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EXACT SOLUTIONS FOR THE SINGULARLY PERTURBED
RICCATI EQUATION AND EXACT WKB ANALYSIS

NIKITA NIKOLAEV

Abstract. The singularly perturbed Riccati equation is the first-order nonlin-
ear ordinary differential equation k0. f = af?+bf +c in the complex domain
where £ is a small complex parameter. We prove an existence and uniqueness
theorem for exact solutions with prescribed asymptotics as #— 0 in a half-plane.
These exact solutions are constructed using the Borel-Laplace method; that is,
they are Borel summations of the formal divergent h-power series solutions. As
an application, we prove existence and uniqueness of exact WKB solutions for
the complex one-dimensional Schrédinger equation with a rational potential.

§1. Introduction

The purpose of this article is to analyze the singularly perturbed Riccati equation
hd, f =af?+bf +e, (1)

where z is a complex variable and & is a small complex perturbation parameter, and where
the coefficients a, b, c are holomorphic functions of (x, ) which admit asymptotic expansions
as h — 0. The main problem we pose here is to construct canonical exact solutions, that is,
solutions that are holomorphic in both variables and that are uniquely determined by their
prescribed asymptotics as i — 0. This is a quintessential problem in singular perturbation
theory.

1.1 Motivation

Existence and uniqueness theory for first-order ODEs is obviously a very well-developed
subject which can also be analyzed in the presence of a parameter like h. However, it gives
no information about the asymptotic behavior of solutions as i — 0. Attempting to solve
an equation like (1) by expanding it in powers of h generically leads to divergent power
series solutions.

Of course, the subject of Riccati equations is vast with an exceptionally long history,
appearing in a very wide variety of contexts (see, e.g., [15]). Our motivation has two primary
sources.

One is the exact WKB analysis of Schrodinger equations in the complex domain [3, 4, 7,
8, 16, 20]. This very powerful approximation technique was popularized in the early days of
quantum mechanics and goes back to as early as Liouville. However, the natural question
of existence of ezact solutions with prescribed asymptotic behavior as i — 0 (often called
exact WKB solutions) has remained open in general. (Though in the course of finishing a
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draft of this paper, we became aware of the recent work of Nemes [10].) Our main result can
be used to give a positive answer to this question in a large class of problems (generalizing
in particular the recent results of Nemes). This is briefly described in a special case in §6.3,
and a full description is given in [12].

Another interesting problem serving as motivation for this paper is encountered in
the analysis of singularly perturbed differential systems and more generally meromorphic
connections on holomorphic vector bundles over Riemann surfaces. Given a singularly
perturbed differential system with a singular point, the question is that of constructing
a filtration by growth rates on the vector space of local solutions which is holomorphically
varying in i and has a well-defined limit as A — 0. For a large class of systems, the main result
in this article can be used to construct such filtrations and furthermore show that they con-
verge to the eigendecomposition of the unperturbed system as i — 0 as well as to the eigen-
decomposition of the principal part of the system as z tends to the singular point (see [13]).

1.2 Setting and overview of main results

Take a domain X C C,, a sector S C Cj at the origin, and consider a Riccati equation
(1) whose coefficients a,b,c are holomorphic functions of (x,h) € X xS which admit locally
uniform asymptotic expansions a, I;, ¢as h— 01in S. More details are presented in §2, but for
the purposes of this introduction, let us focus on the most ubiquitous scenario where a,b,c
are in fact polynomials in 4. The leading-order part in & of the Riccati equation (1) is the
quadratic equation ag f& + b fo + co = 0, which generically has two distinct local holomorphic
solutions fojE away from turning points (i.e., the zeros of the discriminant Dg:=b% —4agcy).

Let U C X be a domain free of turning points that supports a univalued square-root branch
v/Dg. Then it is well known (see Theorem 3.1) that (1) has precisely two formal solutions
fi on U which are uniquely determined by the leading-order solutions fgc via a recursion
on the coefficients f,;t The main goal of this paper is to promote—in a canonical way—the
formal solutions fi to exact solutions fi (formally defined in §2), that is, holomorphic
solutions defined on Uy x Sg where Ug C U and Sy C S is some sectorial domain such that
fi~ fras h—0in Sg.

Although existence of exact solutions is a classical fact in the theory of singularly
perturbed differential equations (see, e.g., [21, Theorem 26.1]), they are inherently
nonunique due to the problem of missing exponential corrections in asymptotic expansions.
Part of the issue is that classical techniques in general give no control on the size of
the opening of the sectorial domain Sy (see, e.g., the remark in [21, p. 144], immediately
following Theorem 26.1). In particular, it is impossible in general to identify a given exact
solution with its asymptotic formal solution.

In this paper, we develop a general procedure applicable to a large class of problems to
obtain canonical exact solutions which indeed can be identified in a precise sense with their
corresponding asymptotic formal solutions. In order to achieve this, the opening angle |A|
of S must be at least 7, the most fundamental case being |A| = 7. For the purposes of this
introduction, let us assume that A = (=%5,+7%).

Fix a basepoint zy € X that is not a turning point, choose a local square-root branch
/Dy near ¢, and consider the Liouwville transformation

. CIJ(x)::/x /Dolb)dt. 2)
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Suppose that xg has a neighborhood W C X which is mapped by ® to a horizontal strip
H= {z | —r<Im(z) < 7'} of some width r > 0. Suppose furthermore that the A-polynomial
coefficients ay,by,cr of a,b,c are bounded on W by /Dg. Then, under these assumptions,
the main results of this paper can be summarized as follows.

THEOREM 1.1. The Riccati equation (1) has a pair of canonical exact solutions fy near
xg € X which are asymptotic to the formal solutions fi as h — 0 in the right half-plane.
Namely, there is a neighborhood Uy C X of g and a sectorial subdomain So C S with the same
opening A such that the Riccati equation (1) has a unique pair of holomorphic solutions fi
on Ug X Sg which are Gevrey asymptotic to fi as h— 0 along the closed arc A uniformly
for all x € Uy:

fo~fy as h— 0 along A, unif. Vo € Ug. (3)
Moreover, f+ is the uniform Borel resummation of the formal solution fi :
fr=S8[fx]. (4)

This is a special case of Theorems 5.1 and 5.2, which are the two main results of this
paper.

1.3 Discussion and method

We construct the canonical exact solutions fi by employing relatively basic and
classical techniques from complex analysis which form the basis for the more modern and
sophisticated theory of resurgent asymptotic analysis. Namely, we use the Borel-Laplace
method, also known as the theory of Borel-Laplace summability. We stress that the Borel—
Laplace method is nothing other than the theory of Laplace transforms, written in slightly
different variables, echoing the words of Sokal [17]. As such, we have tried to keep our
presentation very hands-on and self-contained, so the knowledge of basic complex analysis
should be sufficient to follow.

An additional significant benefit of our approach is that we obtain uniqueness of the
solution in the same sector where the initial data are specified. This feature does not hold
for other less explicit approaches, such as, e.g., [21, Theorem 26.1] where an existence
theorem is proved only on a smaller subsector and there is no hope of uniqueness.

Finally, we want to take the opportunity to acknowledge the unpublished work of Koike
and Schéfke on the Borel summability of WKB solutions of Schrédinger equations with
polynomial potentials. See [19, §3.1] for a brief account of their work. Their ideas (which
were kindly explained to the author in a private communication from Kohei Iwaki) provided
the initial inspiration for the more general strategy of the proof pursued in this article.

§2. Singularly perturbed Riccati equations

2.1 Background assumptions

Throughout the paper, we fix a complex plane C, with coordinate z and another complex
plane Cj with coordinate h. Let X be a domain in C, or indeed a coordinate chart on a
Riemann surface. Let S C Cj, be a sectorial domain at the origin with opening arc A. We
assume that 0 < |A| < 27.

Consider the Riccati equation

hOpf = af*+bf +c (5)
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whose coefficients a, b, ¢ are holomorphic functions of (x,/) € X x S admitting locally uniform
asymptotic expansions with holomorphic coefficients as & — 0 along A:

a(x,h) ~a(z,h): Zan ,

b(z,h) ~ bz, h): Zb as i — 0 along A, loc.unif. Vx € X, (6)

c(x,h) ~ é(x, h): ch

The main problem we pose in this article is to find canonical ezact solutions of the Riccati
equation (5) in the following sense.

DEFINITION 2.1. Fix any phase 6 € A. A local 0-ezact solution of the Riccati equation (5)
near a point xg € X is a holomorphic solution f = f(z,h), defined on a domain Uy x Sg where
Ug C X is a neighborhood of xy and Sg C S is a sectorial subdomain with opening Ag C A
containing #, such that f admits an asymptotic expansion with holomorphic coefficients as
h — 0 along Ag uniformly for all x € Ug.

A 6-exact solution on a domain U C X is a holomorphic solution f = f(x,h) which is a
local f-exact solution near every point in U. That is, f is a holomorphic solution defined
on a domain U C U x S with the following property: for every zg € X, there is a domain
neighborhood Uy C U of xp and a sectorial domain So C S with opening Ag C A containing
0 such that f admits an asymptotic expansion with holomorphic coefficients as i — 0 along
Ao uniformly for all z € Uy.

2.2 Examples

The following is a list, included here for illustrative purposes only, containing a few
explicit examples of Riccati equations to which the main results in this paper can be applied.

The most typical situation is one where the coefficients a,b, ¢ of the Riccati equation (5)
are polynomials in A with coefficients which are rational functions of z. In this case, X is the
complement, of the poles in C,, and the sectorial domain S can be taken to be the whole
open right half-plane {Re(%) > 0}. The simplest example is

(1) hduf = f2—ua.

This Riccati equation is examined in great detail in §6.2. It arises in the exact WKB
analysis of the Airy equation h20%¢(x,h) = ztp(x,h) (see [12]). In this case, X = C,
and the sectorial domain S is the open right half-plane {Re(h) > 0}. If U is any of the
three sectorial domains in C,, given by {0 < arg(z) < +4n/3}, or {+27/3 < arg(z) < 427},
or {—27/3 <arg(x) < +27/3}, then on each of these domains, the main existence and
uniqueness result in this paper produces a pair of canonical exact solutions. More generally,

(2) houf=f*+aq(x),

where ¢(z) is any polynomial or a rational function with poles of order 2 or higher. In this
case, S can again be arranged to be the right half-plane, and U is a sectorial domain near
a pole of g(x) of order 2 or higher.
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Many Riccati equations arise from the WKB analysis of classical second-order differential
equation. For example, the following Riccati equation appears in the WKB analysis of the
Gauss hypergeometric equation:

(3) hopf=f24 =GP DE £ 0B for any a, 8,7 € C*.

Riccati equations also arise in the analysis of singularly perturbed second-order systems.
For example, the Riccati equation

(4) hOpf=hf*+(1—2x)f+xh

1
arises in the analysis of the system hd, v + o

Our methods also apply to the following nontrivial deformation of example (1):

_xh] 1 =0. See [13].

(5) hd.f = f2—a+aB(a,h) where B(w,h)= [y < de.

The sectorial domain S in this case is the open right half-plane. The function E is
holomorphic in & € S, and it admits a locally uniform asymptotic expansion as i — 0 in
the right half-plane. Notice, however, that E is not holomorphic at &= 0, and it also has
nonisolated singularities along the negative real axis in C,. Nevertheless, if U is the domain
given by {—27/3 <arg(z) < +27/3} or by {0 <arg(z) <+n} or {+m <arg(z) < +27},
then our method yields canonical exact solutions on U.

§3. Formal perturbation theory

In this section, we analyze the Riccati equation from a purely formal perspective whereby
we ignore all analytic considerations in the A-variable.
Thus, we consider the formal Riccati equation

hoof =af?+bf +é, (7)

where a,b,¢ are arbitrary formal power series in A with holomorphic coefficients on some
domain X in C,. By definition, a formal solution of (7) on a domain U C X is any formal
power series with holomorphic coefficients f = f(x, ) that satisfies the formal equation (7).

3.1 Leading-order solutions
Consider the leading-order equation corresponding to (7):

ao f§ +bofo+co = 0. (8)

It is a quadratic equation in the unknown variable fy, and we refer to its solutions as
leading-order solutions of the Riccati equation. Generically, they are locally holomorphic,
but may have poles and branch-point singularities.

The discriminant of (8),

Dy:=b2 — 4agco, (9)

which we call the leading-order discriminant of the Riccati equation, is a holomorphic
function on X. We always assume that Dy is not identically zero. The zeros of Dg are called
turning points of the Riccati equation, and all other points in X are called regular points.
Locally, away from turning points, there is at least one holomorphic leading-order solution.
For reference, we state the following elementary lemma.
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LEMMA 3.1 (Holomorphic leading-order solutions). Let U C X be any domain free of
turning points such that a univalued square-root branch /Dy of Dy can be chosen on'U. Then
the leading-order equation (8) has at least one holomorphic solution on U. In addition, if ag
is nonvanishing on U, then (8) has two holomorphic solutions. Moreover, any holomorphic
solution is bounded on U whenever the coefficients ag,bg,co are bounded by /Do on U.

We will always label the leading-order solutions as follows:

—bo ++vDy

+._
fO T 2@0

fJ::—Co/bg if ao =0. (].Ob)

if ag 3_'5 0, (10&)

This choice of labels yields the following relations:

+y/Do=2a0f5 +bo  and  /Do=ao(fy — fy). (11)

Thus, if ag is nonvanishing, then both fgt from (10a) are holomorphic functions on U. If ag
has zeros in U, then fgr from (10a) remains holomorphic on U, but f; has poles where ag
has zeros. If ag =0, then f; from (10b) is a holomorphic function on U.

3.2 Existence and uniqueness of formal solutions

The following elementary theorem says that a formal Riccati equation (7) always has
at least one local solution away from turning points, and it is uniquely specified in the
leading-order.

THEOREM 3.1 (Formal existence and uniqueness theorem). Consider the formal Riccati
equation (7). Assume that its leading-order discriminant Dgy is not identically zero. Let
U C X be a domain free of turning points that supports a univalued square-root branch /Dy.

(1) Ifap=0, then (7) has a unique formal solution f+ on U. Its leading-order term is fgr
from (100).

(2) If ag 20 and nonvanishing on U, then (7) has exactly two distinct formal solutions fx
on U. Their leading-order terms fi are given by (10a).

(3) If ag #Z0 but has zeros in U, then (7) has a unique formal solution f+ on U. Its leading-
order term f(T is the unique holomorphic leading-order solution on U given by (10a).

Moreover, the coefficients f,;t of fi for k> 1 are given by the following recursive formula:

1 1 ko, ka#k ka#k
ffziﬁaxff_ﬁﬁ( S st S bklf,fm). (12
Do Do k1+ko+ks=k E i ’

Proof. We expand the formal Riccati equation (7) order-by-order in A:

R | 0= aofg +bofo+co; (13)
ht | 9 fo = (2a0fo+bo)f1 +a1f§+bifo+ci; (14)
B2 | Oufi = (2a0fo+bo) f2+ aoft +2a1 fo fr+ azf5 +b1fi +bafo+ ca; (15)
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ka,k3#k ko#k
ﬁk ‘ a:nfk—l = (2a0f0+b0)fk+ Z ak1f’€2fk3+ Z bk1fk2+ck‘ (16)
. ki+ko+kz=k ki+ko=k

Observe that these are no longer differential equations because the derivative term at each
order depends only on the solutions from previous orders. If we fix a leading-order solution
foi, then the expression (2ag foi +bo), appearing as a factor in front of fki in each equation
(16), is simply 4+/Dg. From the assumption that Dy # 0, it follows that at each order in
h, we can uniquely solve for fki. This establishes the formula (12), from which the other
statements readily follow. U

REMARK 3.1. In Theorem 3.1(3), the Riccati equation (7) also has a singular formal
solution f_ on U whose leading-order term is the singular leading-order solution fo on U.
The singularities of the coefficients of f_ are poles occurring at the zeros of ag. We will exam-
ine in more detail the singularities of formal (and exact) solutions in a forthcoming paper.

REMARK 3.2 (Formal discriminant). Since in the generic situation the Riccati equation
has precisely two formal solutions f+, f_, we can introduce a notion of discriminant for the
Riccati equation analogous to the discriminant of a quadratic equation by simply mimicking
the formula.

Thus, let U C X be a domain free of turning points that supports a univalued square-root
branch v/Dg, and suppose that ag is nonvanishing on U. We define the formal discriminant
of the Riccati equation (7) by the following formula:

=i (o~ ) (f-— F2). (1)

It is a formal power series with holomorphic coefficients on U, and its leading-order term
is precisely the leading-order discriminant Dg. This quantity plays an important role in
addressing global questions in the WKB analysis that will be studied elsewhere.

3.3 Gevrey regularity of formal solutions

In this subsection, we prove the following general result about the regularity of formal
solutions, which generalizes Proposition A.1.1 in [1, p. 19] (see also [20, p. 252]), where
it is assumed that a = —1,13 =0, and ¢ is an entire holomorphic function of z only (i.e.,

é(x,h) = co(x)).

PropPOSITION 3.1 (Local Gevrey regularity of formal solutions). Consider a formal
Riccati equation (7) on X with leading-order discriminant Do # 0. Let U C X be any domain
free of turning points that supports a univalued square-root branch /Dy, and let f be a
formal solution on U. If the coefficients d,l;,é are locally uniformly Gevrey series on U,
then so is f. In particular, the formal Borel transform és(m,g)::%[f](x,g) of f is a locally
uniformly convergent power series in .

Concretely, Proposition 3.1 says that if the coefficients ag, by, c of the power series a, i),é
grow at most like k!, then the coefficients fj of any formal solution f likewise grow at most
like k!. This is made precise in the following corollary.

COROLLARY 3.1 (At most factorial growth). Consider a formal Riccati equation (7) on
X with leading-order discriminant Do # 0. Let U C X be any domain free of turning points
that supports a univalued square-root branch /Dy, and let f be a formal solution on U.
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Take any pair of nested compactly contained subsets Uy € Uy € U, and suppose that there
are real constants A, B >0 such that

|lak(2)],|br(2)], |cx(z)] < AB"E! (Vk >0,Vx € Uy). (18)
Then there are real constants C,M > 0 such that
| fr(z)| < CMFE! (Vk > 0,Vz € Uy). (19)

Proof of Proposition 5.1. Let Dr C U be any sufficiently small disk of some radius R > 0
on which a,b,¢ are uniformly Gevrey and /D is bounded both above and below by a
nonzero constant. Thus, there are real constants A, B > 0, which give the following uniform
bounds:

cr(z)| < ABFE! and ATV < |/ Dy(z)| < A (20)

br ()],

for all integers k > 0 and all z € Dr. It will be convenient for us to assume without loss of
generality that A > 3 and R < 1. We will prove that f is a uniformly Gevrey power series on

‘ak(x)L

any compactly contained subset of Dg. In fact, we will prove something a little bit stronger
as follows. For any r € (0, R), denote by ID,. C Dy the concentric subdisk of radius 7. Then
Proposition 3.1 follows from the following claim.

Cram 3.1. There exist real constants C,M >0 such that, for any r € (0, R),
| fi(z)| < CM*6 k! (21)

for all integers k > 0 and uniformly for all x € D,., where :=R—r. (The constants C, M
are independent of r,x,k, but may depend on R, A, B.) In particular, for any r € (0,R), the
power series f is Gevrey uniformly for all x € D,..

Proof. First, it is easy to find a constant C' > 0 (independent of r) such that
[fol)] < C (22)
uniformly for all z € Di (see Lemma 3.1). Without loss of generality, assume that
C>A>3. (23)

Then the bound (21) will be demonstrated in two main steps. First, we will recursively
construct a sequence (M), of positive real numbers such that, for all £ > 0 and all
r € (0,R), we have the following uniform bound for all z € D,

| fi(x)] < CM6—" kL. (24)

Then we will show that there is a constant M > 0 (independent of r) such that M, < M*
for all k. 0

CONSTRUCTION OF (M) . The bound (24) for k=0 is just the bound (22) if we
put My:=1. Now, we use induction on k£ and formula (12). Assume that we have already

constructed positive real numbers My,..., My_1 such that, for all i =0,....,k—1, all r €
(0,R), and all x € D,., we have the bound
| fi(z)| < CM;o~"il. (25)

In order to derive an estimate for fz, we first need to estimate the derivative term 0, fr_1,
for which we use Cauchy estimates as follows.
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SuB-CrAIM. For all r € (0, R) and all z € D,.,
|00 fo—1(2)] < CPMj_16~ kL. (26)

Proof of Sub-Claim. For every r € (0,R), define

5k::5ki1 and =R — 0.

Inequality (25) holds in particular for i = k—1, r = 7. So for all x € D, , we find

| frm1(@)| < CMp_16;7 (k= 1)! < C* M1 6~ k155

Here, we have used the estimate (1+1/k)*~! <e < C. Finally, notice that for every z € D,.,
the closed disk around z of radius rp, —7r =6 — 0, = %H is contained inside the disk D, .
Therefore, Cauchy estimates imply (26). O

Using (20), (23), (25), (26), and the fact that § < 1, we can now estimate f:

ko, k3#k ko#k
wze(onals S ol Ual lalt 3 ksl ol
ki1+ko+ks=k ki1+ko=k
ko, ks#k
gC(Csz_l(S_kk:!Jré_’“C?’k! > B M, M,
k1+ko+ks=k

ko#k
+07FCPRY YT BN M, +CB’%!)
k1+ko=k

k2, k3#k ko#k
<ct (Mk_1+ S B M, M+ Y Bkle2+B’“>5_kk!.
ki1+ko+ks=k ki1+ko=k

We can therefore define, for k£ > 1,

ko, ks 7k ka7k
My:=C? (Mk1+ > BMMyM+ Y B’“M@+B’f>- (27)
ki+ko+ks=k ki+ko=k

CONSTRUCTION OF M. To see that M < MP* for some M > 0, we argue as follows.
Consider the following power series in an abstract variable t:

ﬁ(t)::iMktk and q(t)::intk e C[t].
k=0 k=1

Note that p(0) = My =1 and ¢(0) =0, and notice that ¢(t) is convergent. We will show that
p(t) is also convergent. The key is the observation that they satisfy the following algebraic
equation:

P(t) =1 = C* (tp(t) + a(Hp(H)* + ((t) — 1) + a(H)p(t) + a(t)). (28)

This equation was found by trial and error, and it is straightforward to verify directly by
substituting the power series p(t), ¢(t) and comparing the coefficients of t* using the defining
formula (27) for My. Namely, the terms Mj,_; and B¥ in (27) correspond, respectively, to
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the terms ¢p(t) and ¢(t) in (28), whereas the first and second sums correspond, respectively,

~ ~ 2 X
to q(t)p(t)*+ (p(t) —1)” and q(t)p(t).
Now, consider the following holomorphic function in two complex variables (¢,p):

F(t,p):=—p+14C° (tp+q(t)p2 +(p-1)° +Q(t)p+Q(t)>-
It has the following properties:

oF

F(O, 1) =0 and aip

= —1#0.

(t,p)=(0,1)

By the Holomorphic Implicit Function Theorem, there exists a unique holomorphic function
p(t) near t =0 such that p(0) =1 and F(¢,p(¢))) = 0. Thus, p(t) must be its convergent
Taylor series expansion at ¢ =0 and its coefficients grow at most exponentially: that is,
there is a constant M > 0 such that M; < M*. This completes the proof of the Claim and
hence of Proposition 3.1.

84. WKB geometry

In this intermediate section, we introduce a coordinate transformation which plays a
central role in the construction of exact solutions in §5. It is used to determine regions in
C, where the Borel-Laplace method can be applied to the Riccati equation.

The material of this section can essentially be found in [18, §§9-11] (see also [2, §3.4]).
These references use the language of foliations given by quadratic differentials on Riemann
surfaces. The relevant quadratic differential is Dgy(z)dz?. The reader may be more familiar
with the set of critical leaves of this foliation, which is encountered in the literature under
various names including Stokes curves, Stokes graph, spectral network, geodesics, and critical
trajectories [3, 5, 6, 8, 11].

To keep the discussion a little more elementary, we state the relevant definitions and
facts by appealing directly to explicit formulas using the Liouwville transformation (defined
below) commonly used in the WKB analysis of Schrodinger equations.

4.1 The Liouville transformation

Throughout this section, we remain in the background setting of §2.1. Recall the leading-
order discriminant Dy = b3 — 4agcg, which is a holomorphic function on X, assumed not
identically zero. Fix a phase 6 € R/27Z, a basepoint zg € X, and a univalued square-root
branch /Dy near z (i.e., either in a disk or a sectorial neighborhood of z(). Consider the
following local coordinate transformation near xg, called the Liouville transformation:

2= ®(z)i= / " /Dot (29)

Let U C X be any domain which is free of turning points, supports a univalued square-root
branch v/Dy (e.g., U is simply connected), and contains zg in the interior or on the boundary.
Then the Liouville transformation defines a (possibly multivalued) local biholomorphism
® : U—C,. Notice that turning points are precisely the locations in X where ® fails to be
conformal.

REMARK 4.1. The basepoint of integration zy can in principle be chosen even on the
boundary of X or at infinity in C, provided that the integral is well defined. Liouville
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transformations such as (29) are encountered in the analysis of the Schrédinger equation
h20% — q(x) = 0 as described, for example, in Olver’s textbook [14, §6.1]. However, note
that our formula (29) in the special case of the Schrodinger equation reads

B(z) = / " /Dot =2 / " o, (30)

which differs from formula (1.05) in [14, §6.1] by a factor of 2.

4.2 WKB trajectories

Let zy € X be a regular point, and consider the Liouville transformation (29). A WKB
0-trajectory through xg is the real one-dimensional smooth curve I'y on X locally determined
by the following equation:

Ty=Tg(v0) : Im(e “®(x))=0. (31)

A WKB 0-trajectory +-ray (or simply a WKB ray if the context is clear) emanating from
Zo is the component ngt of I'y given, respectively, by

Iy =T5(z) : =Re(e ™®(x))>0; (32)

WKB trajectories are regarded by definition as being maximal under inclusion. Explicitly,
(31) and (32) read

Im<e—i" /: mdt> =0 and =+Re <e—i9 /j Mdt> > 0. (33)

The Liouville transformation ® with basepoint xg maps the WKB 6#-trajectory I'g(zo)
to a possibly infinite straight line segment (7_e%, 7, ¢?) C R C C, containing the origin
0= ®(xg), that is, with 7_ < 0 < 7;.. Maximality means that this line segment is the largest
possible image. The image of the WKB 6-trajectory +-ray emanating from z is then,
respectively, the line segment [0,7,€?) or (7_e%,0].

All other nearby WKB 6-trajectories can be locally described by an equation of the form
Im(e_w@(x)) = ¢ for some c € R. That is, if Uy C X is a simply connected neighborhood of
x¢ free of turning points, then any WKB #-trajectory I', intersecting Uy is locally given by
this equation with ¢ = Ime~"*®(z,) for some z{, € Ug. Its image in C, under ® is an interval
on the parallel line containing z{:=®(z):

2+’ Ri={z=2{+¢ | £ €e”R}.

Our primary focus is infinite WKB rays F;t, defined as having |74| = oo, respectively.
An infinite WKB trajectory is one with at least one infinite ray. A generic WKB trajectory
is one with both rays being infinite.

An infinite WKB trajectory may be a closed WKB trajectory if it is a simple closed curve
in the complement of the turning points. A closed WKB 6-trajectory has the property that
there is a nonzero time w € R such that ®~1(e?w) = ®~1(0) (see [18, §9.2]). This only
happens when the Liouville transformation is analytically continued along the trajectory
to a multivalued function. We refer to the smallest possible positive such w € Ry as the
WKRB trajectory period. It follows from general considerations (see [18, §9]) that if the WKB
f-trajectory through zq is a closed trajectory, then all nearby WKB 6-trajectories are also
closed with the same period.
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A nonclosed infinite WKB ray may tend to a single point, limit to a dense subset of
X, or escape X altogether. Formally, the limit of an infinite WKB ray F;t by definition,
respectively, is the limit set

<I>*1<[Tei9,+oo'ei9)) as T— +oo or @*1((—oo'eie,rei9]> as T — —00.

Obviously, this definition is independent of the chosen basepoint zy along the trajectory.
If the limit is a single point x, € C,, then this point (sometimes called an infinite critical
point) is necessarily a pole of Dy of order m > 2 (see [18, §10.2]). Given a € {+,—}, it also
follows from general considerations that if the WKB 6#-trajectory a-ray emanating from g
tends to an infinite critical point, then zy has a disk neighborhood Ug such that every WKB
f-trajectory a-ray emanating from Ug tends to the same infinite critical point.

Finite WKB rays—those with finite 7, or 7_—are inadmissible for our construction of
exact solutions in §5. As 7 approaches 7 or 7_, respectively, such a WKB trajectory either
tends to a turning point or escapes to the boundary of X in finite time. If it tends to a
single point on the boundary of X, this point is either a turning point or a simple pole
of the discriminant Dy (see [18, §10.2]). For this reason, turning points and simple poles
are sometimes collectively referred to as finite critical points. A singular WKB ray is one
that approaches a finite critical point. They are important in the global analysis of exact
solutions, which will be discussed in detail elsewhere.

A WKB 0-strip domain containing zq is any domain neighborhood of zg which is swept
out by generic WKB 0-trajectories. It necessarily has the form

Wy = Wg(xl,r)::@_l (HQ) c C,,

: 0 (34)
where Hy = Hg(zl,r)::{z ’ dist(z,21 +€""R) < r} c C,,

for some r > 0 and some z; = ®!(z;) € X. Similarly, a WKB (6,+)-half-strip domain
containing x( is any domain neighborhood of xy which is swept out by infinite WKB 6-
trajectory +-rays. It necessarily has the form

W5 = W5 (z1,7):=0"! (HF) C C,,

35
where H;t:H;t(zl,r)::{z (35)

dist(z, 2 +€?Ry) < T} cC..

Note that we obviously have Wy = W, U Wj. The intersection W, N Wg' =
&1 ({|z — 21| <r}) may be called a WKB disk around z1, and it is clearly independent of 6.

If the WKB #-trajectory through zg is not closed, then WKB 6-strip Wy is a
simply connected domain conformally equivalent to the infinite strip Hy via the Liouville
transformation ® : Wy—-Hy.

On the other hand, if the WKB 6-trajectory through x is closed, then Wy is swept out
by closed WKB #-trajectories, so Wy has the topology of an annulus. In this case, Wy is
sometimes called a WKB 0-ring domain. The Liouville transformation ® is a multivalued
holomorphic function on Wy, but the inverse ®~!: Hy — Wy is still necessarily a local
biholomorphism.

85. Exact perturbation theory

We can now state and prove our main results. Throughout this section, we remain in the
background setting of §2.1. Namely, X is a domain in C, and S C Cj, is a sectorial domain
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with opening A. In addition, we assume that [A| =7 so that A= Ag:=(0 — 5,0+ T) for some
0 eR.

5.1 Existence and uniqueness of local exact solutions
The main result of this paper is the following theorem.

THEOREM 5.1 (Main exact existence and uniqueness theorem). Consider the Riccati
equation

ho,f =af?+bf +c (36)

whose coefficients a,b,c are holomorphic functions of (x,h) € Xx S admitting locally uniform
asymptotic erpansions &,B,é as b — 0 along A. Assume that Dy = b3 — 4agco 0. Fix a
reqular point o € X, a square-root branch \/Dq near xo, and a sign o € {+,—}. In addition,
we assume the following hypotheses:

(1) There is a WKB (0,c)-half-strip domain W = W§ C X containing xo; assume in
addition that ag is nonvanishing on W if a = —.

(2) The asymptotic expansions of the coefficients a,b,c are valid with Gevrey bounds as
h — 0 along the closed arc Ag = [0 — 5,0+ 5], with respect to the asymptotic scale
/Dy, uniformly for all x € W:

a~a, b~b, c~¢é as i — 0 along Ay, wrt /Dy, unif. Vo € W. (37)

Then the Riccati equation has a canonical local exact solution f0 near xo which is
asymptotic to the formal solution fa as h— 0 in the direction 6. Namely, for any compactly
contained domain Uy @ W, there is a sectorial domain Sq C S with the same opening Ag
such that the Riccati equation has a unique holomorphic solution f% on Ug x So which is
Gevrey asymptotic to fa as h— 0 along the closed arc Ay uniformly for all x € Uy:

o~ 1, as h— 0 along Ag, unif. Yo € Uy. (38)
We will prove this theorem in §5.1.2. First, let us make some remarks.

REMARK 5.1. (1) For the reader’s convenience, we recall here that hypothesis (2) in
Theorem 5.1 explicitly means that there are real constants A, B > 0 such that for all n > 0,
all z € W, and all sufficiently small i € S,

< |vV/Dol@)|aB"nlln)", (39)

a(z,h) — Z_: ay(z)h"
k=0

and similarly for b and c. Likewise, the asymptotic condition (38) reads explicitly as follows:
there are real constants C, M > 0 such that for all n > 0, all x € Uy, and all sufficiently small
he Sy,

< CM™nl|h|"™. (40)

n—1
Fo(w,h) = f ()R
k=0

(2) If all the hypotheses of Theorem 5.1 are satisfied for both signs a =+, —, then we obvi-
ously obtain a pair of distinct canonical exact solutions fi, f? near . Let us also note that
the solution f obviously does not depend in any serious way on the chosen basepoint z.
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(3) In many applications, including the exact WKB analysis of Schrodinger, the
coefficients of the Riccati equation (36) do not satisfy hypothesis (2) in Theorem 5.1
on the nose and we have to do an additional transformation in order to apply our theorem.
This is discussed in §5.4.

(4) The somewhat abstract general hypotheses of this theorem get significantly simplified
in many notable situations which are discussed in §6.

(5) The sectorial domain Sy in the conclusion of Theorem 5.1 can be chosen to be a Borel
disK {h { Re(e /h) > 1/dy} bisected by the direction 6 of sufficiently small diameter dg > 0.

We have the following immediate corollary of the uniqueness property of canonical exact
solutions.

COROLLARY 5.1 (Extension to larger domains). Let U C X be a domain free of turning
points that supports a univalued square-root branch \/Dy. Fiz a sign o € {+,—} such that
the leading-order solution f§ is holomorphic on U. In addition, assume that hypotheses
(1)-(3) in Theorem 5.1 are satisfied for every point x¢ € U.

Then the Riccati equation (36) has a canonical exact solution f° on U asymptotic to the
formal solution fa as h — 0 in the direction 0. Namely, there is a domain UC U XS and a
holomorphic solution f° defined on U with the following property: for every point zo € U,
there is a neighborhood Uy C U of x¢ and a sectorial domain So C'S with the same opening
Ay such that Uy x So C U and f9 is the unique holomorphic solution on Uy x Sg satisfying
(38). In particular, f° is the unique solution on U with the following locally uniform Gevrey
asymptotics:

o~ 7, as i — 0 along Ag, loc.unif. Yx € U. (41)

67

In particular, the domain U C X in Corollary 5.1 can be a union of WKB half-strips. In
fact, examining the proof of Theorem 5.1 more closely, it is readily seen that on any WKB
half-strip, we can state the asymptotic property of canonical exact solutions more precisely
as follows.

PROPOSITION 5.1 (Asymptotics on WKB half-strips). Assume all the hypotheses of
Theorem 5.1. Then the canonical local evact solution f¢ uniquely extends to an evact
solution on W with the following locally uniform Gevrey asymptotics:

10~ fo as h— 0 along Ay, loc.unif. Yo € W. (42)

«

In fact, even more is true. Let r >0 be such that W = W§ (zg,r). For any ro € (0,7), let
Wo:=Wy (x4,70). Then there is a sectorial domain Sy C S with the same opening Ag such
that the canonical exvact solution f0 extends to a holomorphic solution on Wq x So with the
following uniform Gevrey asymptotic property:

fo~ fu as h— 0 along Ag, unif. Yz € Wy. (43)
Proof. The fact that f? extends to any Wy as stated follows immediately from the proof

of Theorem 5.1. The uniqueness part of the construction guarantees that all these extensions
coincide. 0
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5.1.1. Riccati equations on horizontal half-strips

The strategy of the proof of Theorem 5.1 is to use the Liouville transformation ®, to
transform the Riccati equation into one in standard form over a horizontal half-strip in
the z-space, and then apply the Borel-Laplace method. First, we give a general description
of this standard form of the Riccati equation and prove the corresponding version of the
exact existence and uniqueness theorem (Lemma 5.1). Then we will show that any Riccati
equation satisfying the assumptions of Theorem 5.1 can be put into this standard form,
thereby deducing our claims.

Let Hy C C, be a horizontal half-strip around the positive real axis Ry C C, of some
radius r > 0, and let S C Cy, a Borel disk bisected by the positive real axis of some diameter
d>0:

Hi:={z | dist(z,Ry) <7} and S :={h|Re(l/h)>1/d}. (44)

The opening of S, is the semicircular arc A :=(—%,+7). Consider the following singularly
perturbed Riccati equation on Hy x Sy:

hO.F = F +h(A2F? + A F + Ay), (45)

where A; are holomorphic functions of (z,h) € Hy xS, which admit uniform Gevrey
asymptotic expansions as i — 0 along the closed arc A, :

A; ~ A, as h— 0 along A, unif. V2 € H . (46)

Denote their leading-order parts by a; = a;(z). The corresponding leading-order equation is
simply Fy = 0. By Theorem 3.1(1), this Riccati equation has a unique formal solution F';
on H, and its leading order part is F,;” = 0 and its next-to-leading order part is F;,” = —ay.

LEMMA 5.1 (Main Lemma). For every ro € (0,7), there is do € (0,d] such that the Riccati
equation (/5) has a canonical exact solution Fy defined on

Hy x S¢:={z | dist(z,R}) <ro} x {h | Re(1/h) >1/dy} C Hy xS, (47)

Namely, F+ is the unique holomorphic solution on HJr X S0 , which admits the formal
solution F+ as its uniform Gevrey asymptotic expansion along A, :

F(2,h) ~ F.(2,h) as h— 0 along Ay, unif. ¥z € H . (48)
Moreover, it has the following properties.

(P1) The formal Borel transform
P4(z,6) = F—&- (z,6): ZS% §"  where w?( )= 1Flj_-qu( )
converges uniformly on H('J".

(P2) For any € € (0,r —rg), let E4:={¢ ‘ dist(&,Ry) <e}. Then the analytic Borel
transform

dh
1 (2,8) =BL[F}](2,8):= %F-i— xz,h)e g/hhg
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is uniformly convergent for all (z,§) € H(J{ X Z4. Here, the integral “$” is done along
the boundary of any Borel disk S', C Sy of strictly smaller diameter d' < d, traversed
anticlockwise.

(P3) The Laplace transform £ [ ¢4 ](z,h) is uniformly convergent for all (z,h) € HY x S
and satisfies Fy(z,h) = £, [¢1](2,h).

(P4) Therefore, F. is the uniform Borel resummation of its asymptotic power series F+,'
that is, F'y(z,h) =S4 [F.,.] (2,h) for all (z,h) € HE x S§ .

(P5) If the coefficients Ag, A1, Aa are periodic in z with period w € C, then so is F.

Proof. We use the Borel-Laplace method to construct the exact solution F.. Namely,
we first apply the Borel transform to obtain a first-order nonlinear PDE which is easy to
rewrite as an integral equation. Then most of the heavy lifting is constrained to solving this
integral equation, which we do via the method of successive approximations. The desired
solution Fy is then obtained by applying the Laplace transform.

Uniqueness.

Suppose F.y, F'| are two such exact solutions defined on Hy xSg . Their difference Fy — F}
is a holomorphic function on H(J{ X S(J{ which is uniformly Gevrey asymptotic to 0 as i — 0
along A, . By Nevanlinna’s theorem [9, Theorem 5.3.9], there can be only one holomorphic
function on S§ (namely, the constant function 0), which is Gevrey asymptotic to 0 as i — 0
along A. Thus, Fy — F’, is must be the zero function.

Step 1: The analytic Borel transform.

It follows from Nevanlinna’s theorem [9, Theorem 5.3.9] that there is some tubular neigh-
borhood E+::{£‘dist(§,R+) < e} for some € > 0 such that the analytic Borel transforms
a;(2,£):=B1[A4;](z,&) are holomorphic functions on Hy x =4 C Cgf with uniformly at most
exponential growth as || — +o00. Moreover, A;(z,h) =a;(z)+ £ [a;] for all (z,£) e Hy xE4.

Dividing (45) through by A and applying the analytic Borel transform 9B, we obtain
the following PDE with convolution product:

0.0 —0:p =g+ ar1d+ o1 xd+aspxd+azxdrg, (49)

where the unknown variables ¢ and F' are related by ¢ =B [F] and F = £, [¢].

Step 2: The integral equation.

The principal part of the PDE (49) has constant coefficients, so it is easy to rewrite it
as an equivalent integral equation as follows. Consider the holomorphic change of variables
T:(2,§) — (w,t) = (24 &,€). For any function a = a(z,£) of two variables, introduce the
following notation:

T*a(z,8):=a(T(z,8)) =a(z+£,¢) and Tia(w,t):=a(T " (w,t)) = alw—t,t).

Note that T*T,a = . Under this change of coordinates, the differential operator 0, — O
transforms into —d, and so the left-hand side of (49) becomes —d; (T ¢). Integrating from
0 to ¢, and imposing the initial condition ¢(z,0) = ¢o(z):=ap(z), the left-hand side of the
PDE (49) becomes —T,¢. Applying T, we therefore obtain the following integral equation
for ¢ = (JS(Z,&):

t
¢:¢O—T*/O T*(oz0+a1¢+a1*¢)+a2¢*¢+oz2*gb*gi))du. (50)
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Introduce the following notation: for any function o = «a(z,€) of two variables,
t 3 3
I [o](2,€):= T*/ T.adu = / alz+€&—u,u)du = / a(z+t,§—t)dt, (51)
0 0 0

where the integration path is the straight line segment connecting 0 to £. Then the integral
equation (50) can be written more succinctly as

6= 0+ 1Lt [Qo+ardtarxo+adro+assdro). (52)

Step 3: Method of successive approximations.

To solve (52), we use the method of successive approximations. Consider a sequence of
functions {¢, } -, defined recursively by ¢¢ = ag, ¢1: =14 [ao +aq gbo], and for n > 2 by the
following formula:

Gni=I1 |G1¢n 1+ o1xdn ot Y axbixdit > aakirg;| . (53)
i,7>0 i,j>0
i+5=n—2 i+5=n—3

CrLAM 5.1 (Main Claim). Let € be so small that e <1 —ro. Then the infinite series

$4(2,8):=)_ 6n(2,€) (54)
n=0

defines a holomorphic solution of the integral equation (52) on the domain
H,:={(2,6) eH xE; | z+E€H )

with at most exponential growth at infinity in &; more precisely, it satisfies the following
uniform exponential bound: there are real constants A, K >0 such that

|6+ (2,6)] < A" V(=€) € Hy. (55)

In particular, ¢4 is a well-defined holomorphic solution on Har x =4 C Hy where it satisfies
the exponential estimate above.

Assuming this claim, only one step remains in order to complete the proof of Lemma 5.1,
which is to take the Laplace transform of ¢ .

Step 4: The Laplace transform.
Let

+o0
Feleyi=ge o)) = [ e o ae (56)

This integral is uniformly convergent for all z € Hf provided that Re(A~!) > Cy. Thus, if we
take do € (0,d] strictly smaller than 1/Cs, then formula (56) defines a holomorphic solution
of the Riccati equation (45) on the domain HJ x S{ where S$:={h | Re(h™')>1/dy}.
Furthermore, Nevanlinna’s theorem implies that F'y admits a uniform Gevrey asymptotic
expansion on Har as h— 0 along A, and this asymptotic expansion is necessarily the formal
solution F+.
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Proof of Claim 5.1.

If we assume for the moment that the series (54) is uniformly convergent on H , it is easy
to check by direct substitution that it satisfies the integral equation (52). To demonstrate
uniform convergence of the series ¢, we first note the following exponential estimates on
the coefficients of (52): there are constants C, L > 0 such that for each i =0,1,2 and for all

(Z,f) €H+a

la;| <C and ;| < Cellel, (57)

We prove the Main Technical Claim by showing that there are constants A, M > 0 such
that for all n and for all (2,§) e Hy,

[P (2,6)] < AM"‘i':leL'ﬂ. (58)

This is enough to deduce the uniform convergence of the infinite series ¢, as well as the
exponential estimate (55) by taking K:=M + L because

3 = gyl
|6+(29)] < ;]qbnl < ;]AM W1 rtet = pptaroe

To show (58), we will first recursively construct a sequence of positive real numbers
(M) such that for all n and for all (z,&) € Hy,

|dn(2,6)] < Mn|i,ne“f'. (59)

We will then show that there are A, M > 0 such that M, < AM™ for all n.
CONSTRUCTION OF Mo, M;. We can take My:=C' because |¢o(z,€)| = |ao(2)| < C. We
can take M;:=C(1+ C) because Lemma A.l gives the estimate

i3 13 [€]
0120 < [ laalldul + [ Jarllgnlldul <01+ [ ebrar < o+ O)fele
0 0 0

CONSTRUCTION OF M,, FOR n > 2. We assume that the estimate (59) holds for
@0, ---,0n_1 and derive an estimate for ¢,,. Using Lemmas A.1-A.3, we obtain the following
bounds on the terms in the recursive formula (53):

‘I-‘r [a1¢n—1] < CMn—l ’fn"eLlflv
‘IJr [al * ¢n72] < CMn2|£n‘|eL|§|7

1 oz + 5] <omaBlerel it j—n—2,
n:

)I+ (a2 % ¢ % ]| < CMiMj@eL‘él ifi+j=n—3.
n.
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Using these estimates in (53), we find
[6a] < |14 [ar6n1]| +] 4 [or 5 6]

+ Z ‘I+[a2¢i*¢j]‘+ Z ‘h[%*@*%}’

1,720 4,720
i+i=n—2 i+j=n—3

<O MMt Y Mape Y anar | B

1,520 4,520
i+j=n—2 i+j=n—3

We can therefore define, for all n > 2,

M,:=C | My_1+ M, _o+ Z M; M; + Z M;Mj | . (60)
i,5>0 1,j>0
i+j=n—2 i+j=n—3

BounDs oN M,,. Consider the following power series in an abstract variable t:
pt):=  Myt™ € C[t].
n=0

We will show that p(t) is in fact a convergent power series. First, we observe that p(0) =
My = C and that p(t) satisfies the following algebraic equation:

]5:C<1+t+]§t+ﬁt2+ﬁ2t2+ﬁ2t3), (61)

which can be seen by expanding and comparing the coefficients using the defining formula
(60) for M,,. Consider the holomorphic function G = G(p,t) of two variables, defined by

G(p,t)::—p+0(1 +t+pt—|—pt2+p2t2—|—p2t3>.

It has the following properties:

oG

G(C,O) == 0, aip

= —1#£0.

(p,t)=(C,0)

Thus, by the Holomorphic Implicit Function Theorem, there exists a function p(¢),
holomorphic at ¢ =0, satisfying p(0) = C and G(p(t),t) = 0 for all ¢ sufficiently close to 0.
Since p(0) = C and G(ﬁ(t),t) =0, the power series p(t) must be the Taylor expansion of p(t)
at t =0. As a result, p(t) is in fact a convergent power series, which means its coefficients
grow at most exponentially: there are constants A, M > 0 such that M, < AM™ for all n.
This completes the proof of Claim 5.1 and therefore of Lemma 5.1. O

5.1.2. Proof of Theorem 5.1
We can now finish the proof of the main result in this paper.

Proof of Theorem 5.1. We immediately restrict our attention to a Borel disk in the
h-plane of some diameter d > 0 bisected by the direction 8; that is, without loss of generality,
assume that S = {h ‘ Re(e” /h) > 1/d}. Note that the rotation h+ e h sends S to the
Borel disk Sy = {f | Re(1/h) >1/d} from (44).
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Next, let r > 0 be such that W:=Wg§ = W' (zo;r) = ®~1(H) is the WKB half-strip from
the hypothesis, where H:=Hj = Hg(0,r) = {z ‘ dist(z,eR,) < r}. Recall that ®~': H —
W is a local biholomorphism. Put Hi:={z | dist(z,R}) <7} and ®%:=c,e""®, so that
W = (®%)~(H,). Furthermore, ®’ transforms the differential operator j%oax into e~99,.

Consider now holomorphic functions of (z,h) € W x S denoted by a.,@us, bi,bis,
Cx, C+x, Obtained from a,b,c by removing the leading and the next-to-leading order terms,

respectively; that is, they are defined by the following relations:

a=ap+ha, and a, = a1+ ha.,
b=0byg+hb, and b, =>b1+ hb.s, (62)
c=co+hc, and c,=c1+ hc.

Recall that the leading and the next-to-leading orders fg', fi* of the formal solution fa are
holomorphic functions on W that satisfy the following identities:

ao(fS)+bofi+co=0 and  eq\/Do=2a0f +bo,
021§ = o/ Dofi +ar(f§)2 +bLf§ +e1,

where e = +1. Using these expressions, a straightforward calculation shows that the change
of the unknown variable f — f given by f = f§ +h(f{* + f) transforms the Riccati equation
(36) into the following Riccati equation on W x S:

h N

(63)

ca—r—=0uf — [ =h(af>+bf +0), 64
Tp0ef - F=h(af +bf +2) (64)
where
Eo . Ea
a:= b= by +2af{ +2a. '),
“ \/Doa’ VDo( 2+ af0>

. (65)

azﬁ < = 0u 1 +a( 1) + (200 f§ +ba) 1+ (sn ()2 + b f&' +c**)> :
Finally, transforming equation (64) by ®° and applying a rotation A+ e %A, we obtain a
Riccati equation on Hy x S; of the form (45) where the coefficients Ay, Ay, A5 are given by

Az(z,h)::&(:n(z),ewh), Al(z,h):zg(x(z),ewh), Ao(z,h):zé(x(z),ewh), (66)
where z(z) = (®?)~1(2) and the unknown variables f and F are related by

F(z,h) = f(:):(z),eioh). (67)

Theorem 5.1 now follows from Lemma 5.1. 0

5.2 Borel summability of formal solutions

In this subsection, we translate Theorem 5.1 and its method of proof into the language of
Borel-Laplace theory. Namely, it follows directly from our construction that the canonical
exact solutions are the Borel resummation of the corresponding formal solutions. Let us
make this statement precise and explicit. The following theorem is a direct consequence of
the proof of Theorem 5.1.

THEOREM 5.2 (Borel summability of formal solutions). Assume all the hypotheses of
Theorem 5.1. Then the local formal solution f., is Borel summable in the direction 6
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uniformly near xo. Namely, the canonical local evact solution f° is the uniform Borel
resummation of f, in the direction 0: for all h € Sy and uniformly for all x € Uy,

Fow,h) = 5 (x) + So [ fu | (2, h). (68)

A lot of information is packed into Theorem 5.2. Let us unpack it into the following series
of explicit statements, all of which are deduced immediately from the proof of Theorem 5.1.

LEMMA 5.2. Assume all the hypotheses of Theorem 5.1, and let fO be the canonical
exact solution defined on Ug x Sg.

(1) The formal Borel transform o of fu, given by

Ga(2,8) =B ful(z,8) = Zson € where  @f (z):=3 i (2), (69)

s a uniformly convergent power series in &.
(2) In particular, the power series coefficients of the formal solution f, grow at most
factorially in k: there are real constants C,M > 0 such that

|2 (x)] < CMFk! (Vk > 0,Vz € Up). (70)

(3) There is some € > 0 such that the analytic Borel transform ©° of f in the direction 6,
given by

/hdh

o0 (,€) = B 9] (1, €) = ffe (71)

is uniformly convergent for all (z,&) € Uy X Zg where
59::{5 € Ce ’ dist(£, R, ) < e}.

Here, the integral “¢,” is done anticlockwise along the boundary of any Borel disk Sg =
{n ’ Re(e' /h) > 1/d} CS of diameter d so small that its boundary (without the origin)
is contained in S. Furthermore, 0% defines the analytic continuation of the formal Borel
transform (pqo along the ray e"R C Ce¢. In particular, there are no singularities in the
Borel plane C¢ along the ray ¥R, .

(4) The Laplace transform of ¢ in the direction 0, given by

Lo[ %] (x,h) :/mR e/l (x,€)de,

is uniformly convergent for all (x,h) € Uy xSy and satisfies the following identity:

falw,h) = f5'(x) + Lo [ ¥4 ] (2, ). (72)

The fact that identity (68) holds uniformly for all z € Uy means in particular that
operations such as differentiation and integration with respect to # can be exchanged with
the operation of Borel resummation. Thus, we have the following corollary.

COROLLARY 5.2. Assume all the hypotheses of Theorem 5.1, and let f© be the canonical
exact solution defined on Uy xSg. Then the formal power series on Uy given by the derivative
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Oy fa and the integral f fa from any basepoint x(, € Uy are uniformly Borel summable on
Ug, and the following identities hold uniformly for all x € Uy:

Ou fola,h) = 0. 5 () +So [ Dufa] (2, 1), (73)

/fethdt—/ fo(t)dt + Sy

Thanks to the tighter control on the asymptotics of canonical exact solutions on
WKB half-strips, all of the above statements extend uniformly over strictly smaller WKB
halfstrips. Explicitly, we have the following corollary.

/ fadt] (2, h). (74)

PROPOSITION 5.2 (Uniform Borel summability on WKB half-strips). Assume all the
hypotheses of Theorem 5.1. Let r > 0 be such that W = W§(zo,r). For any ro € (0,7),
let Wo:=W§ (z0,70). Then the formal solution fa is Borel summable in the direction 6
uniformly for all x € Wq. Furthermore, the formal power series given by the derivative 8Ifa
and the integral IZZ fa from any basepoint z(, € Uy are uniformly Borel summable on Wy,

and identities (73) and (74) hold uniformly for all x € Wy.

5.3 Explicit recursion for the Borel transform

The analytic Borel transform ¢? can be given a reasonably explicit presentation as
follows. Define an integral operator I acting on holomorphic functions ¢ = ¢(z,£) by the
following formula, wherever it makes sense:

3
I[gp](m,f)::/o o(xe, & —t)dt where 2= (®(x) +1). (75)

and the integration contour is the straight line segment from 0 to & € C. In particular, for
any z € Uy and any sufficiently small ¢ € e?R,,, the path {mt}fzo is a segment of the WKB
(0, a)-ray emanating from z.

Recall functions &,l;,é defined by the identities (65). Their leading-order parts in & are,
respectively,

_ Ea €
“w="/Dy VDo

where last identity was obtained by comparing with (15). Finally, denote their analytic
Borel transforms in direction 6 as follows:

ao, by = ——— (bl+2a0f1 +2a1f0) co =[5, (76)

Bo:=DBg| ¢, a=ao+ Le[B2],
Br:=By[b], so that b=Dbo+Ly[B1],
Ba:=DBg|a], ¢=2¢co+Lo[Bo].

PROPOSITION 5.3 (Recursive formula for the Borel transform). Assume all the hypothe-
ses of Theorem 5.1, and let r >0 be such that W = Wg (xo;7). For any ro € (0,7) and any
e€ (0,r—19), let Wo:=Wg (z0;7r0) and Zp: —{5 ‘ dist(¢,eR, ) < e}. Then the analytic Borel
transform % can be expressed more explicitly as follows: uniformly for all (z,€) € W X =y,

5 o0
@0 (2,8) = f{(z) + / ob(zt)dt  with  of(x,£):=) ow(x,£), (77)
0 k=0
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where gg:=¢y = f5*, o1:=1 [ﬁo —I—ZN)OGO] , and for k> 2,

op:=I |bgor_1+ P1*x0p_2+ E Ao *x0j + E Baxoixoj| . (78)
1,720 4,720
itj=k—2 itj=k—3

Proof. The proof is straightforward and amounts to transforming some of the main
constructions in the proof of Lemma 5.1 using the inverse Liouville transformation ® back
to the z-variable. Let ®%:=c,e~"®, and let H be the image of W under ®¢. Since ®~! is a
local biholomorphism H; — W, for a fixed z € W and every ¢ € [0,£], there is a unique point
2;:=® ! (®(x)+t) €W such that ®(z) +t = ®(z,). Note in particular that, since ® may be
multivalued on W, the point z; does not depend on the choice of branch of ®(z). Thus, the
integral operator I from (75) is defined by using ® to transform the integral operator I,
from (51) defined in the proof of Lemma 5.1. Likewise, the sequence {¢x(z,€)} 5o, defined
in the proof of Lemma 5.1 by the recursive formula (53) transforms under ® to give the
sequence o (®71(2),8):=¢y (z,e77¢). 0

5.4 Monic Riccati equations

In many situations, such as those arising in the context of the exact WKB analysis
of second-order ODEs, the coefficients of the Riccati equation satisfy hypothesis (2) in
Theorem 5.1 only after an additional transformation.

EXAMPLE 5.1. For example, consider the Riccati equation hd,f = f? —z, which is
encountered in the WKB analysis of the deformed Airy differential equation. The coefficients
are a = 1,b=0,c = —z, and the leading-order discriminant Dy is 4x. In this case, a WKB
half-strip W is necessarily an unbounded domain, and the asymptotic condition (37) reduces
to requiring that ¢ = —z is bounded on W by v/Dg = 2+/z, which is not the case. Therefore,
Theorem 5.1 cannot be applied to this Riccati equation directly.

However, this can be remedied by making a change of the unknown variable f + g given
by f =+/Dog for x € W. It transforms the Riccati equation hd, f = f? —x into

hoyg =2Vzg® — $ha g+ 3/x. (79)

Notice that the leading-order discriminant of this Riccati equation remains Dy = 4x and
that its coefficients are now bounded at infinity by /Do = 2+/2. Therefore Theorem 5.1 can
be applied to (79).

More generally, this transformation is necessary when dealing with monic Riccati
equations, that is, whenever the coefficient A of the Riccati equation is identically 1. This
is always the case in the exact WKB analysis of second-order ODEs [12]. Spelled out, we
have the following version of our results.

THEOREM 5.3 (Exact existence and uniqueness for monic equations). Consider the
following monic Riccati equation:

ho.f = f2+pf+q, (80)

where p,q are holomorphic functions of (x,h) € X xS which admit locally uniform asymptotic
expansions p,§ as h— 0 along A. Assume that Do = p3 —4qo Z 0. Fiz a regular point x € X,
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a square-root branch /Dy near xg, and a sign « € {+,—}. In addition, we assume the
following hypotheses:

(1) There is a WKB (0, a)-half-strip domain W = Wg C X containing xg.

(2) The asymptotic expansions of the coefficients p,q are valid with Gevrey bounds as h— 0
along the closed arc Ag = [0 — 5,0+ 3], with respect to the asymptotic scales /Dy and
Dy, respectively, uniformly for all x € W:

A~

PP as h— 0 along Ag, wrt \/ Dy, unif. Yz € W, (81)

q=~=q as h— 0 along Ag, wrt Dy, unif. Vo € W. (82)
(3) The logarithmic derivative O, log Dy is bounded by Dy on W.

Then all the conclusions of Theorem 5.1, as well as Theorem 5.2, Lemma 5.2, and
Corollary 5.2 hold verbatim. Furthermore, all the conclusions of Proposition 5.1 hold
verbatim with the only exception that the asymptotic statement (/3) must be replaced with
the following asymptotic statement with respect to the asymptotic scale /Dy:

O~ fo as h— 0 along Ay, wrt \/ Dy, unif. Vo € Wy. (83)

Proof. The change of the unknown variable f +— g given by f =+/Dgg transforms (80)
into

hd,g = \/Dogg+(p—h@ﬂogﬂD@g—l—ﬁq. (84)

This transformation is well defined for all x € W because W necessarily supports the
univalued square-root branch /Dy. Notice that the leading-order discriminant of this
Riccati equation remains Dy. Note that d,logv/Dg is bounded by /Dy if and only if
0:log Dy is bounded by Dy, as provided by hypothesis (3). Now, it is obvious that the
hypotheses of Theorem 5.3 imply that the Riccati equation (84) satisfies all the hypotheses
of Theorem 5.1. It yields the canonical local exact solution g’ near xo, and therefore the
canonical local exact solution f? = /Dgg? near z. U

Of course, a general Riccati equation (36) can always be put into the monic form (5.3)
via the change of the unknown variable f — g =af, which yields

hO.g = g*> + (b+ hd, loga) g+ ac. (85)

If @ is nowhere-vanishing, then this transformation makes sense globally on X.
Likewise, Corollary 5.1 is also true for the monic Riccati equation (5.3), though with
slightly simplified hypotheses as follows.

COROLLARY 5.3 (Extension to larger domains). Consider the Riccati equation (80) with
Dy #0. Fiz a sign o € {+,—}, and let U C X be a domain free of turning points that
supports a univalued square-root branch \/Dy. In addition, assume that hypotheses (1)—(3)
in Theorem 5.3 is satisfied for every point xog € U. Then the conclusions of Corollary 5.1
hold verbatim.

However, Propositions 5.2 and 5.3 are no longer true for the canonical exact solutions
of the monic Riccati equation (5.3). In this case, one needs either to factorize v/Dy out of
f? and apply these propositions to the regularized Riccati equation (84), or identify and
remove the principal part of f2 in the limit along the WKB rays. The latter procedure can
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be explicitly formalized when the WKB rays limit to a pole of Dy; this will be explained in
detail elsewhere.

REMARK 5.2. The same trick as above can help us tackle more general situations as
follows. If x = x(z) is any holomorphic function, then the change of the unknown variable
f = g given by f = xg transforms the Riccati equation (36) into

hoyg=d' g>+b g+, (86)

where

a':=xa b':=b— hd,logx d:=x"ec (87)
Note that since x is independent of £, the leading-order discriminant remains unchanged:
Djy = (b})? — 4ajch = b3 — 4agcy = Dy. In summary, we have the following proposition, which
in particular recovers Theorem 5.1 by taking x = 1 and Theorem 5.3 by taking x = v/ Dy.

PROPOSITION 5.4. Assume all the hypotheses of Theorem 5.1, except hypothesis (2) is
replaced with the following:

(2') There is a nonvanishing holomorphic function x = x(x) on W such that a’,b",c
defined by (87) admit Gevrey asymptotics as h— 0 along the closed arc Ag = [0 — 75,0+ 5],
with respect to the asymptotic scale /Dy, uniformly for all x € W:
a~a, be~b, e~ as i — 0 along Ay, wrt x, unif. Vo € W. (88)
Then all the conclusions of Theorem 5.1, as well as Theorem 5.2, Lemma 5.2, and
Proposition 5.2, hold verbatim. Furthermore, all the conclusions of Proposition 5.1 hold
verbatim with the only exception that the asymptotic statement (/3) must be replaced with
the following asymptotic statement with respect to the asymptotic scale x:

0~ fu as i — 0 along Ag, wrt x, unif. Vo € W. (89)

5.5 Exact solutions in Wider sectors

The last general result we prove is about extending canonical exact solutions to sectors
with wider openings. However, we not address here the question of extending canonical
exact solutions to radially larger sectorial domains in Cj or discussing the relationship
between unequal canonical exact solutions for different values of . These questions will be
examined in detail elsewhere.

Thus, suppose that = < |A| < 27. Let ©:=[0_,60] be the closed arc such that A= (6_ —
5,04 +5); that is, 01:=0U1 F 7. See Figure la. This arc © is sometimes called the arc of
copolar directions of A. For every 0 € ©, let Ag:=(0 — 7,0+ 7) C A be the semicircular arc
bisected by 6. See Figure 1b. Note that A = UycgAg.

ProPOSITION 5.5. Consider the Riccati equation (36) whose coefficients a,b,c are
holomorphic functions of (xz,h) € X xS admitting locally uniform asymptotic expansions
&,g,é as h — 0 along A. Assume that the leading-order discriminant Dy = bg —4dageg 1S not
identically zero. Fix a regular point xo € X, a square-root branch /Dy near xo, and a sign
a € {+,—}. Fiz a regular point xo € X, a square-root branch /Do near xo, and a sign
a € {+,—}. In addition, assume that hypotheses (1) and (2) in Theorem 5.1 are satisfied
for every 0 € O.
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(a) The arc © of copolar directions of A. (b) A Borel disc Sy with opening Ay.

Figure 1.

Then the Riccati equation (36) has a canonical local exact solution f9 mnear xo which is
asymptotic to the formal solution fa as h — 0 in every direction 8 € ©. Namely, there is
a neighborhood Uy C X of xg and a sectorial domain Sq C S with the same opening A such
that the Riccati equation (36) has a unique holomorphic solution f© on Uy x Sq which is
Gevrey asymptotic to fa as — 0 along the closed arc A uniformly for all x € Uy:

1O~ f as h— 0 along A, unif. Vo € Ug. (90)

Proof. By Theorem 5.2 (or more specifically by part (4) of Lemma 5.2), for every 6 € O,
the canonical exact solution in the direction 6 exists and can be written as

o) = f5 @)+ Sal )00 = 50+ [ e,
eIR 4
where ¢? is the analytic Borel transform of f? in the direction #. The explicit formula from
Proposition 5.3 reveals that these analytic Borel transforms ¢? for each § € © together
define a holomorphic function ¢ on an e-neighborhood Z¢g = {5 } dist(§,Xe) < e} of the
sector E@::{g ‘ arg(&) € @} for a sufficiently small € > 0. Furthermore, ¢ has at most
exponential growth at infinity in =g, which means that Cauchy—Goursat’s theorem yields
the identity £¢, [pa"] = Lo, [¢9] = Lo [¢9] = Lo_[p0]. 0

§6. Examples and applications

The somewhat obscure technical hypotheses in Theorems 5.1 and 5.3 can be made more
transparent in a number of special situations which we describe in this section. We also
present the simplest explicit example in §6.2 where we construct a pair of canonical exact
solutions by following all the steps in the proof of the main theorem. Finally, in §6.3, we
give a very important application of our result in the context of the exact WKB analysis
of Schrédinger equations.

6.1 Equations with mildly deformed coefficients
6.1.1. Undeformed coefficients

The simplest yet ubiquitous situation is when the coefficients of the Riccati equation (36)
are independent of A, in which case the asymptotic hypotheses in Theorem 5.1 dramatically
simplify.

https://doi.org/10.1017/nmj.2022.38 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.38

460 N. NIKOLAEV

Thus, let us consider both the general Riccati equation (36) as well as a monic Riccati
equation (80) on X x Cj with h-independent coefficients a,b,c,p,q. Their leading-order
discriminants Dy are simply b —4ac and p? —4q. The sectorial domain S can be taken
to be any half-plane bisected by some direction in Cy.

Polynomial coefficients. The simplest case is when the coefficients are polynomials in x;
that is, a,b,c,p,q € C[z]. Then X = C, and there are only finitely many turning points and
singular WKB trajectories. All singular WKB trajectories either connect a turning point to
infinity, or two turning points together. All WKB trajectories can be easily plotted using
a computer, or even by hand in simple examples. See §6.2 where we examine the simplest
example in detail.

The biggest advantage of this simple situation is that in order to check hypothesis (1) in
either Theorem 5.1 or 5.3 that a given regular point x( is contained in a WKB half-strip,
it is sufficient to only examine the WKB ray emanating from xg and check that it does not
hit a turning point. If so, this WKB ray is necessarily either a closed WKB trajectory (i.e.,
a simple closed curve in the complement of the turning points) or it escapes to infinity. In
either case, there is necessarily a WKB half-strip W containing zq. For instance, we can
take a small disk D centered at xy which is compactly contained in the complement of all
singular WKB rays (for the same phase and sign), and let W be the union of all WKB
rays emanating from D. This disk D should be chosen small enough that W is compactly
contained in the complement of the turning points; it ensures in particular that hypothesis
(3) in Theorem 5.3 is satisfied.

If the WKB ray emanating from zg is a closed WKB trajectory, then hypothesis (2) in
both theorems is automatic. On the other hand, if this WKB ray escapes to infinity, then
hypothesis (2) in Theorem 5.1 is equivalent to saying that the polynomials a,b,c are all
bounded at infinity by +/Dg, and hypothesis (2) in Theorem 5.3 is equivalent to saying
that p is bounded at infinity by /Dy and ¢ is bounded at infinity by Dy. As these are all
polynomials in z, hypothesis (2) in both theorems therefore boils down to a condition on
their degrees. In summary, we have the following.

PROPOSITION 6.1. Consider either the general Riccati equation (36) or a monic Riccati
equation (80) on C, x Cy with polynomial h-independent coefficients a,b,c or p,q € Clzx].
Fix a reqular point o € C, and a square-root branch /Do near x¢. Fir a sign o € {+,—},
a phase 6 € R, and let S:={h | Re(e=*h) > 0}. Assume that

(1) the WKB (0,a)-ray I'y =T'g(xo) emanating from xo does not hit a turning point;
assume in addition that ag is nonvanishing on I'y if oo = —.

IfT'g is a closed trajectory, then all the hypotheses of Theorem 5.1 or 5.5 are satisfied, and
therefore their conclusions hold verbatim. If, on the other hand, I'y escapes to infinity, then
i addition we assume that either

(2) deg(a),deg(b),deg(c) < 5 deg(Dy) or
deg(p) < %deg(DO) and  deg(q) < deg(Dy).
Then all the hypotheses of Theorem 5.1 or 5.3 are satisfied.

Rational coefficients. More generally, the coefficients a,b,c and p,q may be arbitrary
rational functions of z. Then X = C, \ {poles} and again there are only finitely many turning
points and singular WKB trajectories, all of which can be easily plotted using a computer.
All singular WKB trajectories end either on a turning point or a simple pole of Dy.
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As in the polynomial scenario, checking hypothesis (1) in both theorems boils down to
examining a single WKB ray emanating from a regular point zq. If this ray does not hit
a turning point, it must be either a closed trajectory or limit to one of the poles x,, of
Dy including possibly the one at infinity. This WKB ray is infinite if and only if the pole
order of Dy at o is 2 or greater. Note that if ord(Dy) > 2 at x., then hypothesis (3)
in Theorem 5.3 is automatic. Finally, similar to the polynomial scenario, the asymptotic
hypothesis (2) in both theorems boils down to a boundedness condition near the pole x,
on the coeflicients by an appropriate power of Dy. In summary, we have the following.

PROPOSITION 6.2. Consider either the general Riccati equation (36) or a monic Riccati
equation (80) on C, x Cp, with rational h-independent coefficients a,b,c or p,q € C(x). Fix a
sign o € {+,—}, a phase 6 € R, and let S:={h ‘ Re(e*h) > 0}. Fiz a regular point zo € X
and a square-root branch /Dy near xy. Assume that

(1) the WKB (0,a)-ray I'y =T'g(x0) emanating from xo does not hit a turning point;
assume in addition that ag is nonvanishing on I'y if o = —.

If Ty is a closed trajectory, then all the hypothesis of Theorem 5.1 or 5.5 are satisfied,
and therefore their conclusions hold verbatim. If, on the other hand, I'y tends a pole o €
C,U{oc} of Do of order 2 or higher, then we also assume that either

(2) ord(a),ord(b),ord(c) < sord(Dyg) at oo or
ord(p) < ord(Dyg) and ord(q) < ord(Dy) at Zo.

Then all the hypotheses of Theorem 5.1 or 5.3 are satisfied.

General meromorphic coefficients. When a,b,c or p,q are more general not necessarily
rational meromorphic functions, the WKB geometry is far more complicated to describe in
general. However, if the WKB ray I'j(x() is closed or limits to a second- or higher-order
pole of Dy, then a general but simplified version of both theorems can be stated as follows.

PROPOSITION 6.3. Consider either the general Riccati equation (36) or a monic Riccati
equation (80) on X x Cy, with h-independent coefficients a,b,c or p,q. Fiz a sign o € {+,—},
a phase 0 € R, and let S::{h | Re(e_wh) > 0}. Fix a reqular point xg € X and a square-root
branch /Dqy near xo. Then we make the following hypotheses:

(1) The WKB (0,a)-ray I'y =T'§(zo) emanating from xo does not hit a turning point but
instead limits to a pole xoo € OX of Dy of order 2 or greater. If a« = —, we also assume
that ag is nonvanishing on I'y and r is not an accumulation point of zeroes of ay.

(2) ord(a),ord(b),ord(c) < sord(Dy) at oo or
ord(p) < sord(Dy) and ord(q) < ord(Dy) at Zoo.

Then all the hypotheses of Theorems 5.1 or 5.3 are satisfied.

6.1.2. Polynomially deformed coefficients

The next simplest situation is when the equations coefficients depend on A at most
polynomially. Thus, let us consider both the general Riccati equation (36) and a monic
Riccati equation (80) on X x Cp, where functions a,b,c in (36) or p,q in (80) are at most
polynomials in % with holomorphic coefficients. The sectorial domain S can still be taken
to be a half-plane in Cp.

https://doi.org/10.1017/nmj.2022.38 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.38

462 N. NIKOLAEV

The WKB geometry is fully determined by the leading-order part of the equation, so
all the same considerations apply as explained in §6.1.1. The advantage of being given the
coefficients a,b,c or p,q as polynomials in h rather than more general functions of A is
that the assumptions on the h-asymptotics reduce to simple bounds on the A-polynomial
coefficients of a,b,c or p,q of the kind we have already seen. In summary, we have the
following.

PROPOSITION 6.4. Consider either the general Riccati equation (36) or a monic Riccati
equation (80) on X x Cp, with coefficients a,b,c or p,q € O(X)[h]. Fiz a sign o € {+,—}, a
phase 0 € R, and let S::{h | Re(e‘ieh) > 0}. Fiz a regular point xo € X and a square-root
branch v/Dq near xo. Assume hypothesis (1) from Proposition 6.3, and instead of hypothesis
(2), assume that

(2) ord(ay),ord(bg),ord(c) < sord(Dy) at zoo for every k or
ord(pi) < sord(Dyg) and ord(gy) < ord(Dy) at z for every k.

Then all the hypotheses of Theorem 5.1 or 5.3 are satisfied.

6.2 The simplest explicit example: Deformed Airy
In this subsection, we illustrate the main constructions in this paper in the following
explicit example. Consider the following Riccati equation on the domain C, x Cp:

R f = f2—a. (91)

Thus, in this example, a =1,b=0,c= —x, and X =C,. Let us fix § =0, so we will search for
canonical exact solutions of (91) with prescribed asymptotics as i — 0 along the positive
real axis Ry C Cp. Then the sectorial domain S can be taken as the complement of the
negative real axis R_ C Cp.

This Riccati equation arises in the WKB analysis of the Airy differential equation
h202¢(x,h) = x(x,h) upon considering the WKB ansatz ) = exp (— [ f/h) (see [12] for
more details). For this Riccati equation, it is known that exact solutions exist (see, e.g., [8,
§2.2]). There, instead of solving the Riccati equation directly, the Borel-Laplace method
is applied to the Airy differential equation. Here, we take a different approach by solving
the Riccati equation directly. We have included this example because it is the simplest and
most explicit standard example that nicely illustrates most constructions encountered in
our paper.

6.2.1. Leading-order analysis.

Following §3.1, the leading-order equation (8) for the Riccati equation (91) is simply
fé — 2 = 0. The leading-order discriminant given by formula (9) is Do(x) = 4. There is a
single turning point at = = 0. Let /= be the principal square-root branch (i.e., positive on
the positive real axis) in the complement of a branch cut along, say, the negative real axis.
Label the two leading-order solutions as

fgt (x):=+Vz so that \/170 =2V/z. (92)

The leading-order solutions fOi are holomorphic on any simply connected domain U C C%.
However, foi are unbounded if U is unbounded: the coefficient ¢ = —x of (91) is not bounded

by /Dy = 24/, so not all the hypotheses of Lemma 3.1 are satisfied. This will be rectified
later by regularizing the coefficients following §5.4.
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6.2.2. Formal perturbation theory.

Now, we study the formal aspects of this Riccati equation following §3.2. By Theorem 3.1,
the Riccati equatlon (91) has a pair of formal solutions fi with leading-order terms fo .
Their coeflicients fl€ for k > 1 are given by the recursive formula (12), which in this example

reduces to
i,j#k
fi =550 i Fop D FT (93)
i+i=k

The first few coeflicients are

fo=tva,  fi=+ieTl f=Fne Tl f=+gah o (99)
In fact, if we set doi = 41, it is easy to show by induction that for all k£ > 1,

i,j#k
(2-3k/2)di_, — Y didF |. (95)
i+j=k

ff(@zdfx*%ﬁ\/:; where df::

| =

Note that all df are rational numbers.

6.2.3. The Liouville transformation and WKB trajectories.

Following §4, let us describe the geometry of WKB trajectories on C, emerging from
this Riccati equation. For any basepoint xg € C,, the Liouville transformation is given, on
the complement of the branch cut, by the simple formula

z2=®(x) :/xQ\/Edt: %(333/2*562/2). (96)

It follows that, for example, the WKB (0,+)-ray emanating from any point xy with
arg(xo) # £37/2 is complete. If, on the other hand, arg(xo) = £37/2, then the WKB (0, +)-
ray emanating from z( hits the turning point in finite time. Likewise, the WKB (0, —)-ray
of every point o with arg(zg) # 0 is complete. See Figure. 2. We focus our attention now
on the domain

U:={z | 0 < arg(z) < +3m/2}. (97)

Its image under the Liouville transformation <I>0(x)::§a:3/ 2 is the upper half-plane
H= {z ‘ Im(z) > 0}. Clearly, the domain U is swept out by complete WKB trajectories
and every point is contained in a WKB strip. Thus, for example, let us take
:UO::%e”/S, SO <I>0(aco) =i. Let Uy be the preimage under ®q of the horizontal strip
Ho: —{z } 5 < Im(z) 3} The Liouville transformation based at x¢ is simply & = &y —1,
and the image of Uy is the WKB strip {z ‘ dist(z,R) } However, in this example, it is

more convenient to work with the Liouville transformatlon Dg.

6.2.4. Regularizing the coefficients.

The first observation is that the Riccati equation (91) does not satisfy hypothesis (2)
of Theorem 5.1. This is because the rescaled coefficients a/+/ Dy, b/+/Dy, and ¢/+/Dy are,

1 /2 which are unbounded on U. This unboundedness is

caused by tWO separate problems: one is that z*"/2

respectively, 73: Y20, and —
is unbounded at infinity, and the other is
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N

/

Figure 2.

Pictured are the complex planes C, (left) and C, (right) with ® being the Liouville transformation with
basepoint xo = 0. In C,, there is a turning point at the origin, indicated by a red circled cross. A few
complete WKB trajectories on C, are drawn in green, with arrows indicating the orientation with respect
to the chosen square-root branch /Dy = 24/, for which the branch cut is taken along the negative real
axis. There are two special trajectories, indicated in red, which are not complete: they flow into the
turning point in finite time. The domain U from (97) is shaded in blue.

that 2~ /2 is unbounded near the turning point at the origin. The latter problem is remedied
by restricting to Ug. In order to remedy the first problem and proceed according to our
method, it is necessary to regularize the coefficients of this Riccati equation as in §5.4.

If we make a change of the unknown variable f — g = /2f over U, then the Riccati
equation (91) gets transformed into

hdzg = Vxg® — 459 — V. (98)
This is equation (86) from §5.4 with
o =vr,  V=zheTl  d=-va,  x=ve=3VD.

The Riccati equation (98) now satisfies hypothesis (3’) from Proposition 5.4 with regular-
izing factor x = /.

The coefficients of the formal solutions §i of (98) are given by gif(z) = difa*"/>.
Explicitly, the first few coefficients are

g% =%l  gi=+ir " g =FHet g =+ga

We now follow the step-by-step procedure in the proof of Theorem 5.1 in §5.1.

Step 0: Preliminary transformation.

We begin by performing the preliminary transformations (one for each of +) of the
unknown variable g — g given by

9=95 +h(gF +§) =di +hdfa ?+hg=+£1+ Lha "2+ hy. (99)
They transform the regularized Riccati equation (98) into a pair of Riccati equations

502020~ §=N(35" —dz %) = h(35° £ g30°). (100)
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This is equation (64) from §5.1 with a = 5 lN) 0, and ¢ =+z 3. Applying the Liouville
transformation ®q to the Riccati equatlons (100), we get

BO.F —F = h(5F? —d5 (32/4) ") = n($F? £ 5272). (101)

The unknown variables g and F are related by g(z,h) = F (3 2'/?,h). Equation (101) is
equation (45) from §5.1 with Ag=422"2, A; =0, and Ay = %
Step 1: The analytic Borel tmnsform
Since A; are independent of A, it follows that their Borel transforms «; are zero, and so

the Borel transform of (101) is the following PDE:

0.0 —0cp = 5¢% . (102)
This is equation (49) from §5.1 with ag =1 = a3 =0, ag = :l:%z*Q, a1 =0, and ag = %
In this case, the tubular neighborhood =, can be taken arbitrarily large.
Step 2: The integral equation.
The PDE (102) is easy to transform into an integral equation:
+ I
K9 =6+ [ 6x0(e+tE- 0, (103)
0

where ¢(x,0) = ¢F (2):=ao(2) = 42272 This is equation (50) from §5.1.

Step 3: Method of successive approximations.

The integral equation (103) is solved by the method of successive approximations This
method yields a sequence {¢: } _o of holomorphic functions given by qbo =qg= :|:1582 2,
d)l =0, and for n > 2,

S /¢ £ (2,6 t)dt

z+j n—2
£—t
OF (z+t,E—t—y)o7 (z+t,y)dydt.
Z oy

This is equation (53) from §5.1. It is easy to see that ¢, =0 for all n odd because ¢; =
The first few even terms of this sequence are

(jf = :I:f’—gz”,
= (2 R) FEEGC ~H(£R) 7% s Eo oo
0= ﬁ(i%)gﬁ(isﬁ ~ o (25%)% 7 as € oo
o = 1(+£3) 4 <£ (166°4+8102° I,;;;ff(z::gg)iigiff—;7063Z2_8€4Z) +log (Zi£> W)
~ 15 (£7 ) 277 as € — +oo;
5 ~ 35 240( *) z %! as & = +00.

An exact expression for qﬁgt involves logarithms and dilogarithms; it is very long and not
very useful, occupying almost half of this page. However, the pattern is clear:

¢>2n60(n, z_z(f/zz)n) as £ = +oo,
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for some constant L > 0 independent of n and z. It follows that the solution to the integral
equation (103) satisfies

5):Z¢n(2’7§) Zni 2(Lg)?)" =272 elé/" as £ — +o0.
n=0 n=0

This asymptotic inequality yields the exponential estimate (55) from §5.1 with A =4 and
K=0.

Step 4: Laplace transform.

Applying the Laplace transform to ¢4, we obtain exact solutions F.y of the two Riccati
equations (101):

+o0
Fi (€)= /0 €/ (2, €)de.

It is evident from the asymptotic behavior of ¢4 as & — +oo that this Laplace integral
is uniformly convergent for all z € Hy and all & € Sg:={Re(1/h) > L}. Note that it is not
uniformly convergent for z € H, because the constant A in the estimate for ¢4 grows like
2172
Finally, using the inverse Liouville transformation <I>71 (% ) to go back to the
(98

):

“+oo
g (z,h)i==+1+Lha™ /2+h/ e /Mgy (2277, ¢)d¢.
0

x-variable, we obtain two exact solutions of the Riccati equatlon

Transforming back to the original Riccati equation (91) via the identities (99) and f =
x~ /g, we obtain two exact solutions of the original Riccati equation (91):

oo
fi(xﬂh)_:t\/%‘i‘ith-i-h\/g/o‘ §/h¢ ( 3/2 §)d§

These are the two canonical exact solutions on Ug.

6.3 Exact WKB solutions of Schrodinger equations

In this final subsection, we give an application of our existence and uniqueness result
to deduce existence and uniqueness of the so-called exact WKB solutions of the complex
one-dimensional stationary Schrodinger equation

(fﬂai —q(m,h)>w(:c,h) —0. (104)

We keep the discussion here very brief; the details can be found in [12]. The potential
function ¢g(z,h) is defined on a domain in C, x Cj, and usually assumed to have polynomial
or even constant dependence on h. In view of the work done in this article, we can assume
a much more general h-dependence, but for simplicity of presentation, let us suppose that
q is a polynomial in A:

q(w,h) = qo(x) +q1(x)h+ -+ gn(x) A"
The WKB method begins by searching for a solution in the form of the WKB ansatz:

W(@,h) = exp <—711 / f(t,h)dt> , (105)
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where xy is a chosen basepoint, and f = f(z,h) is the unknown function to be solved
for. Substituting this expression back into the Schrodinger equation, we find that the WKB
ansatz (105) is a solution if the function f satisfies the singularly perturbed Riccati equation

ho.f = > —q. (106)

Locally in z, this Riccati equation has two formal solutions fi with locally holomorphic
leading-orders fojE = £,/qo. They give rise to a pair of formal WKB solutions, which by
definition are the following formal expressions:

Yy (@, h):=exp <—;/xx fi(t,h)dt> . (107)

An ezact WKB solution is any analytic solution 1 (z, k) to the Schrédinger equation (104),
which is asymptotic as i — 0 in the right half-plane to a formal WKB solution.

THEOREM 6.1 (Local existence of exact WKB solutions). Consider a Schrédinger
equation (10/) with potential ¢ = q(x,h) which is a polynomial in h whose coefficients are
rational functions on C,. We make the following two assumptions:

(1) Suppose that the poles of q have order at least 2 and that they are completely specified in
the leading-order term qo. More precisely, if D C C, U{oo} is the set of poles of qo, we
assume that every pole x € D has order ord(qo) > 2; we assume furthermore that every
qr has no poles other than D and that for every r~ € D, we have ord(g;) < ord(qo).

(2) Fiz a basepoint point xo € C, which is neither a pole nor a zero of qo, and assume that
the real one-dimensional curve

F(xo)::{x e C,

Im < /: \/Mdt> = 0} (108)

limits at both ends into points of D (not necessarily distinct).

Then the Schridinger equation (104) has a canonical local basis of exact WKB solutions
Y4 normalized at xg:

Yi(zo,h) =1 and Yi(z,h) ~Ui(z,h) as h— 0 in the right half-plane. (109)

Proof. We consider the corresponding Riccati equation (106). Its leading-order
discriminant is simply Dg = 4¢g. The assumptions on the pole orders of ¢ and the fact
that I'(xo) flows into D at both ends imply that I'(z¢) is a generic WKB trajectory. Thus,
all the hypotheses of Theorem 5.3 (or more specifically of Proposition 6.4) are satisfied,
so (106) has a canonical pair of exact solutions fi defined for z near zy and asymptotic
to fi as h — 0 in the right half-plane. The exact WKB solutions ¢, are then defined as
4 (z,h):=exp (—h*l f;o fi (t,h)dt). They form a basis of solutions near zy because the

Wronskian of ¢4 and ¢_ evaluated at = = ¢ is fy(xo,h) — f—(x0,h) # 0. 0

Appendix A. Some useful elementary estimates
Here, we collect some elementary estimates that are used in the proof of Lemma 5.1.
Their proofs are straightforward.
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LEMMA A.1. For any R>0, any L >0, and any nonnegative integer n,

R n n+1
/ T elrdr < LeLR.
o n! (n+1)!

LEMMA A.2. For any R >0, and any integers m,n > 0,

min!

m—+n+1
(m—l—n—l—l)!R ’

R
/ (R—r)™r"dr =
0

LEMMA A.3. Let i,j be nonnegative integers, and let f;(§),f;(§) be holomorphic

functions on a tubular neighborhood H+::{f ‘ dist(&,R4) < e} of the positive real axis
Ry C C¢ for some € > 0. If there are constants M;, M;, L >0 such that

) @ Lig| ) @ Lig| =
(O] < Mi-e and | f;(€)] < M; e Ve € gy,

then their convolution product satisfies the following bound:

|£|i+j+1

|fz*f](£)’ SMiM]meng‘ VéEeZ,.
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