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A SIMPLE PROOF OF THE BECKENBACH-LORENTZ INEQUALITY

B. MoND AND J.E. PECGARIC

One of the well-known generalisations of the Holder inequality was given by Beck-
enbach. An inverse to this inequality for the discrete case has appeared in the
literature. Here we give a simple proof of the inverse to the Beckenbach inequality
that is applicable to both the integral and discrete cases.

1. INTRODUCTION

Let (X,%,u) be a finite measure space and L, = L,(X,Z,u) be the space of all
p'* power nonnegative integrable functions over (X,Z,p). ¥ p> 1, 1/p+1/¢ =1,
and f € L,, g € L,, then fg € L; and the Hélder inequality

1) Ifglly < I Fll; llgllg

holds, where ||f||, = (Jx f"dp,)llp, et cetera. Equality holds in (1) if and only if
af? = 897 almost everywhere for some nonzero constants a and 8.

As is well-known, there are several generalisations of the Holder inequality. One of
them is the well-known Beckenbach inequality (see, for example [4]):

THEOREM A. Suppose (X,Z,u), L,, p and q are defined as above, p > 1. Then,
for any f € L,, g € Ly, and positive numbers a, b, ¢, the inequality

(at+efu £2dp)" _ (a+cfy hodp)"
btecfyfgdp = b+c[fyhgdu

(2)

holds, where h = (ag/b)'?. Equality holds in (2) if and only if f = h almost every-
where. The sign of the inequality in (2) is reversed if 0 < p < 1.
An inverse inequality for (2) in the discrete case is proved in [3] by a functional

equation approach. Here we give a simple proof of an inverse inequality for (2), which,
in the discrete case, provides a simple proof of a result from [3].
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2. THE BECKENBACH-LORENTZ INEQUALITY

THEOREM 1. Suppose (X,Z,u), Ly, p>1, g, f, g, h, a, b, ¢ are as in Theorem
A. Further, let

a—c/ ffdu >0 and a—c/ hPdp > 0.
X X
Then
_ ?Pd i/p _ hPd 1/p
(a cfxf P‘) < (a, cfx l")
b—c [y fgdu b—c [y hgdp
with equality if and only if f = h almost everywhere.

PRrOOF: Obviously, h € L,. Noting that 1 + g/p = g, the right-hand side of (3)
becomes

3)

(a—cfy (ag/b)qdp,)l/p _ (a./b)q/p(a.(b/a)q —cfy qup.)llp

b—c [y (ag/8)"""gdn  (a/b)"'? (b(b/a)"/? — ¢ [y g7dp)
= (a'q/"bq — c/ qup,) "1/‘1‘
X

We need the following lemma [2], [1, pp. 118-119]:

LEMMA 1. Let A =(a1,az2,...,a5) and B = (b1,b2,...,b,) be n-tuples of non-
negative numbers such that

(5) af —af—---—af >0 and b -b]—---—bL >0
where p>1,1/p+1/q=1. Then
(6) (@ —ab—--—a®)/P(B7 - b3 — - —b2)/T < arby —azhy — - — anbn

with equality if and only if a} /b = --- = aB /b2.

Forn=2, a; =a'/?, ay = cl/"(fx f"dp)l/p, by = a”1/Pb, by = cl/q(fxquy,)l/q,
(6) becomes

1/p 1/q 1/p 1/q
(a—c / f"du) (a-«/rbq—c / y"du) sb—c( / f"dﬂ) ( / g"du)
X X X X
<b-c / fodu,
X

where in the last step, we have used the Holder inequality (1).
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REMARK. Note that by using the fact that for p > 1, we have the reverse inequality in
(1) and (6), we can give a corresponding reverse inequality for (3).

If X ={m+1,m+2,...,n} and pu is chosen to be the counting measure on
X, then L, = ¢, and f € L, is a finite sequence X = (Zm41,Zm+2,---,%n), Where
Zm+1,Tm+2y--52Zn are nonnegative. In this case, we obtain a discrete analogue of
Theorem 1, which contains a result from [3] as follows:

THEOREM 2. Suppose that a,b,c > 0, z;,4: 2 0, z; = (a.y.-/b)q/p Gf=m+1,
m+2,...,n),p>1,1/p+1/g=1 and

n

(N a—c 2": zf >0, a—c Z 2 >0.

i=m+1 i=m+1

Then

n i/p n 1/p
<a—c 3 zf) (a—c > zf)

i=m+1 i=m+1
<

b—c Y =z b—c Y wiz

i=m+1 i=m+1

(8)

Equality holds if and only if z; = z; (i =m + 1,m +2,...,n).

Of course (8) can also be proved directly from Popoviciu’s inequality (that is, the
Holder-Lorentz inequality) (6):

n

boc 3z =P () = 3 (fra) (Vey.)

i=m-+1 i=m+1

n 1/p n 1/q
> (a—c E zf) (a_q/’bq—c Z yg)

i=m+1 t=m+1

n 1/p b—ec 2 Yizi
1i=m+1

=(a—c. E :B‘P) " i/p"
(a-c 3 =)

i=m+1

REMARK. In [3], we have the special case of (8): ¢ =1, a = z§ — sz, b=zpn

=2
m
=2

https://doi.org/10.1017/5S0004972700014234 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014234

420 B. Mond and J.E. Pegari¢ (4]

REFERENCES

[1] D.S. Mitrinovié, J.E. Peéari¢ and A.M. Fink, Classical and new inequalities in analysis
(Kluwer Acad. Publ., Dordrecht, Boston, London, 1993).

[2] T. Popiviciu, ‘On an inequality’, (Romanian), Gaz. Mat. Fiz. A. 11 (1959), 451-461.

[3] C.-L. Wang, ‘Functional equation approach to inequalities, VI’, J. Math. Anal. Appl. 104
(1984), 95-102.

[4] Y.-D. Zhuang, ‘The Beckenbach Inequality and its Inverse’, J. Math. Anal. Appl. 175
(1993), 118-125.

Department of Mathematics Faculty of Textile Technology
La Trobe University University of Zagreb
Bundoora Vic 3083 Zagreb
Australia Croatia

and

Department of Mathematics
La Trobe University
Bundoora Vic 3083
Australia

https://doi.org/10.1017/5S0004972700014234 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014234

