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ABSTRACT

We study the derived categories of coherent sheaves on Gushel-Mukai varieties. In the
derived category of such a variety, we isolate a special semiorthogonal component, which
is a K3 or Enriques category according to whether the dimension of the variety is even
or odd. We analyze the basic properties of this category using Hochschild homology,
Hochschild cohomology, and the Grothendieck group. We study the K3 category of a
Gushel-Mukai fourfold in more detail. Namely, we show this category is equivalent to
the derived category of a K3 surface for a certain codimension 1 family of rational
Gushel-Mukai fourfolds, and to the K3 category of a birational cubic fourfold for a
certain codimension 3 family. The first of these results verifies a special case of a
duality conjecture which we formulate. We discuss our results in the context of the
rationality problem for Gushel-Mukai varieties, which was one of the main motivations
for this work.
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1. Introduction

This paper studies the derived categories of coherent sheaves on smooth Gushel-Mukai varieties,
with a special focus on the relation to birational geometry and the case of fourfolds.

1.1 Background
For the purpose of this paper, we use the following definition.

DEFINITION 1.1. A Gushel-Mukai (GM) variety is a smooth n-dimensional intersection
X = Cone(CGr(2,5)NP"™NQ, 2<n<6,

where Cone(Gr(2,5)) C P!V is the cone over the Grassmannian Gr(2,5) C P? in its Pliicker
embedding, P"** c P10 is a linear subspace, and Q C P"** is a quadric hypersurface.

We note that a more general definition of GM varieties, which includes singular varieties
and curves, is given in [DK18a, Definition 2.1]. However, the definition there agrees with ours
after imposing the condition that a GM variety is smooth of dimension at least 2, see [DK18a,
Proposition 2.28]. The classification results of Gushel [Gus83] and Mukai [Muk89], generalized
and simplified in [DK18a, Theorem 2.16], show that this class of varieties coincides with the
class of all smooth Fano varieties of Picard number 1, coindex 3, and degree 10, together with
Brill-Noether general polarized K3 surfaces of degree 10.

In the Fano-Iskovskikh—Mori-Mukai classification of Fano threefolds, GM threefolds occupy
an intermediate position between complete intersections in weighted projective spaces and linear
sections of homogeneous varieties, and possess a particularly rich birational geometry. The case of
GM fourfolds is even more interesting, and was our original source of motivation. These fourfolds
are similar to cubic fourfolds from several points of view: birational geometry, Hodge theory, and
as we will see, derived categories.
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In terms of birational geometry, both types of fourfolds are unirational and rational examples
are known. On the other hand, a very general fourfold of either type is expected to be irrational,
but to date irrationality has not been shown for a single example.

At the level of Hodge theory, a fourfold of either type has middle cohomology of K3 type,
ie. h% = 0 and h'3 = 1. Moreover, there is a classification of Noether-Lefschetz loci where
the ‘non-special cohomology’ is isomorphic to (a Tate twist of) the primitive cohomology of a
polarized K3 surface. This is due to Hassett for cubics [Has00], and Debarre et al. [DIM15] for
GM fourfolds.

Finally, the first author studied the derived categories of cubic fourfolds in [Kuz10]. For
any cubic fourfold X', a ‘K3 category’ Ax- is constructed as a semiorthogonal component of
the derived category DP(X’), and it is shown for many rational X’ that A/ is equivalent to
the derived category of an actual K3 surface. Since their introduction, the categories Axs have
attracted a great deal of attention, see for instance [MS12, AT14, CT16, Huyl7].

1.2 GM categories

We show in this paper that the parallel between GM and cubic fourfolds persists at the level
of derived categories. In fact, for any GM variety X (not necessarily of dimension 4) we define
a semiorthogonal component Ax of its derived category as the orthogonal to an exceptional
sequence of vector bundles. Namely, projection from the vertex of Cone(Gr(2,5)) gives a
morphism f: X — Gr(2,5), which corresponds to a rank 2 bundle Ux on X. If n = dim X,
we show in Proposition 2.3 that there is a semiorthogonal decomposition

DP(X) = (Ax, Ox, UK, Ox (1), UX(1),..., Ox (n — 3), Uk (n — 3)).

The GM category Ax is the main object of study in this paper. Its properties depend on the
parity of the dimension n. For instance, we show that in terms of Serre functors, Ax is a ‘K3
category’ or ‘Enriques category’ according to whether n is even or odd (Proposition 2.6). We
support the K3-Enriques analogy by showing that each GM category has a canonical involution
such that the corresponding equivariant category is equivalent to a GM category of opposite
parity (Proposition 2.7).

We also compute the Hochschild homology (Proposition 2.9), Hochschild cohomology
(Corollary 2.11 and Proposition 2.12), and (in the very general case) the numerical Grothendieck
group (Proposition 2.25 and Lemma 2.27) of GM categories. Our computation of Hochschild
homology and Grothendieck groups is based on their additivity, while for Hochschild cohomology
we rely on results about equivariant Hochschild cohomology from [Per18].

We deduce from our computations structural properties of GM categories. Notably, we
show that for any GM variety of odd dimension or for a very general GM variety of even
dimension greater than 2, the category Ax is not equivalent to the derived category of any
variety (Proposition 2.29).

1.3 Conjectures on duality and rationality

We formulate two conjectures about GM categories. First we introduce a notion of ‘generalized
duality’ between GM varieties. The precise definition of this notion is somewhat involved (see
§3.2), but its salient features are as follows. Generalized duals have the same parity of dimension,
and when they have the same dimension they are dual in the sense of [DK18a, Definition 3.26].
The space of generalized duals of X is parameterized by the quotient of the projective space P? by
a finite group. We also formulate a similar notion of ‘generalized GM partners’, which reduces
to [DK18a, Definition 3.22] when the varieties have the same dimension. We conjecture that
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generalized dual GM varieties and generalized GM partners have equivalent GM categories
(Conjecture 3.7).

Our second conjecture concerns the rationality of GM fourfolds, and is directly inspired
by an analogous conjecture for cubic fourfolds from [Kuzl0]. Namely, we conjecture that the
GM category of a rational GM fourfold is equivalent to the derived category of a K3 surface
(Conjecture 3.12). Together with Proposition 2.29, this conjecture implies that a very general
GM fourfold is not rational.

1.4 Main results
Our first main result gives evidence for the above two conjectures. A GM variety as in
Definition 1.1 is called ordinary if P"** does not intersect the vertex of Cone(Gr(2,5)).

THEOREM 1.2. Let X be an ordinary GM fourfold containing a quintic del Pezzo surface. Then
there is a K3 surface Y such that Ax ~ DP(Y).

For a more precise statement, see Theorem 4.1. The K3 surface Y is in fact a GM surface
which is generalized dual to X, and the GM fourfold X is rational (Lemma 4.7). Thus
Theorem 1.2 verifies special cases of our duality and rationality conjectures. We note that GM
fourfolds as in the theorem form a 23-dimensional (codimension 1 in moduli) family.

By Theorem 1.2, the categories Ax of GM fourfolds are deformations of the derived category
of a K3 surface. Yet, as mentioned above, for very general X these categories are not equivalent
to the derived category of a K3 surface. There even exist X such that Ax is not equivalent to
the twisted derived category of a K3 surface (see Remark 5.9). Families of categories with these
properties appear to be quite rare; this is the first example since [Kuz10].

Our second main result shows that the K3 categories attached to GM and cubic fourfolds
are not only analogous, but in some cases even coincide.

THEOREM 1.3. Let X be a generic ordinary GM fourfold containing a plane of type Gr(2,3).
Then there is a cubic fourfold X’ such that Ax ~ Ax.

For a more precise statement, see Theorem 5.8. The cubic fourfold X’ is given explicitly by a
construction of Debarre et al. [DIM15]. In fact, X’ is birational to X and we use the structure of
this birational isomorphism to establish the result. We note that GM fourfolds as in the theorem
form a 21-dimensional (codimension 3 in moduli) family. Theorem 1.3 can be considered as a
step toward a 4-dimensional analogue of [Kuz09a], which exhibits mysterious coincidences among
the derived categories of Fano threefolds.

1.5 Further directions

The above results relate the K3 categories attached to three different types of varieties: GM
fourfolds, cubic fourfolds, and K3 surfaces (in the last case the K3 category is the whole derived
category). We call two such varieties X; and Xo derived partners if their K3 categories are
equivalent. There is also a notion of X and X5 being Hodge-theoretic partners. Roughly speaking,
this means that there is an ‘extra’ integral middle-degree Hodge class a; on Xj;, such that
if K; C Hdim(Xi)(Xi, Z) denotes the lattice generated by a; and certain tautological algebraic
cycles on X;, then the orthogonals K f and K3 are isomorphic as polarized Hodge structures
(up to a Tate twist). This notion was studied in [Has00, DIM15], under the terminology that
‘X, is associated to X7’. Using lattice theoretic techniques, countably many families of GM
fourfolds with Hodge-theoretic K3 and cubic fourfold partners are produced in [DIM15].

1365

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007091

A. KUZNETSOV AND A. PERRY

We expect that a GM fourfold has a derived partner of a given type if and only if it has a
Hodge-theoretic partner of the same type. Theorems 1.2 and 1.3 can be thought of as evidence for
this expectation, since by [DIM15, §§ 7.5 and 7.2] a GM fourfold as in Theorem 1.2 or Theorem 1.3
has a Hodge-theoretic K3 or cubic fourfold partner, respectively. Addington and Thomas [AT14]
proved (generically) the analogous expectation for K3 partners of cubic fourfolds. Their method
is deformation theoretic, and requires as a starting point an analogue of Theorem 1.2 for cubic
fourfolds.

Finally, we note that there are some other Fano varieties which fit into the above story, i.e.
whose derived category contains a K3 category. One example is provided by a hyperplane section
of the Grassmannian Gr(3,10), see [DV10] for a discussion of related geometric questions and
[Kuzl6a, Corollary 4.4] for the construction of a K3 category. To find other examples, one can
use available classification results for Fano fourfolds. In [Kiic95] Kiichle classified Fano fourfolds
of index 1 which can be represented as zero loci of equivariant vector bundles on Grassmannians.
Among these, three types, labeled (c5), (¢7), and (d3) in [Kiic95], have middle Hodge structure
of K3 type. In [Kuz15b] it was shown that fourfolds of type (d3) are isomorphic to the blowup of
the space P! x P! x P! x P! in a K3 surface, and those of type (c7) are isomorphic to the
blowup of a cubic fourfold in a Veronese surface. In particular, these fourfolds do indeed have a
K3 category in their derived category, but they reduce to known examples. Fourfolds of type (c5),
however, conjecturally give rise to genuinely new K3 categories (see [Kuzl6¢] for a discussion of
the geometry of these fourfolds).

1.6 Organization of the paper

In §2, we define GM categories and study their basic properties. After recalling some facts
about GM varieties in §2.1, we define GM categories in §2.2. In §§2.3-2.7, we study some
basic invariants of GM categories (Serre functors, Hochschild homology and cohomology, and
Grothendieck groups) and as an application show that GM categories are usually not equivalent
to the derived category of a variety. In § 2.8 we show that GM categories are self-dual, i.e. admit
an equivalence with the opposite category.

In §3, we formulate our conjectures about the duality and rationality of GM varieties. The
preliminary § 3.1 recalls from [DK18a, § 3] a description of the set of isomorphism classes of GM
varieties in terms of Lagrangian data. In §3.2 we state the duality conjecture and discuss its
consequences, and in §3.3 we discuss the rationality conjecture. This section is independent of
the material in §§2.3-2.8.

The purpose of §4 is to prove Theorem 4.1, a more precise version of Theorem 1.2 from above.
The statement of Theorem 4.1 requires the duality terminology introduced in §3.2. However, in
§4.2 we translate Theorem 4.1 into a statement that does not involve this terminology. From
then on, §4 can be read independently from the rest of the paper.

The goal of §5 is to prove Theorem 5.8, a more precise version of Theorem 1.3 from above.
This section can also be read independently from the rest of the paper.

Finally, in Appendix A, we prove that GM varieties of a fixed dimension form a smooth and
irreducible Deligne-Mumford stack, whose dimension we compute. This result is not used in an
essential way in the body of the paper, but it is psychologically useful.

1.7 Notation and conventions
We work over an algebraically closed field k of characteristic 0. A variety is an integral, separated
scheme of finite type over k. A vector bundle on a variety X is a finite locally free O x-module.
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The projective bundle of a vector bundle € on a variety X is
P(£) = Proj(Sym*(£")) —™~ X,

with Op(g)(1) normalized so that m.Opg)(1) = &Y. We often commit the following convenient
abuse of notation: given a divisor class D on a variety X, we denote still by D its pullback to
any variety mapping to X. Throughout the paper, we use V,, to denote an n-dimensional vector
space. We denote by G = Gr(2, V5) the Grassmannian of 2-dimensional subspaces of Vs.

In this paper, triangulated categories are k-linear and functors between them are k-linear and
exact. For a variety X, by the derived category DP(X) we mean the bounded derived category
of coherent sheaves on X, regarded as a triangulated category. For a morphism of varieties
f: X =Y, we write f.: D’(X) — DP(Y) for the derived pushforward (provided f is proper),
and f*: DP(Y) — DP(X) for the derived pullback (provided f has finite Tor-dimension). For
objects F,G € D(X), we write F ® G for the derived tensor product.

We write T = (Ay,...,A,) for a semiorthogonal decomposition of a triangulated category T
with components Ay, ..., A,. For an admissible subcategory A C T we write

At ={F € T|Hom(G,F) =0 for all G € A},
‘A ={FeT|Hom(F,G) =0 forall Ge Al

for its right and left orthogonals, so that we have T = (A+, A) = (A, L A).

We regard graded vector spaces as complexes with trivial differential, so that any such vector
space can be written as W, = @,, Wy,[—n|, where W,, denotes the degree n piece. We often
suppress the degree 0 shift [0] from our notation.

2. GM categories

In this section, we define GM categories and study their basic properties. We start with a quick
review of the key features of GM varieties.

2.1 GM varieties

Let V5 be a 5-dimensional vector space and G = Gr(2, V5) the Grassmannian of 2-dimensional
subspaces. Consider the Pliicker embedding G — P(A2V5) and let Cone(G) C P(k @ A?V3) be
the cone over G. Further, let

W Ccka AV

be a linear subspace of dimension n + 5 with 2 < n < 6, and Q@ C P(W) a quadric hypersurface.
By Definition 1.1, if the intersection

X =Cone(G)NQ (2.1)

is smooth and transverse, then X is a GM variety of dimension n, and every GM variety can be
written in this form.

There is a natural polarization H on a GM variety X, given by the restriction of the
hyperplane class on P(k & A?V3); we denote by Ox(1) the corresponding line bundle on X.
It is straightforward to check that

H"=10 and —Kx = (n—2)H. (2.2)
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Moreover, we have

if dim(X) >3, then Pic(X)=ZH, and

if dim(X) =2, then (X, H) is a Brill-Noether general K3 surface. (2:3)

Conversely, by [DK18a, Theorem 2.16] any smooth projective polarized variety of dimension > 2
satisfying (2.3) and (2.2) is a GM variety.

The intersection Cone(G) N @ does not contain the vertex of the cone, since X is smooth.
Hence projection from the vertex defines a regular map

f: X - G,

called the Gushel map. Let U be the rank 2 tautological subbundle on G. Then Ux = f*U is a
rank 2 vector bundle on X, called the Gushel bundle. By [DK18a, §2.1], the Gushel map and the
Gushel bundle are canonically associated to X, i.e. only depend on the abstract polarized variety
(X, H) and not on the particular realization (2.1). In particular, so is the space V5 (being the
dual of the space of sections of UY ), and we will sometimes write it as V5(X) to emphasize this.
The space W is also canonically associated to X, since its dual is the space of global sections of
the line bundle Ox(1). The quadric @, however, is not canonically associated to X, see §3.1.
The intersection
Myx = Cone(G) NP(W)

is called the Grassmannian hull of X. Note that X = Mx NQ is a quadric section of M. Let W’
be the projection of W to A2Vs. The intersection

Ml = GNPW) (2.4)

is called the projected Grassmannian hull of X. Again by [DK18a], both Mx and M) are
canonically associated to X.
The Gushel map is either an embedding or a double covering of MY, according to whether

the projection map W — W’ is an isomorphism or has 1-dimensional kernel. In the first case,
W =W’ and Mx = M. Then considering ) as a subvariety of P(W’), we have

X =MyNnQ. (2.5)

That is, X is a quadric section of a linear section of the Grassmannian G. A GM variety of this
type is called ordinary.

If the map W — W’ has 1-dimensional kernel, then we have P(W) = Cone(P(W')) and
Mx = Cone(MY% ). As @ does not contain the vertex of the cone (by smoothness of X), projection
from the vertex gives a double cover

x 2L (2.6)

That is, X is a double cover of a linear section of the Grassmannian G. A GM variety of this
type is called special.

LEMMA 2.1 [DK18a, Proposition 2.22]. Let X be a GM variety of dimension n. Then the
intersection (2.4) defining M’ is dimensionally transverse. Moreover:

(1) ifn >3, orifn =2 and X is special, then M’ is smooth;
(2) if n =2 and X is ordinary, then M’ has at worst rational double point singularities.

1368

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007091

DERIVED CATEGORIES OF GUSHEL—MUKAI VARIETIES

By Lemma 2.1, if X is special then M’ is smooth. Further, by [DK18a, §2.5] the branch
divisor of the double cover (2.6) is the smooth intersection X’ = GNQ’, where @' = QNP(W’)
is a quadric hypersurface in P(W’). Hence, as long as n > 3, the branch divisor X’ of (2.6) is an
ordinary GM variety of dimension n — 1. This gives rise to an operation taking a GM variety of
one type to the opposite type, by defining in this situation

XP =X and (X')P=X. (2.7)

Note that we have dim X°P = dim X + 1. The opposite GM variety is not defined for special GM
surfaces.

2.2 Definition of GM categories

By the discussion in § 2.1, any GM variety X of dimension n > 3 is obtained from a smooth linear
section MY of G by taklng a quadric section or a branched double cover. To describe a natural
semiorthogonal decomposition of DP(X), we first recall that G and its smooth linear sections of
dimension at least 3 admit rectangular Lefschetz decompositions (in the sense of [Kuz07, §4])
of their derived categories. Note that the bundles Og, U form an exceptional pair in DP(G),
where recall U denotes the tautological rank 2 bundle. Let

B =(0g,U) C D*(G) (2.8)
be the triangulated subcategory they generate. The following result holds by [Kuz06, §6.1].
LEMMA 2.2. Let M be a smooth linear section of the Grassmannian G C P(A%V5) of dimension
N > 3. Let i: M — G be the inclusion.
(1) The functor i*: D?(G) — DP(M) is fully faithful on B C D(G).
(2) Denoting the essential image of B by By, there is a semiorthogonal decomposition
DP(M) = (Bar, Bar(1), ..., By (N —2)). (2.9)
The next result gives a semiorthogonal decomposition of the derived category of a GM variety.
PROPOSITION 2.3. Let X be a GM variety of dimension n > 3. Let f: X — G be the Gushel
map.
(1) The functor f*: D’(G) — DP(X) is fully faithful on B C D(G).
(2) Denoting the essential image of B by Bx, so that Bx = (Ox,UY), there is a semiorthogonal
decomposition
DP(X) = (Ax,Bx,Bx(1),...,Bx(n - 3)), (2.10)
where Ay is the right orthogonal category to (Bx,...,Bx(n —3)) C D?(X).

Thus DP(X) has a semiorthogonal decomposition with the category Ay and 2(n—2) exceptional
objects as components.

Remark 2.4. If n = 2 we set Ax = DP(X), so that (2.10) still holds.

Proof. The Gushel map factors through the map X — M} to the projected Grassmannian
hull MY defined by (2.4). By Lemma 2.1, M is smooth and has dimension n+1 if X is ordinary,
or dimension n if X is special. In particular, DP(MY%) has a semiorthogonal decomposition of
the form (2.9). Further, X — MY realizes X as a quadric section (2.5) if X is ordinary, or as a
double cover (2.6) if X is special. Now applying [KP17, Lemmas 5.1 and 5.5] gives the result. O

1369

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007091

A. KUZNETSOV AND A. PERRY

DEFINITION 2.5. Let X be a GM variety. The GM category of X is the category Ax defined by
the semiorthogonal decomposition (2.10).

More explicitly, using the definition (2.8) of B, the defining semiorthogonal decomposition
of a GM category Ax can be written as

DP(X) = (Ax,Ox,U%,...,0x(n —3),U%(n — 3)). (2.11)

The GM category Ax is the main object of study in this paper. As we will see below, its
properties depend strongly on the parity of dim(X). For this reason, we sometimes emphasize
the parity of dim(X) by calling Ax an even or odd GM category according to whether dim(X)
is even or odd.

2.3 Serre functors of GM categories
Recall from [BK90] that a Serre functor for a triangulated category T is an autoequivalence Sy
of T with bifunctorial isomorphisms

Hom(F,S¢(G)) = Hom(G,F)"

for F,G € T. If a Serre functor exists, it is unique. If X is a smooth proper variety, then DP(X)
has a Serre functor given by the formula

Moreover, given an admissible subcategory A C T, if T admits a Serre functor then so does A.
Using [Kuzl6al, we can describe the Serre functor of a GM category.

PROPOSITION 2.6. Let X be a GM variety of dimension n.

(1) Ifn is even, the Serre functor of the GM category Ax satisfies Sq, = [2].

(2) Ifn is odd, the Serre functor of the GM category Ax satisfies Sy, = oo [2] for a non-trivial
involutive autoequivalence o of Ax. If in addition X is special, then o is induced by the
involution of the double cover (2.6).

Proof. 1f n =2, then Ax = DP(X) and X is a K3 surface, so the result holds by (2.12). If n > 3,
then as in the proof of Proposition 2.3 we may express X as a quadric section or double cover
of the smooth variety MY%. It is easy to see the length m of the semiorthogonal decomposition
of DP(MY%) given by Lemma 2.2 satisfies K mj, = —mH, where H is the restriction of the ample
generator of Pic(G). Hence we may apply [KuzlGa Corollaries 3.7 and 3.8] to see that the Serre
functors have the desired form.

If o were trivial, then the Hochschild homology HH_5(Ax) would be non-trivial (see
Proposition 2.10), which contradicts the computation of Proposition 2.9 below. O

Proposition 2.6 shows that even GM categories can be regarded as ‘non-commutative K3
surfaces’, and odd GM categories can be regarded as ‘non-commutative Enriques surfaces’. This
analogy goes further than the relation between Serre functors. For instance, any Enriques surface
(in characteristic 0) is the quotient of a K3 surface by an involution. Similarly, the results
of [KP17] show that odd GM categories can be described as ‘quotients’ of even GM categories by
involutions. To state this precisely, recall from § 2.1 that unless X is a special GM surface, there
is an associated GM variety X°P of the opposite type and parity of dimension. The following
result is proved in [KP17, §8.2].

PROPOSITION 2.7. Let X be a GM variety which is not a special GM surface. Then there is
a Z/2-action on the GM category Ax such that if Ai/ % denotes the equivariant category, then
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there is an equivalence
Z/2
AX/ ~ Axop.

If o is the autoequivalence generating the Z/2-action on Ax, then o is induced by the involution
of the double covering X — MY if X is special, and 0 = Sy, o [—2] if dim(X) is odd.

2.4 Hochschild homology of GM categories
Given a suitably enhanced triangulated category A, there is an invariant HHe(A) called its
Hochschild homology, which is a graded k-vector space. We will exclusively be interested in
admissible subcategories of the derived category of a smooth projective variety. For a definition
of Hochschild homology in this context, see [Kuz09b].

If A =DP(X), we write HHo(X) for HHe(A). The Hochschild-Kostant-Rosenberg (HKR)
isomorphism gives the following explicit description of Hochschild homology in this case [Mar09]:

HH,;(X) = @D HY(X,0%). (2.13)
q—p=i
An important property of Hochschild homology is that it is additive under semiorthogonal

decompositions.

THEOREM 2.8 [Kuz09b, Theorem 7.3]. Let X be a smooth projective variety. Given a
semiorthogonal decomposition D?(X) = (A1, As, ..., Ap), there is an isomorphism

HH, (X) & é HH, (A,).
=1

By combining this additivity property with the HKR isomorphism for GM varieties, we can
compute the Hochschild homology of GM categories.

PropPOSITION 2.9. Let X be a GM variety of dimension n. Then

~ | k2] @ k*® @ k[-2] ifniseven,
HH (Ax) = {k10[1] ® k? @ k1°[-1] ifn is odd.

Proof. By (2.11) there is a semiorthogonal decomposition of D°(X) with Ay and 2(n — 2)
exceptional objects as components. Since the category generated by an exceptional object is
equivalent to the derived category of a point, its Hochschild homology is just k. Hence by
additivity,

HH,(X) =~ HH,(Ax) ® k*"2),
By (2.13) the graded dimension of HHe(X) can be computed by summing the columns of the
Hodge diamond of X, which looks as follows (see [Logl2, IM11, Nag98, DK17)):

dim(X)=2 | dim(X)=3 | dim(X)=4 dim(X) =5 dim(X) =6
1
1 0 0
1 0 1 0
1 0 0 0 1 0 00 00
1 0 0 0 1 0 0 00 2 00
10 00 00 00 2 00 0 0.0 _0 00
1 20 1 0 10 10 0 0 1 22 1 0|0 0 10 10 00 0 1 22 1 0 0
10 0 0 0 0 00 2 00 00 0.0 0.0
1 0 0 0 1 0 0 00 2 00
1 0 0 0 1 0 0 0 00
1 0 1 0
1 0 0
1
Now the lemma follows by inspection. O
1371
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2.5 Hochschild cohomology of GM categories
Given a suitably enhanced triangulated category A, there is also an invariant HH®(A) called its
Hochschild cohomology, which has the structure of a graded k-algebra. Again, for a definition in
the case where A is an admissible subcategory of the derived category of a smooth projective
variety, see [Kuz09b].

If A = DP(X), we write HH®*(X) for HH®*(A). There is the following version of the HKR
isomorphism for Hochschild cohomology [Mar09]:

HH'(X) = 6P HY(X, APTx). (2.14)
pq=i

Hochschild cohomology is not additive under semiorthogonal decompositions, and so it is
generally much harder to compute than Hochschild homology. There is, however, a case when the
computation simplifies considerably. Recall that a triangulated category A is called n-Calabi—Yau
if the shift functor [n] is a Serre functor for A.

PROPOSITION 2.10 [Kuz16a, Proposition 5.2]. Let A be an admissible subcategory of D?(X) for
a smooth projective variety X. If A is an n-Calabi-Yau category, then for each i there is an

isomorphism of vector spaces ‘
HH'(A) =2 HH;_,(A).

This immediately applies to even GM categories, as by Proposition 2.6 they are 2-Calabi—Yau.

COROLLARY 2.11. Let X be a GM variety of even dimension. Then
HH®(Ax) & k @ k*[-2] © k[-4].

The Hochschild cohomology of odd GM categories is significantly harder to compute. Our
strategy is to exploit the fact that there is a Z/2-action on such a category, with invariants
an even GM category. By the results of [Perl8], this reduces us to a problem involving the
Hochschild cohomology of an even GM category and the Hochschild homology of an odd GM
category.

PROPOSITION 2.12. Let X be a GM variety of odd dimension. Then
HH®(Ax) = k @ k*°[-2] © k[—4].
Proof. Recall that by Proposition 2.7 there is a Z/2-action on Ax such that if o: Ax — Ax
denotes the corresponding involutive autoequivalence, then:
(1) Su, =0 o0]2]is a Serre functor for Ax;
(2) A)Z(/ 2~ A xor, where X°P is the opposite variety to X.

As stated, these are results at the level of triangulated categories, but they also hold
at the enhanced level. Namely, in the terminology of [Perl8], there is a k-linear stable oo-
category DP(X)°™ (denoted Perf(X) in [Per18]) with homotopy category DP(X). The category
DP(X)e™® admits a semiorthogonal decomposition of the same form as (2.10), which defines
a k-linear stable oo-category .Ag?h whose homotopy category is Ax. If o®™h: Ag?h — Ag’?h
denotes the corresponding involutive autoequivalence, then (1) and (2) above hold with Ax,
SAays 0, and Axopr replaced by their enhanced versions, and (1) and (2) are recovered by
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passing to homotopy categories. The Hochschild (co)homology of Ax and Axoer agree with the
corresponding invariants of their enhancements. Hence [Per18, Corollary 1.3] gives

HH® (A xor) = HH*(Ay) @ (HH, (Ax)%/2[-2]), (2.15)

where the Z/2-action on HHq(Ax) is induced by o.
Since X has odd dimension (and hence X°P has even dimension), by Corollary 2.11 we have

HH®(Axor) = k @ k?*[—2] @ k[—4],
and by Proposition 2.9 we have
HH,(Ax) =2 k'[1] ¢ k? & k'°[-1].

Combined with (2.15), this immediately shows HHe(Ax)%/? is concentrated in degree 0, i.e. we
have HH.(AX)Z/2 =~ k? for some 0 < d < 2, and

HH®(Ax) = k @ k*279[—2] @ k[-4].
To prove d = 2, we apply [Poll4, Corollary 3.11], which gives an equality

> (1) dimHH (Ax) = > (=1)' Tr((Sy}).: HH;(Ax) - HH;(Ax)). (2.16)

7 7

Note that since Sy, = o o [2], the map (S;bl()*: HH;(Ax) — HH;(Ax) induced by S;[; on
Hochschild homology coincides with the map induced by o, and in particular squares to the
identity. It follows that the right side of (2.16) is bounded above by >, dim HH;(Ax) = 22. But
the left side of (2.16) equals 24 — d where 0 < d < 2, s0 d = 2. O

Remark 2.13. As a byproduct, the above proof shows that S4, acts on HH;(Ax) by (—1) for
any GM category Ax.

Remark 2.14. It is possible to show d = 2 in the above proof without appealing to the
equality (2.16), as follows. Note that the statement is deformation invariant, since it is equivalent
to the Euler characteristic > _,(—1)? dim HH'(Ay) being 22. So we may assume X is special. Then
the Z/2-action on Ax is induced by the involution of the double cover X — M’ . We want to
show that Z/2 acts trivially on HHp(Ax ). But HHe(Ax) is canonically a summand of HH4(X),
and we claim that the involution of the double cover acts trivially on HHy(X). Indeed, since X
is odd-dimensional, pullback under X — MY induces a surjection on even-degree cohomology
and hence on HHg. The claim follows.

Remark 2.15. Proposition 2.12 can also be deduced from Conjecture 3.7 stated below. Indeed,
the conjecture implies that the GM category of any GM variety of odd dimension is equivalent to
that of an ordinary GM threefold, whose Hochschild cohomology can be computed using [Kuz09b,
Theorem 8.8]. Yet another method for computing the Hochschild cohomology of GM categories is
via the normal Hochschild cohomology spectral sequence of [Kuzl5a], but this method becomes
long and complicated for GM varieties of dimension bigger than 3.
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As an application, we discuss the indecomposability of GM categories. Recall that a
triangulated category T is called indecomposable if it admits no non-trivial semiorthogonal
decompositions, i.e. if T = (A;, As) implies either A; ~ 0 or Ay ~ 0. In general, there are very few
techniques for proving indecomposability of a triangulated category. However, for Calabi—Yau
categories, we recall a simple criterion below.

If A is an admissible subcategory of the derived category of a smooth projective variety, we
say A is connected if HH(A) = k (see [Kuzl6a, §5.2]). By Corollary 2.11 and Proposition 2.12,
all GM categories are connected.

PROPOSITION 2.16 [Kuzl6a, Proposition 5.5]. Let A be a connected admissible subcategory of
the derived category of a smooth projective variety. Then A admits no non-trivial completely
orthogonal decompositions. If furthermore A is Calabi—Yau, then A is indecomposable.

COROLLARY 2.17. Let X be a GM variety of dimension n.

(1) Ifn is even, then Ax is indecomposable.
(2) Ifn is odd, then Ax admits no non-trivial completely orthogonal decompositions.

Proof. This follows from Proposition 2.16, the connectivity of Ax, and the fact that Ax is
Calabi—Yau if n is even. O

Remark 2.18. It is plausible that Ax is indecomposable if X is an odd-dimensional GM variety,
but we do not know how to prove this.

2.6 Grothendieck groups of GM categories
The Grothendieck group Ko(T) of a triangulated category T is the free group on isomorphism
classes [F] of objects F € T, modulo the relations [G] = [F] + [H] for every distinguished triangle
F—> G > K.

Assume T is proper, i.e. that @, Hom(F, G[i]) is finite dimensional for all F,§ € T. For
instance, this holds if 7 is admissible in the derived category of a smooth projective variety.
Then for F,G € T, we set

X(F,G) =>_(—1) dim Hom(F, §[i]).
i
This descends to a bilinear form yx: Ko(7T) x Ko(T) — Z, called the Fuler form. In general this
form is neither symmetric nor antisymmetric. However, if 7 admits a Serre functor (e.g. if T is
admissible in the derived category of a smooth projective variety), then the left and right kernels

of the form x agree, and we denote this common subgroup of Ko (T) by ker(y). In this situation,
the numerical Grothendieck group is the quotient

KO ((-T)num = KO ({I)/ker (X)

Note that Ko(T)num is torsion free, since ker(y) is evidently saturated.
If X is a smooth projective variety, we write

Ko(X) = Ko(DP(X)) and Ko(X)num = Ko(DP(X))num-

Further, let CH(X) and CH(X)pum denote the Chow rings of cycles modulo rational and
numerical equivalence. The following well-known consequence of Hirzebruch—Riemann—-Roch
relates the (numerical) Grothendieck ring of X to its (numerical) Chow ring.
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LEMMA 2.19. Let X be a smooth projective variety. Then there are isomorphisms
Ko(X) @ Q=CH(X)®Q and Ko(X)pum ® Q = CH(X )pum ® Q.

Proof. The isomorphisms are induced by the Chern character ch: Ko(X) — CH(X) ® Q. For
the first, see [Ful98, Example 15.2.16(b)]. The second then follows from the observation that, by
Riemann—Roch, the kernel of the Euler form is precisely the preimage under the Chern character
of the ideal of numerically trivial cycles. a

The following well-known lemma says that Grothendieck groups are additive.

LEMMA 2.20. Let X be a smooth projective variety. Given a semiorthogonal decomposition
DP(X) = (A1, As, ..., An), there are isomorphisms

Ko(X) = P Ko(Ai) and Ko(X)mum = D Ko(Ai)num-
=1 =1

Proof. The embedding functors A; < DP(X) induce a map @, Ko(A;) — Ko(X), whose inverse
is the map induced by the projection functors DP(X) — A;. This isomorphism also descends to
numerical Grothendieck groups. O

Now let X be a GM variety. If X is a surface then Ax = D(X), so the Grothendieck group
of Ax coincides with that of X. Below we describe Ko(Ax )num if X is odd dimensional, or if X
is a fourfold or sixfold which is not ‘Hodge-theoretically special’ in the following sense.

First, we note that if n denotes the dimension of X, then by Lefschetz theorems (see [DK17,
Proposition 3.4(b)]) the Gushel map f: X — G induces an injection

H'(G,Q) — H"(X, Q).

If n is odd, then H"(G, Q) simply vanishes. But if n = 4 or 6, then H*(G, Q) = Q? is generated
by Schubert cycles, and the wanishing cohomology HY, (X, Q) is defined as the orthogonal
to H*(G, Q) € H"(X, Q) with respect to the intersection form.

DEFINITION 2.21 [DIM15]. Let X be a GM variety of dimension n =4 or 6. Then X is Hodge-
special if

HY202(X) N HY,, (X, Q) # 0.
LEMMA 2.22 [DIM15]. If X is a very general GM fourfold or sixfold, then X is not Hodge-special.

Remark 2.23. Very general here means that the moduli point [X] € M, (k) lies in the complement
of countably many proper closed substacks of M,,, where n = dim(X) and M,, is the moduli stack
of n-dimensional GM varieties discussed in Appendix A.

Proof. In the fourfold case, this is [DIM15, Corollary 4.6]. The main point of the proof is the
computation that the local period map for GM fourfolds is a submersion. The sixfold case can
be proved by the same argument. O

Remark 2.24. Lemma 2.22 can also be proved by combining the description of the moduli of GM
varieties in terms of Eisenbud-Popescu-Walter (EPW) sextics (see Remark 3.3) with [DK17,
Theorem 5.1].
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ProprosITION 2.25. Let X be a GM variety of dimension n > 3. If n is even, assume also that X
is not Hodge-special. Then Ko(Ax )num ~ Z2.

Proof. The proof is similar to that of Proposition 2.9. First, note that by Proposition 2.3 there is a
semiorthogonal decomposition of DP(X) with Ay and 2(n—2) exceptional objects as components.
Since the category generated by an exceptional object is equivalent to the derived category of a
point, both its usual and numerical Grothendieck group is Z. Hence by additivity,

KO(X)num = KO(AX)num S ZQ(n_Z)-

On the other hand, Ko(X)num ® Q =& CH(X)pum ® Q. But under our assumptions on X,
the rational Hodge classes on X are spanned by the restrictions of Schubert cycles on G.
In particular, the Hodge conjecture holds for X. So numerical equivalence coincides with
homological equivalence, and

CH(X)num & Q = @k Hk’k(Xa Q)a

where H** (X, Q) = H**(X)NH?*(X, Q). Thus using the Hodge diamond of X (recorded in the
proof of Proposition 2.9) and the assumption that X is not Hodge-special if n is even, we find

dim (Ko (X)pum ® Q) = 2n — 2.

Combined with the above, this shows the rank of Ko(Ax)num is 2. Since Ko(Ax)num is torsion
free, we conclude Ko(Ax )num = Z2. ]

Remark 2.26. Let X be a GM variety of dimension n = 4 or 6. The proof of the proposition
shows that
rank (Ko (A x )num) = dimg HY?"/2(X, Q)

if the Hodge conjecture holds for X. The Hodge conjecture holds for any uniruled smooth
projective fourfold [CMT78], so for n = 4 the above equality is unconditional. If n = 6 the Hodge
conjecture can be proved using the correspondences studied in [DK17], but we do not discuss
the details here.

LEMMA 2.27. Let X be a GM variety as in Proposition 2.25. Then in a suitable basis, the Euler
form on Ko(Ax )num = Z? is given by

(01 _01> ifn =3, <02 _02) ifn = 4.

Remark 2.28. The duality conjecture (Conjecture 3.7) implies that if X is as in Proposition 2.25,
then for n = 5 or 6 the lattice Ko(Ax)num = Z? is isomorphic to the lattice described in
Lemma 2.27 for n = 3 or 4, respectively.

Proof. For n = 3, this is shown in the proof of [Kuz09a, Proposition 3.9].

For n = 4, we sketch the proof. First, note that any GM variety contains a line, since by
taking a hyperplane section we reduce to the case of dimension 3, where the result is well known.
Let P € X be a point, L C X be a line, ¥ be the zero locus of a regular section of U¥, S be a
complete intersection of two hyperplanes in X, and H be a hyperplane section of X. The key
claim is that

Ko(X)num = Z{[0p], 011, [05], [05], [04], [0x]), (2.17)
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i.e. the structure sheaves of these subvarieties give an integral basis of Ko(X)num. Once this
is known, as in the proof of [Kuz09a, Proposition 3.9], the lemma reduces to a (tedious)
computation, which we omit.

Using [Kuz09a, Remark 5.9] it is easy to see X is AK-compatible in the sense of [Kuz09a,
Definition 5.1], hence to prove the claim it is enough to show that

CH(X)num = Z([P], [L], [X], [S], [H], 1).

Clearly, this is equivalent to CH?*(X)pum = Z{[¥],[S]). But CH*(X)yum coincides with the
group CH?(X)pom C H*(X,Z) of 2-cycles modulo homological equivalence (see the proof of
Proposition 2.25), and Z([%], [S]) is the image of the inclusion H*(G, Z) < CH?(X )pom. Hence
it suffices to show the cokernel of this inclusion is torsion free. Even better, the cokernel of

HY(G,Z) — HY(X,Z)

is torsion free. Indeed, we may assume X is ordinary, and then the statement holds by the proof
of the Lefschetz hyperplane theorem, see [Laz04, Example 3.1.18]. O

2.7 Geometricity of GM categories

Now we consider the question of whether Ax is equivalent to the derived category of a variety.
The following two results show that in almost all cases, the answer is negative. In § 3.3 we will
discuss a related conjecture about the rationality of GM fourfolds.

PrOPOSITION 2.29. Let X be a GM variety of dimension n.

(1) Ifn is even and S is a variety such that Ay ~ DP(S), then S is a K3 surface.
(2) Ifn is odd, then Ax is not equivalent to the derived category of any variety.

(3) If n =4 or n =6 and X is not Hodge-special (in particular, if X is very general), then Ax
is not equivalent to the derived category of any variety.

Proof. Suppose S is a variety such that Ax ~ DP(S). Then S is smooth by [Kuz06, Lemma D.22],
and proper by [Orl16, Proposition 3.30]. In particular, DP(S) has a Serre functor given by

SDb(S)(gj) = ?@wg[dlm(S)],

which is unique up to isomorphism. Thus by Proposition 2.6, S is a surface with trivial (if n is
even) or 2-torsion (if n is odd) canonical class. Hence S is a K3, Enriques, abelian, or bielliptic
surface. Using the HKR isomorphism and the Hodge diamonds of such surfaces, we find

k2] @ k*2 @ k[-2] if S is K3,
k!2 if S is Enriques,
HH.(5) = k2] @ k*[1] @ kb @ k*[-1] @ k[-2] if S is abelian,
k1] & k* @ k?[-1] if S is bielliptic.

Now parts (1) and (2) follow by comparing with HHe(Ax) as given by Proposition 2.9. For (3)
note that if Ax ~ DP(S), then Ko(Ax)num = Ko(S)num. But on a projective surface powers of
the hyperplane class give 3 independent elements in CH(.S)num ® Q = Ko(S)num ® Q. Hence by
Proposition 2.25, X is Hodge-special. O
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2.8 Self-duality of GM categories

The derived category of a smooth proper variety X is self-dual: if DP(X)°P denotes the opposite
category of DP(X) (note that this has nothing to do with the opposite GM variety), there
is an equivalence DP(X) ~ DP(X)° given by the dualization functor F +— RHom(F,Ox). In
general, this self-duality property is not inherited by semiorthogonal components of DP(X).
Nonetheless, we show below that all GM categories are self-dual, which can be thought of as a
weak geometricity property.

For the proof, we recall some facts about mutation functors (see [Bon89, BK90] for more
details). For any admissible subcategory A C T of a triangulated category, there are associated
left and right mutation functors Ly: T — T and Ry: T — 7. These functors annihilate A, and
their restrictions Ly|iy: tA — A+ and Rylyr: AM — A are mutually inverse equivalences
[BK90, Lemma 1.9]. If T = (A4,...,A,) is a semiorthogonal decomposition with admissible
components, then for 1 < ¢ < n — 1 there are semiorthogonal decompositions

T <‘A1)~"7‘Ai—17LAi(‘Ai+l)7‘Aiv‘Ai+27‘"7‘An>7
T = <A1, - ,.Aifl,./{l#l, RAi+1 (.Ai),fli+2, ... ,.An>,

and equivalences
Lﬂi (Ai+1) ~ -Ai—i-l and R’AH-I (Az) ~ -Ai (2.18)

induced by the mutation functors Ly,: T — T and Ry, ,: T — T. When T admits a Serre
functor Sg, the effect of mutating A, or A; to the opposite side of the semiorthogonal
decomposition of T can be described as follows [BK90, Proposition 3.6]:

T = (Sy(An), A1,y Anor) and T = (A, ..., Ay, ST (AL)). (2.19)
That is, Lia, 4, ,)(An) = Sy(An) and R, a,) (A1) = S5 ' (A1)
LeEMMA 2.30. For any GM variety X the corresponding GM category Ax is self-dual, i.e.
Ax ~ AT,

Proof. If dim(X) = 2 then Ay = DP(X), so the result holds by self-duality of D(X). Now
assume dim(X) > 3. Applying the dualization functor ¥ — RHom(F, Ox) to the semiorthogonal
decomposition (2.11), we obtain a new semiorthogonal decomposition

D"(X) = (Ux(=(n = 3)),0x(=(n = 3)),...,Ux, Ox, A%) (2:20)
and an equivalence A’y ~ .Ag?. It remains to show
Ay ~ Ax. (2.21)

We mutate the subcategory (Ux(—(n—3)),0x(—(n—3)),...,Ux) to the far right side of (2.20).
By (2.19), the formula (2.12) for the Serre functor of D’(X), and the formula (2.2) for —Kx,
the result is

D(X) = (0x, Ay, Ux (1), 0x(1),...,Ux(n — 2)).

Using the isomorphism Ux (1) = UY and comparing this decomposition with (2.11), we deduce
that Ax = Lo, (A’y). Hence Ax ~ A’y by (2.18). O

Remark 2.31. A similar argument shows that the K3 category associated to a cubic fourfold (as
defined by (3.1) below) is self-dual.
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3. Conjectures on duality and rationality

In this section, we propose two conjectures related to the variation of GM categories Ax as X
varies in moduli. We begin by briefly recalling a description of the moduli of GM varieties in
terms of EPW sextics from [DK18a, § 3] (see Appendix A for some basic results about the moduli
stack of GM varieties). Using this, we formulate a duality conjecture (Conjecture 3.7), which
in particular implies that Ax is constant in families of GM varieties with the same associated
EPW sextic. Next we discuss the rationality problem for GM varieties in terms of GM categories.
This problem is most interesting for GM fourfolds, where by analogy with cubic fourfolds we
conjecture that the GM category of a rational GM fourfold is equivalent to the derived category
of a K3 surface (Conjecture 3.12).

3.1 EPW sextics and moduli of GM varieties

Let Vs be a 6-dimensional vector space. Its exterior power A*Vg has a natural det(Vg)-valued
symplectic form, given by wedge product. For any Lagrangian subspace A C A3V, we consider
the following stratification of P(Vj):

YF = {v e P(Vp) | dim(A N (v A (A2Vg))) = k} € P(Vg).

We write Yﬁ for the complement of Yik"'l in Yik, and Yp for Yil. The variety Yp is called an
EPW seatic (for Eisenbud, Popescu, and Walter, who first defined it), and the sequence Yﬁ is
called the EPW stratification.

We say A has no decomposable vectors if P(A) does not intersect Gr(3,Vg) C P(A3Vg).
O’Grady [O’Gr06, O’Gr08, O’Grl6, O’Grl2, O’Grl3, O’Grl5] extensively investigated the
geometry of EPW sextics, and proved in particular that (see also [DK18a, Theorem B.2]) if A
has no decomposable vectors, then:

e Yp= Yil is a normal irreducible sextic hypersurface, smooth along Yk;

YiQ = Sing(Ya) is a normal irreducible surface of degree 40, smooth along Y%;

Y3 = Sing(YiQ) is finite and reduced, and for general A is empty;

Yit=2.
For any Lagrangian subspace A C A%V, its orthogonal At = kelr(A?’VGv — AY) C /\3V6V is
also Lagrangian, and A has no decomposable vectors if and only if the same is true for A+. In
particular, A gives rise to an EPW sequence of subvarieties of P(Vy'), which can be written in
terms of A as follows:

Y2 = {Vs € P(V) | dim(ANAPV5) > k} C P(Vy).

This stratification has the same properties as the stratification Yfk . By O’Grady’s work Y1
is projectively dual to Ya, and for this reason is called the dual EPW sextic to Ya. We note
that Y1 is not isomorphic to Ya for general A (see [O’Gr08, Theorem 1.1]).

One of the main results of [DK18a] is the following description of the set of all isomorphism
classes of smooth ordinary GM varieties. If X C P(W) is a GM variety, then the space of
quadrics in P(W) containing X is a 6-dimensional vector space [DK18a, Theorem 2.3|, which we
denote by V5(X). The space of Pliicker quadrics defining the Grassmannian G = Gr(2, V5(X))
is canonically identified with V5(X), so since X C Cone(G) we have an embedding

Vs (X) C Vs(X).
The hyperplane V5(X) is called the Plicker hyperplane of X and the corresponding point
px € P(V6(X)")
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is called the Pliicker point of X. Furthermore, in [DK18a, Theorem 3.10] it is shown that there
is a natural Lagrangian subspace

A(X) € APVs(X)
associated to X. If X°P is the opposite variety of X as defined by (2.7), then A(X°P) = A(X)
and Pxor = PXx.

THEOREM 3.1 [DK18a, Theorem 3.10]. For any n > 2 the maps X — X°P and X — (A(X),px)
define bijections between:

(1) the set of ordinary GM varieties X of dimension n > 2 whose Grassmannian hull Mx is
smooth, up to isomorphism;

(2) the set of special GM varieties of dimension n + 1 > 3, up to isomorphism; and

(3) the set of pairs (A, p), where A C A3V is a Lagrangian subspace with no decomposable

vectors and p € Yii”, up to the action of PGL(Vg).

Note that by Lemma 2.1, the Grassmannian hull Mx is automatically smooth for ordinary
GM varieties of dimension n > 3.

Remark 3.2. To include all GM surfaces into the above bijection, we must allow a more
general class of Lagrangian subspaces in Theorem 3.1, namely those that contain finitely many
decomposable vectors, cf. [DK18a, Theorem 3.16 and Remark 3.17].

Remark 3.3. Theorem 3.1 suggests there is a morphism from the moduli stack M, of n-
dimensional GM varieties (see Appendix A) to the quotient stack LG(A3Vs)/ PGL(Vs) (where
LG(A3Vg) is the Lagrangian Grassmannian) given by X ~— A(X) at the level of points, whose
fiber over a point A is the union of two EPW strata YZI” U Yii", modulo the action of the finite
stabilizer group of A in PGL(Vs). This morphism will be discussed in detail in [DK18b]. Let us
simply note that it gives a geometric way to compute dim M, (cf. Proposition A.2). Namely, the
quotient stack LG(A3V5)/ PGL(Vs) has dimension 20, and the fibers of the supposed morphism
have dimension 5, 5, 4, or 2 for n = 6, 5,4, or 3, respectively. Finally, for n = 2 the morphism is
no longer dominant, as its image is the divisor of those A such that Yi L # 9, and its fibers are
finite.

The above discussion shows the utility of the EPW stratification of P(Vy’) from the point
of view of moduli. The following proposition gives a geometric interpretation of the EPW
stratification of P(Vg), which will be essential later.

As mentioned before, the quadric @ defining X in (2.1) is not unique; such quadrics are
parameterized by the affine space P(V5(X))\P(V5(X)) of non-Pliicker quadrics. In other words,
a quadric @ defining X in (2.1) corresponds to a quadric point

q € P(V5(X))
such that (q, px) does not lie on the incidence divisor in P(V5(X)) x P(V5(X)Y).

PRroOPOSITION 3.4 [DK18a, Proposition 3.13(b)]. Let X be a GM variety. Under the identification
of the affine space P(Vs(X))\P(V5(X)) with the space of non-Pliicker quadrics containing X,
the stratum

Yhon N (@ (Ve(X))\P(V5(X)))
corresponds to the quadrics @) such that dim(ker(Q)) = k.

The symmetry between the Pliicker point px and the quadric point q is the basis for the
duality of GM varieties, discussed below.
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3.2 The duality conjecture
The following definition extends [DK18a, Definitions 3.22 and 3.26].

DEFINITION 3.5. Let X7 and X5 be GM varieties.

(1) If there exists an isomorphism Vg(X;) = Vg(X2) identifying A(X;) C A3Vp(X1)
with A(X3) C A3Vs(X2), then we say:
e X; and Xy are period partners if dim(X;) = dim(X3), and
e X; and Xy are generalized partners if dim(X;) = dim(X2) (mod 2).
(2) If there exists an isomorphism Vg(X1) = Vg(X2)Y identifying A(X;) C A3Vp(X7)
with A(X2)+ € A3Vs(X2)Y, then we say:
e X; and Xy are dual if dim(X;) = dim(Xy), and
e X; and Xy are generalized dual if dim(X;) = dim(X3) (mod 2).

Remark 3.6. If X is a GM variety, then either A(X) does or does not contain decomposable
vectors, and these two cases are preserved by generalized partnership and duality. The first
case happens only when X is an ordinary surface with singular Grassmannian hull or X is a
special surface, see [DK18a, Theorem 3.16 and Remark 3.17]. In this paper, we focus on the case
where A(X) does not contain decomposable vectors.

One of the main results of [DK18a, §4| is that period partners or dual GM varieties of
dimension at least 3 are birational. Our motivation for defining generalized partners and duals
is the following conjecture.

CONJECTURE 3.7. Let X; and X3 be GM varieties such that the subspaces A(X;) and A(X32)
do not contain decomposable vectors, and let Ax, and Ax, be their GM categories.

(1) If X; and Xy are generalized partners, there is an equivalence Ax, ~ Ax,.
(2) If X; and Xy are generalized duals, there is an equivalence Ax, ~ Ax,.

By Proposition 2.6, GM varieties with equivalent GM categories must have dimensions of
the same parity, which explains the parity condition in Definition 3.5. We note that part (1) of
the conjecture follows from part (2), since by Definition 3.5 and Theorem 3.1 generalized period
partners have a common generalized dual GM variety. For this reason, we refer to Conjecture 3.7
as the duality conjecture.

As evidence for the duality conjecture, we prove in §4 the special case where X is an
ordinary GM fourfold and X5 is a (suitably generic) generalized dual GM surface. In fact, the
approach of §4 can be used to attack the full conjecture, but is quite unwieldy to carry out
in the general case. In forthcoming work, we establish the general case as a consequence of a
theory of ‘categorical joins’ [KP18]. This approach is based on the observation from [DK18a,
Proposition 3.28] that duality of ordinary GM varieties can be interpreted in terms of projective
duality of quadrics (see also §4.2). We show that this extends to generalized duality by replacing
classical projective duality with homological projective duality.

In the rest of this subsection we discuss some consequences of the duality conjecture. We
start by describing all generalized duals and partners of a given GM variety.

LEMMA 3.8. Let X be an n-dimensional GM variety, and assume A(X) has no decomposable
vectors. Then any quadric point q € P(V5(X)) corresponds to a generalized dual Xj of X. If q
lies in the stratum Y/’§( X) for some k, we have:
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e if5—k=mn (mod 2), then X is an ordinary GM variety of dimension 5 — k;
e if6 —k=mn (mod 2), then X is a special GM variety of dimension 6 — k.
Similarly, any point p € P(Vs(X)V) corresponds to a generalized partner Xp, of X.
Conversely, any generalized dual of X arises as X for some q € P(V5(X)) and any
generalized partner of X arises as Xy, for some p € P(Vg(X)Y).

Proof. The variety Xg corresponding to a quadric point q € P (V) is just the ordinary GM
variety of dimension 5—k or the special GM variety of dimension 6 — k associated by Theorem 3.1
to the pair (A(X)*, q) (with Vg = V5(X)V). It also follows from Theorem 3.1 that any generalized
dual of X arises in this way.

The same argument also works for generalized partners. O

The argument of Lemma 3.8 shows that the set of isomorphism classes of generalized duals
of X can be identified with the quotient of P(V5(X)) by the action of the finite stabilizer group
of A(X) in PGL(V5(X)). Analogously, the isomorphism classes of generalized partners of X are
parameterized by a quotient of P(V5(X)Y) by the same group.

Let us list more explicitly the type of Xg according to the stratum Yf‘\( X) of q and the parity
of n = dim X:

Xa/ for n even Xg for n odd

Special sixfold Ordinary fivefold

Ordinary fourfold Special fivefold

Special fourfold Ordinary threefold

WIN|~|O]

Ordinary surface Special threefold

Recall that the stratum Y/IK( X) is always non-empty for k£ = 0,1,2, generically empty for

k = 3, and always empty for k > 4 (under our assumption that A(X) contains no decomposable
vectors). In fact, the condition that Y%\ ) is non-empty is divisorial in M,, (see Remark 4.3).
In the same way, one can describe the types of generalized partners X of X depending on the
stratum Y,]Z(X)L of p and the parity of n.

Conjecture 3.7 says there are equivalences

AX ~ ‘AXp >~ ‘AXX
for every p € P(V5(X)V) and every q € P(V5(X)). In particular, it predicts that often GM

categories are equivalent to those of lower-dimensional GM varieties, namely that:

(1) if X is a sixfold, then its GM category is equivalent to a fourfold’s GM category;

(2) if X is a fivefold, then its GM category is equivalent to a threefold’s GM category;

(3) if X is a fourfold such that Yi( X
to the derived category of a GM surface.

)L # & or Yi(x) # @, then its GM category is equivalent

As mentioned above, in §4 we prove (3) in case Yi( X) # @ and an additional genericity

assumption holds, namely Yi( x) £ P(V5(X)).

Remark 3.9. Using Theorem 3.1, it is easy to see that to prove the duality conjecture in full
generality, it is enough to prove Ay ~ Axy for all X and q € P(V5(X))\P(V5(X)). A similar
reduction was used in [DK18a, §4] to prove birationality of period partners and of dual GM
varieties.
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Remark 3.10. A GM variety X as in (1)-(3) above is rational (see the discussion below and
Lemma 4.7). It seems likely that for such an X there is a rationality construction that involves
a blowup of a generalized partner or dual variety of dimension 2 less, and gives rise to an
equivalence of GM categories. Our approach to (3) in §4 takes a completely different route.

3.3 Rationality conjectures

Let us recall what is known about rationality of GM varieties. A general GM threefold is
irrational by [Bea77, Theorem 5.6], while every GM fivefold or sixfold is rational by [DK18a,
Proposition 4.2] (for a general GM fivefold or sixfold this was already known to Roth). The
intermediate case of GM fourfolds is more mysterious, and closely parallels the situation for cubic
fourfolds: some rational examples are known [DIM15], but while a very general GM fourfold is
expected to be irrational, it has not been proven that a single GM fourfold is irrational. Below,
we analyze this state of affairs from the point of view of derived categories.

Following [Kuz16b, §3.3], we use the following terminology.

e For a triangulated category A, the geometric dimension gdim(A) is defined as the minimal
integer m such that there exists an m-dimensional connected smooth projective variety M
and an admissible embedding A — DP(M).

e If Y is a smooth projective variety and DP(Y') = (A4, ..., A,,) is a maximal semiorthogonal
decomposition (i.e. the components are indecomposable), then A; is called a Griffiths
component if gdim(A;) > dimY — 1.

If the set of Griffiths components of Y did not depend on the choice of maximal semiorthogonal
decomposition, then it would be a birational invariant [Kuzl6b, Lemma 3.10]; in particular,
it would be empty if Y is rational of dimension at least 2. Unfortunately, there are examples
showing this is not true (see [Kuz16b, § 3.4], [BGS14]). It may be possible to salvage the situation
by modifying the definition of a Griffiths component (some possibilities are discussed in [Kuz16b,
§3.4]), but this remains an important question.

Nonetheless, the existence of a Griffiths component appears to be related to irrationality in
several examples. For instance, if X’ C P? is a smooth cubic fourfold, there is a semiorthogonal
decomposition

DP(X') = (Axr, Ox7,0x/(1), 0x/(2)), (3.1)

where Ax/ is a K3 category (see [Kuz04, Corollary 4.3] or [Kuzl6a, Corollary 4.1]). If Ax/
is equivalent to the derived category of a K3 surface, then gdim(Ax/) = 2 and hence (3.1)
contains no Griffiths components. If Ax/ is not geometric (which holds for a very general cubic
fourfold by an argument similar to Proposition 2.29), then we expect Ax: to be a Griffiths
component, although this remains an interesting open problem, cf. [Kuzl6a, Conjecture 5.8].
These considerations motivated the following conjecture.

CONJECTURE 3.11 [Kuz10]. If X’ is a rational cubic fourfold, then Ay is equivalent to the
derived category of a K3 surface.

As evidence, this conjecture was proved in [Kuzl0] for all rational X’ known at the time.
Since then, a nearly complete answer to when Ax- is equivalent to the derived category of a
K3 surface has been given [AT14], and some new families of rational cubic fourfolds have been
produced [AHTV16].

The same philosophy can be applied to GM fourfolds. If the GM category Ax of a GM fourfold
X is geometric, then (2.11) contains no Griffiths components, and otherwise we expect Ax to
be a Griffiths component. This suggests the following analogue of Conjecture 3.11.
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CONJECTURE 3.12. If X is a rational GM fourfold, then the GM category Ax is equivalent to
the derived category of a K3 surface.

One of the main results of this paper, Theorem 1.2 (or rather Theorem 4.1), verifies
Conjecture 3.12 for a certain family of rational GM fourfolds. Another result, Theorem 1.3 (or
rather Theorem 5.8), builds a bridge between Conjectures 3.12 and 3.11. Finally, recall that we
proved the GM category of a very general GM fourfold is not equivalent to the derived category
of a K3 surface (Proposition 2.29). Hence Conjecture 3.12 is consistent with the expectation that
a very general GM fourfold is irrational.

Now we consider GM varieties of other dimensions from the perspective of derived categories.
The next result shows that for a GM threefold X, any maximal semiorthogonal decomposition
of DP(X) obtained by refining (2.11) contains a Griffiths component. We view this as evidence
that any smooth GM threefold is irrational.

LEMMA 3.13 (Cf. [Kuzl6b, Proposition 3.12]). Let X be a GM threefold. Then Ax does not
admit a semiorthogonal decomposition with all components of geometric dimension at most 1.

Proof. Tt is easy to see that any category of geometric dimension 0 is equivalent to DP(Spec(k)).
Further, by [Okall] any category of geometric dimension 1 is equivalent to the derived category
of a curve. Note that HHe(Spec(k)) = k, and if C' is a curve of genus g then

HH,(C) = k(1] @ k* @ k9[—1].

Thus if Ax has a semiorthogonal decomposition with all components of geometric dimension
at most 1, Proposition 2.9 and Theorem 2.8 imply Ax ~ D"(C) for a genus 10 curve C. This
cannot happen by Proposition 2.29. a

If X is a GM fivefold or sixfold, then by the discussion in § 3.2, X has a generalized dual X"
with dim(X") < dim(X)—2. The duality conjecture (Conjecture 3.7(2)) predicts that Ax ~ Axv,
and hence gdim(Ax) < dim(X) — 2. So assuming the duality conjecture, we see that (2.11) has
no Griffiths components, which is consistent with the rationality of X.

4. Fourfold-to-surface duality

In this section we prove Conjecture 3.7 for ordinary fourfolds with a generalized dual surface
corresponding to a quadric point not lying on the Pliicker hyperplane.

4.1 Statement of the result
Recall that for any GM fourfold X and a quadric point q € P(V5(X)), we associated in §3.2 a
generalized dual variety X(\I/ , which is an ordinary GM surface if q € Yi( X):
THEOREM 4.1. Let X be an ordinary GM fourfold such that
Yiacx) N (P(Vs(X)\P(V5(X))) # 2.

Then for any point q € Yi(X) N (P(Vs(X)\P(V5(X))), there is an equivalence

Ax ~D(X).
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The proof of this theorem takes the rest of this section. We start by noting an immediate
consequence for period partners.

COROLLARY 4.2. Assume X and q are as in Theorem 4.1, and let X, be a period partner of X
such that (q,p) does not lie on the incidence divisor in P(Vg(X)) x P(Vg(X)V). Then there is
an equivalence of GM categories Ax, ~ Ax.

Proof. By Theorem 4.1 applied to X and X, we have a pair of equivalences Ay =~ Db(Xg )
and Ax, ~ Db(Xél/ ). Combining them we obtain an equivalence Ax, ~ Ax.

A key ingredient in the proof of Theorem 4.1 is the theory of homological projective
duality [Kuz07]. Very roughly, this theory relates the derived categories of linear sections of
an ambient variety to those of orthogonal linear sections of a ‘dual’ variety. As we explain below,
the varieties X and X from Theorem 4.1 can be thought of as intersections of G C P(A?V5)
and its dual GV = Gr(2,Vy’) C P(A?V;’) with projectively dual quadric subvarieties. To prove
Theorem 1.2, we thus establish a ‘quadratic’ version of homological projective duality, in the
case where the ambient variety is G. Much of our argument is not special to G, however, and
should have interesting applications in other settings.

Remark 4.3. GM fourfolds X as in the theorem form a 23-dimensional (codimension 1 in moduli)
family. This can be seen using Theorem 3.1. Indeed, by [O’Grl3, Proposition 2.2] Lagrangian
subspaces A C A3V with no decomposable vectors such that Yi # @ form a divisor in the moduli
space of all A, and hence form a 19-dimensional family. Having fixed such an A there are finitely
many q € Y3, and in order for q € P(Vg(X))\P(V5(X)) the Pliicker point p of X can be any
point of Y})\ . such that (q,p) is not on the incidence divisor. In other words, p € Y})\ \gt, so we
have a 4-dimensional family of choices.

Recall from §2.1 that if X is an ordinary GM fourfold, there is a (canonical) hyperplane
W C A%V5(X) and a (non-canonical) quadric @ C P(W) such that X = G N Q. The fourfolds
satisfying the assumption of Theorem 4.1 admit several different characterizations.

LEMMA 4.4. Let X be an ordinary GM fourfold. The following are equivalent:

(1) Y3, N PV (X)\P(V5(X)) # 2
(2) there is a rank 6 quadric Q C P(W) such that X = GNQ;

(3) X contains a quintic del Pezzo surface, i.e. a smooth codimension 4 linear section of the
Grassmannian G C P(A?V5(X)).

Proof. The equivalence of (1) and (2) follows from Proposition 3.4 since dim W = 9. Note that
since Yi(x) = @, the same proposition also shows that if X = G N Q then rank(Q) > 6.

We show (2) is equivalent to (3). First assume (2) holds. Then a maximal isotropic space
I C W for @ has dimension 6, so GNP(I) is a quintic del Pezzo surface contained in X, provided
this intersection is transverse. By the argument of [DK18a, Lemma 4.1] (or by Lemma 4.6 below),
this is true for a general I.

Conversely, assume (3) holds, i.e. assume there is a 6-dimensional subspace I C W such that
Z =GnP(I) C X is a quintic del Pezzo. The restriction map V5(X) — H°(Jz/p(1y(2)) from
quadrics in P(W) containing X to those in P(I) containing Z is surjective with one-dimensional
kernel. If @ C P(WW) is the quadric corresponding to this kernel, then X = GNQ and P(I) C Q.
It follows that rank(Q) < 6. But as we noted above, the reverse inequality also holds. O
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For the rest of the section, we fix an ordinary GM fourfold X satisfying the equivalent
conditions of Lemma 4.4 and a point q € Yi(x) N (P(Vs(X))\P(V5(X))). Further, to ease
notation, we denote the generalized dual of X corresponding to the quadric point q (see
Lemma 3.8) by

_ %
Y =X

Note that Y is a GM surface.

4.2 Setup and outline of the proof
We outline here the strategy for proving Theorem 4.1.

The starting point is the following explicit geometric relation between X and Y. By
Proposition 3.4, the point q corresponds to a rank 6 quadric ) cutting out X, and the Pliicker
point px € P(V5(X)Y) 2 P(V5(Y)) of X corresponds to a quadric Q' cutting out Y. Because X
and Y are ordinary, we may regard @ as a subvariety of P(A2V5(X)) and Q' as a subvariety
of P(A2V5(Y)). Then [DK18a, Proposition 3.28] (which is stated for dual varieties but works
just as well for generalized duals) says that there is an isomorphism V5(X) = V5(Y)" identifying
Q' C P(A?V5(Y)) with the projective dual to @ C P(A?V;5(X)). Hence, fixing Vs = V5(X), our
setup is as follows: there is a hyperplane W C A%V5 and a rank 6 quadric Q C P(W) such that

X=GNQR and Y =G"'NQY,
where Q¥ C P(A?V}’) is the projectively dual quadric to @ C P(A?V3), and
GY = Gi(2, W) € P(A213)

is the dual Grassmannian.

From this starting point, the main steps of the proof are as follows. First, by considering
families of maximal linear subspaces of ¢ and QV, we find P1 bundles X—> XandY — Y,
together with morphisms X > P3and Y —» P3 realizing X and Y as families of mutually
orthogonal linear sections of G and G". This allows us to apply homological projective duality to
obtain a semiorthogonal decomposition of DP(X) with DE(Y) as a component. By comparing this
(via mutation functors) with the decomposition of DP(X) coming from its P!-bundle structure
over X, we show Db(Y) has a decomposition into two copies of Ax. On the other hand, as
Y — Y is a PL-bundle, DP(Y) also decomposes into two copies of DP(Y). We show these two
decompositions of Db(Y) coincide, and hence Ax ~ DP(Y). Our proof gives an explicit functor
inducing this equivalence, see (4.15).

4.3 Maximal linear subspaces of the quadrics
We start by discussing a geometric relation between @ and QV. Let K C W be the kernel of Q,
regarded as a symmetric linear map W — WVY. Since dim W = 9 and rank(Q) = 6, we have
dim K = 3. The filtration

0Cc K CWc A Vs

induces a filtration
0cwtcKtcaAVY,

where K+ and W are the annihilators of K and W, so that dim K+ = 7 and dim W+ = 1. The
pairing between the dual spaces A2V and /\2V5v induces a non-degenerate pairing between W/ K
and K+/W+, and hence an isomorphism

Kt/wt=Ww/K)Y.
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The quadric @ induces a smooth quadric @ in the 5-dimensional projective space P(W/K).
The quadric Q can be identified with the Grassmannian Gr(2,4); more precisely, we can find an
isomorphism

W/K = A28
for a 4-dimensional vector space S, with an identification
Q = Gr(2,5) C P(A%9).
The projective dual of @ is then the dual Grassmannian
QY =Gr(2,8Y) c P(A?SY) = P((W/K)Y) = P(K+/W1).
It follows that the projective dual of
Q = Conep k) QC P(/\2V5) (4.1)

is given by
QY = Conep (1) QY Cc P(A*1). (4.2)
Projective 3-space P(.5) is (a connected component of) the space of maximal linear subspaces
of the quadric Q = Gr(2,5). The universal family is the flag variety FI(1,2;S) — P(S), with
fiber over a point s € P(S) the plane P(s A S) C P(A2S). Analogously, the same flag variety
F1(2,3;5V) 2 F1(1,2; S) is (a connected component of) the space of maximal linear subspaces of
Q" = Gr(2,5Y), this time with fiber over a point s € P(S) being the plane P(A%2st) C P(A2SVY).
Note that the fibers of these two correspondences over a point s € P(.S) are mutually orthogonal
with respect to the pairing between A2S and A2SY. We summarize this discussion by the diagram

F1(1,2;5) F1(2,3;SY)
ro &) GV Pgv (4.3)
P(A2S) D Q P(95) QY C P(A%SY)

with the inner arrows being P2-bundles with mutually orthogonal fibers (as linear subspaces
of P(A2S) and P(A2SY)), and the outer arrows being P-bundles.

By (4.1) every maximal isotropic subspace of @) gives a maximal isotropic subspace of @ by
taking its preimage under the projection W — W/K = A%S. Analogously, by (4.2) every maximal
isotropic subspace of QV gives a maximal isotropic subspace of QV by taking its preimage under
the projection K+ — KL /W1 = A2SV. Note that for the pairing between W and K induced
by the pairing between A%2V5 and A V5v, the subspace K C W is the left kernel, and the subspace
W+ c K is the right kernel. Hence any s € P(S) gives mutually orthogonal maximal isotropic
spaces J5 and J& of Q and QV respectively. These spaces form the fibers of vector bundles J
and J+ over P(S) of ranks 6 and 4, which are mutually orthogonal subbundles of A2Vs ® Op(s)
and /\2V5V ® Op(s). We can summarize this discussion by the following diagram.

Pp(s)(7h)

2 T

(A%V5) D Q QY C P(A?VY)
Here the inner arrows are P5- and P3-bundles with mutually orthogonal fibers, and the outer

arrows are Pl-bundles (induced by the P!-bundles of diagram (4.3)) away from the vertices
P(K) and P(W+) of the quadrics (over which the fibers are isomorphic to P(S) = P3).
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4.4 Families of linear sections of the Grassmannians
Now define

~

X =G xp(ray;) Pp(s)(J) and Y =G xp(rayy) Pps) () (4.5)

to be the induced families of linear sections of G and GV. They fit into a diagram

X Y
N 49
X P(S5) Y

with the maps induced by those in (4.4) (remember that X =GN Q and Y = GV NQVY).
We will denote by H, H', and h the ample generators of Pic(G), Pic(G"Y), and P(S).

LEMMA 4.5. There are rank 2 vector bundles 8x and 8y on X and Y with ¢1(8x) = —H and
c1(8y) = —H', and isomorphisms
X~Px(8x) and Y =Py (Sy),
such that Op  (s,)(1) = 7% Op(s)(h) and Op, (s,(1) = 73 Op(s)(h). In particular, X is a smooth
fivefold, Y is a smooth threefold, and
K¢=—-H—2h and Ky =H —2h. (4.7)

Proof. Since X and Y are smooth, they do not intersect the vertices P(K) and P(W+) of
the quadrics @ and QV, hence the maps px and py are P!-fibrations induced by those in
diagram (4.4). In other words, we have fiber product squares

X —=FI(1,2;5) Y —>FI(2,3:5Y)
pxi in and pyl pov
X Q Y QV.

The map pg is the projectivization of the tautological subbundle of S® O on Q = Gr(2,9), and
pgv s the projectivization of the annihilator of the tautological subbundle of .S V' ® 0O on the dual
Grassmannian @V = Gr(2,5"). So we can take Sx and 8y to be the pullbacks to X and Y of
these bundles.

To compute the canonical classes, note that the determinant of the tautological bundle (and
of its annihilator) on Gr(2,S) is Oqy2,5)(—1), hence c1(8x) = —H and ¢1(8y) = —H'. Now
apply the standard formula for the canonical bundle of the projectivization of a vector bundle,
taking into account that Kx = —2H and Ky = 0 by (2.2). O

LEMMA 4.6. The map 7x: X > P(9S) is flat with general fiber a smooth quintic del Pezzo
surface. The map my : Y — P(S) is generically finite of degree 5.

Proof. The fiber of mx over a point s € P(S) is the intersection G N P(Js), where the subspace
P(J5) C P(A%V5) has codimension 4. Thus the dimension of 73! (s) is at least 2. If the dimension
were greater than 2, this fiber would give a divisor in X of degree at most 5, but by (2.3)
and (2.2) every divisor in X has degree divisible by 10. Thus every fiber is a dimensionally
transverse intersection, and flatness follows.

Furthermore, since X is smooth, the general fiber of mx is a smooth quintic del Pezzo
surface. Then by [DK18a, Proposition 2.24] the general fiber of my is a dimensionally transverse
and smooth linear section of GV of codimension 6, hence is just 5 reduced points. o
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As a byproduct of the above, we obtain the following.
LEMMA 4.7. The variety X is rational.

Proof. The same argument as in [DK18a, Proposition 4.2] works. Let X C X be the preimage
under the map 7x of a general hyperplane P? C P(S). By Lemma 4.6, the general fiber of the
morphism X — P? is a smooth quintic del Pezzo surface. Hence by a theorem of Enriques [She92],
X is rational over P2, and so over k as well. On the other hand, the map X — X is birational
(in fact, it is a blowup of a quintic del Pezzo surface), so X is rational too. O

4.5 Homological projective duality
Homological projective duality (HPD) is a key tool in the proof of Theorem 4.1. Very roughly,
HPD relates the derived categories of linear sections of a given variety to those of orthogonal
linear sections of an ‘HPD variety’. We refer to [Kuz07] for the details of this theory, and
to [Kuzl4] or [Thol7] for an overview. For us, the relevant point is that the dual Grassmannian
G is HPD to G. We spell out the precise consequence of this that we need below.

Recall that by Lemma 2.2 there is a semiorthogonal decomposition

D"(G) = (B, B(H), B(2H), B(3H), B(4H)).
Let
i: H(G,GY) = G x G C P(A*V5) x P(A?VY)

be the incidence divisor defined by the canonical section of O(H + H'). Recall that U denotes

the tautological rank 2 bundle on G, and let V denote the tautological rank 2 bundle on G".
The following was proved in [Kuz06, §6.1]. See [Kuz07, Definition 6.1] for the definition of HPD.

THEOREM 4.8. The Grassmannian GV — P(A?Vy’) is HPD to G — P(A%V5) with respect to
the above semiorthogonal decomposition. Moreover, the duality is implemented by a sheaf &
on H(G, G") whose pushforward to G x G fits into an exact sequence

0—> OgXV - U KOgv — i,& — 0.

In fact, we shall only need a consequence of HPD, which we formulate below as Corollary 4.9.
Note that the natural map

)?XP(S)?—)XXY—)GXG\/
factors through H(G, G"). Indeed, the fiber of X Xp(S) Y over any point s € P(S) is
(P(J5) x P(95)) N (G x GY) c H(G,GY).

Note also that N N
dlm(X XP(S) Y) = 5, (48)

since the map X XP(s) Y — Y is flat of relative dimension 2 by Lemma 4.6, and dim(f/) =3 by
Lemma 4.5. R R R R R
Denote by € the pullback of the HPD object € to X xp(s) Y and by ®: DP(Y) — DP(X)

the corresponding Fourier-Mukai functor. Note that D is P(S)-linear (since € is supported on
the fiber product X xp(g) Y), i.e.

(F @ 149) = B(F) © 7% G
for all ¥ € DP(Y) and § € D*(P(S)). By Lemma 4.5 and (4.8), the families X and Y of linear

sections of G and GV satisfy the dimension assumptions of [Kuz07, Theorem 6.27]. Hence we
obtain the following.
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COROLLARY 4.9. The functor ®: D*(Y) — DP(X) is fully faithful, and there is a semiorthogonal
decomposition R R R

D"(X) = (®(D"(Y)), Bx (H) K D*(P(S))), (4.9)
where Bx (H) X DP(P(S)) denotes the triangulated subcategory generated by objects of the form
i (F) @ % () for F € Bx(H) and G € DP(P(S)).

4.6 Mutations
Since px: X — X is a Pl-bundle (Lemma 4.5), we also have a semiorthogonal decomposition

DP(X) = (pxD"(X), p D (X) (h).
Inserting the decomposition (2.10) of DP(X), we obtain

DP(X) = (Ag, B, B(H), Ag(h), B(h), B(H + h)), (4.10)

where to ease notation we write A for pyAx and simply B for pxBx. We find a sequence
of mutations bringing this decomposition into the form of (4.9). In doing so we will use several
times Kx = —2H, which holds by (2.2), and K¢ = —H — 2h, which holds by (4.7). For a brief
review of mutation functors and references, see the discussion in § 2.8.

Step 1. Mutate B(H) to the left of Ag in (4.10). Since this is a mutation in p%D"(X) and
Kx = —2H, by (2.19) we get

~

D*(X) = (B(~H), Az, B, Az (h), B(h), B(H + h)).
Step 2. Mutate B(H + h) to the far left. Since K¢ = —H — 2h, by (2.19) we get
DY(X) = (B(—h), B(~H), Ag, B, Ag (h), B(h).

Step 3. Mutate B(—H) to the left of B(—h). Since these two subcategories are completely
orthogonal (see the lemma below), we get

D°(X) = (B(~H), B(~h), Az, B, Ag(h), B(h)).
LEMMA 4.10. The categories B(—H) and B(—h) in D(X) are completely orthogonal.

Proof. By Step 2, the pair (B(—h),B(—H)) is semiorthogonal. On the other hand, by Serre
duality and (4.7), semiorthogonality of (B(—H), B(—h)) is equivalent to that of (B(—h), B(2h)),
which follows from (4.9) as (O(—h), O(2h)) is semiorthogonal in DP(P(S)). O
Step 4. Mutate B(—H) to the far right. Again by (2.19), we get
DV(X) = (B(~h). Ag. B, Ag(h), B(h), B(2h).
Step 5. Mutate A ¢ and A (h) to the far left. We get
D°(X) = (L1 (Az): Ln(-n).5)(Az (h), B(~h), B, B(h), B(2h))
= (Ly(_n)(Ag), Linny 5 (Ag(h)), Bx KD (P(S))),

where we used the standard decomposition DP(P(S)) = (O(—h), 0, 0(h), O(2h)).

>
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Step 6. Twist the decomposition by O(H). We get
DP(X) = (L) (A5 (H)), Ly sy (A g (H + h)), Bx (H) RDP(P(S))). (4.11)

To rewrite the first two components here, we used the following general fact: If A C T is an
admissible subcategory of a triangulated category and F' is an autoequivalence of T (in our case F’
is the autoequivalence of DP ()? ) given by tensoring with O(H)), then there is an isomorphism
of functors

FOLA%LF(A)OF. (412)

Finally, we obtain the following.
PROPOSITION 4.11. The functor ®* o (—® O(H)): DP(X) — DP(Y) induces an equivalence
(Ag,Ag(h)) = DP(Y),
where ®*: Db()?) — Db(?) denotes the left adjoint of .

Proof. Comparing the decompositions (4.11) and (4.9), we see that ® induces an equivalence
®: D(Y) == (L —n) (A (H)), Lin(a—n) sy (Ag (H + h))).

Therefore its left adjoint d* gives an inverse equivalence. On the other hand, by semiorthogonality
of (4.9) the functor ®* vanishes on B(H —h) and B(H ), hence its composition with the mutation
functors through these categories is isomorphic to ®*. Thus ®* induces an equivalence from the
subcategory (A (H),Ag(H + h)) C DP(X) to DP(Y). This is equivalent to the claim. O

4.7 Proof of the theorem
Since py: Y — Y is a Pl-bundle (Lemma 4.5), we have
D"(Y) = (py:D(Y), py DP(Y) (). (4.13)

We aim to prove that this semiorthogonal decomposition coincides with the one obtained by
applying the fully faithful functor (—® O(—=h)) 0 ®* o (=® O(H)) to (Ag, Ag(h)). For this, we
consider the composition of functors

F = py.o (—® O(=2h)) 0 & o (—® O(H)) o p : D’(X) — D(Y). (4.14)
PROPOSITION 4.12. The functor F vanishes on the subcategory Ax C DP(X).

Before proving the proposition, let us show how it implies the equivalence Ax ~ DP(Y).

Proof of Theorem 4.1. We claim that
Py« 0 (—® O(=h)) 0 ®* o (—@ O(H)) o p: DP(X) — DP(Y) (4.15)
induces an equivalence Ax ~ DP(Y). Note that the functor p% is fully faithful on Ax. So by

Proposition 4.11 the functor (—® O(—h)) o ®* o (—® O(H)) op’ gives a fully faithful embedding
Ax — DP(Y), whose image A satisfies

DP(Y) = (A4, A(h)). (4.16)

On the other hand, by Proposition 4.12 the functor py. annihilates A(—h). But the kernel of
the functor py. is ptDP(Y)(—h), so A(—h) C ptDP(Y)(—h), and thus

ACpyDP(Y) and A(h) C pi-DP(Y)(h).

In view of the decompositions (4.16) and (4.13), we see that equality holds in the above inclusions.
Since py. induces an equivalence p;,DP(Y) ~ DP(Y), this finishes the proof. O
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Now we turn to the proof of Proposition 4.12, which takes the rest of the section. Let
fx: X — G and fy: Y — GY be the Gushel maps, and let pxy : X XP(S) Y — X x Y be the
natural morphism. Recall from §4.5 that the composition

X xpsy ¥ 225 X x v 22 g gV
factors through the incidence divisor H(G, G"). Hence there is a commutative diagram

X xp(sy ¥ —=H(X,Y) —L—~X xY

x lg lfofy (4.17)

H(G,GY) > G x GY

where H(X,Y) is by definition the pullback of H(G,G") along fx X fy, and pxy = j o p. We
will need the following two lemmas.

LEMMA 4.13. There is an isomorphism p*O)?XP(S)? = On(xy)-

Proof. We have a diagram

~

)?XP(S)Y )?X?

| =

P(S) 2 P(S) x P(S)

>

PX Xpy

X xY

where the square is Cartesian, and also Tor-independent as the ﬁber product has expected
dimension by (4.8). To prove the lemma, we must show (px X py )« (A OXXP(S)Y) On(x,v)- By

Tor-independence, we have an isomorphism

A*OXXP(S)Y (7TX X 7Ty) A*OP(S)-

Pulling back the standard resolution of the diagonal on P(S5) xP(S), we obtain an exact sequence
0 = 7% Op(s)(—3h) R 750 5)(3h) = 7y Op(s)(—2h) R my-Qp 5 (2h)

— % O0p(s)(—h) K75 Qp gy (h) = Og ¢ — A0g, sy 0

on X xY. Using the identifications px: X = Px(8x) — X and py: Y = Py(8y) = Y of
Lemma 4.5, it is easy to compute:

I

pY*ﬂ-YO( h) = 07
det(8x)[—1] = Ox(—H)[-1],
det(8y) = Oy (—H'),

PY*WYQP(S (3h)
pX*WXOP h)
pY*TrYQP(S (2h)

) =
7)

I

Il

px«TxOp(s)(—h) =0,
(rx X py)«(Og,9) = Oxxy.
It follows that in the spectral sequence computing (px X py)*(ﬁ 0¢ Sxpes )y) from the above

resolution, the only non-trivial terms are

1392

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007091

DERIVED CATEGORIES OF GUSHEL—MUKAI VARIETIES

R (px % py ) (15 O(—2h) Km0 ) (2h)) = Oxy (—H — H'),
R%(px x py)«(Ogy5) = Oxxy,
and we get an exact sequence

0— Oxxy(—H — H') = Oxxy — (px ¥ py)*(z*(‘))’fxp(sﬂ’;) — 0,

which gives the required isomorphism (px X py)*(ﬁ*ofxp(s)?) = On(x,v)- a
LEMMA 4.14. The functor F[—2] is given by a Fourier-Mukai kernel X € D*(X x Y'), which fits
into a distinguished triangle

Ux(-H)XOy(-H') - Ox(-H)RXVy(-H') - X.
Proof. The main term in the definition (4.14) of F is the left adjoint d* of O. By definition d

is given by the Fourier-Mukai kernel ge Db()? XP(s) 17), so by Grothendieck duality we find
that ®* is given by the kernel

& Qg 7/p[2l =€ (2h - H)2] € D*(X xp(s) Y),

where &Y = RK om(g7 0) is the derived dual of Eon X XPp(s) Y. Using this, it follows easily from
the definition of F that F[—2] is given by the kernel

K := pxy«(£Y) € DP(X x Y).
Using the diagram (4.17) and the definition of g, we can rewrite this as
X = jupRHom(p*g* €, 0 ¢

= jRHom(g"E, 0%, )
=~ ., RHom(g*€E, OH(X,Y))a

XP(S)?)

where the second line holds by the local adjunction between p* and p., and the third by
Lemma 4.13. Now Grothendieck duality for the inclusion j: H(X,Y) — X x Y of the incidence
divisor (which has class H + H') gives

= j*RfHom(g*E,j!OXXy(—H — H)[1]) 2 RHom(j.g*E, Oxxy (—H — H')[1]).

On the other hand, the fiber square in diagram (4.17) is Tor-independent because H(X,Y)
has expected dimension. Hence we have an isomorphism

Jxg € = (fx X fy)"is€,
and so, by the explicit resolution of i4& from Theorem 4.8, a distinguished triangle
OX @Vy — u} X Oy — j*g*g

Dualizing, twisting by Oxxy(—H — H'), and rotating this triangle, we obtain a distinguished
triangle

Ux(—H)XOy(—H") - Ox(—H)RV.(—H') - RHom(j.g*E, Oxxy(—H — H)[1]),

which combined with the above expression for X finishes the proof. O
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Finally, we prove Proposition 4.12.

Proof of Proposition 4.12. By Lemma 4.14, it suffices to show the Fourier-Mukai functors with
kernels
Ux(—H)XOy(—H') and Ox(—H)XV(-H)

vanish on Ax. This is equivalent to the vanishing
H* (X, Ux(-H)®F) =0 and H*(X,0x(-H)®F) =0

for all ¥ € Ax, which holds since Ay is right orthogonal to Bx(H) = (Ox(H),U%(H)) by
definition (see (2.10) and (2.8)). O

5. Cubic fourfold derived partners

In this section, we show that the K3 categories attached to GM and cubic fourfolds not only
behave similarly, but sometimes even coincide. For this, we will consider ordinary GM fourfolds
satisfying the following condition: there is a 3-dimensional subspace V3 C V(X)) such that

Gr(2,V3) C X. (5.1)

Remark 5.1. GM fourfolds that satisfy (5.1) for some V3 form a 21-dimensional (codimension 3
in moduli) family. This can be seen using Theorem 3.1, as follows. Let V5 = V5(X). Then by
[DK17, Theorem 4.5(c)], for a 3-dimensional subspace V3 C V4 condition (5.1) holds if and only
if

dim(AN ((A*V)AVg)) =4 and px € P(V5H) C P(Vy). (5.2)
By [IKKR16, Lemma 3.6] Lagrangian subspaces A C A3V with no decomposable vectors such
that the first part of (5.2) holds for some V3 C Vg form a non-empty divisor in the moduli space
of all A, and hence form a 19-dimensional family. Having fixed such an A there are finitely many
points V3 € Gr(3,Vs) such that the first part of (5.2) holds (G. Kapustka and M. Kapustka,
private communication 2016). By Theorem 3.1, for such a V3, the ordinary GM fourfolds X such

that the second part of (5.2) holds are parameterized by Y, N P(V3h). By [DK17, Lemma 2.3]

we have P(V3") C Yao. Further, since Yif is an irreducible surface of degree 40, we have

P(V3L) 7 Yif. Thus Yi LN P(V?f—) is a non-empty open subset of the projective plane P(V?f).

From now on we write V5 = V5(X) and fix a 3-dimensional subspace V3 C V5 such that (5.1)
holds. We associate to X a birational cubic fourfold X’ following [DIM15, § 7.2]. Generically X’
is smooth, and in this case we prove (Theorem 5.8) there is an equivalence Ax ~ Ay where
Ax is the K3 category of the cubic fourfold defined by (3.1). The cubic X’ is simply the image
of the linear projection from the plane Gr(2,V3) in X. We begin by studying this projection as
a map from the entire Grassmannian G.

5.1 A linear projection of the Grassmannian
Set
P =P(A*V3) = Gr(2,V3) C G.

Choose a complement V5 to V3 in V5, and set
B = NVs/NPV3 = AV & (Vo @ V3).

Then the linear projection from P gives a birational isomorphism from G to P(B). Its structure
can be described as follows.
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LEMMA 5.2. Let p: G- G be the blowup with center in P. Then the linear projection from
P induces a regular map q: G — P(B) which identifies G with the blowup of P(B) in the
subvariety P(V2) x P(V3) C P(Vo ® V3) C P(B). In other words, we have a diagram

E— -G

/ 4 \ \ 3

B)<—P(V,) x P(V3)

where:
e FE is the exceptional divisor of the blowup p, and is mapped birationally by q onto the
hyperplane P(Va> ® V3) C P(B);
e FE' is the exceptional divisor of the blowup q, and is mapped birationally by p onto the
Schubert variety
Y={UeG|UNV3#0} CG.

Proof. Straightforward. O
We denote by H and H' the ample generators of Pic(G) and Pic(P(B)).

LEMMA 5.3. On G we have the relations

H=2H - F

[ —
{g, B f]:II_ ZEE} or equivalently {E 0 (5.4)
as divisors modulo linear equivalence. Moreover, we have
Kg=-5H+3E = —TH' +2F'. (5.5)

Proof. The equalities (5.5) follow from the standard formula for the canonical class of a blowup,
and the equality H' = H — E holds by definition of p. Using these, the other equalities in (5.4)
follow directly (note that Pic(G) = Z? is torsion free). O

Later in this section we will need an expression for the vector bundle p*U" on G in terms of
the blowup ¢. For this, we consider the composition

¢: (Vo ®V3) @ Oppy = Vo @ Vo @ (Vo' & V3') ® Op(p
= Vo @ (N, ® (W @Vy)) ® Op(y = Va @ Op(g) (H'),

where the first morphism is induced by the map k — V5 ® V,’ corresponding to the identity
of Va, the second is induced by the map Vo' ® Vo' — A%V, and the third is induced by the
composition

(N @ (Vo' @ V3')) ® Op(py = BY @ Op () — Op(s)(H').
LEMMA 5.4. The cokernel of ¢ is the sheaf Op () xp(v3)(2, 1).
Proof. Write

¢ Vol @ Op(py = Vo @ Op ) (H'),
¢": Vy' ® Opgy = V2 @ Op(p)(H'),
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for the components of ¢. The first component ¢’ is an isomorphism away from the hyperplane
P(V2 ® V3) C P(B), and zero on it. Hence coker(¢') = Vo ® Op(y,gvy)(H'). It follows that the
cokernel of ¢ coincides with the cokernel of the morphism

¢\p Va@V3) : V3" @ Oppavy) = Vo @ Opyevy) (H').

But the morphism ¢|P(v2 ®Va) is generically surjective with degeneracy locus the Segre subvariety
P(V3) x P(V3) C P(V2 ® V3), and its restriction to this locus factors as the composition

V3" @ Opy)xp(vs) = Op1a)xp(v3)(0,1) = Va ® Op(1y)xp1s) (1, 1) = Va @ Op(iy)xp ) (H').

It follows that the cokernel of (;S"’P(V2®V3) is isomorphic to Op(v,)xp(v3)(2,1)- O
Let F' denote the class of a fiber of the natural projection E' — P(V3) x P(V3) — P(V4).

PROPOSITION 5.5. On G there is an exact sequence

0—p'UW > V2®0g(H') - Og/(H + F) - 0. (5.6)
Proof. By Lemma 5.4, we have an exact sequence

Vs © Op(p) L e Op(p)(H') = Op()xp1s)(2,1) = 0.

Pulling back to é, we obtain an exact sequence

Vo' ®05 > Vh®0g(H') - Op(H' + F) - 0.

Since E' is a divisor on G, the kernel K of the epimorphism V5 Og(H') - Op(H'+ F)is a
rank 2 vector bundle on CN-", which by the above exact sequence is a quotient of the trivial bundle
V' ® Og- Hence X induces a morphism G — G. This morphism can be checked to agree with
the blowdown morphism p, so X = p*UV. O

5.2 Setup and statement of the result
Recall that X is an ordinary GM fourfold containing the plane P = Gr(2,V3). The following
proposition describes the structure of the rational map from X to P? given by projection from P.
We slightly abuse notation by using the same symbols for the exceptional divisors and blowup
morphisms as in the above discussion of G.

PROPOSITION 5.6. Let p: X > X be the blowup with center in P. Then the linear projection
from P induces a regular map g: X — X' to a cubic fourfold X' containing a smooth cubic
surface scroll T, and identifies X as the blowup of X' in T. In other words, we have a diagram

AN

where p and q are blowups with exceptional divisors E and E’. Moreover, the relations (5.4)
continue to hold on X, and

Ky=-2H+E=-3H'+F. (5.7)
Finally, if X does not contain planes of the form P (V4 A V) where Vi C V3 C Vy C V5, then X’
is smooth.
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Proof. By §2.1 there is a hyperplane P(W) C P(A%V5) and a quadric hypersurface Q C P(W)
such that X = G N and P C Q. Consider the subspace

C =W/AN*V3 C A*V5/N*V3 = B,
so that P(C) C P(B) is a hyperplane. We claim that the corresponding hyperplane section
T = (P(V2) x P(V3)) NP(C)

of P(V2) xP(V3) € P(B) is a smooth cubic surface scroll. For this it is enough to show
that P(C) NP (Vo ® V3) is a hyperplane in P(V2 ® V3) whose equation, considered as an element
in VY ® V3Y =2 Hom(V3, V'), has rank 2. Assume on the contrary that the rank of this equation
is at most 1. Then its kernel is a subspace of V3 of dimension at least 2, which is contained in the
kernel of the skew form w on V5 defining W. So the rank of w is 2. But then the Grassmannian
hull Mx = GNP (W) of X is singular along P2 = Gr(2, ker(w)), and X is singular along P2NQ.
This contradiction proves the claim. B

The proper transform of the Grassmannian hull M = Mx under p: G — G coincides with
the proper transform of P(C) under ¢: G — P(B). Thus if M = Blp(M) — M is the blowup
in P, then projection from P gives an identification M = Blr(P(C)) — P(C). Further, the
proper transform of X = M N Q under M — M is cut out by a section of the line bundle

O+(2H — E) = 05(3H' — E'), (5.8)

and therefore coincides with the proper transform under the morphism M — P(C) of a cubic
fourfold X’ C P(C) containing T'. This proves the first part of the lemma.

The relations (5.4) clearly restrict to X, and the equalities (5.7) follow from the standard
formula for the canonical class of a blowup.

It remains to show that X’ is smooth if X does not contain planes of the form P(Vi A V)
where V] C V3 C V4 C Vi. For this, first note that the blowup of X’ in T is smooth, since it
coincides with the blowup of X in P. Therefore, X’ is smooth away from 7. On the other hand,
T is also smooth, so it is enough to check that T'C X’ is a locally complete intersection, i.e. that
its conormal sheaf is locally free. Since E' — T is the exceptional divisor of the blowup of X’
in T, it is enough to check that the map E’ — T is a P!-bundle. Since by (5.8) E’ is cut out
in the exceptional divisor of (5.3) by fiberwise linear conditions, it is enough to show that there
are no points in T C P(V3) x P(V3) over which the fiber of E’ is isomorphic to P2. But such a
point would correspond to a choice of a V3 C V3 (giving a point in P(V3)) and V3 C Vj (giving
a point of P(V5/V3) = P(V4)), such that the plane P(V; A V}) is in X. Since we assumed there
are no such planes in X, we conclude that X’ is smooth. O

The condition guaranteeing smoothness of X’ in the final statement of Proposition 5.6 holds
generically.

LEMMA 5.7. If X is a general ordinary GM fourfold containing P = Gr(2, V3) for some V3 C Vs,
then X does not contain planes of the form P (Vi A Vy) where Vi C V3 C Vy C V.

Proof. By Theorem 3.1, an ordinary GM fourfold X corresponds to a pair (A, p) such that A
has no decomposable vectors and p € Y}“ .. By Remark 5.1, X contains the plane Gr(2, V3) if

and only if (5.2) holds. Similarly, by [DK17, Theorem 4.3(c)], X contains a plane P(V} A Vy) if
and only if Y3 N P(Vs) # 2.
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By [IKKR16, Lemma 3.6] Lagrangians A C A3V with no decomposable vectors such that
there is V3 C Vg for which the first part of (5.2) holds are parameterized by an open subset of a
divisor I' € LG(10, A%V;), and by [IKKR16, Lemma 3.7] this divisor has no common components
with the divisor A C LG(10, A*Vg) parameterizing A such that Y3 # @. Choose any A with no
decomposable vectors such that there is V3 C Vg for which the first part of (5.2) holds, but Y3 = &.
Then as explained in Remark 5.1, there is a 2-dimensional family of ordinary GM fourfolds
containing Gr(2, V3); none of these contain a plane of the form P(V; A Vj) since Y3 = @. O

Our goal is to prove the following result.

THEOREM 5.8. Assume the cubic fourfold X' associated to X by Proposition 5.6 is smooth. Then
there is an equivalence Ax ~ Axs, where Ax is the GM category defined by (2.11) and Ax is
defined by (3.1).

Remark 5.9. Theorem 5.8 is of an essentially different nature than Theorem 4.1, in that it does
not ‘come from’ K3 surfaces. More precisely, for a very general GM fourfold X satisfying (5.1)
for some V3, the category Ax is not equivalent to the derived category of a K3 surface, or even
a twisted K3 surface. Indeed, the construction of Proposition 5.6 dominates the locus of cubic
fourfolds containing a smooth cubic surface scroll, so it suffices to prove that given a very general
such cubic, its K3 category is not equivalent to the twisted derived category of a K3 surface.
Since cubic fourfolds containing a cubic scroll have discriminant 12 by [Has00, Example 4.1.2],
this follows from [Huy17, Theorem 1.4].

5.3 Strategy of the proof
From now on, we assume the hypothesis of Theorem 5.8 is satisfied. The proof of this theorem
occupies the rest of this section. Here is our strategy.

By Orlov’s decomposition of the derived category of a blowup, we have

DP(X) = (p"D"(X),i-piD"(P)).

Inserting (2.11) and the standard decomposition of DP(P) into the above decomposition, we
obtain B
DP(X) = (p"Ax, 0,0, O(H), W (H), 0p, 0p(H), O (2H)). (5.9)

Here and below, to ease notation we write U for p*UY.. This decomposition of Db()? ) consists
of a copy of Ax and 7 exceptional objects. B
On the other hand, from the expression of X as a blowup of X', we have

DP(X) = (¢"D"(X"), juqiy D"(T)).
Inserting the decomposition (3.1) for DP(X’), we obtain
DP(X) = (¢"Ax+, 0, 0(H"),0(2H"), j.q}; DP(T)). (5.10)

Note that Db(T) has a decomposition consisting of 4 exceptional objects, hence the
decomposition (5.10) consists of one copy of Ax: and again 7 exceptional objects.

To prove the equivalence Ax ~ Axs, we will find a sequence of mutations transforming the
exceptional objects of (5.9) into those of (5.10). In doing so, we will explicitly identify a functor
giving the desired equivalence, see (5.15).
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5.4 Mutations
We perform a sequence of mutations, starting with (5.9). For a brief review of mutation functors
and references, see the discussion in §2.8.

Step 1. Mutate WY (H) to the far left in (5.9). Since this is a mutation in DP(X) and since we have
Kx = —2H, by (2.19) the result is

Db(y) = <uv(_H)7p*‘AXa O’u\/, O(H)7 Og, OE(H)v OE(QH»

Step 2. Mutate U (—H) to the far right. Again by (2.19) and (5.7), the result is

DP(X) = (p*Ax, O, U, 0(H),0p, Og(H), Op(2H), W (H — E)).

Step 3. Left mutate Op through (O, UY, O(H)). We have

Ext*(O(H), 0p)
Ext* (10, 0)
Ext*(0, OE)

H.(P’ OP(_H)) =0,
H.(Paup) = Oa
H.(P7 OP) =k,

where in the second line Up is the tautological rank 2 bundle on P = Gr(2, V3), i.e. the restriction
of U from G to P. Hence by the definition of the mutation functor

Liouv,0m)(Or) = Cone(0 — Of) = O(-E)[1],
and the resulting decomposition is

D’(X) = (p*Ax, O(—E),0,UY,0(H),0p(H), Op(2H), U (H — E)).

Step 4. Left mutate Og(2H) through (O, UV, O(H),Op(H)).
LEMMA 5.10. We have L(O,UV,O(H),OE(H»(OE(QH)) = O0p (E, — F) [2]
Proof. There is an isomorphism of functors

Liouv,0(m),05(H)) = Lo o Luv o Loy © Lo g(a)-

Hence to prove the result we successively left mutate Og(2H) through Og(H), O(H),U", O.
To compute Lo, ) (Op(2H)), we may compute Lo, ) (Op(2H)) and pull back the result.
We have Ext*(Op(H),0p(2H)) = H*(P,0p(H)) = V3, so

LOP(H)(OP(2H)) = COHG(OP(H) ® Vs — OP(QH)).

The morphism Op(H) ® V3 — Op(2H) is the twist by H of the tautological morphism, hence it
is surjective with kernel Up(H) = U}. Thus the above cone is U}[1], and

Loy () (0p(2H)) = Up[1].
Next note Ext*(O(H),U);) = H*(P, U (—H)) = 0, hence

Lo (Ug) = Ug.
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Further, we have Ext®(UY,U},) = H*(P,Up ® U}) = k, hence
Lyv (UY) = Cone(UY — UY) = WY (—E)[1].

Now we are left with the last and most interesting step: the mutation of UY(—F) through O.
First, using the exact sequence

0> 0O(-E)—> 00— 0g—>0
tensored by UY, we find
Ext®*(0,UY(—E)) = H*(X, W (—E)) = ker(Vy/ — V3') = Vy'. (5.11)

Thus we need to understand the cone of the natural morphism VY @ O — UY(—FE).
Restricting (5.6) to X, dualizing, twisting by H' = H—F, and using the isomorphism U(H) = U",
we obtain a distinguished triangle

V@0 — W (-E)— Op/(E' - F).

Thus
Lo (W (— ) = O (' — F), (5.12)

which completes the proof of the lemma. O

By the lemma, the result of the above mutation is

D*(X) = (p*Ax, O(=E), O (E' — F),0,U",0(H),0p(H), U (H — E)).

Step 5. Left mutate Og(H) through O(H). We have
Lo (O£(H)) = Cone(O(H) — 0 (H)) = O(H — E)[1] = 0(H")[1],
so the result is
Db()?) = (p*Ax,0(=E),Op(E — F),0,U’,0(H"),0(H),UW (H — E)).
Step 6. Right mutate U through O(H’). We have
Ext®(UWY,0(H")) = Ext*(0,W(H — F)) = Ext* (0,0 (—F)) = Vy/,
where the last equality holds by (5.11). Hence
Ro(my(UY) = Cone(U’ — Vo ® O(H'))[-1].

Now restricting (5.6) to X shows Ry (W) = Op/(H' 4 F)[—1]. Thus under the above mutation
our decomposition becomes

D*(X) = (p*Ax,0(=E),O0p(E' — F),0,0(H"), 0 (H' + F),0(H), U (H — E)).

Step 7. Left mutate UWY(H — E) through O(H). By (5.12) and (4.12) we have

Loy (W (H — E)) = Op/(H + E' — F) = 0 (2H' — F),
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so the result is

D(X) = (p*Ax, O(=E), Op(E' — F),0,0(H"), O (H' + F),0 (2H' — F), O(H)).

Step 8. Right mutate p*Ax through (O(—F), Op/(E’' — F)). The result is

DP(X) = (O(=E), Op/(E' — F), Up* Ax,0,0(H"), Og/(H' + F), 05 (2H' — F), O(H)),
where W = Rio(-E).05 (/- F))
Step 9. Mutate (O(—FE), Op:(E' — F)) to the far right. By (2.19), the result is

DP(X) = (Up*Ax,0,0(H"),0p (H + F),05/(2H — F),0(H),0(2H"), O/ (3H' — F)).

Step 10. Right mutate O(H) through O(2H’). We have
Ext*(O(H), 0(2H")) = H*(X, 0(E)) = k

and hence
Rogu (0(H)) = Cone(O(H) — O(2H'))[~1].

The morphism O(H) — O(2H’) is the twist by 2H’ of O(—E’) — O, hence
Ro@un(0(H)) = O (2H")[-1].
Thus the result of the mutation is a decomposition
DP(X) = (Up*Ax,0,0(H"), O (H' + F), 0 (2H' — F),0(2H"), 0/ (2H"), O (3H' — F)).
Step 11. Left mutate O(2H') through (O (H' + F'),0p/(2H' — F)). By the semiorthogonality
of ¢*DP(X’) and j.q},DP(T) in DP(X), this mutation is just a transposition. Thus the result is
DP(X) = (Up*Ax,0,0(H'),0(2H"), Og/(H' + F), O (2H' — F), 0/ (2H"), O (3H' — F)).
It is straightforward to check that
D(T) = (Orp(H' + F),07(2H' — F),07(2H'),07(3H' — F)),
so the above decomposition can be written as
DV(X) = (¥p*Ax,0,0(H"), 02H'), j.qj D (T)). (5.13)
This completes the proof of Theorem 5.8. Indeed, comparing the decompositions (5.13)
and (5.10) shows
@ ° Rio o (~£),0 5 (B-F)) op*:t Ax = Ax/ (5.14)
is an equivalence. O
Remark 5.11. The functor (5.14) is in fact isomorphic to
q*ORoX(_E)Op*:AX%AX/. (5.15)
To see this, observe that ¢, kills Op/(E' — F): if jo: T — X' denotes the inclusion, then
¢ (0p/(E" = F)) = josqp«(Op (E' = F)) = jou(ar(0p (E") @ Op(F)) =0
since g« (O (E')) = 0. Thus g« o Ro_,(g—F) = ¢+, and the claim follows since there is an

isomorphism of functors R(O)}(fE),OE/(EuF)) =R, (g-F)° RO)}(,E).
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Appendix A. Moduli of GM varieties
Let (Sch/k) denote the category of k-schemes.

DEFINITION A.1. For 2 < n < 6, the moduli stack M,, of smooth n-dimensional GM varieties
is the fibered category over (Sch/k) whose fiber over a scheme S € (Sch/k) is the groupoid
of pairs (m: X — S,L), where m: X — S is a smooth proper morphism of schemes and
L € Picx/g(S), such that for every geometric point 5 € S the pair (X5, £s) is isomorphic to
a smooth n-dimensional GM variety with its natural polarization (equivalently, (X5, £3) satisfies
conditions (2.3) and (2.2) with H the divisor corresponding to L5). Here, Picx g denotes the
relative Picard functor of X — S. A morphism from (7/: X’ — S’ L) to (7: X — S, L) is a
fiber product diagram

)(/4££%>)¥
Si"i>£Y
such that (¢')*(£) = £ € Picxs/s(5").

The following result gives the basic properties of the moduli stack M,,. An explicit description
of M,, will be given in [DK18b]. We follow [Stal7] for our conventions on algebraic stacks.

PROPOSITION A.2. The moduli stack M,, is a smooth and irreducible Deligne—-Mumford stack
of finite type over k. Its dimension is given by dimM,, = 25 — (6 —n)(5 —n)/2, i.e.

dimMe =19, dimMz =22, dimMy =24, dimMs =25, dimMg= 25.
We will use the following lemma.

LEMMA A.3. Let X be a smooth GM variety of dimension n > 3. Then:

(1) the automorphism group scheme Auty(X) is finite and reduced;
(2) H(X,Tx) =0 fori # 1;
(3) dimHY(X,Tx) =25~ (6 —n)(5—n)/2.

Proof. As our base field k has characteristic 0, Auty(X) is automatically reduced by a theorem of
Cartier [Mum66, Lecture 25], and it is finite by [DK18a, Proposition 3.21(c)]. Hence H?(X, Tx),
being the tangent space to Auty(X) at the identity, vanishes. Further, Ty = Q% ! (n—2) by (2.2)
and hence H'(X, Tx) = 0 for i > 2 by Kodaira—Akizuki-Nakano vanishing. Finally, the dimension
of H'(X, Tx) is straightforward to compute using Riemann-Roch. O
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Proof of Proposition A.2. First consider the case n = 2. Then by (2.3), My is the Brill-Noether
general locus (and hence Zariski open) in the moduli stack of polarized K3 surfaces of degree 10.
It is well known that all the properties in the proposition hold for the moduli stack of primitively
polarized K3 surfaces of a fixed degree (see [Huyl6, ch. 5]), so they also hold for Ms.

From now on assume n > 3. A standard Hilbert scheme argument shows that M, is an
algebraic stack of finite type over k, whose diagonal is affine and of finite type. To prove M, is
Deligne-Mumford, by [Stal7, Tag 06N3] it suffices to show its diagonal is unramified. As a finite
type morphism is unramified if and only if all of its geometric fibers are finite and reduced, we
are done by Lemma A.3(1) (note that for a GM variety of dimension n > 3, all automorphisms
preserve the natural polarization).

Next we check smoothness of M,,. Let (X,£) be a point of M, i.e. X is a GM n-fold
and £ € Pic(X) is the ample generator. Let 2 be the Atiyah extension of £, i.e. the extension

0>0x >, —>Tx—>0

given by the Atiyah class of £. Further, recall that H!(X,2l;) classifies first order deformations
of the pair (X, L), and H?(X,%;) is the obstruction space for such deformations (see [Ser06,
§3.3.3]). Taking cohomology in the above sequence shows that H (X, 2l;) = HY(X, Ty) for i > 1.
In particular, H2(X,2l;) = 0 by Lemma A.3(2), so the formal deformation space of M,, at (X, L)
is smooth of dimension dim H'(X,2(;) = dim H'(X, Tx). This implies the smoothness of M,
and, using Lemma A.3(3), the formula for its dimension.

It remains to show that M, is irreducible. This follows from the defining expression (2.1)
of any GM variety. Indeed, let P, be the space of pairs (W, Q) where W C k @ A?V5 is an
(n + 5)-dimensional linear subspace and @@ C P(W) is a quadric hypersurface, and let U,, C P,
be the open subset where Cone(G)NEQ is smooth of dimension n. The natural projection
P, — Gr(n + 5,k @ A?V3) is a projective bundle, hence P, and U, are irreducible. On the
other hand, by (2.1), U,, maps surjectively onto M,,. Hence M,, is irreducible as well. O

REFERENCES
AHTV16 N. Addington, B. Hassett, Y. Tschinkel and A. Vérilly-Alvarado, Cubic fourfolds fibered in
sextic del Pezzo surfaces, Preprint (2016), arXiv:1606.05321.

AT14 N. Addington and R. Thomas, Hodge theory and derived categories of cubic fourfolds, Duke
Math. J. 163 (2014), 1885-1927.

Bea77 A. Beauville, Variétés de Prym et jacobiennes intermediaires, Ann. Sci. Ec. Norm. Supér. (4)
10 (1977), 309-391.

BGS14 C. Bohning, H.-C. Graf von Bothmer and P. Sosna, On the Jordan—Hdélder property for
geometric derived categories, Adv. Math. 256 (2014), 479-492.

Bong&9 A. Bondal, Representations of associative algebras and coherent sheaves, Izv. Akad. Nauk SSSR
Ser. Mat. 53 (1989), 25-44.

BK90 A. Bondal and M. Kapranov, Representable functors, Serre functors, and mutations, Math.
USSR-Izv. 35 (1990), 519-541.

CT16 J. Calabrese and R. Thomas, Derived equivalent Calabi—Yau threefolds from cubic fourfolds,
Math. Ann. 365 (2016), 155-172.

CMT78 A. Conte and J. P. Murre, The Hodge conjecture for fourfolds admitting a covering by rational
curves, Math. Ann. 238 (1978), 79-88.

1403

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
http://www.arxiv.org/abs/1606.05321
https://doi.org/10.1112/S0010437X18007091

DIM15

DK17

DK18a

DK18b

DV10

Ful98

Gus83

Has00
Huy16

Huy17
IKKR16

IM11

Kiic95

Kuz04

Kuz06
Kuz07

Kuz09a

Kuz09b

Kuz10

Kuz14

Kuzlba

Kuz15b

Kuzl6a

A. KUZNETSOV AND A. PERRY

O. Debarre, A. Iliev and L. Manivel, Special prime Fano fourfolds of degree 10 and index 2,
in Recent advances in algebraic geometry, London Mathematical Society Lecture Note Series,
vol. 417 (Cambridge University Press, Cambridge, 2015), 123-155.

O. Debarre and A. Kuznetsov, Gushel-Mukai varieties: linear spaces and periods, Kyoto J.
Math., to appear. Preprint (2017), arXiv:1605.05648.

O. Debarre and A. Kuznetsov, Gushel-Mukai varieties: classification and birationalities,
Algebr. Geom. 5 (2018), 15-76.

O. Debarre and A. Kuznetsov, Gushel-Mukai varieties: moduli stacks and coarse moduli spaces
(2018), in preparation.

O. Debarre and C. Voisin, Hyper-Kdhler fourfolds and Grassmann geometry, J. Reine Angew.
Math. 649 (2010), 63-87.

W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge/A Series of Modern Surveys in Mathematics, vol. 2, second edition (Springer, Berlin,
1998).

N. P. Gushel, On Fano varieties of genus 6, Izv. Math. 21 (1983), 445-459.
B. Hassett, Special cubic fourfolds, Compos. Math. 120 (2000), 1-23.

D. Huybrechts, Lectures on K3 Surfaces, Cambridge Studies in Advanced Mathematics,
vol. 158 (Cambridge University Press, Cambridge, 2016).

D. Huybrechts, The K3 category of a cubic fourfold, Compos. Math. 153 (2017), 586-620.
A. Tliev, G. Kapustka, M. Kapustka and K. Ranestad, EPW cubes, J. Reine Angew. Math., to
appear. Preprint (2016), arXiv:1505.02389.

A. Tliev and L. Manivel, Fano manifolds of degree ten and EPW sextics, Ann. Sci. Ec. Norm.
Supér. (4) 44 (2011), 393-426.

O. Kiichle, On Fano 4-folds of index 1 and homogeneous vector bundles over Grassmannians,
Math. Z. 218 (1995), 563-575.

A. Kuznetsov, Derived categories of cubic and Vi4 threefolds, Tr. Mat. Inst. Steklova 246
(2004), 183-207.

A. Kuznetsov, Hyperplane sections and derived categories, Izv. Math. 70 (2006), 447-547.

A. Kuznetsov, Homological projective duality, Publ. Math. Inst. Hautes Etudes Sci. 105 (2007),
157-220.

A. Kuznetsov, Derived categories of Fano threefolds, Tr. Mat. Inst. Steklova 264 (2009),
116-128.

A. Kuznetsov, Hochschild homology and semiorthogonal decompositions, Preprint (2009),
arXiv:0904.4330.

A. Kuznetsov, Derived categories of cubic fourfolds, in Cohomological and geometric approaches
to rationality problems, Progress in Mathematics, vol. 282 (Birkhéuser, Boston, MA, 2010),
219-243.

A. Kuznetsov, Semiorthogonal decompositions in algebraic geometry, in Proceedings of the
international congress of mathematicians (Seoul, 2014 ), Vol. II (Kyung Moon Sa, Seoul, 2014),
635-660.

A. Kuznetsov, Height of exceptional collections and Hochschild cohomology of quasiphantom
categories, J. Reine Angew. Math. 708 (2015), 213-243.

A. Kuznetsov, On Kiichle varieties with Picard number greater than 1, Izv. Math. 79 (2015),
698-709.

A. Kuznetsov, Calabi—Yau and fractional Calabi—Yau categories, J. Reine Angew. Math.,
to appear. Preprint (2016), arXiv:1509.07657.

1404

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1605.05648
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/1505.02389
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/0904.4330
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
http://www.arxiv.org/abs/1509.07657
https://doi.org/10.1112/S0010437X18007091

Kuz16b
Kuzl6c
KP17

KP18

Laz04

Logl2

MS12

Mar09

Muk89

Mum66

Nag98

O’Gr06

O’Gr08

0’Grl2
0’Grl3
0’Grl5
0’Grl6
Okall

Orl16

Perl8
Poll14

Ser06

She92

Stal7
Thol7

DERIVED CATEGORIES OF GUSHEL—MUKAI VARIETIES

A. Kuznetsov, Derived categories view on rationality problems (Springer, Cham, 2016), 67—104.
A. Kuznetsov, Kichle fivefolds of type ¢5, Math. Z. 284 (2016), 1245-1278.

A. Kuznetsov and A. Perry, Derived categories of cyclic covers and their branch divisors,
Selecta Math. (N.S.) 23 (2017), 389-423.

A. Kuznetsov and A. Perry, Categorical joins, in preparation (2018).

R. Lazarsfeld, Positivity in algebraic geometry I. Classical setting: line bundles and linear
series, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge/A Series of Modern
Surveys in Mathematics, vol. 48 (Springer, Berlin, 2004).

D. Logachev, Fano threefolds of genus 6, Asian J. Math. 16 (2012), 515-559.

E. Macri and P. Stellari, Fano varieties of cubic fourfolds containing a plane, Math. Ann. 354
(2012), 1147-1176.

N. Markarian, The Atiyah class, Hochschild cohomology and the Riemann—Roch theorem,
J. Lond. Math. Soc. (2) 79 (2009), 129-143.

S. Mukai, Biregular classification of Fano 3-folds and Fano manifolds of coindexr 3, Proc. Natl
Acad. Sci. USA 86 (1989), 3000-3002.

D. Mumford, Lectures on curves on an algebraic surface, Annals of Mathematics Studies,
vol. 59 (Princeton University Press, Princeton, NJ, 1966); with a section by G. M. Bergman.

J. Nagel, The generalized Hodge conjecture for the quadratic complex of lines in projective
four-space, Math. Ann. 312 (1998), 387-401.

K. G. O’Grady, Irreducible symplectic 4-folds and FEisenbud—Popescu—Walter sextics, Duke
Math. J. 134 (2006), 99-137.

K. G. O’Grady, Dual double EPW-sextics and their periods, Pure Appl. Math. Q. 4 (2008),
427-468.

K. G. O’Grady, EPW-sextics: tazonomy, Manuscripta Math. 138 (2012), 221-272.

K. G. O’Grady, Double covers of EPW-sextics, Michigan Math. J. 62 (2013), 143-184.
K. G. O’Grady, Periods of double EPW-sextics, Math. Z. 280 (2015), 485-524.

K. G. O’Grady, Moduli of double EPW-sextics, Mem. Amer. Math. Soc. 240 (2016).

S. Okawa, Semi-orthogonal decomposability of the derived category of a curve, Adv. Math. 228
(2011), 2869-2873.

D. Orlov, Smooth and proper noncommutative schemes and gluing of DG categories, Adv.
Math. 302 (2016), 59-105.

A. Perry, Hochschild cohomology and group actions, Preprint (2018).

A. Polishchuk, Lefschetz type formulas for dg-categories, Selecta Math. (N.S.) 20 (2014),
885-928.

E. Sernesi, Deformations of Algebraic Schemes, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 334 (Springer, Berlin,
2006).

N. I. Shepherd-Barron, The rationality of quintic Del Pezzo surfaces—a short proof, Bull.
Lond. Math. Soc. 24 (1992), 249-250.

The Stacks Project Authors, Stacks project, http://stacks.math.columbia.edu (2017).

R. Thomas, Notes on HPD, in Proceedings of the AMS summer institute in algebraic geometry,
Utah 2015, to appear. Preprint (2017), arXiv:1512.08985.

1405

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
http://www.arxiv.org/abs/1512.08985
https://doi.org/10.1112/S0010437X18007091

DERIVED CATEGORIES OF (GUSHEL—MUKAI VARIETIES

Alexander Kuznetsov akuznet@mi.ras.ru

Steklov Mathematical Institute of Russian Academy of Sciences, 8 Gubkin str.,
Moscow 119991, Russia

and

Interdisciplinary Scientific Center J.-V. Poncelet (CNRS UMI 2615),
Moscow, Russia

and

National Research University, Higher School of Economics, Russian Federation

Alexander Perry aperry@math.columbia.edu
Department of Mathematics, Columbia University, New York, NY 10027, USA

1406

https://doi.org/10.1112/50010437X18007091 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007091

	1 Introduction
	1.1 Background
	1.2 GM categories
	1.3 Conjectures on duality and rationality
	1.4 Main results
	1.5 Further directions
	1.6 Organization of the paper
	1.7 Notation and conventions

	2 GM categories
	2.1 GM varieties
	2.2 Definition of GM categories
	2.3 Serre functors of GM categories
	2.4 Hochschild homology of GM categories
	2.5 Hochschild cohomology of GM categories
	2.6 Grothendieck groups of GM categories
	2.7 Geometricity of GM categories
	2.8 Self-duality of GM categories

	3 Conjectures on duality and rationality
	3.1 EPW sextics and moduli of GM varieties
	3.2 The duality conjecture
	3.3 Rationality conjectures

	4 Fourfold-to-surface duality
	4.1 Statement of the result
	4.2 Setup and outline of the proof
	4.3 Maximal linear subspaces of the quadrics
	4.4 Families of linear sections of the Grassmannians
	4.5 Homological projective duality
	4.6 Mutations
	4.7 Proof of the theorem

	5 Cubic fourfold derived partners
	5.1 A linear projection of the Grassmannian
	5.2 Setup and statement of the result
	5.3 Strategy of the proof
	5.4 Mutations

	Acknowledgements
	Appendix A  Moduli of GM varieties
	References

