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A Short Note on the Continuous Rokhlin
Property and the Universal Coefficient
Theorem in E-theory

Gábor Szabó

Abstract. Let G be a metrizable compact group, A a separable C∗-algebra, and α∶G → Aut(A)
a strongly continuous action. Provided that α satisûes the continuous Rokhlin property, we show
that the property of satisfying theUCT in E-theory passes from A to the crossed productC∗-algebra
A⋊αG and the ûxed point algebra Aα . _is extends a similar result byGardella for KK-theory in the
case of unitalC∗-algebras butwith a shorter and less technical proof. For circle actions on separable
unital C∗-algebras with the continuous Rokhlin property, we establish a connection between the E-
theory equivalence class of A and that of its ûxed point algebra Aα .

Introduction

Within the ûeld of C∗-dynamical systems, the discovery and systematic study of var-
ious kinds of Rokhlin-type properties has recently become the driving force behind
many new and interesting results. For examples of such instances, see [9, 10, 12, 13].
Although not under that name, the Rokhlin property played important roles already
in [2,6,7]. Particularly notable for the purpose of this note is the investigation of com-
pact group actions with the Rokhlin property and more specially circle actions with
the Rokhlin property; see [3,4, 8].
Despite the fact that many known results from the realm of ûnite group actions

with the Rokhlin property carry over to the setting of compact groups, there remain
some subtle diõculties concerning certain properties, such as the permanence of the
UCT. It is known that in many cases, theUCT passes from a C∗-algebra to its crossed
product associated with a Rokhlin action of a ûnite group; see [13, _eorem 3]. At
present, it is unknown whether the UCT passes in all cases, or if such a permanence
property holds for actions of compact groups. For example,when confrontedwith the
problem of classifying Rokhlin actions of the circle on Kirchberg algebras by means
of K-theory, this proves to be a rather annoying obstacle. To overcome this, Gardella
introduced the continuous Rokhlin property for compact group actions on unitalC∗-
algebras in [4]. It turns out that this stronger version is compatible with the UCT
for circle actions on nuclear C∗-algebras. In this short note, we extend the deûni-
tion of the continuous Rokhlin property to cover the non-unital case. We then prove
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E-theoretic versions ofGardella’s UCT preservation theorem for actions of all metriz-
able compact groups on separable C∗-algebras by using a somewhat more conceptual
approach, enabling shorter and less technical proofs. We point out that, a�er the sub-
mission of this note,Gardella has updated the preprint [4] to a newer version, and he
has independently obtained conclusions similar to the ones in this note. In this newer
version, Gardella indicates that his proof for circle actions can be modiûed in order
to show that the continuous Rokhlin property preserves the UCT in KK-theory for
all compact metrizable group actions on separable, unital C∗-algebras. _e UCT in
KK-theory is, in general, indeed a stronger requirement for a C∗-algebra than UCT
in E-theory; see [14].

We also show that for any strongly continuous C∗-dynamical system (A, α,T)
with the continuous Rokhlin property on a unital C∗-algebra, A is E-equivalent to
Aα ⊕ SAα . _is particularly yields an E-theoretic version of Gardella’s observation
that K∗(A) ≅ K∗(Aα)⊕ K∗+1(Aα), whenever either α∶T→ Aut(A) has the continu-
ous Rokhlin property or K∗(A) is ûnitely generated and α has the ordinary Rokhlin
property; see [3,_eorem 5.5].

1 The Continuous Rokhlin Property

Deûnition 1.1 Let A be a separable C∗-algebra. We denote the path algebra of A by

Ac = Cb([1,∞),A)/C0([1,∞),A) .

Let G be a metrizable, locally compact group let and α∶G → Aut(A) be a strongly
continuous action. Let Cb ,α([1,∞),A) be the C∗-subalgebra of Cb([1,∞),A) con-
sisting of those points on which the induced action of α is continuous. Observe that
C0([1,∞),A) ⊂ Cb ,α([1,∞),A). We call

Ac,α = Cb ,α([1,∞),A)/C0([1,∞),A)

the continuous path algebra of Awith respect to α. _en A embeds as constant paths
both into Ac and Ac,α .

Remark 1.2 In fact, the action α on A clearly extends to a (possibly discontinu-
ous) action αc on all of Ac given by αc,g([(bt)t≥1]) = [(αg(bt)) t≥1] for all g ∈ G
and [(bt)t≥1] ∈ Ac. It follows from [5, Lemma 1.8] that Ac,α coincides with the C∗-
subalgebra of Ac consisting of the elements x such that themapG → Ac , g ↦ αc,g(x)
is continuous.

Deûnition 1.3 As in the case of sequence algebras (see [11]), we deûne the central
path algebra of A by

Fc(A) = Ac ∩ A′/Ann(A,Ac).

One checks that both Ac∩A′ and Ann(A,Ac) are αc-invariantC∗-subalgebras of Ac,
so there is an induced (possibly discontinuous) action α̃c on Fc(A) via

α̃c,g(x +Ann(A,Ac))= αc,g(x) +Ann(A,Ac)
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for all g ∈ G. _e continuous central path algebra of Awith respect to α is deûned as
the C∗-subalgebra Fc,α(A) of Fc(A) consisting of the elements x such that the map
G → Fc(A), g ↦ α̃c,g(x) is continuous.

Remark 1.4 _e C∗-algebra Fc(A), and hence also Fc,α(A), is unital. Indeed, if
h ∈ A is a strictly positive contraction, then the class of the path bt = h1/t for t ≥ 1
deûnes a unit for Fc(A).

Remark 1.5 Let α∶G → Aut(A) be a strictly continuous action of a locally compact
metrizable group on a separable C∗-algebra. In view of Remark 1.2, we get a well-
deûned ∗-homomorphism

A⊗max Fc(A)→ Ac , a ⊗ (x +Ann(A,Ac)) ↦ ax ,

which restricts to an equivariant ∗-homomorphism

(A⊗ Fc,α(A), α ⊗ α̃c)→ (Ac,α , αc).
_e image of a ⊗ 1 under both thesemaps is a, for all a ∈ A.

Notation 1.6 Given a compact groupG,we denote by σ the canonicalG-shi� action
on C(G) given by σg( f )(h) = f (g−1h) for all g , h ∈ G and f ∈ C(G).

Deûnition 1.7 Let A be a separable C∗-algebra and let G be a compact group. Let
α∶G → Aut(A) be a strongly continuous action. We say that α has the continuous
Rokhlin property, if there exists a unital and equivariant ∗-homomorphism

ϕ∶ (C(G), σ)→ (Fc,α(A), α̃c) .

Remark 1.8 Let (A, α,G) be a strongly continuous C∗-dynamical system as above.
In the special case that G = T, the action α has the continuous Rokhlin property if
and only if there is a unitary u ∈ Fc,α(A)with α̃c,ξ(u) = ξ ⋅u for all ξ ∈ T. _is follows
from the observation that u = ϕ(idC(T)) yields such a unitary, and conversely every
such unitary generates an equivariant copy of the dynamical system (C(T), σ). In
particular, this explains the analogy of the above deûnition to [4, Deûnition 3.1].

2 Preservation of the UCT in E-theory

In this section,we show that theUCT in E-theory is preserved under forming crossed
products or ûxed point algebras associated to compact group actionswith the contin-
uous Rokhlin property.

Deûnition 2.1 (compare to [5, Section 7]) A separable C∗-algebra A satisûes the
UCT in E-theory, if for every separable C∗-algebra B, the natural map E∗(A, B) →
Hom(K∗(A),K∗(B)) gives rise to a short exact sequence

0 // Ext1Z(K∗(A),K∗(B)) // E∗(A, B) // Hom(K∗(A),K∗(B)) // 0.

As is the case for KK-theory, this is (a posteriori) the same as being E-equivalent to
an abelian C∗-algebra. For nuclear C∗-algebras, E-theory coincides with KK-theory.

https://doi.org/10.4153/CMB-2014-074-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2014-074-x


_e Continuous Rokhlin Property and the UCT in E-theory 377

In particular, a nuclear C∗-algebra satisûes the UCT in KK-theory if and only if it
satisûes the UCT in E-theory.

Deûnition 2.2 Let A and B be separable C∗-algebras. We say that A E-dominates
B, if there are x ∈ E(B,A) and y ∈ E(A, B) with x ⊗ y = 1 in E(B, B). If ϕ∶B → A is a
∗-homomorphism such that E(ϕ)⊗ y = 1 in E(B, B) for some y ∈ E(A, B), then we
say that ϕ induces E-dominance of A over B.

_e following result is proved in [1, Corollary 23.10.8] for KK-theory, but an anal-
ogous proof yields the same for E-theory.

Proposition 2.3 Let A and B be separable C∗-algebras. Assume that A E-dominates
B. If A satisûes the UCT in E-theory, then so does B.

Notation 2.4 Let (A, α,G) and (B, β,G) be two strongly continuousC∗-dynamical
systems. For an equivariant ∗-homomorphism ψ∶ (A, α) → (B, β), we denote by
ψ̃∶A⋊α G → B ⋊β G the induced ∗-homomorphism between the crossed products.

_eorem 2.5 Let A be a separable C∗-algebra and let G be a metrizable compact
group. Let α∶G → Aut(A) be a strongly continuous action. Assume that α has the
continuous Rokhlin property. _en A E-dominates A ⋊α G. In particular, the UCT
passes from A to its crossed product with respect to α.

Proof Since α has the continuous Rokhlin property, we can ûnd an equivariant and
unital ∗-homomorphism

ϕ∶ (C(G), σ)→ (Fc,α(A), α̃c) .
In view ofRemarks 1.5 and 1.2, ϕ induces an equivariant and unital ∗-homomorphism

ψ∶ (C(G)⊗ A, σ ⊗ α)→ (Ac,α , αc) via f ⊗ a ↦ ϕ( f ) ⋅ a.
Consider the equivariant embedding j∶ (A, α)→ (C(G)⊗A, σ⊗α) given by a ↦ 1⊗a.
_en the composition ψ ○ j coincides with the canonical embedding µ∶A↪ Ac,α .
Since bothof these∗-homomorphisms are equivariant,we can form the inducedmaps
between the crossed products, and compose them with the canonical ∗-homomor-
phism from Ac,α ⋊αc G to (A⋊αG)c (whichwewill surpress from notation) to obtain
the following commutative diagram:

A⋊α G
µ̃ //

j̃ ((

(A⋊α G)c

(C(G)⊗ A) ⋊σ⊗α G .
ψ̃

66

Now the C∗-algebra (C(G)⊗A)⋊σ⊗α G is isomorphic to A⊗K(L2(G)) because it is
awell-known fact that C(G)⋊σ G ≅K(L2(G)) and that σ ⊗α is conjugate to σ ⊗ idA.

_e above commutative diagram yields two E-theory elements x = E( j̃) ∈ E(A⋊α
G ,A) and y = E(ψ̃) ∈ E(A,A⋊α G) with x ⊗ y = E(µ̃) = 1 in E(A⋊α G ,A⋊α G). In
particular, we have veriûed Proposition 2.3 for A and A⋊α G.
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_eorem 2.6 Let A be a separable C∗-algebra and G a metrizable compact group.
Let α∶G → Aut(A) be a strongly continuous action. Assume that α has the continuous
Rokhlin property. _en the canonical embedding ι∶Aα → A induces E-dominance of A
over Aα . Moreover, the UCT passes from A to its ûxed point algebra with respect to α.

Proof As we have observed in the proof of_eorem 2.5, there exists an equivariant
and unital ∗-homomorphism

ψ∶ (C(G)⊗ A, σ ⊗ α)→ (Ac,α , αc) .

Consider the group action σ ⊗ α on C(G)⊗ A ≅ C(G ,A), which is given (under this
identiûcation) by

(σ ⊗ α)g( f )(h) = αg( f (g−1h)) for all g , h ∈ G and f ∈ C(G ,A).
Now it is straightforward to check that a function f ∈ C(G ,A) is ûxed under σ ⊗ α if
and only if it is of the form f (h) = αh(a) for some a ∈ A. In particular, we have an
isomorphism

κ∶A→ (C(G)⊗ A)σ⊗α via κ(a)(h) = αh(a).
Recall the equivariant embedding j∶A → C(G) ⊗ A given by a ↦ 1 ⊗ a. From the
deûnition of κ, it is obvious that one has κ ○ ι = j ○ ι.

Observe that by compactness of G, the ûxed point algebra of the path algebra
(Ac,α)αc coincides with the path algebra of the ûxed point algebra (Aα)c. Indeed,
if ν is the normalizedHaar measure on G, then we have

[(bt)t≥1] = ∫
G
αc,g([(bt)t≥1]) dν(g) = [(∫

G
αg(bt) dν(g))

t≥1
]∈ (Aα)c

for all [(bt)t≥1] ∈ (Ac,α)αc .
Let r∶Aα ↪ (Aα)c denote the canonical inclusion. Combining all these observa-

tions, we obtain a commutative diagram

Aα r //

ι
  

(Aα)c

A,
ψ○κ

<<

which yields two E-theory elements x = E(ι) ∈ E(Aα ,A) and y = E(ψ○κ) ∈ E(A,Aα)
with x ⊗ y = E(r) = 1 in E(Aα ,Aα). In particular, we have veriûed that ι induces E-
dominance of A over Aα .

3 Circle Actions and the Continuous Rokhlin Property

In this section, we examine the special case of circle actions more closely. _is is
demonstrated in the next theorem:

_eorem 3.1 Let A be a separable unital C∗-algebra and let α∶T → Aut(A) be a
strongly continuous action. Assume that α has the continuous Rokhlin property. _en
A is E-equivalent to Aα ⊕ SAα .
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Proof Denote by ι∶Aα → A the canonical embedding. It follows from [3, _eorem
3.11] that there is an automorphism θ ∈ Aut(Aα) and an equivariant isomorphism

ϕ∶ (Aα ⋊θ Z, θ̃)→ (A, α) with ϕ∣Aα = ι.

Identifying Awith Aα ⋊θ Z by the above isomorphism, we apply the Pimsner–Voicu-
lescu exact sequence in KK-theory [1,_eorem 19.6.1]. For every separable C∗-alge-
bra B, there is a six-term exact sequence of the form

KK(B,Aα)
1−KK(θ) // KK(B,Aα)

KK(ι) // KK(B,A)

��
KK(B, SA)

OO

KK(B, SAα)
KK(S ι)oo KK(B, SAα).

1−KK(Sθ)oo

Moreover, one can see from the construction of this sequence in [1, Section 19] that
the vertical map on the right is given by right-multiplication with an element z′ ∈
KK(A, SAα), which is independent of B. _e same is true for the le� vertical map.
Now E-theory naturally factors through KK-theory, in a way that is compatible with
addition and forming Kasparov products; see [1, Corollary 25.5.8]. Let z denote the
E-theory element induced by z′. _en we also have a Pimsner–Voiculescu exact se-
quence in E-theory:

E(B,Aα)
1−E(θ) // E(B,Aα)

E(ι) // E(B,A)

z
��

E(B, SA)

OO

E(B, SAα)
E(S ι)oo E(B, SAα).

1−E(Sθ)oo

By [4, Proposition 3.11], it follows that θ is asymptotically representable. In par-
ticular, this implies that E(θ) = 1 in E(Aα ,Aα). _us we can extract a short exact
sequence

0 // E(B,Aα)
E(ι) // E(B,A) z // E(B, SAα) // 0.

By_eorem 2.6, there is some y ∈ E(A,Aα)with E(ι)⊗ y = 1 in E(Aα ,Aα). It follows
that themap

E(B,A)→ E(B,Aα ⊕ SAα), x ↦ x ⊗ (y ⊕ z)
is an isomorphism of abelian groups for all B. Using surjectivity of this map in the
case of B = Aα ⊕ SAα , we ûnd g ∈ E(Aα ⊕ SAα ,A) with g ⊗ (y ⊕ z) = 1 in E(Aα ⊕
SAα ,Aα ⊕ SAα). On the other hand, we have

((y ⊕ z)⊗ g)⊗ (y ⊕ z) = (y ⊕ z)⊗ (g ⊗ (y ⊕ z))
= (y ⊕ z)⊗ 1 = y ⊕ z
= 1⊗ (y ⊕ z).

Hence, injectivity of the homomorphism

E(A,A)→ E(A,Aα ⊕ SAα), x ↦ x ⊗ (y ⊕ z)
implies that (y⊕ z)⊗ g = 1 in E(A,A). _is shows that y⊕ z ∈ E(A,Aα ⊕ SAα) is an
E-equivalence.
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Remark 3.2 Applying the ordinary (i.e., K-theoretic) Pimsner–Voiculescu exact
sequence as in the proof of _eorem 3.1, one recovers the isomorphisms K i(A) ≅
K i(Aα) ⊕ K i+1(Aα) for i = 0, 1. Moreover, in the case i = 0, one can see that this
isomorphism carries [1A]0 ∈ K0(A) to the pair ([1Aα ]0 , 0) ∈ K0(Aα)⊕ K1(Aα).

Remark 3.3 We further remark that unitality of A is probably not necessary to
obtain the result in _eorem 3.1. _e only obstacle is to deûne a suitable notion of
asymptotic representability for automorphisms on non-unital C∗-algebras, and ex-
tending the results [3,_eorem 3.11] and [4, Proposition 3.11] to the non-unital case.
Considering that this has been done in the ûnite group case (see [12]), this should also
be possible for circle actions in a similar fashion. _e proposed deûnition [4, Deûni-
tion 3.8] could potentially be the right candidate, but since it involves invariant uni-
taries coming from themultiplier algebra, it could be too strict a requirement to yield
such a duality for non-unital C∗-algebras.
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