is independent of 
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Mt. We shall show tha t 

(4.2) W= (k
k
/2)p

eim'2 • 

The minimum distance can be positive only when D ^ A, t ha t is, only 
when J ( O P ) = G (0P) and J(h, Qp) is a Car tan subgroup. Then A is jus t the 
Bruhat -Ti t s building over Fv. The argument tha t led to (4.1) shows tha t if 
T(QP) = J(h, Qp) and |det h\ = \m\ejm/n then 

(4.3) ( m e a s i Q * I Veimmig \)dg 
J T(QV)\G(QP) 

is (meas Uv)~
l times the number of points M in the Bruhat -Ti t s building over 

Fv t ha t are fixed by h and satisfy 

dist (M,D!) ^ dist (M,D). 

\k/2) 
However \ h/r>)peim/2 times (4.3) is the second term of the desired formula 

for (pK
j(h) when K is trivial. Therefore the contribution to (4.3) of those M 

for which 

0 g dist (M, Â ) ^ dist (M, D) 

is yielded by those x for which the minimum distance from {. . . , M_i, Af0, 
Mi , . . .} to 5 is positive. 

The equali ty (4.2) is a consequence of the next lemma, which will be 
proved towards the end of the paragraph. Let 7 \ be a connected tree and 
suppose tha t from every vertex of 7 \ there issue gi + 1 edges, with gi ^ 0. 
Let k ^ 0 be an even integer, and for each non-empty subset 5 of Z with 
period / choose i = i(S) in S. Let P be a point of 7 \ and L an edge containing it. 

LEMMA 4.1. Let Î be the set of pairs (x, S) where x = (Pif P j _ b . . . , Pi-k), 
with i = i(S), is a path from P to P in 7 \ with no edge in L and with Pf = P 
if and only if i' G S. The number of pairs in Ï is then 

| ^ | fc/2 

U/2 
The equali ty (4.2) follows upon taking qx = pe^n/l. This lemma will be 

proved a t the same time as another lemma from which we can deduce the 
combinatorial facts needed bu t not yet proved. Suppose TQ Ç Tx is another 
connected tree and tha t there issue g0 + 1 points from every vertex of T0. 
Let P and P' be two points in TQ a distance d apa r t and let r = (k — d)/2 
be a non-negative integer. 

LEMMA 4.2. Let G be the set of pairs (x, S) where x = (Pu P z _i , . . . , Pt-k) 

is a path from Pt = P to P 4_z = P' and PV G T0 i / awd ow/^ i / ir G S. The 
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number of points in G is 

This lemma will enable us to count the number of pa ths in U' for which 
the minimum distance to D is 0. The reduced skeleton is then a pa th in D. 
T h e distance 

d = dist ( I , huBvam(L)) 

is constant on D. If J° = G then d is 0 if k is even and is 1 if k is odd. If J° 
is a split Car tan subgroup then 

am U 
ITJ3' = \ 

and 

huBv = . 
'*' J~J \ n /i« vm 

U p W 

au vmf 
I \v(m"—m')+uej(m"—m')/n \ \{k"—K') 
\m\ = TO" 

Consequently rf = \k" — k'\ = k — 2r if r is the minimum of &' and k". 
To construct the set UQ of points of C/' whose reduced skeleton lies in D 

we have merely to construct the associated pa th in the Bruha t -T i t s building 
over f, for we can uniquely lift the pa th to a point in Uf. If RS is the reduced 
skeleton we have only to construct t ha t pa r t of the pa th lying between i ( R S ) 
and i ( R S ) — /, for we may complete the pa r t of the pa th to the full infinite 
pa th by invoking the periodicity condition (d) . Moreover the unmarked 
points are irrelevant for a t them we jus t mark time, and so we might as well 
discard them and obtain the new period k. T h e reduced skeleton is also a 
pa th in D labelled by the points of RS. T h a t pa r t of it between i ( R S ) and 
i(RS) - k joins I i ( R S ) = M in Dx to Mi(KS)-k = huBvavn(M). We complete 
the reduced skeleton to the complete pa th segment from M j ( R S ) to Mi(R8)^k 

by adding flagella which project into the ambient Bruha t -T i t s building. T h u s 
if n = 8 and i = i ( R S ) the reduced skeleton could be 

• • • • • • • • • 
M M Mt- 8 

and the full pa th 

M\ Mt-! Mi-2 = M^ 
• • 

M;_ 7 M M i-8 

Mt-,4= Mi-
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Applying the lemma with qi = pejn/l
} we see t ha t the number of points in 

U' for which the reduced skeleton lies in D is 

(4.4) f{typ'*"tl - (go - 1) Y,oSa<r(k)peJn'"'\ , 

if/ is the number of orbits of J(h, Qp) in D. 
T o see tha t this gives us all the combinatorial facts we needed, we jus t 

have to run through the various possibilities, adding the occasional simple 
comment . If J(h, Qp) is a split Car tan subgroup then q0 = 1, q0 — 1 = 0, 
a n d / = 1. Moreover nr/l = q is the smallest of m' and m". T h u s 

iwi = i (k \ .,, 
meas J 0 meas Up \k'J 

is the anticipated value of (pK
j(h) if k' 9^ k". If k' = k", it is exactly wha t is 

required to supplement the contribution to <pj(h) from U' — Uo'. 
Suppose J(h, Qp) is a Car tan subgroup of J(QP) bu t is not split. Then 

—/(<Zo — 1) is 2 if the corresponding extension is unramified and 1 if it is 
ramified. If T(QP) = J(h, Qp) then 

messT(Qp)\G'(Qp) = - / ( g o - 1) 
m e a s X ' meas Up 

Up is the maximal compact subgroup of T(QP). 
If k is odd then U' = Uo . Moreover the extension can be unramified only 

if m is odd; bu t then J(QP) = G(Qp) a n d / = 2. The value of <pK
j(h) is seen 

to be exactly tha t stated in the list of combinatorial facts to be proved. If k 
is even the value of (fK

j(h) is given there as a sum of two terms, the first a sum 
over 0 ^ i < k/2. This term is yielded by the second par t of (4.4), a sum over 
0 ^ a < r = k/2. The second par t of <pK

j(h) was expressed in terms of the 
integral (4.3). Most of it was accounted for by the contribution from U' — UQ . 
The remainder is taken care of by the first term of (4.4). Notice t h a t / mus t 
be 1 if k is even. 

Suppose finally tha t h is central. Then U' = Uo and q0 = \-GTV\~~1- I t is 
consequently manifest t ha t <pK

j(h) has the anticipated value. 
We have still to prove Lemmas 4.1 and 4.2. Since there is nothing else to 

be done, all symbols apar t from those entering the s ta tements of these two 
lemmas are free. The skeleton of a pair (x, S) in ^ or Q is S. If (x, S) is in ^ , 
an edge will be called progressive if it is moving away from P . If it is in Q , an 
edge will be called progressive if it is moving away from T0. An edge t ha t is not 
progressive will be called retrogressive. The sense of the pa th is from P t to Pi-t. 

We represent tha t par t of the skeleton lying between i — i(S) and i — I as 

X O X X O O O X . . . X 
i i-l 

The points in S are unmarked. If there is to be any pair with 5 as skeleton 
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the gaps must all be of even length. Let there be m = m (S) gaps of length 
2si, . . . , 2sm. Given a pair (x, 5 ) we add to 5 the integers f for which the 
edge from Lr to Ly-i is progressive i( i ^ j ^ i — I and 7 = / ( m o d &). T h e 
result will be called the frame F. We can recover S from F. T o do this let e ; 

be + 1 or — 1 according as j is or is not in F. If j 2 ^ 7*1 set 

h 

3=J2 

Then j \ G S if and only if Njlj2 è 0 for all 72. There are & — 5 points in a 
period of F and & — 5 ^ &/2. 

Conversely, suppose we s ta r t from a subset F of Z which is periodic of 
period / and contains k — s ^ fe/2 points in each period. Define e ; and iV;-li>/2 

as before, and let S be the set of j \ for which Njlj2 ^ 0 whenever j 2 ^ 7V 
We verify by induction tha t 5 is not empty . Choose 71 £ F. If 7*1 £ 5 there is 
nothing to prove. Otherwise choose the largest 72 ^ j \ for which Njlj2 < 0. 
Then 72 < 71 b e c a u s e ^ £ F and iV j l>;2 = 1. Moreover72 > j \ — k because 

Njlj2^l = (k - 2s) + Njlj2. 

Finally the set {72 + 1, . . . ,7*1} mus t contain an even number of elements 
because Njlj2+i = 0. Discard this set and all sets congruent to it modulo k, 
and pull the remaining points together to obtain a new set F' of period 
k — 0'i — 72). Since exactly half of the points {j2 + 1, . . . ,71} lie in Fy the 
set Ff contains 

k - s - | ( j i - h) 

points within a period and 

k - s - Ï U i - h ) ^ h(k- U1-J2)). 

I t is clear t ha t F and Ff have the same skeleton. T h e induction assumption 
guarantees t h a t the skeleton of F' is not empty . 

T h e points in 5 immediately preceding the gaps, as one moves toward 
smaller integers, will be called extremities. T h e integer j \ is an extremity if and 
only if Njlj2 = 0 for some72 ^ 7V T o a frame we can a t t ach : 

(i) The skeleton. 
(ii) T h e number m of extremities within a period. 

(iii) T o each extremity ia, 1 ^ a ^ m, i ~ k < ia ^ i the length 2sa of the 
succeeding gap. 

(iv) T h e spine, which is obtained from the skeleton by discarding the 
extremities. If 5 = ^ sa, the spine has k — 2s elements in a period and may 
therefore be empty . 

We wan t to t rea t the two lemmas in a uniform manner , and to this purpose 
we introduce when dealing with L e m m a 4.1 the tree T0 consisting of P alone. 
We take Pf to be P , and let q = 0, g0 = — 1. When dealing with Lemma 4.2 
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we take q to be g0. Let N(c) be the number of pa ths of length c in P 0 joining 
P to P ' . The number of elements in ty or Q is 

(4.5) E (1 ~ g/qi)mqisN(k - 2s), 

the sum being taken over all possible frames. To see this we observe t ha t to 
construct a pa th x = (Pz-, . . . , P ^ ) we first take one of the N(k — 2s) 
pa ths from P to P ' in P0 , with points labelled by the integers between i and 
i — I lying in the spine, and then a t each extremity add one of the q\ — q 
possible edges from T0 into Pi , and finally a t all other points of the frame add 
one of the q\ possible progressive edges. 

The expression (4.5) is equal to 

(4.6) £'_„{ £»*.(7) (-q)'N(k - 2s)\qrl. 

The inner sum is taken over all frames with m ^ /. I t can be pu t in a more 
manageable form. 

If we have a frame F with k — s elements and m ^ / then s ^ /. We con-

( fH \ 
, I new frames with k — (s — /) elements. Take any subset E of the 

extremities with / elements (within a period) and for each element of the 
subset add to F the last element of the gap in the skeleton following it. Since 
the added elements do not lie in F, the result is a frame with k — (s — I) 
elements. The added elements will not be extremities of Ff, because the 
skeleton S of F is contained in the skeleton S' of F'. The extremities of F' 
are the extremities of F t ha t do not lie in E. 

The procedure yields not only F' bu t also a subset E' of its spine. E' consists 
of the added elements, and any twro elements of E' are separated by a point 
in the spine of F'. Conversely suppose we s tar t with F' and a set E' of / 
separated points in its spine. Remove these / points from F'. The result is 
still a frame, and the skeleton 5 of F is contained in the skeleton S' of F'. 
The points of E' lie in the gaps of S. I claim tha t they are the last points of 
the gaps in which they lie. Since we may argue by induction, we have only to 
show tha t if j is a point of the spine, j ' is the smallest point of the spine with 
j < j f , jf < j + I, and we remove j from F' to obtain F, then the skeleton of 
F is obtained by removing all j \ with j S ji < j ' from the skeleton of F'. 

We must certainly remove j . Let j \ with j < j \ < j + / lie in the skeleton 
of Ff. Suppose first t ha t 0 < j \ < j ' . Then ji must be an extremity, and so 
Nh,j2 = 0 for some j 2 . If J2 S j then 

NJuH
f = NjlJ+1

f + Njj2' ^ NUt' > 0, 

because j lies in the spine. This is impossible and j < j 2 < ji. If 7*3 < Jt then 

0 < / V - .' = N. . ' 4 - / V - 1 • ' = /V'• , • ' 
V = 1 V J 1 , ; 3 i V n , J 2 I l y J2 — I.JZ i V J 2 — 1 . . 7 3 • 
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Thus 72 — 1 also lies in the skeleton. Iterating we conclude that 

NjliJ+1' = 0. 

Hence Njltj = — 1. and j i is not in the skeleton of F. 
Now suppose t h a t / ^ jx < j + I. If j \ ^ ji > j then 

If j — / < j 2 ^ j then 

# * . * = ^ i , * ' - 1 = NjlJf+1
f + (NfJ+1 - 1) + (Njj2 - 1). 

Since j and / lie in the spine, all summands on the right are positive or zero. 
Let Snji be the number of ways of choosing / separated points from a cyclic 

set with n elements. We now regard the inner sum in (4.6) as taken over all 
Fr with k — (s — I) elements, and all possible choices of E'. Since the spine 

of F' has k — 2(s — I) elements and there are I ,1 possible choices for 
Ff the sum (4.6) is equal to 

Z)iUo 5 ^ = ^ _ J ( - ? ) ^ ( * ~ 2s)Sk-2{s-i),iqi~l. 

We reverse the order of summation and replace s — / by / to obtain 

We then change the order of summation once again, and consider 

£ L , (-qy-'N(k - 2s)S^u,s-i. 

Here we substitute s for 5 — / to obtain 

(4.7) Z,rsLo(-q)8N(k' -2s)Sk>,s 

with r' = r - I, V = k - 21. 
To establish the lemmas we must show that the sum (4.7) has the following 

values. 
(i) When q = 0 and q0 = — 1 then it is 0 unless r' = 0 and then it is 1. 

Observe that in this case d = 0 and k' = 2r''. 
(ii) When q = q0 it is 1 if rf = 0 and - (q0 - 1) if r' > 0. 
If q = 0 the sum reduces to 

N(k')Sk.t0. 

If go = - 1 then N(k') = 0 unless k' = 0 and N(0) = S0,o = 1. If g = g0 = 
— 1 then kf = 2r' and the sum reduces to 

7V(0)S2r-,r. = SWy. 

Since 52r',r' is 2 if r' > 0, the value of the sum is again correct. If q = q0 = 0 
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the sum reduces to 

N(k')Sk,t0. 

Since N(k') is always 1 when q0 = 0 and since Sk> to = 1 for all kf ^ 0, the 
value is again correct. 

Suppose that q = q0 > 0. We regard Sk>tS as the number of ways of choosing 
a set of s points from 1, . . . , k' which is cyclically separated. Let Sw tS be 
the number of ways of choosing such X which do not contain k'. We first 
show that 

(4.8) XXo (-qo)sN(k' - 2s)Sl>,, = 1. 

Suppose that X does not contain k'. Remove from {1, . . . , k') the points 
of X and their immediate successors. This leaves k' — 2s points which can be 
used to label the edges of a path of length k' — 2s from P to P'. Starting 
from this path and the labelling we construct qos new paths of length k''. 
Choose any edge emanating from P and call it the exceptional edge. The 
exceptional edge at any other point will be the edge leading toward P. Hi £ X 
and there is no i' < i not in X then we add to the path an edge issuing from P 
and then the same edge in the opposite direction. We are allowed to take any 
but the exceptional edge. These new edges are labelled by i and i + 1. If 
there is such an i we take the largest and add an edge and its opposite in 
just the same way, except that it must issue from the final point of the edge 
labelled by i — 1, and it must not be the exceptional edge. Carrying this out 
for each i £ X we obtain a path of length k' from P to P' labelled by 
1, . . . , V. 

The sum (4.8) is a sum over all paths from P to P' of length k' of the sum 
over s of (— l)s times the multiplicity with which it is obtained by the above 
construction. The sum over 5 is easily evaluated. Given a path of length kf 

let n be the number of subpaths of length two which consist of a move out 
from a point along an edge which is not exceptional and a return. Then the 
sum is 

E:-O(-D'(") . 

It is 0 unless there are no such subpaths, and then it is 1. A little reflection 
convinces one that there are no such subpaths in only one case, that of the 
path which moves out from P along the exceptional edge and returns r' times, 
and then proceeds directly to P'. This establishes (4.8). 

Let Sr ,8 be the number of ways of choosing X so that it does contain k''. 
To complete the proof of the lemma we have only to show that 

E l - i (-go)'-W(fe' - 2s)SltS = 1 

if r' ^ 1 and kf ^ 2. A separated subset of {1, . . . , k'} that contains k' 
yields upon removal of k' a separated subset of {2, . . . , kf — 1} that does 
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not contain k' — 1. Conversely a separated subset of {2, . . . , kr — 1} that 
does not contain k' — 1 yields upon addition of k' a separated subset of 
{1, . . . ,&'}. Thus 

Ofc ' . s — O j f c ' _ 2 , s - l , 

and our sum is equal to 

Z - ' o 1 (-go) W - 2 - 2s)^_ 2 , s _ 1 , 

which we have already seen to equal 1. 

Appendix. Suppose (7, h°) is a Frobenius pair [13]. We choose a Cartan 
subgroup T of P over 0 such that Tad, the image of T in /a(i

0, is anisotropic at 
infinity and p and let kp be a finite Galois extension of Op which splits T. We 
suppose h° factors through T and let /xv be the coweight ho0 of T. We set 

^ = 2T€®(*P/0P) rMV-

Let {aatr) be a fundamental 2-cocycle of the extension kp/QP. We define the 
Weil group Wkp/Qp as the set of pairs (x, a) with x Ç èp

x, and a- £ &(kp/Qp), 
multiplication being defined by 

(x,<r)(y,r) = (xa(y)afftT} <TT). 

If a belongs to ®(kp/Qp) we set 

It lies in 

T(kp)~X*(T) ® kp\ 

U w = (x, a) we set 

LEMMA A.l. The l-cochain w —> bw is a cocycle. 

It must be verified that 

aPp(a,<r)aP<rl = aPyv • 

The left side is 

{ l L <?){ Ylr P(a„rr^} { n aXrT"Vl 

Replace r by ar in the first product and use the relation 

dpa ,TP\^<T ,T)^P(T ,T = &p,(r 

to obtain 

n p(TTHV PV 

T &p,(T &p,<T-
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Suppose we replace ap<(T by 

Then Wkp/Qp is replaced by Wkp/Qpy but 

is an isomorphism from W*P/QP to 1^,/QP- The 1-cochain {aff} is replaced by 

a-+a, = a, Yir (c^v a(cTY^vcaT-°r»v ) 
= aaca^'a(d)d~1 

if 

If we pull back the cocycle {bw} from Wkp/Qp to Wkp/Qp we obtain 

w —» a(d)bwd~1 = w(d)bwd~l, 

because w acts on T(kp) through its projection to a. At all events we obtain 
a cocycle in the same class, and so our constructions do not depend on the 
choice of a fundamental 2-cocycle. 

We choose another Cartan subgroup T for which r a d is still anisotropic at 
infinity and p and which still splits over kp. We suppose that h° : R -—> P is 
conjugate under / (R) to h° and factors through T. Let /Zv be the coweight 
ho0 of T. We use it to define the 1-cocycle {bw}. 

LEMMA A.2. There is a c in I°(kp) so that 

bw = cbww(c~l) 

for all w. 

Since jTad is anisotropic at p, the coweight vy is actually a coweight of the 
centre of 7°, and hence bw and aa have the same image a J in I&a°(kp)> We use 
the cocycle [aj] to twist P and obtain a group 7 over Op- Then 

aw = owuw 

is a cocycle of W%,/QP with values in I(kp) and we have to show that it bounds. 
The first step is to verify that it takes values in the derived group 7der of I 

and factors through ®(kp/Qp). The difference between JUV and /zv, and hence 
that between vy and Pv, is a sum of coroots. Since vw and vw are coweights of 
the centre, vy = vw. Thus 

dw = a^a,-1 

and factors through ®(kp/Qp). I write d, instead of dw. If X is a rational 
character of I then X is orthogonal to coroots and 

((TTfjy, X) = (o-r/Zv, X). 

Consequently X(da) = 1 and d„ lies in 7der. 
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If Isc is the simply-connected covering group of / d e r then 

^ © ( ( V O , ) , /BC(*P)) = H1(®(QP/QP), I*C(Qp)) = 1. 

If C is the kernel of 

•*• BC * ^ d e r 

then the composition 

^ ( ® ( V O P ) , her(kP)) ->Hl(®(Qp/Qp), her (Op)) 

->H*(®(QP/QP),C(QP)) 

is injective. We show tha t the image of da is trivial. 
Choose an integer m so tha t 

mpy = M l
v + M2

V 

where MIV is a coweight of T8C and jti2V a coweight of the centre Z. Then 

m/zv = / z / + /z2
v. 

For each p, a let 6Pfff be an rath root of aPt<r. Then 

(1) T T r C M l V + M 2 V ) 

and 

(2) rur? i v + , " v ) 

are liftings of aa and da to I6C(QP) X Z(Q P ) . Moreover 

(3) { I L 6;:? iv^v)} {rir K ^ * ^ -1 = { I L ^,?iVi { I L &;.?"v r1 

is a lifting of d, to / d c ( Q P ) . 
Let {cPt(Ttr} be the boundary of {bPi<r}. The boundary of (1) is 

{ r i r ^ M I V + M 2 V ) } { r i r P^P:; ( M I V + M 2 V )H r i r K:TV+"2V)\-\ 
which equals 

LW»V T T pffr(M lv+M2v) 

I t mus t of course lie in the centre of Isc X Z. There is a similar formula for 
the boundary of (2). Tak ing account of the Galois action on / (Op) o n e readily 
concludes t h a t the boundary of (3) is 

Pp.* — i I IT CPf(r,T HIITCP.CT.T 1 . 

We should perhaps remind ourselves t ha t piiv and £ i v are coweights of dif
ferent groups, namely, T8C and TBC. We may also write this boundary as 

ep,<T = I I I T Cp,<r,T \ \ L LT Cp,<r,T J 

Let X*(7"der) and X*(TSC) be the lattices of coweights of r d e r and T8C 
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and let 

F* = x*(rder)/x*(r8C). 
If X*(Tûev) and X*(TSC) are the lattices of weights and 

F* = z*(r8C)/x*(rder) 
then 

F* = Horn (F*,Q/Z) 

and 

C(QP) = Horn ( F * , 0 , x ) . 

Replacing T by f we obtain F* and F* but 

and 

F* ~ F*. 

The isomorphisms are canonical. 
If we apply the local duality of Tate for finite ® (QP/QP) modules, we have 

only to check that the cup product of {ePt(T} with any element of 

tfo(®(o,/m F*) 
is trivial. An element of this group is represented by a X £ X*(TSC) with 
a\ - X £ X*(Tûer) for all a or by a X G ̂ *(fsc) with crX - X G Z*( f d e r ) . 
The cup product is 

r _ ( F T (X.poTTMiV), j T-T (X,P(TTM1V>)-1 
/p.ff — i 1 I T CP,(T,T M 1 I T CP,<T,T J 

To be definite we take X to be &(X) where h is an element of / ( O P ) taking 
T to T and 

h(\)(hthrl) = \(t). 

We write 

(X, P<TTIJLIW) = (X — po-rX, po-r/zi7) + (X, MiV)-

Since X — po-rX is a weight of r d e r it is equal to the restriction to TaeT of a 
weight X' of T, and 

(X - pcrrX, P(TT/xiV> = <Xr, WM
V) - <X', /x2

v). 

Each cPt(r,T is an rath root of uni ty and 

<X',mMv> _ -, 

We treat (X, parfit) in the same manner, writing 

X - pari = h(\) - pcjrh(\) = A(X') + A(X") 
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with 

X" = (1 - h-l
P(TT{h))p<TT{\). 

A" is a weight of T&û, and so 

(h(\') + A(X"), M2V) = <A(X'), M2V) = (X', M2V). 

We conclude tha t 

/p . . = { r i rCp . , . r }« - i i l V M X * ' V > . 

However 

We may replace err by r in the second factor. T h e first three terms then form 
a boundary and {fPt(T} is cohomologous to 

h - [ ^ : O p ] ( < X . M i v > - < X . M i v ) ) 

p ,ff 

However 

<X, M!v) - (X, MlV) = (X, A - ' ( M I V ) - MiV) = »»<X, A-HAV) - MV>, 

and 

< X , / ^ ( M V ) - M v ) 

is integral because 

is a coweight of TBC. Since 

up ,<y u p ,<r 

and 

{f lp,,[M>p]} 

is trivial, the lemma is proved. 

Suppose kp Ç kp are two finite Galois extensions of Qp t h a t split T. There 
is a homomorphism w —* wr from Wkp/Qp to P F ^ ' / O P a n c^ w e m a y P u ^ back the 
cocycle {bw>}, bu t the result may not be cohomologous to {bw}. 

LEMMA A.3. There is a cocycle cw with values in the units of kp
x so that 

w —» bwbw~l is cohomologous in T(kp) to cw
vV. 

We begin by recalling the manner in which the homomorphism from 
J^V/Qp t ° Wkp/Qp is defined [1]. Let {ap<(T) be a fundamental 2-cocycle for 
kp/Qp- F ° r e a c n P ' m ®(kp/Qp) choose a representat ive p in &(kp/Qp). A 
fundamental 2-cocycle for kp'/QP is then 

<V,<7' — Nkv/kp> (apjayja"1) ll^®(fcp/v) fl?,7 
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with 

7 = pâpâ~1. 

An expression for ap> y which is more useful to us is ([1], p. 188) 

if p is any lifting of p to ®(kp/Qp). We apply the coboundary relation to the 
first factor to obtain 

An element of Wkp/Qp may be written as xpâ with x £ kp
x
} p £ ®{kv/kp'), 

and a £ ®(kp/Qp)- It is mapped to 

Then £v is the product of 

and 

n T~T aan^ (ranv —cro/iv <raMv —<ra/iv 

Here o- is the lifting pâ of a' and a any lifting of a' to &(kp/QP). If 

the first term yields a(c) and the last c~l. Since we are only interested in the 
cohomology class of w—*bw>, we may drop these two terms. The second 
term yields 

T€©t tp /Q P ) a<r,T • 

The third and fourth yield 

{n^/TV*}' v . 
Collecting the information at our disposal we see that the lemma is valid with 

It must be verified that cw is a unit, but that is a consequence of the next 
lemma applied to the trivial torus T = GL{\) and both kp and kp

f. 

LEMMA A.4. If X is a rational character of T over Qp and v the image of w 
under the homomorphism Wkp/Qp —> WQP/QP = Qp

x then 

| X ( M = M<x*v>. 

If w = x X a the left side is equal to 

W < X - ' V > n r k . r | < X - " V > = {Ur\x\^"V>HUr\a..r\(X-"V>}-
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Since 

(err)"1* = r - V - U ^ . r ) X r - 1 

in Wkp/Qp, v is equal to 

iUrr(x)}{Urr-^(aff,T)}. 

The lemma follows. 

Let Ï be the completion of the maximal unramified extension Qp
un of QP. 

We have still to explain in detail how the element b of G(t) introduced in [13] 
is defined. Let D\ be the image of GL(\) in T under vw. It is an algebraic 
subgroup over Op- Let Wkp/Qp be the inverse image of the units in Qp

x under 
the homomorphism Wkp/Qp -> WQp/Qp = Qp

x. 

LEMMA A.5. / / kp is sufficiently large the cocycle {bw} is cohornologous to a 
cocycle {bj} with the following two properties: 

(i) The restriction of {bw'\ to Wkp/Qp takes values in Di(kp). 
(ii) The image of bj in T/Di(kp) lies in T/Di(Qp

nn). 

The second property is a consequence of the first, because the first implies 
that bj is invariant under Wkp/Qp modulo Du and the image of Wkp/Qp in 
®(kp/Qp) is the inertial group. To obtain a cocycle with the first property we 
apply results from Chap. X, § 7, of [18]. We may as well suppose that D\ is 
trivial, and hence that {bw} = {ba} is a cocycle of ®(kp/Qp). 

We have a diagram of fields 
J? u n 

kp 0 P
U 

\ / 

and we may regard {ba} as a cocycle of ®(kp
un/Qp). By the corollary of Prop. 11 

of [18], its restriction to &(kp
nn/Qp

un) is cohornologous to the trivial cocycle, 
and may therefore be assumed to be trivial, for we are willing to enlarge the 
field kp. Thus {ba) is the lifting to ®(kp/Qp) of a cocycle of 

@(^no/VO.) 
and is trivial on the inertial group. Consequently {bw} is trivial on Wkp/Qp. 

Our purposes demand a strengthening of the previous lemma. 

LEMMA A.6. Suppose kp is sufficiently large and lp is the maximal unramified 
extension of Qp in kp. Then [bw] is cohornologous to a product {bjbj'} where 
[bj] is the lifting of a cocycle of Wh/Qp with values in T(lp) and {bw"\ is of the 

form bj' = dw
vV where w —• dw is a cocycle of Wkp/Qp with values in the units 

ofkP\ 
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We begin with an extension kp over which T splits, and let lp be the un-
ramified extension of Op with 

UP • QPI = [kP : Qp] = n. 

We shall prove the lemma not for kp but for kp , the composition of kp and lp, 
in which lp is the maximal unramifled subfield. Schematically we have: 

Kp I I lp 

If we appeal to Lemma A.3, we see that it is sufficient to take the cocycle 
{bw} associated to the Weil group Wkp/Qp, and then prove that its lifting to 
Wkp'IQP can be factored as {bjbw"}. 

The Galois group ®(lp/Qp) is cyclic of order n and is generated by the 
Frobenius element which we shall, during the present proof, denote by $. 
We take a uniformizing parameter m for Qp, which could be p itself, and 
take the fundamental cocycle cPt(r of the extension lp/Qp to be 

c$\$J 
il 0^i,j<n,i-\-j<n 
[m 0 S i, j < n, i + j ^ n. 

We may also simplify matters by supposing that the lattice of coweights of T 
is the free ®(kp/Qp)-module generated by /xv. 

Suppose we can find a chain {ca} of ®(lp/Qp) with values in T(lp) and 
boundary {cpy

v\. Then we may define a cocycle \dw\ of WIP/QP with values 
in T(lp) by 

dw = x"vca w = x X a. 

Suppose in addition that if 

c$ = IIT£®(JCP/QP) c$(r)™v 

then 

fir k*(r)| = \m\ 

I claim that if {bw>} and {dw>} denote the liftings of {bw} and {dw} to Wkp>/QP 

then {bw>dw~l\ is cohomologous to a cocycle w' —> cw>yV where {cw>) is a 
cocycle with values in the group of units of kp. To see this we pull back {aa} 
and {ca} to cochains {aa>) and {c^'] of ®(kp/Qp). Their boundaries are obtained 
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by pulling back }ap>/v} and {cpy
v} to {ap>,„>""} and [cp>fff>

vV\. By local 
class-field theory the two cocycles {ap't<T>} and {cp>y] are cohomologous, and 

dp' ,a' @p'P \yo' )6pf a' Cp' ,<r''• 

Thus \aa') and {<v"v£<r'} have the same boundary. Because of our simplifying 
assumption, T(kv') has no cohomology in dimension 1, and 

<V =fe9>'vcv><r'(f-1). 

In particular 

takes values in D\(kv'). With the simplifying assumption that the lattice of 
coweights is freely generated over &(kp/QP) by JUV, 

£ > I ( V ) = {*"vl* e V } . 

To establish the claim I must show that if X is a rational character of D\ then 

| X («„,') I = 1 

for all w'. It will be enough to show this for a rational character of T defined 
over OP- Clearly 

lx(f-V(/))| = l 

and, by Lemma A.4, 

|x(MI = H<x'"v> 

if v is the image of w' in Qp
x We check that 

|A(d„')l = \Hd„)\ = \v\{'^} 

if w' maps to w in Wkp/Qp 

This is easily seen to be so if w = x X 1 with x £ lP
x, and so the point is to 

verify it when w = 1 X $. Then z; = m and 

IM40I = n®(*p/Qp) k*(r)|<x ' r"v>. 

Since (X, r/iv) = (X, /xv) the right side equals 

{II|C*(r)|}<^v> 

and is, by assumption, |TD-|^X'"V). 

To completely prove the lemma we must establish the existence of the 
chain {cff}. We first remark that there is an a in kp

x for which 

m = Nmkp>/kpa. 

Set 

c* = rir€®(v/«p) r(a)™v 
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and 
c$i — c<b$(c$) . . . <J>*_1(c$) 0 5s i < w. 

The chain {cff} then takes values in T(lp) and will have the boundary {cpy
v\ 

if 

The product on the left is 

n@(v/op) T<»™v. 

If we take the product over &(kp'/kp) and then over ®(kp/Qp) we obtain 

Finally 

rirk*(r)i = r W / w k « ) i = kii*»':''1 = i«itv:M = ki-
In [13] I took ! to be Q / n , but I should have taken it to be the closure of 

Qp
un, for I am otherwise unable to prove the next lemma. I shall denote the 

Frobenius automorphism of ! by a. 
LEMMA A.7. If d £ Î and \d\ = 1 then the equation 

d = c<j{c~l) c G f 
can be solved. 

Since the map c —> ca(c~l) takes Op to 1, its image is closed, and so we 
must only verify that it is dense in the group of units of fx. If y is a unit we 
can always find a unit x so that 

y = xor(x-1) (mod p). 

Moreover the equation 

(1 + apk)a(l + apk)~l = (a - a(a))pk(mod pk) 

and the simple fact that 

a — a (a) = b(modp) 

can be solved with an integer a for any given integer b allow us to approximate 
any y = 1 (mod p). Since -Di(f) ^ fx the lemma may be applied to £>i(f) 
as well. 

The element b introduced in [13] can now be defined. It lies in J°(f). It is 
not uniquely determined, but the set 

(4) {cba(c-i)\c G /«(!)} 

is. We start from a given T, a given, but sufficiently large kp, and a given 
fundamental class {aPi(J) for kp/Qp and the associated cocycle {bw}. According 
to Lemma A.6, {bw} is cohomologous to [bjbj') where bj and bw" have the 
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properties specified there. We have the usual homomorphisms 

wkp/Qp -> w0p/Qp -> z . 

We choose a w0 that maps to 1 6 Z and set b = bm. The previous lemma 
shows that the collection (4) is independent of the particular w0 chosen. 

The cocycle [bj] is not unique; it might be replaced by 

bw'xw(x~l)uw 

with x £ T(kp), uw G Di(kp). However x and uw are not arbitrary. The 
absolute value \\(uw)\ must be 1 for any rational character of Di, and the 
image of x in T/Di must lie in T/Di(lp). By Hilbert's Theorem 90, there is a 
v in T(lp) so that 

x = ^(mod Di(kp)). 

Let x = vz. Then 

bjxw(x~l)uw = bw
,(vw(v~1))(zw(z"1)uw). 

We apply Lemma A.7 to zw^{z~l)uWQ to conclude that the set (4) remains the 
same. To change the fundamental class {aPy(T} does not affect the class of 
{bw}, and hence does not affect (4). Finally Lemmas A.2, A.3, and A.7 show 
that it is not affected by the choice of T and kp. 

T has been so taken that its image in 7ad° is anisotropic. By the definition 
of a Frobenius pair there is therefore a positive rational number r so that 

|X(T)I = H^" v > 

for all rational characters of T. The element m is again a uniformizing param
eter of Qp and absolute values are taken in Qp. 

In addition to the group P (or H°) over 0 I introduced in [13] a group J° 
(or G°) over Qp. Its definition did not involve T, but it is easily seen that it is 
the connected group generated by T and the one-parameter root groups 
corresponding to roots a for which (a, vw) = 0. Consequently D\ lies not 
only in the centre of P but also in the centre of J° and the image of {a^j, or 
what is the same, of {bw} in /ad° or /a d° yield elements of Hl(Qp, /ad°) and of 
Hl(Qv, Jaa°) which can be used to twist P and J°, thereby obtaining new 
groups / and J. The twisting of P can in fact be extended to a global twisting, 
but that will not be discussed yet. 

Changing {aff} or {bw} within its cohomology class has the usual effect on 
J(QP) and on I(QP). If {bw} is replaced by xbww(x~l), then 

J(Qv)-+{xgx-i\x e /(Op)}. 

Since it is easy to keep track of such changes, I feel free to modify {bw} within 
its class, and indeed to replace {bw} by {&«/}, where {bj\ satisfies the con-

https://doi.org/10.4153/CJM-1979-102-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-102-1


ZETA-FUNCTIONS 1213 

ditions of Lemma A.6, for {bw") commutes with J(QP). T h u s 

AQ,) = k 6 J°(ï)\ba(g)b-i = g). 

I claim that 

J(Qv) = \g € G(f)|ô<r(g)6-1 = g). 

When proving this I may take b to be defined by the cocycle {bw
f\ con

structed in the proof of Lemma A.6. Choose kp, lp, and kv
f as in the proof of 

t ha t lemma with [kp : Op] = UP : O J = n. Then 

b<r(b) . . .an-l{b) = c = xvV \x\ < 1. 

I terat ing the relation 

g = ba{g)b-^ 

we obtain 

g = can(g)c-1 

and 
g = c-l<j-n(g)c, 

or, more generally 

g = Cm(Tmn(g)c-m 

and 
g = c-

ma-mn(g)cm 

for every positive integer m. We may choose a sequence ra* so tha t {o-min(g)} 
and {(7_miW(g)} converge. Then [c~migcmi\ and {cmigc_Wi} converge. Since G is 
a matr ix group, we see, by passing to a larger field with respect to which T 
can be diagonalized and taking the form of c into account, t ha t this is possible 
only if c commutes with g. Since the connected component of the centralizer 
of any positive power of c in G is J°, the centralizer of c in G is connected 
and equals J° [23]. 

Although the groups of this paper are simple enough tha t the existence of 
the global twisting of 1° demanded by the formalism of [13] is clear, it turns 
out nonetheless to be useful to say a few words about the construction of the 
cocycle defining this global twisting. 

Recall t ha t we star ted with a Car tan subgroup T of 1° defined over 0 such 
t ha t r a d , the image of T in / a d ° , is anisotropic a t oo and p. If /zv is the co-weight 
of r a d obtained by composing /xv with T —* T&û then the twisting a t p is given 
by the cocycle 

op = {âa} 

with 

à* = rir€©aP/Op) a*T,r ° 6 ®(kp/Qp). 
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We define a twisting cocycle a t oo in exactly the same fashion 

«oo = {âcr} 

with 

â* = rLe@(c/R) a7,r™V o- G ® ( C / R ) . 

We have changed the sign in the exponent bu t t h a t has no effect on the 

resul tant cohomology class. 

L E M M A A.8. If I is the group over R obtained by twisting P by aœJ then I&Û(R) 

is compact. 

Let ® ( C / R ) = {l,o-}. We may take the fundamental cocycle to be 

0-1,1 = Q>\%o = CL(Ttl — 1 tt<r,<r = L 

Then 

ai = i a9= (-iyv. 

Every root of T in P or in I is imaginary. All we mus t do is verify t h a t the 
roots of T in I are compact . Let (3 be a root of T in 7° and choose root vectors 
Xp, X_£ with 

where 

\(Hfi) = <X,/3V). 

Since a (13) = - 0 , 

a(Xp) = cX-0 <r(X-p) = dX^. 

I t is easily seen t ha t c must be real and t ha t cd = 1. Examining the two forms 
of SL(2) over R, one sees t ha t c > 0 if and only if j3 is compact . On the other 
hand /3 is compact if and only if (0, /xv) = 0. If (3 is not compact , then 
(jS, juv) = + 1 . When we twist by ap the new action on Xp is 

T h u s c is replaced by ( — l)^^v)c, and compact roots remain compact while 
non-compact roots become compact . 

T h e global twisting of I is by an element a of ^ ( Q , Taa) whose image in 
iiP(R> r a d ) is aœ , in IP(Qp! r a d ) is aP, and whose image in H^Qi, r a d ) , / ^ £, 
is trivial. I ts existence follows from s tandard results in Galois cohomology 
which we will now describe. W e first s ta te the appropr ia te lemma formally. 

LEMMA A.9. Let T be a torus over Q and juv a co-weight of T. Suppose T is 
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anisotropic at oo and p. Then 

«oo = | I l T€®(C/R) ÛCTT/I J 

IIr£©(A;p/Op) ^!"r j 

represent cohomology classes in Hl(R, T) and Hl(Qv, T) respectively. There is 
an element a in Hl(Q, T) whose local components are trivial everywhere except 
at GO and p where they equal aœ and aP. 

Let K be a finite Galois extension of 0 that splits T. Then 

T(K) = X*(T) 0 F 
T(AK) = X*(T) ® IK. 

If CK = IK/KX is the idèle-class group, set 

Tc = X*{T) ® CK. 

The exact sequence 

1 -> T(K) - T(AK) ^ T c ^ l 

leads to 

IP(®(K/Q)f T(K))->Hi(®(K/Q), T(AK)) - Hl(®(K/Q)9 Tc). 

Let ]S be the element of the middle group with component aœ at oo , ap at p, 
and 1 elsewhere. All we have to do is verify that its image in the final group is 
trivial. The middle group is 

®vIP(®(Kv/Qv),T(Kv)) 

and we must verify that the product of the images aœ, âp of aœ and av in 
Hl(®(K/Q), Tc) is trivial. 

The Tate-Nakayama isomorphisms are 

H<(®(K,/Qv),Xm(T)) ^H^(®(KV/Qv), T(KV)) 
and 

H*(®(K/Q), X*(T)) ~ H^(®(K/Q), Tc). 

There is a diagram 

H*(®(K,/Q.), X*(T)) ~ ^ ( © ( J S T . / Q , ) , r ( t f , ) ) 

! I 
H'(&(K/Q), X,(T)) ~ i J j + 2 (©(^ /0 ) , r c ) . 

The left vertical arrow is corestriction. The right vertical is the composition of 

iï>(®„ T(K,))c*H'(Qù, T(K ® 0 , ) ) - > H ' ( ® , r (A K ) ) -*#>(®, Tc) 

with j = t + 2, ®„ = ®(tf , /Q,) , ® = ®(K/Q). The place v of 0 has been 
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extended in some way, no matter which, to K. It can be verified without too 
much difficulty, although it is more than a mere formality, that the diagram 
is commutative. One examines the proof of the Tate-Nakayama theorems 
and recalls at the same time the relation between the local and the global 
fundamental classes. I forego the details, although I have no reference to 
furnish the reader. 

Suppose in particular that i = — 1. The corestriction takes the element of 
H-l(®{KJQv), X*(T)) represented by X with NmXWOvX = 0 to the element 
of H~l(ty(K/Q), X*(T)) represented by the same X. Therefore âœ corresponds 
to the element of H^i&iK/Q), X*(T)) represented by -JUV and av to the 
element represented by /xv, and âœ • âp is trivial. 
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