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We propose a methodology to infer collision operators from phase space data of plasma
dynamics. Our approach combines a differentiable kinetic simulator, whose core com-
ponent in this work is a differentiable Fokker–Planck solver, with a gradient-based
optimisation method to learn the collisional operators that best describe the phase
space dynamics. We test our method using data from two-dimensional particle-in-cell
simulations of spatially uniform thermal plasmas, and learn the collision operator that
captures the self-consistent electromagnetic interaction between finite-size charged par-
ticles over a wide variety of simulation parameters. We demonstrate that the learned
operators are more accurate than alternative estimates based on particle tracks, while
making no prior assumptions about the relevant time scales of the processes and signif-
icantly reducing memory requirements. We find that the retrieved operators, obtained
in the non-relativistic regime, are in excellent agreement with theoretical predictions
derived for electrostatic scenarios. Our results show that differentiable simulators offer
a powerful and computational efficient approach to infer novel operators for a wide range
of problems, such as electromagnetically dominated collisional dynamics and stochastic
wave–particle interactions.
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1. Introduction

Plasma physics has seen significant advances in the ability to simulate nonlinear
plasma dynamics from first principles. However, capturing the complex multi-scale
dynamics of plasmas, especially in non-equilibrium and strongly coupled regimes,
remains challenging (Kushner 2020). One such challenge is the development of
collisional operators that capture the macroscopic dynamics in regimes where ana-
lytical theory does not exist or is expected to fail, e.g. regimes where the collisional
dynamics are mediated by electromagnetic interactions (relativistic temperatures)
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(Braams & Karney 1987; Pike & Rose 2016) or when assumptions about the pre-
dominance of small-angle scattering events break down (strongly coupled regimes)
(Baalrud 2012; Baalrud & Daligault 2014). These regimes occur for example in
inertial confinement fusion experiments (Atzeni & Meyer-ter Vehn 2004), dense
astrophysical objects (e.g. white dwarfs, neutron stars, core of gas giants) (Chabrier,
Saumon & Potekhin 2006) and in dusty (Merlino & Goree 2004) and ultracold
(Killian et al. 2007) astrophysical and laboratory plasmas. It is therefore important
to design first-principles numerical simulations to probe deviations from the theory
and to extract improved models which can serve as the building blocks for future
theoretical developments.

For weakly coupled plasmas, where small-angle Coulomb collisions dominate the
dynamics, the Fokker–Planck (FP) collision operator is expected to provide a good
description of the collisional dynamics (Landau 1936; Rosenbluth, MacDonald &
Judd 1957). The operator can be written as (Rosenbluth et al. 1957)(

∂ f

∂t

)
F P

= −∇v · (A f ) + 1
2
∇v · [∇v · (D f )

]
, (1.1)

where v ∈R
N is the velocity vector in the N -dimensional phase space, f (v, t) :RN ×

R→R is the underlying spatially distribution function (for simplicity here we assume
that f does not depend on the position r), A(v, t) :RN ×R→R

N is the advection
(drift) vector and D(v, t) :RN ×R→R

N×N is the diffusion matrix.
The FP operator is often coupled with the Vlasov and Maxwell systems of equa-

tions to self-consistently model collisional transport and the kinetic evolution of
particle distribution functions in phase space (Bell et al. 2006; Tzoufras et al. 2011;
Thomas et al. 2012; Tzoufras et al. 2013; Bell & Sherlock 2024). Furthermore, it
has been shown that other stochastic acceleration processes mediated by turbulence
(and not collisional dynamics) can also be studied using this description (Wong et al.
2020, 2025; Camporeale et al. 2022).

Significant theoretical work has been made to determine the mathematical form
of the advection and diffusion coefficients that capture the dynamics of interest
(Rosenbluth et al. 1957; Braams & Karney 1987; Reynolds, Fried & Morales 1997).
Usually, these efforts result in collisional integrals, which can be costly to com-
pute and to treat analytically. When theory is not available, both numerical and
experimental tools have been used to estimate such coefficients, e.g. particle track
information from numerical simulations is commonly used to infer the coefficients
for a set-up of interest (Hockney 1971; Matsuda & Okuda 1975; Wong et al. 2020,
2025). While particle tracks provide all the required information to estimate the
coefficients, it is often unfeasible to store and post-process all the necessary data
for large-scale simulations and broad parameter scans. Furthermore, to accurately
estimate the coefficients (at run time) and, therefore, avoid storing the full tracks,
one needs to a priori have an estimate of all the acceleration (forces) time scales
involved (not only collisions). In particular, one must guarantee that the time step
over which velocity change statistics are computed fulfils the Markovian assumption
underpinning the FP equation.

In this work, we propose a general-purpose framework to learn collision operators
from phase space data (in this paper, obtained from kinetic numerical simula-
tions) by rewriting the problem as an optimisation task, which we tackle using a
differentiable kinetic simulator and gradient-based minimisation methods. The sim-
ulator evolves phase space distributions using a differentiable FP solver, where the
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advection and diffusion tensors are learned from data. By making use solely of
phase space data, we greatly reduce the memory requirements associated with stor-
ing particle tracks. Furthermore, the differentiable simulator allows us to extract
operators that accurately capture the long-term dynamics without prior knowledge
of the involved time scales. The technique is general and can be used with other
sets of phase space information, e.g. from experimental (Bergeson et al. 2025) or
observational (Camporeale et al. 2022) data, and the simulator can be extended to
include different collision operator forms, external fields or other options deemed
relevant for the problem under study.

As a first test case, we use these tools to extract the collision operator for an elec-
tromagnetic particle-in-cell (PIC) code (Birdsall & Langdon 2018), which evolves
the self-consistent fields of finite-size particles, and compare the results against the-
ory originally proposed by Langdon (1970) and Langdon & Birdsall (1970), and
against coefficients derived from particle tracks. This is a good test bench since the-
oretical predictions assume that a FP-type collision operator correctly captures the
self-consistent collisional dynamics of the PIC algorithm. We note that the collision
operator we aim to extract is not explicitly solved by the PIC algorithm, e.g. via
a Monte Carlo module (Takizuka & Abe 1977) or a grid-based Langevin operator
(Manheimer, Lampe & Joyce 1997). The learned operator is instead a consequence
of the self-consistent interactions between the finite-size particles and the generated
fields in a regime where small-angle scattering events are expected to dominate.

This paper is structured as follows. In §§ 1.1 and 1.2 we review the underpinning
theoretical and numerical results. In § 2 we describe the methods deployed in this
paper to learn collision operators. In § 3 we present the main results for the colli-
sion operator learned for plasmas of finite-size particles. Finally, in § 4 we state the
conclusions and describe directions for future work.

1.1. The PIC collision operator
The PIC algorithm (Birdsall & Langdon 2018) solves the Klimontovich equation

(Klimontovich 1967) for finite-size particles,1 coupled with the Maxwell system of
equations (or a subset) to self-consistently model the fields generated by the move-
ment of the particles and advance their position over time. Since particles have a
finite size, the electrostatic force between two particles is reduced at short distances
(comparable to the particle radius), which significantly reduces the short-range col-
lisional interactions compared with point-like particles; we note that the long-range
interactions are correctly captured. Hence, the effective Coulomb collision operator
for PIC-simulated plasmas is modified relative to that of real plasmas.

Theoretical work on the collision operator for plasmas composed of finite-size
particles was originally made by Langdon (1970), Langdon & Birdsall (1970) and
Okuda & Birdsall (1970). Langdon (1970) derived the first description of a FP colli-
sion operator for electrostatic PIC simulations, which includes the effect of aliasing
due to the finite grid size, discrete time step and shape function, among others. More
recently, Touati et al. (2022) thoroughly re-derived these results and extended the
description to include the effect of varying macroparticle weights.

Several numerical experiments were conducted to complement and verify some
predictions using electrostatic PIC codes. Hockney (1971) empirically studied
collisional relaxation rates and inferred a scaling law for two-dimensional (2-D)
thermalisation times for the nearest grid point (zeroth-order interpolation) and

1Also referred to as macroparticles or superparticles in the literature.
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cloud-in-cell (CIC, first-order interpolation) shape functions. Matsuda & Okuda
(1975) performed direct comparisons between the predicted advection for Gaussian-
shaped particles moving at v = vth = √

kB T/m (where kB is the Boltzmann constant,
T the species temperature, and m the species mass) and diffusion for particles at
rest v = 0 for both 2-D and 3-D simulations. They found that for ions the theoretical
predictions were accurate within a 20 % error, while for electrons the predictions
could deviate from the result up to a factor of 200 %. They also demonstrated that,
when imposing a strong external magnetic field, the collisionality of the simulated
plasma decreases significantly if the gyroradius is smaller than the particle size.
More recently, Gatsonis & Spirkin (2009) and Averkin & Gatsonis (2018) studied
deflection and slow-down times in 3-D PIC codes with unstructured Delaunay–
Voronoi grids, and Jubin et al. (2024) studied numerical relaxation rates for 2-D
low-temperature plasma set-ups using CIC shape functions while proposing mitiga-
tion strategies to reduce undesired thermalisation effects due to finite-size particle
collisions. Finally, Park, Moore & Baalrud (2025) complemented the work of Jubin
et al. (2024) by thoroughly exploring 1-D, 2-D and 3-D scenarios.

In this work, we extend these previous results by providing a thorough compari-
son between predicted and measured advection and diffusion coefficients for a broad
range of particle velocities (vx,y/vth ∈ [0, 5]) and simulation parameters (shape func-
tions, grid resolution, particles per cell, thermal velocity). Furthermore, we conduct
these tests for the first time using an electromagnetic PIC code (Fonseca et al. 2002).
We note that the theory of collisions in plasmas is based purely on electrostatic inter-
actions, so this work provides an important first step on possible modifications of
the collisional operators when including self-consistent electromagnetic interactions.
For all scenarios, we consider the 2-D version of OSIRIS (Fonseca et al. 2002) that
utilises a finite-difference time-domain (FDTD) Yee solver (Yee 1966), and a plasma
consisting of a single mobile electron species moving over a uniform neutralising ion
background.

Under these conditions, and when neglecting the effect of temporal and spa-
tial aliasing, the theoretical advection A(v) and diffusion D(v) operators for the
finite-size e–e collisions are given (in S.I. units) by (cf. derivation in Supplemental
Material S1)

A(v) = A(1)(v) + A(2)(v), (1.2)

A(1)(v) = − ωpvth

NDmac25/2π 3/2

∫
R2

dk̃
Sm

ρ (k̃)4∣∣∣ε(k̃ · ṽ, k̃)

∣∣∣2 k̃4
s

k̃s(k̃s · k̃)(k̃ · ṽ)

k̃3
e−(k̃·ṽ)2/2k̃2

, (1.3)

A(2)(v) = 1
2vth

∇ṽ · D(v), (1.4)

D(v) = ωpv
2
th

NDmac23/2π 3/2

∫
R2

dk̃
Sm

ρ (k̃)4∣∣∣ε(k̃ · ṽ, k̃)

∣∣∣2 k̃4
s

(k̃s ⊗ k̃s)

k̃
e−(k̃·ṽ)2/2k̃2

, (1.5)

where the pre-factor constants correspond to the electron plasma frequency ωp =√
nee2/ε0me (with ne being the electron number density, e the electron charge, ε0

the vacuum permittivity and me electron mass), and the number of macroparti-
cles per Debye square NDmac = nmacλ

2
D where λD = vth/ωp is the electron Debye

length and nmac = Nppc/(ΔxΔy) is the macroparticle number density (with Nppc

being the number of particles per cell and Δx,y the grid resolution). The integral
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is defined over R
2 and all vector quantities have two directions (e.g. ṽ = (ṽx , ṽy),

dk̃ = dk̃xdk̃y ,); ṽ = v/vth is the particle velocity normalised to the thermal veloc-
ity, k̃ = kλD is the wave vector normalised by the inverse of the electron Debye
length and k̃s = ksλD is a dimensionless vector associated with the FDTD field solver
used where ks = (kxsinc(kxΔx/2), kysinc(kyΔy/2)) with sinc(x) = sin(x)/x . Finally,
Sm

ρ (k̃) = sinc(k̃xΔx/2λD)m+1sinc(k̃yΔy/2λD)m+1 is the charge deposition shape func-
tion of order m, and ε the dielectric function defined as (cf. derivation in
Supplemental Material S1)

ε(k̃ · ṽ, k̃) = 1 − Sm
ρ (k̃)2(k̃s · k̃)

2k̃2
s k̃2

Z ′
(

k̃ · ṽ√
2k̃

)
, (1.6)

where Z ′(ξ) = π−1/2
∫
R

dt e−t2/(ξ − t)2 is the first derivative of the plasma dispersion
function (Fried & Conte 1961). A more in-depth discussion regarding the derivation
of the advection and diffusion coefficients (based on the more general form of the
PIC collision operator derived by Touati et al. (2022)) is provided in Supplementary
Material S1.

1.2. Related machine learning work
The machine learning community has proposed several approaches to learn-

ing operators that recover observed dynamical data (a type of inverse problem).
Common neural network (NN) based approaches include neural operators such as
deep operator networks (Lu, Jin & Karniadakis 2019) and Fourier neural opera-
tors (Li et al. 2020), among many others (Kovachki et al. 2023) designed to learn
mappings between function spaces. While these approaches are extremely flexible,
since the operator form is not hard constrained, they require substantial amounts of
training data to obtain an accurate general operator. Furthermore, the learned oper-
ator is, by construction, not interpretable. On the other hand, physics-informed NNs
(PINNs) (Raissi, Perdikaris & Karniadakis 2019) or discrete grid-based alternatives
(Karnakov, Litvinov & Koumoutsakos 2022), can also be used to extract operators
at a significantly reduced data cost. However, they require the underlying form of
the operator to be defined a priori, and the full solution of the differential equation
must also be learned during the fitting process. A middle ground between tradi-
tional numerical solvers and data-driven methods is found in universal differentiable
equations (UDEs) (Rackauckas et al. 2020), where learnable models (e.g. NNs) are
integrated within a prescribed differentiable simulator. Therefore, UDEs combine
the benefits of previous extensive research on traditional numerical solvers with the
flexibility of data-driven approaches. This is an important combination for problems
where we want to strongly enforce known physical biases and numerical constraints,
and are not interested in creating a surrogate model for the differential equation
solution (since the cost of integrating the dynamics with the simulator is not signifi-
cant). Our work belongs to this family of algorithms: we combine a differentiable FP
solver with learnable advection/diffusion operators. Interpretable symbolic regres-
sion methods can also be used for this task (Brunton, Proctor & Kutz 2016; Rudy
et al. 2017; Gurevich et al. 2024). However, to correctly recover the operator, its
expression must be a linear combination of the library of pre-defined terms. This is a
problem in situations where we do not have an intuition on what the underlying form
of the operator is, or how its coefficients should be parameterised, since there exist
infinite possible combinations of input variables that can be added to the library.

https://doi.org/10.1017/S0022377826101755 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377826101755
https://doi.org/10.1017/S0022377826101755
https://doi.org/10.1017/S0022377826101755


6 D.D. Carvalho, P.J. Bilbao, W.B. Mori, L.O. Silva and E.P. Alves

The majority of recent work at the intersection of machine learning and collision
operators for plasma physics simulations has focused on reducing the associated
computational cost of evaluating the collision operator using surrogate models. For
example, surrogate models were trained for the Landau–Fokker–Planck (Miller et al.
2021; Lee et al. 2023; Noh, Lee & Yoon 2025), Rosenbluth–Fokker–Planck (Chung
et al. 2023) and Boltzmann (Holloway, Wood & Alekseenko 2021; Xiao & Frank
2021, 2023; Miller et al. 2022; Lee et al. 2024, 2025) collision operators. Unlike
our work, the underlying simulation data used for training all these models were
explicitly solving the prescribed collision operator. The goal of these approaches
was to reduce the computational cost of evaluating the operator, not to inform the
discovery of a new model (the goal of the present work).

PINNs have also been extensively used to model equations that contain FP-
type operators. This includes works on the Vlasov–Fokker–Planck (Hwang et al.
2020), the Vlasov–Poisson–Fokker–Planck (Lee, Jang & Hwang 2021), the Landau–
Fokker–Planck (Chung et al. 2023) and the FP (Xu et al. 2020; Chen et al. 2021;
Zhai, Dobson & Li 2022; Zhang & Yuen 2022; Wang et al. 2025) equations.
Similarly, PINNs have been used to solve the Boltzmann equation for weakly ionised
plasmas (Kawaguchi & Murakami 2022; Zhong, Wu & Wang 2022), the simplified
Boltzmann-Bhatnagar-Gross-Krook equation (Lou, Meng & Karniadakis 2021; Li
et al. 2024; Oh et al. 2025) and relativistic FP equations describing the runaway elec-
tron dynamics in magnetic confinement fusion devices (McDevitt 2023; McDevitt
et al. 2025a,b).

We emphasise that, with the exception of Chen et al. (2021), all previous examples
focus on solving the equation of interest (a forward problem) using a prescribed
collision operator (with fixed, non-learnable coefficients) rather than on extracting a
new operator from the observed dynamics (an inverse problem), as we aim in this
paper. While Chen et al. (2021) proposed using PINNs to simultaneously address
the forward and inverse problems, the simulation data in that work were generated
by explicitly solving the equation with the learned collision operator, whereas in
our work the data are obtained from first-principles simulations, that capture the
electromagnetic interactions between particles self-consistently.

An exception to this line of research is the work of Camporeale et al. (2022),
who used PINNs to learn FP operators that capture the observed electron dynamics
in the Earth’s radiation belts. The underlying motivation and method are the same
as ours, with the exception that we use a differentiable simulator to integrate the
dynamics. We believe our approach to be more advantageous for our case study
since we can generate as much kinetic simulation data as required, and the differen-
tiable simulator allows us to quickly extract the collision operator without having to
train a PINN, as in Camporeale et al. (2022). Additionally, in this work, we high-
light the reason why the PINNs in Camporeale et al. (2022) do not find a unique
solution to the advection/diffusion operators and propose an approach to mitigate
this problem.

Another very promising related work is that of Zhao & Lei (2025) and Zhao
et al. (2025), which recently proposed an approach to learn collision operators from
molecular dynamics (MD) data. Similarly to our work, they infer a collision oper-
ator from kinetic data, with the operator written in its integral formulation. They
demonstrate the capability of this formulation to accurately capture the results of
MD simulations for both strongly coupled and weakly correlated plasmas initially
outside thermal equilibrium. Unlike our approach here, they still use particle tracks
during training while we learn directly from phase space data. Our approach, as
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previously explained, is more efficient in terms of storage requirements and can be
more easily generalisable to other datasets. Furthermore, while their approach min-
imises the prediction error over one time step, ours optimises for long-term stability
since we use a differentiable simulator to integrate the dynamics over multiple time
steps. Lastly, while the formulation of the operator proposed in Zhao et al. (2025) is
tuned specifically for collisional dynamics, the FP description proposed in this work
is applicable to other processes.

Differentiable simulators have been previously used in plasma physics to tackle dis-
tinct problems. Examples include the discovery of long-lived plasma wave packets
(Joglekar & Thomas 2022), learning a fluid closure for nonlinear Landau damping
(Joglekar & Thomas 2023), mitigating laser–plasma instabilities (Joglekar 2024) and
simulating the kinetic dynamics of a 1-D plasma with arbitrary degrees of collision-
ality (Carvalho, Ferreira & Silva 2024). While it can be argued that a collisional
operator was being learned in Carvalho et al. (2024), the main motivation of the
work was reducing the run time of the simulator. Furthermore, the graph NN model
used only captures collisions between a reduced number of neighbouring electrons
and does not provide an interpretable description as presented in this work.

2. Methods

Our aim is to extract advection and diffusion operators that are capable of repro-
ducing the collisional dynamics of a plasma composed of finite-size particles. Based
on the generated simulated data, we will use two different methods to estimate
the coefficients. The first method makes use of particle tracks and is the standard
approach from previous literature (Hockney 1971; Matsuda & Okuda 1975). The
second is the novel contribution of the work, and consists of using only the distri-
bution function (phase space) evolution of subpopulations to estimate the operator
using a differentiable simulator framework. We will examine the benefits/tradeoffs
between the two approaches later in this work.

2.1. Particle-in-cell simulations
Throughout this work, we perform 2-D simulations using the electromagnetic PIC

code OSIRIS (Fonseca et al. 2002). We consider a single mobile electron species
moving over a fixed uniform ion background inside a periodic box. In these simu-
lations, only electron–electron collisions are captured. The initial electron velocities
are sampled from a thermal distribution with zero net velocity and standard devia-
tion vth in all directions, and the simulation window is set to 103λD × 103λD. For all
scenarios, we use a charge-conserving current deposition scheme (Esirkepov 2001), a
second-order FDTD electromagnetic field solver (Yee 1966) and the standard Boris
pusher (Boris & Shanny 1972) to advance particle momenta and position.

To generate a dataset of simulations with different advection and diffusion oper-
ators, we vary four parameters: the number of particles per cell (Nppc), the current
deposition shape function (Sm

J , where m is the interpolation order), the ratio of
the grid-resolution over the electron Debye length (Δx/λD = Δy/λD) and the
electron thermal velocity (vth/c). In total, we performed approximately 100 simu-
lations corresponding to different parameter combinations and preserved a subset
of approximately 75 simulations for which no significant PIC heating was observed.2

2We preserved all simulations for which the total energy variation ratio threshold �E/E < 10−2 was not
exceeded. We discarded simulations above this threshold because in this work we are only focusing on learning FP
operators that do not change over time.
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The detailed list of simulation parameters used and the heating tests performed is
provided in Supplementary Material S2.

For each simulation, we stored the raw data of all macroparticles (approxi-
mately 106−107 macroparticles depending on the numerical parameters, we store
both their position and momenta) at equally spaced time intervals to collect a
minimum of 100 snapshots over the full simulation. This information is used to con-
struct the phase space information of different subpopulations in post-processing, as
described in Supplementary Material S3. We note that we only store the data of all
macroparticles to be able to compare the operators recovered from the two meth-
ods: from macroparticle particle tracks (i.e. macroparticle position and momenta
history), and from the phase space evolution of subpopulations. In future works,
this memory-intensive step will not be required.

2.2. Advection–diffusion coefficients from particle tracks
The advection and diffusion coefficients for particles moving at a specific velocity

v can be estimated by tracking the rate of the average velocity drift and spread over
time

Ai(v) = 〈�vi〉v

�t
, (2.1)

Di j(v) = 〈�vi�v j〉v

�t
, (2.2)

where �vi = vi(t0 + �t) − vi(t0) corresponds to the change in the velocity along the
i -axis of a macroparticle with v(t0) = v over a time interval �t , and 〈·〉v corresponds
to an average over all macroparticles with the selected initial velocity.

In practice, we relax the above condition to consider a finite region of phase
space over which the average is computed (figure 1). In this work, we divide the
V : [−5, 5]vth × [−5, 5]vth phase space into equal-sized bins resulting in a Nv × Nv

grid with Nv = 51. To increase the statistics, we divide the simulation into contigu-
ous, equally sized time intervals so that the average is computed across particles
trajectories starting at the desired region of phase space at the beginning of any of
the time intervals (t0 = {k�t : k ∈ {0, 1, . . . , tmax/�t}}). Equations (2.1) and (2.2) are
then rewritten as

Ai(vbin) = 〈�vi〉v(t0)∈vbin

�t
, (2.3)

Di j(vbin) = 〈�vi�v j〉v(t0)∈vbin

�t
, (2.4)

where vbin represents all velocities within the phase space bin and 〈·〉v(t0)∈vbin corre-
sponds to an average over all macroparticle trajectories starting inside the bin at the
beginning of any time interval.

The time interval over which statistics are computed affects the retrieved values
of the advection–diffusion coefficients. If �t is too small, the particle trajectories
are correlated, and the Markovian assumption underlying the FP derivation breaks
down. If �t is too large, the evolution of 〈�vi〉 and 〈�vi�v j〉 stops being linear
(see figure 1). Note that these time scales are simulation dependent since they are
defined by the collisional time scales (which we want to infer) and collective plasma
processes. To tackle this problem, we then devised and automatised process where,
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(a) (b) 

D

(a) (b)

A

FIGURE 1. Illustration of how advection and diffusion coefficients can be inferred from 2-D
particle tracks. (a) By following a group of particles with similar initial velocities over time,
we observe that advection leads to an average velocity drift (〈�vi 〉), while diffusion leads to an
increased spread of the distribution (〈�vi�v j 〉). Drift is visible by noting that the average par-
ticle velocity (red line) is changing when compared with the initial velocity (dashed black line).
Diffusion is clearly illustrated by the increased distribution spread (highlighted via the phase
space histograms). (b) In practice, the advection–diffusion values are estimated by measuring
the rate of change of 〈�vi 〉 and 〈�vi�v j 〉 with respect to a period of time where the evolution is
linear. To obtain an accurate estimate of the coefficients it is crucial that statistics are computed
during the linear evolution phase.

for each simulation: (i) we compute the coefficients using different values of �t ; (ii)
for each value of �t , we evaluate the corresponding advection–diffusion coefficients
accuracy in reproducing the phase space dynamics of different subpopulations of
particles; and (iii) we pick the best performing coefficients to compare against the
machine learning based approaches. A broader discussion on the consequences of
estimating the advection–diffusion coefficients with this technique, is provided in
Supplementary Material S4.

2.3. Advection–diffusion coefficients from phase space evolution
Determining the advection and diffusion operators that describe the phase space

dynamics can be written as an optimisation task

min
A,D

∑
u

L( f̂ (t+u)
(
A, D, f (t)

)
, f (t+u)

)
, (2.5)

where f (t+u) ∈R
Nv ×R

Nv corresponds to the true distribution function at time step
t + u, f̂ (t+u) ∈R

Nv ×R
Nv the predicted distribution function when evolving the phase

space dynamics of f (t) over u time steps using the estimated A, D operators and L
is an error (loss) function computed over the full phase space (e.g. mean absolute
error).

For a given single ‘trajectory’ of f , this is an ill-posed inverse problem, since there
is a family of solutions that results in equivalent dynamics for a given initial distri-
bution function. This is caused by the presence of velocity space gradients in (1.1),
which allows perturbations to the advection/diffusion coefficients to cancel each
other (cf. discussion in Supplementary Material S5). This non-uniqueness issue had
been observed, e.g. in previous work by Camporeale et al. (2022), where PINNs
initialised with different random seeds recover significantly different advection–
diffusion operators that describe the phase space dynamics with similar levels of
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accuracy. Furthermore, to determine the coefficients in a particular region of phase
space, it is necessary to have access to data in that region, i.e. ∂ f/∂t 	= 0 at some
time step.3

To address these two challenges, we propose to employ the phase space evolution
of different subpopulations. Ideally, these subpopulations are sampled at initialisa-
tion and cover different regions of the phase space. Furthermore, since we want
operators that are stable in the long-term prediction of the dynamics, we optimise
for the evolution of the distribution function over multiple time steps; this is a com-
mon strategy known as temporal unrolling (see e.g. Brandstetter, Worrall & Welling
2022; List et al. 2025). Both these strategies serve the same underlying purpose: to
generate data that can constrain the space of possible solutions. The optimisation
task is then rewritten as

min
A,D

Ns∑
s

Nt −Nu∑
t

Nu∑
u

L( f̂ (t+u)
s

(
A, D, f (t)

s

)− f (t+u)
s

)
, (2.6)

where fs corresponds to the distribution function of subpopulation s, and we make
explicit the sum over Ns subpopulations, Nt simulation time steps and Nu time steps
into the future for which we generate a prediction f̂ (t+u); we are softly enforcing the
physics via the loss function, similarly to PINNs or equivalent algorithms, with the
difference that these methods minimise the theoretical partial differential equation
(PDE) residual evaluated on the predicted solution at predefined spatio-temporal
positions while here we are minimising the error between PDE trajectories.

We solve the optimisation task using a differentiable simulator coupled with a
gradient-based optimisation method (figure 2). We implement the full differentiable
simulator and its core 2-D FP solver in PyTorch (Ansel et al. 2024), which we use
to compute the forward dynamics of different subpopulations, and we use the Adam
optimiser (Kingma 2014) to update the advection and diffusion operators such that
the difference between the predicted and real distribution function evolutions is
minimised. To facilitate experiment tracking and performance comparisons over a
large range of training and test set-ups we make use of MLflow (Zaharia et al. 2018).

Using this methodology, the advection and diffusion operators can be param-
eterised using a discrete or continuous function. The discrete case is equivalent
to computing coefficients from particle tracks (2.2), i.e. we discretise the opera-
tors over a fixed grid Ai ∈R

Nv×Nv and Di j ∈R
Nv×Nv . A continuous operator can be

obtained by instead using a smooth function approximation. In our case, we use
NN models, i.e. Ai(v) = NNAi (v) and Di j(v) = NNDi j (v). Furthermore, a contin-
uous description allows us to extract more general operators that might depend
on other system parameters, since these can be provided as inputs to the NN.
In our case study, these will correspond to numerical simulation parameters, e.g.
Ai(v) = NNAi (v, Nppc, Δx/λD, m, vth/c). For other cases, it might be more relevant
to include meaningful physical parameters or even the simulation time itself if the
coefficients are expected to change over time.

It is possible to guarantee known constraints in the advection and diffusion opera-
tors, for both the discrete and continuous cases, by enforcing known symmetries. We
will elaborate further on this topic when comparing the performance of the different
approaches in later sections of the manuscript. More details about the symme-
tries and the overall FP solver implementation are also provided in Supplementary
Material S6.

3For a thermal distribution, ∂ f/∂t ≈ 0 everywhere, so no dynamics are observed in phase space.
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FIGURE 2. (a) Illustration of how advection and diffusion coefficients are inferred from the
2-D phase space evolution of Ns subpopulations using a differentiable FP solver. The evolution
of the phase space and the changes in the operator are exaggerated for visualisation purposes.
(b) Using the FP solver and the current operator state, we advance the phase space over Nu
time steps and compare against the PIC results via a scalar error metric L. This operation is
performed over all training subpopulations s ∈ [1, Ns] and initial time steps t ∈ [0, Nt − Nu].
(c) We then update the operator using the gradient-based optimiser Adam (Kingma 2014), to
minimise the unrolled error across all subpopulations and time steps. The two operations are
performed sequentially in a loop until the results have converged.

3. Results

We now evaluate the performance of the advection and diffusion operators
extracted using different methods. They are named accordingly: Tracks – com-
puted using particle tracks; PS-Tensor – computed using the phase space evolution
and a discrete operator description; PS-NN – computed using phase space evolu-
tion and a continuous operator parameterised by a NN; PS-NN-Multi – similar to
PS-NN but in this case we trained a single NN model on multiple simulations at
once (i.e. predicted coefficients are conditioned on simulation parameters, Ai(v) =
NNAi (v, Nppc, Δx/λD, m, vth/c) and Di j(v) = NNDi j (v, Nppc, Δx/λD, m, vth/c) with
simulation parameters pre-processed as detailed in Supplementary Material S6).
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FIGURE 3. Advection and diffusion coefficients retrieved with different approaches for simula-
tion index = 0 (Nppc = 4, m = 1, Δx/λD = 1, vth = 0.01c). Track operator is computed from
statistics over all macroparticles, PS operators are computed from the phase space evolution
of 9 subpopulations using a differentiable FP solver and a discrete (PS-Tensor) or continuous
(PS-NN, PS-NN-Multi) approximator. Note that all these operators perform similarly when
predicting the phase space evolution of most tested subpopulations. More examples for other
simulation parameters are provided in Supplementary Material S8.

The NN models used to parameterise the advection and diffusion operators
(NNAi (.), NNDi j (.)) are all multi-layer perceptrons with leaky rectified linear unit
(Leaky ReLU) activation functions after each hidden layer. For the PS-NN method,
we use 2 hidden layers, while for PS-NN-Multi we use 3 hidden layers. All hidden
layers have 128 neurons. Further details on the optimisation loop (e.g. curriculum,
learning rates, duration) can be found in Supplementary Material S7. For refer-
ence, extracting the operator from one simulation takes 5–10 min on a single Nvidia
Titan X GPU using the default optimisation strategy without resorting to PyTorch
Just-in-Time compilation capabilities.

To assess the generalisation potential of operators recovered from the phase
space dynamics, we will make use of two distinct sets of populations: Train – 9
subpopulations (sampled from a normal distribution at different regions in phase
space); Test – 19 subpopulations (distinct normal distributions, rings, quadrants,
etc.). Illustrations of the different subpopulations are provided in figures S1 to S4 in
Supplementary Material S3.

3.1. Example for a single simulation
To illustrate the overall aspect of the PIC collision operators recovered by the

different methods, we start by analysing the results for a single simulation, simu-
lation index = 0 (Nppc = 4, m = 1, Δx/λD = 1, vth = 0.01c), which provides a good
representation of the standard behaviour in our simulation dataset.

In figure 3, we show the operators retrieved using the different methods. Overall,
we observe the expected behaviour. Advection Ai is positive for vi < 0 and negative
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for vi > 0, revealing a drag that forces particles to vi = 0. Diagonal diffusion terms
Di i are greater or equal to zero everywhere (otherwise the system would be unstable),
and slower particles diffuse faster. Finally, we observe a correlation between diffu-
sion along the x and y axes (Dxy 	= 0) for particles moving at an angle. The higher
the velocity and the closer the angle is to 45◦, the higher the cross diffusion term.

The operator obtained from particle tracks (Tracks) is smooth except for regions
where statistics are poor (high v). This leads, in fact, to numerical instabilities if the
operator is used as is during the time integration. To tackle this issue, we always use
a smaller time step when later integrating the dynamics with these operators (we use
�t = �tdump/10 where �tdump is the phase space diagnostic period, with a broader
discussion on other considered alternatives provided in Supplementary Material S6).

When we consider a discrete operator learned from the phase space dynamics
(PS-Tensor), values are only defined within the phase space region where data were
available during training. The retrieved advection–diffusion values are similar to
the ones estimated from tracks, however, the overall behaviour is noisier. Unlike
for operators learned from tracks, the noise level does not cause the integrator to
become unstable. This is one benefit of learning the operator with the integrator in
the loop.

Regarding the NN-based models (PS-NN, PS-NN-Multi), since they are contin-
uous operators, they can extrapolate outside the training data region and bias the
solutions to be smooth. However, for high v values, we can still clearly see the
presence of artefacts (e.g. Ay is not zero at vy = 0 and vx � 5vth). Furthermore,
while PS-NN seems to be able to capture more accurately the overall form of the
operator (if we consider the Tracks operator as the correct reference), the operator
trained on multiple simulations (PS-NN-Multi) seems to lack expressiveness on its
diffusion term (Di i values do not significantly decrease at high v and Di j terms are
not visible). We conjecture this happens due to the limited size of the latter NN
model, whose expressivity could be increased by training on larger amounts of sim-
ulation data while increasing its size. Another option, which will be explored in later
sub-sections, is enforcing further symmetries to facilitate the learning procedure.

To illustrate the capabilities of the previous operators to predict the long-term
phase space dynamics, we show in figure 4 the relaxation of a ring subpopulation
(part of the test set). The top panels showcase the dynamics retrieved from the PIC
simulation. The bottom panels show the integration of the dynamics using the oper-
ators from figure 3 and the respective prediction error. The errors, per phase space
bin, are below 5 % of the maximum distribution function value for the corresponding
time step. Random distribution of errors at later times for PS-Tensor/PS-NN can
be attributed to the granularity of the original distribution function due to the finite
particle number. Systematic errors at later times for Tracks/PS-NN-Multi seem to
indicate a slight underestimation of advection. Nonetheless, all models behave fairly
well despite their different forms. In the following sub-section, we will show that
this conclusion holds across many simulations and subpopulations using more sys-
tematic tests. Finally, additional examples of collision operators retrieved for other
simulation parameters and the predicted evolution of different subpopulations are
provided in Supplementary Material S8.

3.2. Long-term accuracy of different methods
To systematically measure the long-term accuracy of the operators retrieved using

different methods, and for each subpopulation, we take the phase space at the initial
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FIGURE 4. Phase space evolution for a ring subpopulation using operators recovered in figure 3.
This subpopulation was not used during the training of PS-Tensor, PS-NN and PS-NN-Multi
models. The top row corresponds to the observed dynamics in the PIC simulation ( f (t)). The
remaining rows represent the predicted phase space evolution on the left ( f̂ (t) for vx/vth ∈
[−5, 0]) and the difference to the PIC data on the right ( f̂ (t) − f (t) for vx/vth ∈ [0, 5]). Values
are normalised to the peak of the PIC distribution function at time t ( f (t)

max ). All operators
approximate the dynamics relatively well, and overall, the random distribution of errors can be
attributed to the granularity of the original distribution function. However, both Tracks and PS-
NN-Multi seem to systematically slightly underestimate advection (central blue error region and
outer red halo). Examples for other subpopulations are provided in Supplementary Material S8.

time step and use the FP solver to evolve it until the end of the simulation (Nt ≈ 100)
by applying the extracted operator. We refer to this process of simulating the phase
space dynamics of an initial subpopulation from t = 0 to t = tmax = Nt�t as per-
forming a simulation rollout. For the operators retrieved using the differentiable
simulator we use the same time step as the phase space diagnostic (�t = �tdump)
when integrating the dynamics over time. For operators obtained from particle
tracks we reduce the integrator time step (�t = �tdump/10) to avoid numerical
instabilities caused by the noisy estimates of the coefficients at high v.

As an accuracy metric, we define the phase space mean absolute error (MAE)
averaged over a simulation rollout (MAE-Rollout) as

MAE-Rollout = 1
Nt

Nt∑
t

∣∣∣ f̂ (t)
(
A, D, f (0)

)− f (t)
∣∣∣ , (3.1)
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FIGURE 5. Distribution of rollout errors for advection and diffusion models obtained from
particle tracks (Tracks) or phase space evolution of subpopulations (PS-Tensor, PS-NN, PS-
NN-Multi). Boxplots represent statistics over the full dataset of PIC simulations (see table S1
for more details) averaged over initial subpopulations (Train – 9 subpopulations; Test – 19 sub-
populations, more information in Supplementary Material S3). The mean error is shown with a
dashed line, the median with a full line. The filled area corresponds to values between the first
and third quartiles (Q1 and Q3). Whiskers represent the lowest values up to Q1 − 1.5(Q3 − Q1)
and Q3 + 1.5(Q3 − Q1). Dots represent values outside this range. The performance of the
different methods is, on average, equivalent on the test data. These results demonstrate that esti-
mating the operators from phase space information using a differentiable simulator is a viable
alternative approach to particle tracks.

where the sum over phase space dimensions is implicit. Since by definition
‖ f (t)‖1 = 1 the MAE-Rollout value can be interpreted as the average relative error
over all time steps (e.g. MAE-Rollout = 0.03 implies that on average, we have a 3 %
error across all time steps).

The statistics obtained over the full dataset of simulations for training and test
subpopulations are shown in figure 5. We observe that methods based on the
differentiable simulator perform on average better than the values estimated from
the statistics on both the train and test subpopulations. Furthermore, PS-NN models
trained on a single simulation seem to be more resilient to outliers than the alterna-
tive approaches. We attribute this to the enforcement of smooth coefficient values in
regions where there is little statistics available, i.e. higher v. In fact, subpopulations
that contain a larger number of particles at high v, which are mostly present in the
test set and not the train set, are the reason why the error is slightly higher for test
scenarios (even for operators extracted from particle tracks). We elaborate further
on this topic in Supplementary Material S9.1.

Regarding the outliers, they are consistently associated with the same simula-
tions, where a smaller number of macroparticles was used. This makes it harder
both for the statistical method and the subpopulation approach to correctly cap-
ture the dynamics in the full phase space since there is a lack of statistics at high
v. A more detailed analysis of these results is provided in Supplementary Material
S9.2.

3.3. Impact of temporal unrolling during training
To justify a differentiable simulator approach to optimise the coefficients over

longer prediction times, we compare, in figure 6, the rollout error of operators
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FIGURE 6. Impact of maximum temporal unroll length during training (N max
u ) on the long-

term rollout error of different models. Rollout length is Nt ≈ 100 across the full dataset of
subpopulations and simulations. Larger temporal unrolling at train time consistently leads to
improved rollout performance across all models, showcasing the importance of optimising the
operators for long-term prediction.

extracted using different maximum training temporal unroll lengths N max
u . It is clear

that increasing the rollout duration during training significantly improves long-term
performance across all models. We expect the optimal value of this rollout length
to be problem-dependent, for instance, with respect to the noise/smoothness of the
dynamics, relative time scales between the collisional dynamics and other processes,
as well as the phase space diagnostic frequency. Future works should tune the rollout
length to maximise long-term accuracy, bearing in mind that increasing this length
leads to significant increases in training memory requirements and duration. In our
case, we did not find meaningful improvements when using N max

u > 10 and this is
why we set this chosen maximum value.

To visualise the impact of the training temporal unrolling in the final operator
extracted, we showcase an example for a PS-Tensor model in figure 7. Increasing
the temporal interval not only promotes smoother solutions but also allows us to
capture the correct values for a larger range of the phase space. The impact is
not as visually clear in NN-based models, for which we provide some examples in
Supplementary Material S10, but the results in figure 6 demonstrate that indeed the
operators are being meaningfully modified.
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FIGURE 7. Illustration of the impact of maximum training temporal unroll length on PS-
Tensor models. The example shown corresponds to simulation index = 0 (Nppc = 4, m = 1,
Δx/λD = 1, vth = 0.01c). It is clear that increasing N max

u leads to a smoother operator defined
over a larger region of the phase space while also significantly changing the average advection
and diffusion values in regions of v ≈ 0.

3.4. Enforcing known symmetries
Given known physical priors, such as symmetries, it is possible to enforce these

into the learned advection–diffusion models. This is a common strategy in the
physics-inspired machine learning literature which is particularly useful when han-
dling inverse problems in the presence of sparse noisy data, such as the case under
study in this work.

To test the impact of imposing such symmetries, we define a hierarchy of increas-
ingly more restrictive models: AD – no symmetries imposed (same as before);
ADT – enforces x/y coefficients to be equivalent (i.e. Ay(vx , vy) = Ax(vy, vx) and
Dyy(vx , vy) = Dxx(vy, vx)); ADSym – extends ADT to include (anti-)symmetry along
vx = 0 (i.e. Ax(vx , vy) = −Ax(−vx , vy), Dxx(vx , vy) = Dxx(−vx , vy) and Dxy(vx , vy) =
−Dxy(−vx , vy); AD‖,⊥ – considers only parallel and perpendicular coefficients (i.e.
A‖(v), D‖(v) and D⊥(v) which are projected to obtain Ai and Di j ). Further details
on the implementation of these models are provided in Supplementary Material S6.

The rollout performance of the different symmetries is shown in figure 8. The
impact on the training subpopulations is not significant. In fact, a slight increase in
average error is observed for PS-Tensor and PS-NN models, while for PS-NN-Multi,
we observe a slight decrease. On the other hand, it is clear that imposing symmetries
leads to an improvement in performance for test subpopulations. We attribute this
improvement to a more accurate estimate of the coefficients at larger values of
v since the symmetries remove significant degrees of freedom, which artificially
increases the statistics for estimating the coefficients in a given region of phase space.
This leads to overall smoother operators. Notably, PS-Tensor (discrete) models end
up performing slightly better than NN (continuous) models, which strengthens the
argument that the smoothing bias imposed by the NN is no longer as important.
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FIGURE 8. Impact of enforcing increasingly stricter symmetries on the rollout error. Introducing
symmetries can lead to a slight increase in training error (removing some possible overfit), but
consistently reduces the average test error and mitigates the appearance of outliers.

To illustrate these points, we provide in figure 9 the impact of symmetries in
a PS-Tensor operator. It is clear that, as we enforce stronger symmetries, a larger
region of phase space is covered and smoother descriptions are recovered. However,
due to the very limited train statistics at high v, artefacts (even if smooth) are still
present (the thicker high advection regions and a small zero diffusion halo at high v).
For NN-based approaches, we do not observe differences as striking as these when
imposing more symmetries. However, it is still clear that symmetries improve results
at high v, and PS-NN-Multi models can better capture the overall form of the
operator. Additional examples are provided in Supplementary Material S11.

The results shown in this subsection clearly highlight the benefits of enforcing
known symmetries (which are problem dependent) for the task of retrieving colli-
sional operators from sparse noisy phase space data. Enforcing stronger symmetries
allows for the recovery of operators with less numerical artefacts and improves the
operator generalisation to unseen dynamics.

3.5. Comparisons against theory
Finally, we compare the retrieved operators against theoretical predictions. To

compute the theoretical curves, we numerically evaluate A, D directly from (1.2)
and (1.5). The derivative of the plasma dispersion function in (1.6) is evaluated
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FIGURE 9. Impact of enforcing symmetries into Tensor models. Example shown corresponds
to simulation index = 0 (Nppc = 4, m = 1, Δx/λD = 1, vth = 0.01c). Enforcing symmetries
allows us to recover smoother and more accurate coefficients for a larger phase space region.
Artefacts are nonetheless present at high v regions since very limited statistics are available at
train time.

using the implementation available in PlasmaPy (PlasmaPy Community et al. 2026).
For all scenarios we consider that the test macroparticle moves with velocity v = v êx

(we do not observe any meaningful difference when setting the velocity at a different
angle) such that Ax(v) = A‖(v), Ay(v) = A⊥(v) = 0, Dxx(v) = D‖(v), Dyy(v) = D⊥(v),
Dxy(v) = 0.

A comparison of the theoretical curves against the results obtained from particle
tracks and PS-Tensor for simulations with Nppc = 25 and vth = 0.01c is provided in
figure 10. We show only the region up to v/vth = 4 since estimates beyond this value
are not meaningful due to lack of statistics. Additionally, the PS-NN results are not
included solely for readability purposes since they are equivalent to the PS-Tensor
case.

Overall, we observe an excellent agreement between the theoretical predictions
and the estimated values across different grid resolutions and shape functions.
Differences are only visible for A‖ when v/vth > 3, a region where tracks measure-
ments are also noisier and PS-Tensor shows some numerical artefacts at high v (see
e.g. figure 9). Regarding both D‖ and D⊥, much better agreements are observed
across all values of v.

The theoretical estimates in (1.2) and (1.5) state that the coefficients should be
inversely proportional to NDmac = Nppc(Δx/λD)−2. To verify this scaling, we plot in
figure 11 the advection and diffusion coefficients with respect to Nppc for varied
grid resolutions, while fixing m = 2 and vth = 0.01c (for readability purposes since
the conclusions are equivalent for other tested values). We provide the results for
both PS-Tensor and PS-NN models to showcase slight differences in behaviour at
high v. We do not make use of Tracks since the coefficients do not reproduce
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FIGURE 10. Comparison between theoretical values for advection/diffusion coefficients and
those obtained from particle tracks and the PS-Tensor method for different shape functions and
grid resolutions. All simulations shown use Nppc = 25 and vth = 0.01c. There is overall an
excellent agreement with theory, particularly up to v/vth = 3. PS-Tensor is expected to not cor-
rectly capture well values above this threshold since training data did not contain significant
statistics. Particle tracks measurements are also noisier after this value similarly due to lack of
statistics.
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FIGURE 11. Comparison between AD‖⊥ operators for PS-Tensor and PS-NN models in function
of the number of particles per cell. Curves are shown for m = 2, vth = 0.01c and varied grid
resolutions. We observe that the advection and diffusion coefficients are inversely proportional
to NDmac as predicted by the theory (Langdon 1970; Langdon & Birdsall 1970; Touati et al.
2022).

the phase space dynamics of subpopulations with the same level of accuracy at
smaller values of Nppc (cf. figure S14 in the Supplemental Material). It is clear that
for smaller values of v/vth < 2.5, both models recover the expected dependency,
i.e. there exists no visible difference between the normalised curves. For v/vth >
2.5 the conclusions are model-dependent. For PS-NN, the expected scaling is still
observed, for PS-Tensor, we obtain slightly lower coefficients for lower Nppc. We
attribute the difference in behaviour to the lack of statistics at high v and lower
Nppc, which makes the coefficient retrieval less accurate. While the PS-NN tends to
extrapolate using a smoother estimate, the PS-Tensor model is more prone to noisy
estimates.

Finally, in figure 12, we plot the advection and diffusion coefficients with
respect to vth for varied grid resolutions, while fixing Nppc = 25 and m = 2. Once
again, we recover the dependency predicted by theory, i.e. A‖ ∝ vth and D‖,⊥ ∝
v2

th. This indicates that at these temperatures, electromagnetic interactions do not
play a significant role in collisional dynamics since the collision operator is not
modified.

These results allow us to demonstrate not only the accuracy of the existing theory,
and its applicability to electromagnetic PIC simulations, but also the validity of the
proposed approach to learn collision operators from phase space data. As far as we
know, this is also the first time that such an in-depth verification of the theoretical
PIC collision operator has been performed. This comparison also highlights that the
methods proposed here can be used in physical regimes where analytical or closed-
form expressions for A and D are not available or can not easily be determined. This
will be explored in future publications.
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FIGURE 12. Comparison between AD‖⊥ operators for PS-Tensor and PS-NN models in function
of vth . Curves are shown for Nppc = 25, m = 2 and varied grid resolutions. We observe that
advection is proportional to vth and diffusion is proportional to v2

th as predicted by the theory
(Langdon 1970; Langdon & Birdsall 1970; Touati et al. 2022).

4. Conclusions

In this paper we proposed a methodology which combines a differentiable sim-
ulator with gradient based optimisation methods to learn FP collision operators
from self-consistent PIC simulation data. We demonstrated that our method can
efficiently learn an optimal operator based on phase space dynamics of subpopula-
tions of particles across a wide range of simulations. The learned operators are on
average more accurate than those estimated from particle tracks since they are opti-
mised to predict the long-term phase space dynamics, and the method does not make
assumptions about the relevant time scales of different plasma processes. We have
also shown that the recovered operators are in excellent agreement with the theoret-
ical PIC collisional operator for a wide variety of numerical simulation parameters,
further validating the theory and the proposed machine learning approach.

This work is a proof of principle, where we learn a collision operator which
captures the self-consistent collisional dynamics of thermal plasmas composed of
finite-size particles. The same approach can be used to learn collisional operators
from self-consistent point-like particle dynamics, e.g. using MD simulations (Zhao
& Lei 2025; Zhao et al. 2025) or PIC simulations which resolve the inter-particle
distance (Decker et al. 1994; Acciarri et al. 2024). These data-driven operators could
then be integrated into Vlasov simulators (Thomas et al. 2012) or collisional modules
in PIC codes (Takizuka & Abe 1977; Manheimer et al. 1997), to statistically repro-
duce the collisional effects without the need to self-consistently resolve the collisions.
Furthermore, we note that, in turbulent collisionless systems, the evolution of the dis-
tribution function can be described by a kinetic equation with an anomalous collision
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operator. Therefore our approach can also be used to learn reduced models of tur-
bulent systems when provided with data of such set-ups (Wong et al. 2020, 2025;
Camporeale et al. 2022). Finally, while a FP description is used in this work, the
differentiable simulator framework here proposed can be easily extended to include
other operator forms (Zhao & Lei 2025; Zhao et al. 2025).

Since our method relies on phase space diagnostics rather than particle tracks, it is
substantially more memory efficient than other post-processing approaches based on
tracking individual particles. This advantage is particularly important for future stud-
ies employing large-scale, state-of-the-art 3-D simulations, where storing complete
particle trajectories is prohibitively expensive and where the relevant time scales or
operator forms are not known a priori and therefore cannot be identified during run
time. Our approach enables diagnostics to be stored at significantly higher temporal
cadence under the same memory constraints, allowing for a more comprehensive
and better informed analysis during post-processing. Using phase space diagnostics
also makes it possible to learn operators from observational (Camporeale et al. 2022)
or experimental (Bergeson et al. 2025) data, although this might require extending
the methodology to address the presence of (possibly significant) stochastic noise in
the measurements.

In future works, we will focus both on the generalisation of the methodology and
on exploring challenging scenarios for which the operator form is not known or
the existing theory is expected to fail. We will extend the method to encompass
time-varying background distributions, more general operator forms, the inclusion
of external field contributions and non-homogeneous plasmas. Our goal is to then
apply this method to recover reduced models for non-thermal particle acceleration
and collision operators for relativistic, electromagnetically dominated scenarios using
self-consistent, first-principles simulations.

Supplementary material

Supplementary materials are available at https://doi.org/10.1017/S002237782
6101755.
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