ONE-VALUED MAPPINGS OF GROUPS INTO FIELDS
KATSUHIKO MASUDA

The aim of this article is to investigate algebraic nature of systems of one-
valued mappings of given group into given field and to apply it to the theory
of Galois algebras and duality of compact 7y-groups. The results obtained in
the following are those; factor systems of Galois algebras with finite Galois
groups are defined without any restrictions on the orders of Galois groups and
the coefficient fields, a necessary and sufficient condition for them to be as-
sociated with Galois fields is obtained, dualities of finite groups are obtained
very simply without any restrictions for coefficient field of representations. and
Tannaka’s duality” of compact Ti-groups is proved without the use of the com-
pactness of Tannaka representation groups® of representations of compact T.-
groups and the use of Kampen’s theorem.”

§ 1. One-valued mappings of a group into a field.

1. Let G be an arbitrary, not necessarily finite. group, 2 be an arbitrary
field. Let & denote the group ring G(£2) of G over £, and " denote the &-
module which consists of all one-valued mappings of G in 2, having the addition
and the operation of G defined by:

(1) )+ g =+ g0, (o) =f(o0)

for /,geM and o, r € G. If we define a distributive multiplication in I to
make it an algebra, not necessarily associative, over £ and if the operation
of G defined above for M gives automorphisms of the thus obtained algebra, we
call it a Galois algebra over £ with Galois group G. We call an algebra K. not
necessarily associative, over 2 with G as operator domain also Galois algebra
over £ with Galois group G, if and only if there exists at least a G-permissible
ring-isomorphic mapping on K from one of Galois algebras obtained [rom .
When G is finite, this definition is clearly equivalent with T. Nakayama's."
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We denote different Galois algebras obtained from the same M with different
multiplications by different symbols. The ordinary multiplication as functions,
defined by

(2) f(a)g(a) =sg(a)

(f.eeM; ¢ € G), satisfies clearly the above conditions, and makes MM a certain
Galois algebra. We denote it by €. Let D be an arbitrary representation of
G by regular matrices in 2 of degree f, D(¢) denote the matrix corresponding
to ¢ by the representation D. The ij-element of the representing matrix is
naturally a one-valued mapping di; of G in 2, and we denote by dl; the element
of M which maps each ¢ &G to dij(¢7"), by D’ the matrix (d}j)ij.

2. As € is clearly associative and commutative, we can apply the theory
of determinants to the matrices in €, and obtain

Lemma 1. Considered as a matrix in € of degree f, D' is regular.

Proof. The determinant | D'| of the matrix D’ is the mapping of G in 2
which maps each element ¢ of G on the determinant | D(¢7') | of the regular
matrix D(¢s7") in 2 of degree f, and is clearly a regular element of €.

From Lemma 1 we obtain easily the following Lemma 2 and its corollary,
which are fundamental in the theory of Galois algebras.

LEMMA 2. Let A be an arbitrary square matrix in It of degree f, such that
(3) A’ =D(s)A for each vEG.

Then there exists one and only one, not necessarily regular, square matrix C
in £ of degree f, such that

(4) A=D'C.

Proof. As € is as ®-module M itself, we can consider A as a matrix in €.
The assertion follows then easily from Lemma 1.

CoroLLARY. Let B be an arbitrary square matrix of degree f in an arbitrary
Galois algebra K over 2 with Galois group G, such that

(5) B’=D(s)B for each ¢EG.
Then there exists one and only one matrix C in £ such that
(6) B = D"C,

where st denotes an isomorphic mapping on K of a certain Galois algebra ob-
tained from M.

3. From now on we suppose always that there exist sufficiently many
representations of G with regular matrices in £, that is, for each pair of different
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e'ements o, ¢ of G there exists at least a representation D of G with regular
matrices in 2 such that D(¢) = D(z). We call a system {D,; 7€X} of re-
presentations of G with regular matrices in 2 a basic system of representa-
tions of G in 2, when for each two representation D., D, in the system there
exists at least a regular matrix P,,, in 2 of degree f.f, such that

7

DA,(':, q,)((f)
DKQ('J,‘!/)(O‘)

(7) D.(s)x D,(g) = P}y . P, , for each ¢€G,

where Dy, +)’s are representations of G in the system, and arbitrary two re-
presentations in the system with different suffices are inequivalent.

Now let I" denote a basic system {Dy; 7€ X} of representations of G in
£. From Corollary to Lemma 2 follows easily that for each two representations
D., D, of I' there exists one and only one matrix C, ., in 2 of degree f.f..
such that

fi
(o, )

[
D'ﬂ'z(’;,‘!')

(8) DxDi=P,, P..C...

We call the system {C.,.; ¢, ¢ X} a factor sys‘em asscciated with K in re-
ference to I. From the existence of such mairices C.,.’s in 2 follows that the
moduie 5 generated in K over £ by all the coefficients of matrices D'*’s with
Derl is a G-permissible subalgebra of K, and from Corollary to Lemma 2
follows that ®x is determined uniquely by 7, independent of the choice of the
isomorphism z.

§2. Galois algebras with finite Galois groups.

4, We suppose throughout §2 that G is a finite group, accordingly our
Galois algebra K over £ with Galois group G is of finite rank over 2, and that
I'={D/; 7& X} cons:sts of ail distinct indecomposable constituents of the regular
representation of G over 2. Then ®x coincides with K itself. For, if we
decompose K into a direct sum of indecomposable G-submodules, then by the
Corollary to Lemma 2 any basis of such a &-submodule of K lies in ©,. and

(9) K=%%.

So the multiplication of a Galois algebra K of finite rank is uniquely de-
termined. if a factor system associated with in reference to /7 is given. Now

3) Cf. M. Osima, Note on the Kronecker product of representations of group, Proc. Acad.
Japan 17 (1941).
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we set to each pair of elements ¢, ¢ of X arbitrary square matrix C,,, in £
of degree f.f,. It is easy to see that the thus constructed system {C,.; ¢,
¢e X} is a factor system, if ard only if for every matrix M, in & of degree /%

satisfying

(9) Spur(D,M;) =0

holds

(11) Spur(D.(s) X Dy()*Cv, oM, % Ez,) =0 for each ¢EX,

each ¢€EG,

where we denote by E@ the unit matrix in 2 of degree f,.

5. We can obtain conditions for factor systems to be associated with as-
sociative, commutative, associative and commutative, or associative, commutative
and absolutely semisimple® Galois algebras and the condition for two factor
systems to be equivalent, that is, to be associated with isomorphic Galois algebras
over 2 with Galois group G, like in H. Hasse’s article “Invariante Kennzeichnung
Galoisscher Kérper mit vorgegebener Galoisgruppe™?” (quoted as H. I. in the
following). Here we discuss only the condition for commutative and associative
factor systems to be associated with semisimple Galois algebras. We define
“spur” of an element of Galois algebra K of finite rank by

(12) S(w) =>w’ for each weK.
oEG

Discriminants, constructed with reference to above defined “spur,” of a commuta-
tive Galois algebra clearly becomes 0, if it has radical. The converse follows
from the fact that an associative, commutative and semisimple Galois algebra
is a direct sum of separable Galois fields® and each discriminant of it has dis-
criminants of component separable Galois fields as its components. If a factor
system is given, discriminants defined above can be calculated from

FE'DA(';,@)(U)

t D 217, (0')
(10) E(D(PLX D\I‘:L ’,=P';,l..u cfEE;; Aags )

2 06

Pp o 1Cyy

6 An asscciative, commutative, and semisimple Galois algebra is necessarily absolutely
semisimple; cf. H. L.

“ H. Hasse, ]. reine angew. Math. 187 (1950).

" Cf. 6,
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DKI('P,\'()(G)
D"/.z('?, K'{)(G)

-1
= P';. v P?. l.vcl, IC?. 2]

where 1 denotes the unit character of G in £2.

Though the above considerations lead to most general results, it does not
yet enable us to find independent parameters of the manifold of all factor systems
of G in £ nor to formulate above conditions explicitly in reference to them.
When absolutely irreducible representations of G are obtained in £, T. Naka-
yama’s results in his article “On construction and characterization of Galois
algebras with given Galois groups”” (quoted as N. O.), obtained in full use of
the theory of modular regular representations, afford a complete answer to it.

6. Let H be a subgroup of G. We say that a factor system {C, ,; ¢,
¢ X} of G in 2 associated with Galois algebra K, defined in reference to the
basic system I in 2 by

)?f(% w)

/2
sz(';. w)

(14) DI x D = Pl P, oCs ',

has decomposition with reference to H, if and only if the following conditions

are satisfied; there exist a basic system 4= {F.; €Y} of representations of

H in £ consisting of all distinct indecomposable constituents of the regular

representation of H over £ and a factor system {B:,;; &, CEY)of Hin 2 such

that for each representation Dy with /& X restricted on H holds

Fo, (1)
Fr:._.(m(!')

(15) Dy(7) = for tEH,

where F:,«’s are representations belenging to 4 and with reference to the so
determined correspondences 7,(/)’s between X and Y holds

A
( B"I;(’J), Ty{y)

T(%), T2l

(16) Coy=T;)4 ) Tow  (09EX),
Bwk_,v':),ﬂ](l?)

\ s/

9 T. Nakayama, J. reine angew. Math, 189 (1951).
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where suffices are taken lexicographically, and T, , is a transposition matrix
having 0 and 1 as its elements such that

F'rx(';)(T)XFvl(‘y)(T) )
Frl(;)(T) X Fr,g(qn(f)

D.(t) x Dy(2) = T3}, T, , (t€H).

F"?-t(?)(r) X F”j(qf)(r)

\

When the order of G is not divisible by the characteristic of £ and absolutely
irreducible representations of H are obtained in £, the condition for a system
of matrices to be a factor system, stated in §1, becomes trivial and above
definition of decomposition coincides with that in my former article “Direct
decompositions of Galois algebras'”” (quoted as M. D.).

We obtain in like way as in M. D. the following theorems which generalize
the main results in M. D..

TueoreM 1. A Galois algebra K over 2 with Galois group G has a decom-
Dposition with reference to H, if and only if there exists a factor system associated
with K which has a decomposition with reference to H.

THEOREM 2. Galois algebra K over 2 with Galois group G is a field if and
only if there exists no factor system associated with K having a decomposition
with reference to a proper subgroup of G.

§3. Centralizer of G in the group of all automorphisms of a Galois algebra.

7. Let G be again an arbitrary, not necessarily finite, group and & be an
arbitrary Galois algebra obtained from M. Let p denote an automorphism of
the subalgebra ©g on itself, which is commutative with all automorphisms of
D induced by the Galois group G of & Then by Lemma 1 there exists for
each D! one and only one matrix Cx of degree f+ in 2 such that

(17) D§ = D{Cy

and each Cy is, as easily seen, regular. Conversely, if an £-permissible auto-
morphism p of the subalgebra ®¢ maps each D} to D{Cx, where each Cyx is a
matrix in @, then p is commutative with every automorphism of ®g induced by
the Galois group G. The correspondence

(18) h = DICx
induces an £-permissible automorphism of Dy on itself, if and only if the follow-

10) K. Masuda, Tohoku Math. J. 4 (1952).
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ing two couditions are satisfied.

Cuyon w)
CX:(’P, ¢)

(19) C,, y'C.XCy =P}, P, ,C, , for each ¢,¢€X, (i)

where {C,, +; ¢,¢E X} is the factor system associated with ® in reference to
r;

(20) Spur(DiC«My) =0 (7eXx) (ii)
for a matrix My in 2 of degree f%, if and only if

(21) Spur(D{My) = 0.

Let G, s4; »ven denote the set of all systems of matrices which satisfy the
above conditions (i) and (ii). We define the product of two such systems {C;";

7€ X}, {C¥; 1€X} of G;,(c,,?; ¢,vex) by
(22) {CV; reXCP; reXx)={CPCP; 1eX).

Then clearly Gr,,, o3 2 WED) becomes a group, which we call the representation
group of the basic system I” of representations of G in @ in reference to the factor
system {C,,,; ¢,¢=X} of G in 2. It is clearly isomorphic to the centralizer
of the group of automorphisms of Dg induced by Galois group G, which is iso-
morphic to G, in the group of all 2-permissible automorphisms of the subalgebra
Dg of R, (Ef,‘,f(?; ¢, ¢= X} is clearly a factor system associated with €, where
Ef,s, denotes the unit matrix in £ of degree f.f,. For each ¢d€G {D«(0);
o€ X} satisfies the above conditions (i) and (ii) in reference to {Ef,‘,fq‘; e, pe X},
and we denote it by ¢". The totality of ¢'’s with ¢&G forms a subgroup G-
of GT, (s, fy: seen. G' is clearly isomorphic to G. We denote G¥, Ef o) =)
by Gr.

Now let & denote the group of all one-to-one mappings of G on G itself,
d" resp. o' for each ¢€G denote the mapping of G on G itself which maps each
tEG to 1o resp. ot, and G resp. G' denote the subgroup of € consisting of
all ¢”’s resp. o’s (¢EG). As is well known, the centralizer of G™ in S¢ is G/,
and vice versa.

8. €@ may be seen as the group of all £-permissible automorphisms of C.
The group of automorphisms of € induced by the Galois group G of € is G".

When G is a finite group, ®x coincides with X itself, so we obtain from
the above considerations the following duality for finite groups.

Tueorem 3. Let G be a finite group, {C.,.; ¢, ¢E X} be a factor system
of G in 2 associated with a commutative, associative and semisimple Galois algebra
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K, H denote a minimal subgroup of G with reference to which K has a direct
decomposition. Then the representation group of the basic system I of repre-
sentations of G in Q in reference to the factor system {C. ,; ¢, ¢E€X}of G in
2 is isomorphic to the centralizer of H in G. Indeed, if the factor system {C,, . ;
¢, ¢ E X} itself has a decomposition for our H, then the representation group of
I' in reference to it consists of all {D.(r); 1€ X} with t belonging to the cen-
tralizer C(H) of H in G.

Froof. We prove the last part of the theorem, from which the first part
follows readily. Suppose that the factor system {C,, ,; ¢, ¢ & X} has a decom-
position with reference to H. Then from the fact that the centralizer of G" in
Ee is G’ follows that the representation group G¥, (s, s 7 vexy Of I” with reference
to {C,,.; ¢, ¢ & X} is obtained in G', from the fact that K is the direct sum of
Galois algebras having the conjugates of Hin G as their Galois groups follows that
G, 4.4 ;% vEx) 18 contained in the normalizer of H' in G', where H denotes the
group consisting of all ’s with r&H, and from the fact that the component
Galois algebras are really separable Galois fields follows that GI*:,((,;"!‘;I;,\;,EX) is
contained in the centralizer of H' in G'. Then follows easily that it coincides
with the centralizer of H' in G.

If H is the trivial subgroup consisting only of the unit element, then C,,
= Ef,f, and we can take in place of the condition (ii) the following weaker
condition (ii)’ that Cx =0 (¥& X) and whenever

(23) Spur(D!{My) =0

with a matrix My in 2,

(24) Spur(CyMy) =0.

It follows from the fact that the correspondence

(25) D)~ Cy

induces an £-permissible homomorphism of € in £ if and only if Cy’s (/€X
satisfy the condition (i) and (ii)."

The thus obtained duality for finite groups in reference to {Erz; ¢.¢€ X}
is closely related to the duality obtained by T. Nakayama in his article N. O.
Certain independent parameters of the linear enveloping algebra over £ of the
value matrices of representations of G are obtained there with tools of the theory
of modular regular representations under the restriction that absolutely irreducible
representations of G are obtained in £, and the duality for finite groups is
formulated in reference to the parameters, while in the present article we deal
with no such independent parameters and formulate it in reference to the value

1) This remark is due to S. Takahasi.
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matrices of representations of G in £ without any restrictions on 2. applyirg
the condition (ii).

§4. Tannaka’s duality for compact Ty groups.

9. Let, throughout §4, G be a compact Ty-group, 2 be the field of all com-
plex numbers, and I ={Dy; 7€ X} be a unitary continuous irreducible basc
system of representations of G, that is, a basic system of representation of G
consisting of continuous unitary irreducible representations of G. Let ~— denote
either the operation to take conjugate complex numbers or an operation induced
canonically by that operation. We call the subgroup Gt ¢ of G¢ consisting of
all systems {Cx; Y&€X) in Gf with unitary Cy, the unitary representation
group of the unitary continuous irreducible basic system 7" of G. Then

(26) Gtv =GEtNIIU,,

xEN
where Uy denotes the group of all unitary matrices of degree f+ and T1U, denotes
XEN
the direct product group of Ux’s. We denote the elements of G&y by o ¥ etc.,
and topologize G,y by the usual product topology of ITUx.® As the mapping
XEX '

o0->{Dy(0); 7€ X} gives an homeomorphism of G" on G we identify G and G
for brevity, that is, we denote ¢" ={D(¢); /& X} merely by s. From the con-
struction of GF,y we obtain for each /& X a continucus unitary representation
Dj of Gf,y. if we map each {Cx; Z€ X} of Gf y on Cx. It is clear that D} (a)
= D,(q) for each ¢&€G and each 7€ X. So each D] (7€ X) is an irreducible
representation of Gt and D}~ DJ(¢, ¢ € X), if and only if ¢ =¢. Then {D};
7€ X} is clearly a unitary continuous irreducible basic system of representations
of Gt v, which we denote by I'*. We define €* and ®* for Gf ¢ in reference
to I'* like € and ® for G in reference to I, and denote by U™ the closure of ®*
in " in the sense of uniform convergence of functions on G, , that is, we define
A* so as f'EG* belongs to W™ if and only if for each given positive number

- .
¢>0 there exists at least a linear aggregate >, f«.>.ai,j, i di; * of finite number
k=1 i,7=1

of d}’s such that

n

; fxr L .
(27) ) "kEfz,-__.Zldf,j,is di " (6™) i<s for each *EGY 1,

=1 i,j=

where f+, is the degree of Dy, and a;, j, 1 are constants. It is clear from the
definition of A* that each f* €U is a continuous almost periodic function on
GY -, that U* contains constants, that W™ has sufficiently many functions

12) We do not use the compactness of either G{ - or II Ux.
’ TEG

13) I resp. I'* becomes then by Kampen's theorem a complete representative system of all
conjugate classes of irreducible unitary continuous representations of G resp. G1 v+ But
in the present article we do not use that fact.
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on Gy ¢, that is, for each different two elements ¢*,7*EGY v there exists f*eU*
such that

(28) FHe™) = f5(Y),
and that if f*€U*, then f*€A*. So we obtain the following two lemmas.

LemMMa 3. If f*&%* maps every element of G onto 0, then it maps every
element of Gty onto 0.

Proof. If f*&WU*, then clearly, from the definition of U*, /¥ is a bounded

m X

function on GF,y and so for each positive ¢>0 there exists Efx,Ea, joedi™
k=1 i,y=1

such that

Doy 2
(29) 1% *(a®))? — (2[7(,20, ,,kd,’sx"(a*)) l<e for each c*EGE ;.
4,3=1
As
| m e (2 m  fX
(30) Mean (i}..fx,, Za,,;,kdux"(d*)’ ) =21 2 laij el
O’EGi*,U Je=1 %, 3=1 k=1 i,j=1
we have
(31) Mean (1 /" (a™)[* )46+E Ela: ikl
O'EGI‘ U k=14,j=1

From (29) and the assumption that f* =0 on G follows

'"l

(32) Ekazax 7, kduk(o)

= Z,9=1

=¢ for each sEG.

As it is clear that

m m [
(33) Mean(!fo» Eal,] kdz] (0') ) =Z ,z.‘llai,j. klzg
oER k=1 1i,3=1 k=1 1,7=1
we have from (32)
m  fre
(34) 2 2ilaijel®=e,
k=1 i,5=1
whence
(35) Mean(] f*(¢*)1?) =2¢.
J*EG}’U
Letting ¢ tend to 0, we obtain
(36) Mean (|f*(6™)1?) =
G"E(’I‘ U

which implies

f*(6*) =0 for every ¥ EG, q.e.d.
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We denote by U the subring of € which consists of all mappings of G into
2 given by £F&WU* 'Y Then

Lemma 4. Every proper ideal P8 of ¥ has zero, that is, there exists ¢&G
such that

(37) () =0
for all f&eP.

Proof. Suppose that an ideal P does not possess a zero. Since G is com-
pact, there exists then a finite set of elements f1. /5, . . ., /€D and a positive
number ¢>0 such that

(38) Elfi(a)fi(_aS%e>0 for each ¢EG.

From the definition of %, there exist /1, /5, . .., /s such that
(39) () =fi(¢) for every ¢EG.

” .
Then D)/ is a non-negative real function on Gﬁ v and indeed
i=1

(40) z}ff(a))“‘,*_(ﬁés>0 for every o¢EG.

Put

(41) ¢*(6*) = Max (/57 0, ).
i=1

* o 15)

Then ¢7(¢*) can be approximated by polynomials of >/ fF* So
i=1

(42) cte )",
As
(43) o*(6™) = A;} >0 for every o E€GE .,

1/¢*(6™) is a continuous function and can be approximated by polynomials of
¢¥(6¥),” whence 1/¢™(¢")EU*. So we have

(44) /ey,

4) We do not explicitly deal with the totality of continuous almost periodic functions of either
G} ; or G, though * resp. U coincides really that of Gy . resp. G.

15) Here we need apply only classical Weierstrass approximation theorem to concretely defined
two real functions of a real variable. But we need apply Neumann’s generalized one and
Urysohn’s existence theorem of continuous functions to prove the existence of sufficiently
many unitary continuous representations of G, which we supposed in the present article
already in §1, No. 3.
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where we denote by 1/¢ the mapping of G into 2 induced by 1/¢™ restricted
cn G. Then, as clearly
(45) 1/e() > fil6)fi(e) =1 for every ¢EG,
=1 .
P31,
which proves the lemma.

From the above Lemmas Tannaka’s duality follows:
Theorem (Tannaka).

(46) Gt v=G".
Proof. Suppose Gf y=G". We take oy such that
(47) o EGEy, oae&EG.

Let PB* be the maximal ideal of A* consisting of all functions of A* with 0 as
their value at of, and B be the ideal of U consisting of all mappings of G into
2 given by the elements of B*. Then clearly

(48) A/ Pix=Q
and it follows from Lemma 3 that
(49) WA, A/ P =A/P(=02).

By Lemma 4 P has a zero in G. This contradicts the fact that %™ contains
sufficiently many functions on GF, ¢. So we must have

GE oy =G .
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