QUOTIENTS OF PSEUDO GROUPS BY
INVARIANT FIBERINGS

M. KURANISHI and A. M. RODRIGUES

Introduction Let I" be a continuous pseudo group acting on a manifold M.
Denote by (A4, M, p) a fibered manifold preserved by transformations in I
Then any f in I" locally induces a local transformation f/ of M'. Denote by
I'/p the set of all such f'. Then it might seem natural to expect that I'/p is
a continuous pseudo group acting on M'. However the matter is not so simple.
For instance, take f'! and g' in I'/p such that the composition feg’ can be
defined. Then they can be lifted to local transformations f and g belonging
to I But there is no guarantee to the effect that they can be lifted in such
a way that the composition of g and f can be defined, i.e. the image by g has
non-empty intersection with the domain of . So we can not conclude that
I'/p is a pseudo group. Thus, what we can expect is, roughly speaking, as
follows : There is a unique pseudo group I’ acting on M' such that I'/p forms
a substantial part of I'. We call such I’ the quotient of I" by (M, M, p) if it
exists (cf. 5.2). The main purpose of the present paper is to show the
existence and continuity of the quotient pseudo group for transitive I.  Even
if I" is not transitive, the argument used for transitive case implies the existence
and continuity of the quotient, provided we remove a proper subvarieties of M.
Moreover it seems reasonable to conjecture that the quotient exists for any
intransitive continuous pseudo group I. However we can not expect that the
quotient is continuous. This will be shown by an example (cf. §6). Denote
by J'T the set of all r-jets of local transformations belonging to /. In the
present paper I' is defined to be continuous when any x in M satisfies the fol-
lowing conditions: (1) we can find a neighborhood U of x and a fibered manifold
(U, U;, p) such that fibers coincide with orbits of the restriction of I" to U,
(2) for sufficiently large 7, there is a neighborhood %, of the identity jet I"(x)

at x in the space of r-jets such that the component %, of 4, NJ'I" containing
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I"(x) is a submanifold, (3) we can choose #,+; and %, such as in (2) so that
(Z rs1, &+, o' is a fibered manifold where p,*' is the canonical projection of
(r+1)-jets to r-jets, (4) we can find a neighborhood U of % in M and an integer
7o such that a local transformation f of U is in I' if and only if j°(f) is con-
tained in J™I. Submanifold in the present paper is not assumed to be closed.
Throughout the paper we restrict ourselves in the category of real analyticity.
So we usually omit the adjective ‘“real analytic”. Except in §6, all the pseudo

groups considered are transitive. So we also omit the adjective “transitive”.

§ 1. Derived Space. Let E, E' be vector spaces over a field K. K will be
fixed throughout this section and we omit “over K”. Denote by L(E, E') the

vector space of linear mappings of E into E'. Let F be a vector subspace of
L(E, E").

1.1. DerINITION. By the derived space of F, denoted by D(F), we mean the
subspace of L(E, F) consisting of all b in L(E, F) such that for any u and o

in E
b(w)u' =b(w)u
where b(u) is the image of u by b and b(u)u' is the image of w' by b(u).
1.2. We set
8(F) = Codimension of ®(F) in L(E, F).

For #:, ..., u, in E denote by F(u, ..., u) the subspace in the » times
direct product of E' consisting of all vectors (q(w,), . .., g(u,)) with g in F.
Let o,(F) be the maximum of the dimension of F(#, . .., %) for all choices
of #;, ...,u in E.

1.3. DEFINITION. F 1s said to be an involutive subspace of L(E, E'), or simply

involutive, when
NF)=ai(F)+ * -« +gn-1(F)
where n is the dimension of E.

The notion of involutive subspaces was introduced by E. Cartan in con-
nection with that of exterior differential systems in involution. Namely, an

exterior differential system of certain type is in involution if and only if F such
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as above associated with the system is an involutive subspace. A special case
of this theorem will be used later (cf. Prop. 2, 3.).

1.5. ProrositioN. If F is an involutive subspace of L(E, E'), D(F) is an
tnvolutive subspace of L(E, F).

1.6. ProprosiTiON. Let Fj, 7=0,1, ..., be a sequence of vector spaces such
that Fo.C L(E, E') and Fj+1SD(F;) CL(E, F;) for all j, where ®(Fj) is the derived
space of Fj as a subspace of L(E, Fj_1). Then there exists an integer jo such

that Fjv1=D(F;) and F; is an involutive subspace of L(E, Fj-1) for any j= jo.

This proposition is a special case of the prolongation theorem in the case
when our field K is the field of real numbers or of complex numbers. An

algebraic proof of our proposition was obtained recently by S. Sternberg. The

following two propositions are easy to check.

1.7. Let E' be a subspace of E”. We have the canonical injection ¢ of L(E, E')
into L(E, E"). For a subspace F of L(E, E')

D(F) =DGF)SL(E, F).

1.8. Let j be a surjective homomorphism: E;—»E. Then j induces a ca-
nonical injective homomorphism 5 (resp. /) of L(E, E') into L(E;, E') (resp.
of L(E, F) into L(E;, jF)). For a subspace F of L(E, E')

DG(F)) = 7'(D(F)).

1.9. Use the notation in 1.7 and 1.8, except we write Foj in stead of j(F).
Then F is an involutive subspace of L(E, E') if and only if F°j is an involu-
tive subspace of L(E;, E').

1.10. The following reformulation of 1.6 will be used later.
ProrosiTiON. Let Gi, 1=0,1, ..., be a sequence of vector spaces such that
GICL(E+Gy+ *+* +Gi-1, E+Go+ - - +Gi-y)

where G-1=0. Let ji be the canonical projection of E+ Go+ * -+ +G; onlo
E+ G+ + -+ +Gi-1 and i) be the canonical injection of G into E+ Go+ - - +
+Gi.  Assume that there is a subspace Gi of L(E+Go+ * + * + Gi-z, Gi-y)
such that

D G1=1i1-1G}oj; for 1=1.
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Assume further that Gi1CiD(G))eoji.  Then there exists an integer Iy such
that Gi+1=14D(G)) © j; and G is an involutive subspace of L(E+ G+ - * - + Gi-y,
E+Go+ - -+ +Gi-).

Proof. (1) establishes an isomorphism %; of G; onto G;. Then by 1.7 and

1.8 our last assumption can be written as
kiGley S D(GY) ° fi-1.

1.7 and 1.8 together with the above inclusion relation for I—-1,1-2, ..
implies that Gl., € ® "G} ojio+ * + oji—;, where in the notation D' we omit
writting several identifications. Then there is a subspace F; in L(E, Gi-y)
such that

Fiejio«  jla= Gl.

Using the above isomorphism of F; and Gi, we can consider F; as a subspace
of L(E, F;-;). Then our assumption implies that F; is in ®(F;-;). Then our

contention follows from 1.6 and 1.9.

§ 2. Cartan systems

2.1. DeriniTION. A Cartan system on a manifold M is a finite dimensional
vector subspace 2 of the space of linear differntial forms on M such that we
can find a basis o', . .., 0" of 2 and linear differential forms &, ... ,o™ on
M satisfying the following conditions:

T SR BN S R

1) da) = 76;}3(0 /\ID +a]Aa)J/\w
where c}k and af;-l are constants and c}k+ cj-k =0,

2) W, ...,0" @, ..., are linearly independent at each point of M,

3) the matrices ax=la, |, 1<1<m, are linearly independent.

A Cartan system is called reduced when o', ..., " ..., ®" form a basis
of linear differential forms over the ring of functions.

If 6%, ...,0" is another basis of £, the condition 1) is satisfied for the
forms 6, @ with a possibly different set of constants. @, ..., " su'ch as in

the definition is called an auxiliary set of forms for 2.

2.2. Keeping the above notations, denote respectively by * and by ey, . . .,
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es the dual vector space of £ and the dual basis of o', ...,0". Let g\ be

the linear transformation of 2* defined by
a,(e;) = ae;.

Denote by L(R2) the vector subspace of L(2* 2*) generated by g, ..., @n.
It is easy to check that L(2) thus defined is independent of the choice of forms
1 7 ~1

o ...,0" @&, ...,3". We say that a Cartan system £ is involutive when
L(®) is an involutive subspace of L(2* 2%).

2.3. Denote by p; (resp. p;) the projection of Mx M onto the first factor
M (resp. the second factor M). Let >)(2) be the exterior differential system

generated by pfo’ — ofw’. By a theorem of E. Cartan we have the following.

ProrosiTiON. The exterior differential system 2.(2) on (MxM, M, p1) is
involution if and only if Q is involutive.

2.4. DeFINITION. A pseudo group operating on a manifold M is called a
Cartan pseudo group when there exists an involutive Cartan system 2 such
that the pseudo group consists of all local transformations which leave each
member of 2 invariant.

2.4. ProposITION. Let &', ...,a™ and &, ..., &7 be two sets of auxiliary
Jforms of a Cartan system 2. Then m=q and there are constants b and
Sfunctions h} defined on M such that

& =ba" + hlo'
Proof. Write

do' = Lo o Aowk+ al i e

= 5 che’ No"+ ajo’ N§
Then comparing with 2.1.1), we see easily that the form aha' —aiig" is a
linear combination of ', . .., »". Since the matrices 4} =|ali| are linearly
independent, the resulting linear system can be solved with respect to &
and we have the required relations among &', @, and o’. Since we can also

express & as a linear combination of £* and ', we find that m is equal g.

2.6. Fix a basis ' and auxiliary set of forms &@" of 2. An element & in
L(2* L(2)) will be expressed by a matrix 5 where

b(e;) = bla
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where a, is as in 2.1.3) and ¢; is as in 2.2. We recall that D(L(R)) is a
subspace of L(2* L(2)). We say that an auxiliary set of forms &, ..., &™
of 2 is restricted (with respect to @) when a}, = a}i where @} is as in the

proof in 2.5. Then we have the following.

ProrosiTioN. A set &', ...,&™ of linear differential forms on M is a

restricted auxiliary set of forms of 2 if and only if we have the expression
& ="+ hlo'
where h} is a function on M such that h}(x) is the expression of an element

h(x) in D(L(R)) for each x in M.

Proof. If €, ...,&™ is a restricted auxiliary sets of forms of 2, then &,
in 2.5 must be equal to d, because a, are linearly independent. Then it is a
matter of checking to see that ||} (x)] belongs to D(L(L)).

2.7. ProposiTION. Let 2 be a Cartan system on a manifold M. Given a
point p in M, we can find a neighborhood U on p, a fibered manifold (U, U, 0),
and a reduced Cartan system ' on U' such that o* induces an isomorphism of
Q' onto Q. Moreover such (U, U', p) and ' are unique up to obvious isomorphism

provided we replace U and U' by smaller neighborhoods of p and p(p).

Proof. Take a basis o', . .., 0" of £ and write the structure equation as

do' = *l—cj-kwj/\a)k+w’./\a),’:,

2
where c§k are constants. We will show that the equation w'=+::* =" =+ - -
= E)} = -+ - =0 is completely integrable. Taking the exterior derivative of the

both sides and using the structure equation, we find that wf'/\da);i is a linear
combination of forms of the type o'A o’ Ao, o' N’ A&F, and o A& A @
Then it is easy to check that the above equation is completely integrable. Take
a small neighborhood U of p and let (U, U’, p) be the fibered manifold of the
maximal integrals of the above equation restricted to U. If x',...,x"""™,

¥, ...,y is a local coordinate of (U U, p), then

o' =wi(x, y)dx’,

or = vi(x, y)dx" (r=1,...,n+m).

By observing the structure equation 2.1.1), we see easily that the functions
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w do not depend on y. Hence there are forms 6 on U’ such that o' =p*6’.
Let 2' be the vector space generated by 6', ..., 6" In order to see that 2'
is a Cartan system, take a cross-section g of (U, U, p) and observe the image
of structure equation by g". This finishes the proof of the first part of our
proposition. By 2.5, the equation

w="°=w=--'=c7)}=“-=0

is uniquely determined by £2. Moreover, any fibered manifold (U, U', p)
satisfying our conditions must be a fibered manifold of maximal integrals of
the above equation. Therefore (U, U, p) and £’ are unique up to isomorphism
and schrinking of neighborhoods.

2.8. DEFINITION. A vector subspace £, of a Cartan system on M is said to

be a Cartan subsystem when 2, itself is a Cartan system on M.

2.9. Let £, be a vector subspace of a Cartan system 2. Then 2, is a Cartan
subsystem of 2 if and only if the equation 2, =0 is completely integrable.

Proof. Assume that the equation £,=0 is completely integrable. Take a
basis &, ..., o"” of 2 such that the first »' members form a basis of 2;. Let

@ be an auxiliary set of forms of 2. Then

1

do® = 5cfrwt/\mr+ o' N\ &
where s, t, =1, ..., n,
@i = aha' + b0’ G=n'+1,...,n),
and where af and bi; are constants. Let go=|gil, o=1, ..., m', be a

maximal subset of linear independent matrices in the set a, =la},| and &; =

lltil. Write ay = gou} and b; = gov%. Setting n° = u’&" + viw’, we find that
dws = %Cfr (l)t N o + qgowt N 77:"'

Then it is easy to check that £, is a Cartan subsystem. The converse is
trivial.

§ 3. Prolongations of Cartan systems. In this section we fix a Cartan

system £ on a manifold M. We.also fix a basis o' and an auxiliary set of
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forms @ of . However these will play only a secondary role, and all the
concept introduced will be independent of the choice of ' and &@*. We fix a

reference point %, in M.

3.1. Let p(M, x) be the space of 1-jets of local transformations of M with
target x,. We have the source mapping a« of p(M, x,) onto M. For a diffe-
rential form 6 on an open subset of M and for a point x in the subset, denote
by (6). the multi-linear function on the tangent vector space at x assigned by
6. Take a 1-jet X=j3(f) where f is a local transformation of M. For a
given differential form ¢&, (f*¢), is independent of the choice of a representative
f of X. We denote this multi-linear function by X*¢. X is said to be an

invariant 1-jet (with respect to 2) when
X*0 = (0)x and X*(dw) = (dw)x

for every w in 2. Denote by p(M, x)o the set of invariant 1-jets with source

Xo.

3.2. ProposiTiON. P(M, %0)a s a submanifold of p(M, %), (p(M, %o, M,
«) is a fibered manifold, and the dimension of fibers is equal to the dimension
of D(L(R)).

Proof. Choose linear differential forms %', . ..,% defined on a neighbor-

i ~\

hood U of a given point % such that o', @, 7’ form a basis of linear differential

forms on U. For X in p(M, x,) with source y in U, set

X*o' = pH(X)()y + DU X) @)y + "D X) ("),

X*at = g} (X) (0 )y +'qh(X) @)y + "gb(X) ().
Then 2}, 'p%, "5, @i, q, "g) can be completed to a chart of p(M, %) defined
on a NU). p(M, %)aNa '(U) is defined by the following equation (cf. 2.6.) :
1) '"Ph="1py ="qy = pj— 05 ="qh — 5, =0,
(2) i@} — ajgk =0,
where a’s are as in 2.1.1). Let q}a, s=1,...,mi, be a basis of the space of
solutions of the equation (2). This equation is the equation for q in L(2* L(2))

to be in D(L(L2)) expressed in terms of basis (cf. 2.6.). Hence mi is equal
to the dimension of ®(L(L2)). The equation (1) together with

A A o
a; = qjo %
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with arbitrary « gives a parameterization for elements in p(M, x)o. Then it

is trivial to confirm our assertion.

3.3. ProposiTiON. If X and Y are invariant 1-jets and if a(X)=al(Y),

then X° Y ! is an invariant 1-jet.

Proof is obvious from the definition.

3.4. DeriNiTION. Denote by I'(2) the pseudo group of local transformations
f of M such that f*w=w for any w in Q.

3.5. Let f be a local transformation of M. Denote by U(f) the domain
of definition of f. Let p(f) be a local transformation of p(M, x,) defined by
the following formula: For X in « ™ (U(f))

p(N(X) =Xoji(f)7!

where x is the source of X. Assume that f is in I'(2). Then by 3.5. p(f)
preserves the submanifold p(M, x,)o. Denote by p(f) the restriction of p(f)
to p(M, xo)qa.

3.6. ProrosiTioN. Let (x) be a chart in M. Then we have the chart (x,u)
introduced in the proof of 3.2. Take an element f in I'(2) defined on the
domain v' of the chart. Then we can find functions 4°(x) such that for any
X in p(M, %)a with source in U'

wW(PH(X) =u’(X)+u’(a(X)).

Proof. Since f* keeps the structure equation 2.1.1), f*@" = & + k}’, where
k} is a function. By the defintion of ¢} in 3.2, there is a function #° such that
k}=q}az". Then we can easily check our assertion by going back to the
definition of the function ¢} in 3.2.

3.7. DeriNiTiON. Define a linear differential form o™ on p(M, %)a for
each A=1, ..., m by the following formula:
(1) (0" M)z = a®o (X*")

where o« is the linear mapping induced by « on tangent vector spaces. By the
definition

n+ A * A A *x 7
0" =a*@" + qjor’ W’
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Denote by p(2) the vector space generated by a*w’ and »™** over constants.
»(8) is a vector subspace of the space of linear differential forms on p(M, %o)a.
If we take another auxiliary set of forms &, ..., &™ for £ and if we denote
by 6™"* the form obtained from ¢* by the same process as we obtained w™**
from &', then by 2.5 we have 6""*=5}0" "+ hj(x,) o. Therefore p(2) is
independent of choices of auxiliary set of forms for 2.

3.8. ProrosiTION. Let f be an element in I'(2). Then for each o in p(2).
PN =w.

Proof. By the definition of """

(P‘(f))*(w"”‘)p(fum = (pl(f))*(d)*(X°]L(f)_l)*('I)A)
= (P () *(a) () *(X*a")
=a*(X*3") = (")

because f loa =aop(f7).

3.9. DeriniTION. Let H be a locally closed submanifold of p(M, %)a. We
say that H is an admissible submanifold (with respect to 2) when the following
conditions are satisfied:

1) There is an open neighborhood U of %, in M such that (H, U, a) is a
fibered manifold.

2) for any X and X, in H we can find a neighborhood W; of X; in H, i
=1, 2, and an element f of I'(R) such that p'(f) is defined on Wy and maps
Wi (resp. Xi) into W (resp. to Xo).

3.10. ProrosiTiON. Let H be an admissible submanifold of p(M, x))a. Denote
by t the canonical injection of H into p(M, x%)a. Fix a point X in H. Take
an element o in p(Q). Then (r)*w =0 if and only if ((z)*w)x, = 0.

Proof. Take an arbitrary element X; in H. Choose f such as in 3.9.2).
Then by 3.8 and 3.9.2) we see easily that the assumption ((¢)*w)x, =0 implies
((l)*w)xz =0.

3.11. ProrosiTiON. Let H be an admissible submanifold of p(M, x)a.
Denote by p(Q, H) the restriction of p(R2) to H. If 2 is reduced (cf. 2.1),
(2, H) is a reduced Cartan system on H.

Proof. Fix an element X; in H. Using the independent functions #', . . ..

https://doi.org/10.1017/5S0027763000011351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011351

QUOTIENTS OF PSEUDO GROUPS 119

u™ on p(M, %o)q introduced in 3.2, we may assume because of 3.9.1) that
the tangent vector space of H at X; is defined by the condition: du™"'= -

=du™ =0. Then by 3.9.2) and 3.6 the tangent vector space of H at any
point of H is defined by the same equation. In the following we observe
everything on H. Since £ is reduced and since »"** has the expression 3.7. (1),

we can write

(1 do™* = % o™ No® + ghdut N
(B',B'"=1,...,n+mt=1,...,m), where c¢’s are functions skew-symmetric
in &' and £". Set ci% = cpi(Xy). Choose functions vg (=1, ...,n+m)
and set

0" = du + vj 0.
Then we have the equality

1

(2) do™™ = o e No¥ + @0 N o’
if and only if
(3) S (X) = el * = @ix 02 (X) + gl VR(X)

for any X in H, where we set gi. =0 for 2>#n. Consider this as an equation
on unknown v; for each fixed X. We claim that this equation has solution.

Namely, take f such as in 3.9.2) and such that p(f)(X) =X;. Set
B(N*(du™))x = (du )z + 'UZ(wk)x

(cf. 3,6) Then by applying (p(F))* to (1), we see easily that the above v} is
a solution of the equation. Hence (3) has solution for each fixed X. Therefore
we can find functions v; which satisfies the equation (3) for arbitrary X.
Then §° with this choice of vy satisfies the equality (2). Then it is easy to
check that (&2, H) is a reduced Cartan system.

3.12. The following is well-known :

ProrosiTion. If 2 is involutive, p(M, %o itself is an admissible submanifold

of p(M, %0)o, and p(2) is an snvolutive Cartan system.

§ 4. Quotient by a Cartan subsystem.

4.1. DEeFINITION. A vector subspace @' of a Cartan system 2 on M is called
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a Cartan subsystem when 2' is a Cartan system on M.

4.2. A ConstrUcTION. Let £ be a reduced involutive Cartan system on a
manifold M. Take a reference point %, in M. Let 2' be a Cartan subsystem
of 2. By Proposition 2.7, replacing M by an open neighborhood of x, if neces-
sary, we can find a fibered manifold (M, M', =) and a reduced Cartan system
IT on M' such that n™ induces an isomorphism of I7 onto £'. = induces a
fibered manifold (p(M, %), p(M', wy), ;'z) where wo = n(%). Denote by p(M",%)5
the image by j'm of p(M, %)e. It will be shown that p(M', )3 is an
admissible submanifold of p(M', wo)u. Therefore we have a reduced Cartan
system p(II, p(M', %)5) by 3.11. Denote by p(£'; 2) the image by (j'z)*
of p(IT, p(M', %)3). It will be shown that p(£2; £) is a Cartan subsystem
of p(2). For simplicity we set

H=p(M', %)%, p(II, H) = IT,
M1 =P(M, xO)g, 711=j1(75).

We have the following commutative diagram :

M<—p(M, %) 2 M,

I P

M-—p(M', wo) 2 H

4.3. ProposiTiON. H is an admissible submanifold of p(M', wo)n. (M, H,
m) and (H, M', «) are fibered manifolds.

Proof. We will show first that H satisfies the condition 3.9.2). Let W;
and W be two elements in H. Take X, in M; such that W, =n,(X,). Since
2 is involutive, there is f in I'(2) such that p(f)(Xi) =X,. f is locally a
prolongation of an element s’ in I'(2'). Then it is clear that f' satisfies the
condition 3.9.2) for II. For a generic point X in M;, H is a submanifold on
a neighhborhood of W=r(X) and (M;, H, =) is a fibered manifold on a
neighborhood of X. Then because of the homogenity condition 3.9.2), the
same conclusion follows for arbitrary element in M;. Similar argument also
shows that (H, M, «) is a fibered manifold.

4.4, ProposiTiON. p(82'; 2) is a Cartan subsystem of p(Q).

Proof. 1t is clear by the construction that elements in p(2'; 2) are
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invariant differential forms of I'($(£2)). Then by a theorem proved in [2]
p(2'; Q) is contained in p(2). Hence it is a Cartan subsystem of p(2).

4.5. Take a basis 6", . .., 0" of IT and an auxiliary set of forms ¢, ...,
g™ for 1. Then I, has a basis 6% 6™ (s=1,...,n, k=1,...,m) (cf.

3.7). We have the structure equation

" = Tk 0 NG + B0 Ay
(t, ¥=1,...,n"+m'), where {"} is an auxiliary set of forms of II;. Each
&* induces an element y. in L(I7) (cf. 2.2). Let es be the dual basis of 6°
Denote by L'(IT;) the vector subspace of L(II*, L(IT)) generated by b, defined
by the formula:
by(es) = b5y y«.

As was remarked in the section 3,
L'(II) < D(LT)).

Let 7 be the canonical injection of L(IT) into the direct sum II'* + L(IT). Denote
by 7 the canonical projection of IT*+ L(IT) onto IT*. §¢' form a basis of II;. Let
f+ be the basis of II; dual to 6. Denote by g the isomorphism of I7*+ L(IT)
onto IT{ which sends es (resp. y.) to fs (resp. to fw+<). Then by the defini-
tion

foL/(I)) of = q 'L(I,) g S £ D(L(I)) .

4.6. Starting from 2, 2', (M, M', =), and IT as in 4.2, we carry out the
construction in 4.2 successively as follows: We already defined M, I;, and
7 in 4.2, We set Mi=H, 2I=p(2"; 2), and x;=the identity jet at x,.
Then £; is a Cartan subsystem of £, = »(2) and =; induces an isomorphism of
IT, onto ;. Morever by 3,12 2, is reduced and involutive. Assume now that
we constructed a fibered manifold (M,, M;, =,), a reference point x, in M,, a
reduced involutive Cartan system 2, on M,, a Cartan subsystem £; of 2,, and
a reduced Cartan system I, on M, such that = induces an isomorphism of
II, onto 2, for each r=1,...,1—1. We set

My =p(Mi-1, %1-1), £1=p(2i-1),
7U=j1(7”—1)’ M; =p(Ml’—1y xl-—l)gly—ln
I = p(I-y, M), 9] =n(IT),
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and x; = the identity jet at x;-;. Thus we defined the above objects for each
r=1,2....

4.7. Introduce the mappings 7, 7, and q as in 4,5 at each stage of the
above inductive construction, say #, jr, g- for r=0, 1,.... Set E=1I", G, =
L(IN), and G, =¢q, 'L(IT,)q. where g, =qr-1* * qo. Then by 4.5 we find that
they satisfy the conditions in 1.10. Therefore there exists an integer 7, such
that for =7, L(II,) is involutive and D(L(II;)) can be canonically identified
with L(ITy+;) (cf. 1.7 and 1.8). Hence for =17, II; is a reduced involutive
Cartan system and M}, =p(M;,wy).

4.8. We set

N=M,, N =M, Nr=My, Nr=DM,.,
Q_ = Qro, LI= ”r,, 3_27- = Qr.+r. ]_Tr = ”ro-,ur-

We continue to use the same reference points, but omit them in notations when
there is no possibility of confusion. We have the fibered manifolds
(N;, N, a) and (Ny, Ny, or).
Take the vector subspace 2 of 2 such that
2,2a7(2) Np7r (1) = a7 (2F).
4.9. Proposition. 2 is a Cartan subsystem of 2.

Proof. By 2.9 it is sufficient to show that the equation £f =0 is completely
integrable. Take linearly independent elements o®, ¢, £ in 2, such that o°,
6' (resp. o', &) form a basis of aF(2) (resp. of o7 (Z;)). Then we easily
check that

do® =z t“ N6 (mod 2%).

Take tangent vectors L and K to IV such that L is tangent to the fibers of
(Ny, N/, on) and <o, K> =0. Since o® belongs to the image of p; it follows
that

0 = 20<g", K<, L>

If our choices of L and K have enough freedom so that <#, L> and <% K>
can take arbitrary values, it follows that z’'s are zero and so the equation 2%

=0 is completely integrable. The freedom for <£% K) is obvious. If for a
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X in N(a:6'), =0 on the tangent to the fiber, then because of the transitivity
of the pseudo group I'(£2) it follows that a:6° vanishes on the tangent to any
fibers. This contradicts the choice of 6 unless a: =0.

4.10. By the construction 2f is an increasing sequence of subspaces of £2.
Hence there exists an integer 7 such that 2} = 2},, for r>7.. Set 2%= 0} .

ProrosiTION. We can find an auxiliary set of forms @" of 2 such that for

a basis o° of 9F

1 s e s e
do’® = -z-cifsuws ANo* + @no® A&t

Proof. Choose forms 6° on N so that «°, 6 form a basis of 2. Take an
auxiliary set of forms @ of 2. Write

1

g l n ’ s
do’ = 70§'srfw’ ANo* + o NES

where £ is a linear combination of §° and @. Take a basis o°, £* of II,, and
an auxiliary set of form 7" of II,,. Then on N,, & is a linear combination of
o’, &%, and 7. Hence on Ny; &5 is a linear combination of invariant forms
since IIy,+1 = P(II,)). Let E (resp. E') be the subspace generated by 6° (resp. by
£). Then the above shows that any element # in ENE' is a linear combina-
tion of elements in as1(1,+1). Since § is an invariant form, this implies that
0 is in af1(2r,+1). Hence if 6 is not zero, 2F.., is actually larger than 2f.

Hence ENE'=0. Therefore we can rechoose our auxiliary forms @" so that

our contention holds.

4.11. In this and the next paragraph we will replace manifolds involved by
open submanifolds containing the reference points whenever necessary without
mentioning it and keep the same notation for the schrinked manifolds.

By 2.7 we can find a fibered manifold (N, N*, §) and a reduced Cartan
system 2% on N* such that ¢* induces an isomorphism of 2% onto £2%. Since
2% can be considered as a subsystem of I, and also contains ZZ, it follows that we

have the commutative diagram for any large 7

(1) Lov |
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where by the arrows we indicate that the Cartan system on the target
manifold is mapped in the Cartan system on the source manifold.

N,-> N¥, N} N¥ induce mappings

Nyyr —> P(N#, x”)g#

2)
( Nt —> p(N¥, x%)ar

Then by extending the diagram (1) we see easily that the images of the two

mappings in (2) are equal.

4,12, THEOREM. Let Q be a reduced involutive Cartan system on M. Take
a reference point x, in M. Let 2' be a Cartan subsystem of 2. Replacing M
by an open submanifold containing x, if necessary, we take a fibered manifold
(M, M', ) and a reduced Cartan system IT on M' such that =* induces an
ssomorphism of IT onto 2'. Then the following holds when we replace M and
M' by small neighborhoods of reference points. Using the notations in this
section, denote by I the pseudo group on M' defined as follows: The equation
of I' is of order ro+r and the equation on a neighborhood of the space of
identity (ro+ 7)-jets is described as p™**"(f)c I'(Il,). Then I' is continuous.
Any element h in I'(2) is locally a prolongation of an element in I'. Moreover,
for any element f in I such that 7,'"*"(f) for anyv y in U(S) is sufficiently
near to the space of identity jets and for any x in M such that v(x) is in U(S),
f can be lifted locally to an element in I'(2) defined on a neighborhood of x.

Proof. Since II, is involutive, I is continuous. Take h in I'(2). Then &
is locally a product of k; such that j”(h;) is sufficiently near to identity jets,
where 7' =7+ 7. Each h; (resp. k) is a prolongation of f; (resp. of /), where
fi and f are local transformations of M'. By the construction of M', f; is in
I'. Hence f is in I'". It remains to see the last assertion in our theorem.

Take f in I’ such that its #'-jets are sufficiently near to identity jets.
Set g=p""(f). Then g belongs to 7 (). Hence by 4.13 g can be lifted to g*
in I'(2%). By the last conclusion of 4.12, j'(g%) is in the image by s'v of the
space of invariant 1-jets of N. Then g* can be locally lifted to an element A~
in I'(£2) by the following lemma in the theory of exterior differential systems.

k™ induces an element % in I'(2) which is a lifting of f.

4.14. LemMa. Let 2 be a reduced involutive Cartan system on N. Take a
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fibered manifold (N, N*, 1) and a Carlan system 2% on N* such that 6* induces
an injection of 2% into £. We assume that the proposition in 4.10 holds for
2% =7%9% and Q. Take g* in I'(2%) such that 7' (g%) is in the image by j'r
of the space of invariant 1-jets of N. Take x in N such that v(x) is in the
domain of g*. Then g* can be lifted locally to an element in I'(2) defined on

a neighborhood of x.

Proof of the lemma is obtained by actually constructing the lifting by
following the recipe of E. Cartan for the construction of general solution of
involutive exterior differential systems. We note that the assumption that 4.10
holds for 2* is essential to guarantee that the polar functions of 3(£) satisfy

conditions necessary to carry out the lifting construction.

5. Quotient pseudo group

5.1. DeriniTiOoN. Let I' be a pseudo group acting on a manifold V. A fibered
manifold (V, V', p) is called an invariant fibering of V (with respect to I')

when every element in I" sends fibers into fibers.

When this is the case, for any f in I' and for any point x in the domain
of f there is a neighborhood U of x such that the restriction of f to U is a

prolongation of a local transformation s’ of V. Such s’ is called a reduction

of f.

5.2. DeriniTiON. Keeping the above notation, denote by I a pseudo group
acting on V. We say that I' is the quotient pseudo group of I' with respect to
the invariant fibering when the following conditions are satisfied: (1) for any
f in I, every reduction of f is in I, (2) for any x in V, we can find a
neighborhood U of x, and a neighborhood 2B of the identity r-jet 1"(p(x%)) of
V' for an integer v such that, for any g in I with 77 (g) in the component of
WNJ'T containing 1" (o(%)) and for any x in U, g can be locally lifted to an
element in I' defined on a neighborhood of x, (3) I' is minimum with respect
to the properties (1) and (2).

5.3.ProposiTiON. Let 2 be a reduced Cartan system on a manifold M.
Replacing M by an open submanifold if mecessary, let (M, V, p) be the fibered
manifold of maximal inlegrals of the complelely integrable equation 2 =0.
Assume that 1'(2) is transitive. Then the quotient of I'(2) exists. If I'(R) is

https://doi.org/10.1017/5S0027763000011351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011351

126 M. KURANISHI AND A. M. RODRIGUES

continuous, the quotient is also continuous.

Proof. Fix a reference point w, in M. For an arbitrary point w of M
choose f in I'(2) such that f(w) =w.. Let f! be a reduction of f defined on
a neighborhood of x=p(w). Set r(w) = 7i(f'). We claim that r(w) is indepen-
dent of the choice of f and that r is an injective and analytic mapping of M
into p(V, x,) =the manifold of invertible 1-jets of V with target x% = p(wy).
In order to see this, take a basis ' and an auxiliary set of forms & of 9.
Take coordinate (%, v) (resp. (x, ¥)) defined on a neighborhood of w, (resp.
of w) for the fibered manifold (M, V, p), where v and y are fiber coordinates,
such that (o' )w, = (d%)ws, (3" )w, = (dv")w,. We have the expression o’ = wf(, y)dx’.
By writing down the expression of (( F Y% )w, we find that oi(m, y1)=
(2f'/0x7)2-x; where w = (%, ). Hence r is well defined and analytic. By
the structure equation and by the condition (0')y = (dx)w, ()= (dy")w
for a fixed w, we see easily that (dw}/2y")w=aly. Then it is easy to check
that ¢ is injective.

By the definition of r, it is a simple matter to see that rofor ™' =p(f7)
for any f in I'(2). Then the equation of I'(2) induces an equation for a
pseudo group of V. Denote this pseudo group by I. Then it is clear that I
is the quotient of I'(2). If the equation of I'(2) is involutive then the equation
of I" is involutive and hence I" is continuous.

5.4. ProposiTION. Let I' be a iransitive pseudo group acting on V. Take
an invariant fibered manifold (V, V', p). Assume that for each point x in V
there is an open neighborhood of x, say U, such that there is the quotient
pseudo group of the restriction of I" to U,. Assume that each fiber is connected.
Then the quotient of I" exists.

Proof. Take a point y in V. Let # and x be two points in V such that
olu) = p(x) =y. Denote by It (resp. I;) the quotient of I'|U, (resp. I'| Uy).
It is sufficient to show that there is a neighborhood U’ of ¥ such that IN|U' =
I:|U'". Since the fibers are connected we easily reduce to the case when
o(Uy, N Uy) is a neighborhood of y. Then U’ = p(U, N U,) satisfies our condition.

5.5. THEOREM. Let I' be a continuous transitive pseudo group acting on a
manifold V. Take an invariant fibered manifold (V, V', p). Assume that each
fiber is connected. Then the quotient of I with respect to the fibering exists
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and is a continuous pseudo group.

Proof. By 5.4, we can afford to schrink our manifold to a small neighbor-
hood of a point in V if necessary. In the following we will omit mentioning
such schrinking. By taking the standard prolongation a number of times, we
find a Cartan system £2 on a manifold M and a fibered manifold structure
(M, V,p') such that I(2) is an isomomrphic prolongation of I. By taking one
more standard prolongation if necessary, we can assume that, for each X in
M, (2)x contains the image by (o’)* of the cotangent vector space of V at
0'(X). Denote by 2(X) the set of all w in £ such that (w)x is equal to zero
on the tangents to fibers of (M, V', p2p'). By the transtivity of I'(2) and the
invariance of the above fibering, it follows that £21X) is independent of X.
Thus 2' = 2(X) is a vector subspace of 2, and (2')x is equal to the image by
(p°p")* of the cotangent vector space of V' at pop'(X). Hence 2' is completely
integrable and so 2' is a Cartan subsystem of £. Take a fibered manifold
(M, M', z) and a Cartan system IT on M' such that =™ induces an isomorphism
of IT onto £'. By 4.14 there is the quotient pseudo group I: acting on M.
Clearly I is a pseudo subgroup of I'(IT).

By the construction of £/, it follows that there is a fibered manifold stru-
cture (M, V', ') such that pop’ =n'on. Moreover (M', V', ') is the fibered
manifold of maximal integrals of the equation = =0. Hence by 5.3 there exists
the quotient continuous pseudo group I of I'(/T). By recalling the proof of
5.3, we see easily that continuous pseudo subgroup It of I'(I7) induces a con-
tinuous pseudo subgroup I of I". It is clear that I’ is the quotient pseudo

group 1.

6. An example. In this section we give an example to show that theorem
5.5 is not true for intransitive continuous pseudo groups.

For a given real number ¢ let G(#) be the group of all matrices

1 a b
1 ta
0 0 O

where a, b are arbitrary real numbers. Let (x'), 1<i<4, be the coordinates

in R*. Denote by I' the pseudo group of all local transformations y' = F'(x,
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...,4Y, 1<i<4, of R' such that

1) the matrix |oF'/ax7|, 1<4, j<3, belongs to G(x') at each point (%',
..., %" of the domain of F,

2) F'(x, ..., x") =2
Denote by (x%, 3/, pi) the coordinates in the space of 1-jets of local transfor-

mations of R'. Then elements of I" are solutions of

¥ —x=0, pi—1=0,
(n pi=pi—1=pi—x'pi=0,

pi=pi=pi—-1=0.
Let S be the system of equations defined by the equation (1) together with
@) Pri=pun=pii=ph=0,

Dis — 5P = ph — i — %P0 =0
S is contained in the first prolongation of (1). Computing the successive pro-
longation of S we can easily check that the conditions of the prolongation
theorem [1] are satisfied. Hence I' is continuous.
The general transformation of I' is given by

Y =2+ 0 (2%, x)x + 0:(4°, &%),

¥ =2+ 2o (2% x*) + 03(x*),

ya = x3+ ?4(x‘))

¥=a
where ¢; are arbitrary functions of their arguments. Consider the fibration
R'> R® defined by (%', ..., x") > (x% &° x'); clearly it is invariant under the
action of I. The pseudo gronp I" induced by I' in R® is not continuous. This
can be checked by computing the space of 7-jets belonging to I and observing

that they degenerate at points x* = 0.
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