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ON A BANACH SPACE PROPERTY OF TRUBNIKOV

SIMEON REICH AND HONG-KUN X U

Trubnikov's property (U, A, a, B) is investigated. In particular, it is shown that prop-
erty (U, A, a, a — 1) with a > 1 is equivalent to a-uniform smoothness. It is also
shown that property (U, l ,a, 1) with a > 1 is equivalent to the space being a Hilbert
space. The dual property (£/*,A, a,a - 1) is also introduced and it is shown that a
Banach space X has ({/*, A, a, a — 1) if and only if X is a-uniformly convex.

1. INTRODUCTION

Let A" be a real Banach space and let a, A, /? be real numbers with a ^ 1. Trubnikov
[6] introduced the concept of property (U, A, a, B) as follows.

DEFINITION 1.1: A Banach space X has property (U,X,a,B) if

(1.1) \\x + y \ \ a + X\\x-y\\a2 2f>(\\x\\a + \\y\\°), x,y € X.

Setting u := x + y and v := x - y in (1.1), we see that property (U, A, a, /?) is equivalent
to the following inequality:

(1.2) \\x + y \ \ a + \\x-y\\a^y-^(\\x\\a + X\\y\\% x,y e X.

Hence each Banach space has property (U, l ,a , 0); this is because

(1-3) ||u + u r<2 a - 1 ( | | u | | Q + |M|Q), u,vex,

which implies that

ll« + o||Q + ||" - vf ^ 2a(\\u\\a + ||t,j|Q), u,v€X.

Note that we can always assume that A ^ 1. We can also assume that P ^ 0. Indeed,
the best possible value of B such that (1.1) holds is given by
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Since A > 1, we have from (1.1) that, for all x,y e X,

\\x + y\\a + A||z - y\\a > \\x + y\\° + \\x - y\\a > \\x\\a + \\y\\°.

This implies 2^ ^ 1; hence 0^0. Note that, given A and a, a Banach space X has
property (U, A, a, 0) if and only if the infimum on the right-hand side of (1.4) is positive
and 0 is given by (1.4).

We now recall the following identity in a Hilbert space H:

(1.5) \\tx + (1 - t)y\\2 = t\\xf + (1 - t)\\y\\2 - t ( l - t)\\x - y \ \ 2 , t e [0,1], x, y € H.

We also recall some inequalities in V and W spaces (see [7, 3] for more details).

1. If 2 < p < oo, then for all x,y G I" (or IS) and t e [0,1], there holds the
inequality:

(1.6) ||fe + (1 - t)y\\2 > *||z||2 + (1 - t)\\y\\2 - t(l - t)(p - l)\\x - y\\\

2. If 1 < p < 2, then for all x,y € lp (or IP) and t G [0,1], there holds the
inequality:

(1.7) ||to + (1 - t)y\\p > t\\x\r + (1 - «)||y||' - c,Wv{t)\\x - y\\",

where

-t) and Cp =

with sp being the unique solution of the equation

(p - 2)sp~1 + (p - l)s"-2 - 1 = 0, 0 < s < 1.

From (1.5)-(1.7) we can draw the following conclusion.

P R O P O S I T I O N 1 . 2 .

(i) A Hilbert space H has property ([/, 1,2,1).

(ii) If 2 ^ p < oo, t ien both I" and IS have property (U,p - 1,2,1).

(iii) If 1 < p < 2, then both V and U have property (U, Cp,p,p- 1).

R E M A R K 1.3. For the spaces V or V, Clarkson's inequalities [2, Theorem 2] also relate
to property (U, A, a , 0). Indeed, Clarkson proves the following inequalities for IP or V
with 2 < p < oo:

(1.8) 2(||*||'+ ||y||') < ||* + »ir + ||*-»||>><2'-1(IWIl'+W)-
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(For 1 < p < 2 these inequalities hold in the reverse sense.) Hence IP or V has (U, l ,p, 1)
for 2 ^ p < oo and (U,l,p,p - 1) for 1 < p < 2. Note that (U,l,p,p - 1) implies
{U,Cp,p,p-l) forcp> 1.

Trubnikov [6] introduced property ([/, A, a, 0) to obtain the convergence rate of an
iterative approximation method for nonlinear equations in Banach spaces. This direction
has recently been pursued by several authors (see, for example, Schu [5] and references
therein).

The purpose of this paper is to further study property (U, A, a, 0). In particular,
we show that a Banach space X has property (U, A, a, a — 1) with 1 < a ^ 2 if and
only if X is a-uniformly smooth and that property (U, l,a, 1) with a > 1 implies that
X is a Hilbert space. (For some related information on uniform convexity and uniform
smoothness, the reader is referred to [l, 2, 4].)

2. {U,\,a,a- 1) AND CH-UNIFORM SMOOTHNESS

Recall that the modulus of smoothness of a Banach space X is denned by

px(r) = supjidlz + ry\\ + \\x - ry\\) - 1 : ||x|| = ||y|| = l} , r > 0.

A Banach space X is said to be uniformly smooth if

Urn ££W = 0.
T-»0+ T

For a given number q > 1, recall that X is g-uniformly smooth if, for some constant
c > 0 ,

PX(T) S$ CT\ T > 0.

It is known that 1 < q ^ 2. It is also known that a Hilbert space and lp (or LP) for
2 ^ p < oo are 2-uniformly smooth; while if 1 < p < 2, V (or LP) is p-uniformly smooth
(see [7]).

The following is an inequality characterisation of g-uniform smoothness (see [7, 3]).

PROPOSITION 2 . 1 . Let X be a Banach space and let q 6 (1,2] be a reai number.
Then X is q-uniformly smooth if and only if there exists a constant c > 0 with the
property:

(2.1) \\tx + (1 - t)y\\q > t\\x\\" + (1 - t)||y||« - cWq(t)\\x - y\\"

for all t 6 [0,1] and x,yeX, where Wg{t) = t(l - t)" + t«(l - t).

Now we state and prove the main result of this paper.

THEOREM 2 . 2 . Let X be a Banach space and let a > 1 be a reai number. Then
X has property (U, A, a, a - 1) for some A > 0 if and oniy of X is a-uniformiy smooth.
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P R O O F : Assume that X is a-uniformly smooth. Substituting t — 1/2 in (2.1) with
q replaced with a, we obtain

II* + V\\a > 2a~l (||x|r + foil0) - c\\x - » r , ar.yG.X-.

It follows that X has property (U, A, a, a - 1) with A = c.
Conversely, assume that X has property (U, A, a, a - 1) for some A > 0 and a > 1.

By (1.2), we have (note that a - 0 = 1)

^ 2 ( | | x | r + Ara||2/||a), x,y € X, r > 0.

In particular,

(2.2) 1 (||z + n , | r + \\x - ry\\a) - 1 < AT*, ^ e X , ||x|| - ||v|| = 1, r > 0.

Let

where we assume r S [0,1].

CLAIM. a[(t + s)/2 - l] < (tQ + sa)/2 -lonD.

The proof of the Claim is elementary. We include it for completeness. Let

h(t, s) - a[i(t + s) - l] - \{ta + a") + 1, (t, s) € I?.

We shall show that max{/i(t, s) : (i, s) 6 £>} ^ 0. Since it is easy to see that h does
not have critical points in the interior of D, it suffices to show that max{/i(t, s) : (t, s)
€dD} ^ 0 , where 3D is the boundary of D given by 3D = Dx U £>2 U D3, where

D2 = {(1 + r, s) : 1 - r ^ s ^ 1 + r } ,

Z)3 = {(t, s) : « + s = 2, 1 - T < t, s ^ 1 + r } .

On D\ we have

h{t) = h(t, 1 + r) = o [ | ( t + 1 + T ) - l] - ^[tQ + (1 + T)°] + 1 , 1 - T ^ t < 1 + T .

Since 7i(t) = (a/2)(l - t0"1), h is decreasing for t ^ 1 and increasing for t ^ 1. Hence

Similarly, we can prove that h(t,s) ^ 0 on £>2 and D3. Hence max{h(t,s) : (t,
€ 9Z?} < 0 and the Claim has thus been proved.
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Now for ||x|| = \\y\\ = 1, \\x ± ry\\ ^ 1 + T and ||z + ry\\ + \\x - ry\\ ^ 2, it follows
from the Claim and (2.2) that

h\\x + ry\\ + \\x-Ty\\)-l^-Ta, x,y € X, 11x11 = 112/11 = 1.

This implies that

PX(T) ^ -T°, 0 ̂  r ^ 1
a

and X is a-uniformly smooth. D

We conclude this section by showing that in property (U, A, 1,/?) one can assume
/? = a - 1 = 0.

THEOREM 2 . 3 . Assume that a Banach space X has (U, A, 1, /3). Tien X also has

(U,\,l,0).

PROOF: By the definition of property (U, A, 1, /3), we see that the largest /3 such that
property (U, X,1,P) holds for X is determined by

All we need to show is that the infimum in (2.3) equals 1 (and hence j3 = 0 = a — 1).
Indeed, if we rewrite the function on the right-hand side of (2.3) as

lls + yll + A

11=11 + llvll
and observe (note that A > 1) that

||ar + 2/|| + A||x - y\\ > \\x + y\\ + \\x - y\\ > \\x\\ + \\y\\,

we conclude that the infimum in (2.3) is attained at any point (x, x) with x ^ 0 and that
it does indeed equal 1. D

3. PROPERTY (U, l ,a , 1)

A Hilbert space has property (U, 1,2,1). The following result shows that property
(U, 1, a, 1) with 1 < a ^ 2 characterises Hilbert spaces. Note that Clarkson's inequalities
(1.8) show that if 1/ (or I") has property (£/, l,p, 1) with 1 < p < 2, then p = 2 and IP
reduces to a Hilbert space. Below we extend this to the general case.

THEOREM 3 . 1 . If a Banach space X has property (U, 1, a, 1) for some 1 < a ^ 2,
then X is a Hilbert space.

P R O O F : By property (U, I, a, 1) we have

(3.1) ||a: + 2/||a + | | a ; - 2 / | | a ^ 2 ( | | x | r + ||2/||Q)! x,y e X.
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Taking x — y, we see that 2a ^ 4 which implies a ~£ 2. Hence a = 2. So we can rewrite
(3.1) as

(3-2) l|x + 2 / | | 2 + | | x - 2 / | | 2 ^2 ( | | x | | 2 + |M|2), x,yeX.

Setting x = (u + w)/2 and y = (u - •y)/2 in (3.2), we obtain

(3-3) ||u + ^||2 + | |U-H|2^2( |H|2
 + |H|2), u,v&X.

Taken together, the inequalities (3.2) and (3.3) are equivalent to the parallelogram iden-
tity:

\\x + y\\2 + \\x - y\\2 = 2(\\xf + \\y\\2), x,y € X.

Therefore X is a Hilbert space. D

4. DUAL PROPERTY

In this section we introduce the dual property of ({/, A, a, (5).

DEFINITION 4 .1 : A Banach space X is said to have property dual (U, A,a,/?), de-
noted by (U*, A, a, /?), if, for some A > 0, a > 1 and /? > 0, there holds

(4.1) \\x + y\\a + X\\x-y\\a^7f>(\\x\\a + \\y\\a), x,y S X.

In analogy with Theorem 2.2, we shall show that property (U*,\,a,fi) is equivalent to
a-uniform convexity. But first recall that the modulus of convexity of X is denned by

6x(e) = inf{l - i||a; + 2/M : ||x|| = ||y|| = 1, ||* - y|| = e}.

Recall also that X is uniformly convex if dx(e) > 0 for all e > 0 and for 1 < p < oo, X
is p-uniformly convex if, for some constant c > 0,

6x(e) Zee", e> 0.

It is known that a Hilbert space and lp (or IP) for 1 < p ^ 2 are 2-uniformly convex;
while V (or IP) for 2 ^ p < oo is p-uniformly convex (see [7]).

Clarkson's inequalities (1.8) show that as a uniformly convex Banach space, LP (or
lp) also has the dual property (£/*, l,p,p— 1) for 2 ^ p < oo and (£/*, l ,p, 1) for 1 < p < 2.
Note that LP (or Zp) is both uniformly convex and uniformly smooth. Our purpose in this
section is to extend these properties for LP (or lp) to the more general class of a-uniformly
convex Banach spaces. To this end, we need an inequality characterisation of p-uniform
convexity (see [7, 3]).

PROPOSITION 4 . 2 . Let X be a Banach space and let 1 < p < oo be a real

number. Then X is p-uniformly convex if and only if there exists a constant c > 0 with

the property:

(4.2) II** + (1 - t)y\\" s$ tWxW" + (1 - *)|M|* - cWp(t)\\x - y\\'
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for all t € [0,1] and x,y e X, where Wp(t) = V{\ - t) + t{l - t)*.

THEOREM 4 . 3 . Let X be a Banach space and let 1 < a < oo be a real number.
Then X has property ([/*, A, a, a — 1) if and only of X is a-uniformly convex.

P R O O F : Assume first that X is a-uniformly convex. From (4.2) it follows that

This implies that X has (£/*, A, a, a - 1) with A = c.

Conversely, assume that X has (£/', A, a, a - 1). If ||x|| = ||y|| = 1 and ||x - y\\ = e,
we have by (4.1),

m r <>-*©"•
This implies that

aVla A

Hence X is a-uniformly convex. D

COROLLARY 4 . 4 . Let X be a Banach space and let a > 1 be a real number.
Then X has property ([/, A, a, a — 1) for some A > 0 if and only if X* has property
([ / ' , A', a', a ' - 1) for some A' > 0, where I / a + I /a ' = 1.

P R O O F : By Theorem 2.2, we see that X has (U, A, a, a - 1) if and only if X is a-
uniformly smooth, which is equivalent to X* being a'-uniformly convex, which is in turn,
by Theorem 4.3, equivalent to X* having property ([/*, A', a', a ' — 1) for some A' > 0. D
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