THE ENUMERATION OF POINT LABELLED
CHROMATIC GRAPHS AND TREES

T. L. AUSTIN

1. Introduction. Given 7z points with ¢; of one colour, c; of another
colour, up to k colours, linear graphs are formed with the restriction that no
line connects points of the same colour. Following fairly standard terminology,
coloured graphs with this restriction will be called point chromatic graphs.
Giving the points numerical labels running from 1 to ¢; for points of the 7th
colour (1 = 1,2,...,k) forms point labelled chromatic graphs. Note that
this description is slightly different from assigning a label and a colour inde-
pendently to each point. If there are N graphs of the first kind and N* of the
second the relationship is

In this paper, relationships for enumerating these graphs are derived, along
with simple expressions for the number of such trees (connected graphs with
no cycles) and the number of such connected graphs of two colours with a
single cycle.

2. Generating functions. Let N(ci, ¢, ..., ;1) be the number of
point labelled chromatic linear graphs with / lines, ¢; labelled points of one
colour, ¢: labelled points of another colour, etc., connected or in several parts,
and let C(cy, ¢y . . ., ;) be the number of such graphs that are connected.
For convenience these will be written in vector notation, for instance,
Nlcy,co...,c50) = N(C, 1) with C = (c1,¢2 ..., cx).

It is clear that

1(#— 3 C%>
(1) N(C, D) =|2 = '/, n=ci+ct+ ...+ ¢,
l

since the fully connected labelled chromatic graph, that is, the graph with a
line connecting each pair of differently coloured points has ¢;(z — ¢;) lines at
points of the 7th colour, hence has

3(n —cala+ [n—clea+ ... + [n = cler)
tnfer+ o4 ...F+al—ld+ea+...+c)

ez
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lines in all. N(C, I) obviously arises by taking ordered selections of / lines from
this graph. hence (1) follows immediately.
Likewise

1, 2>
(1a) N'(CD) = 2(” -2 ) +i-1
!

with the prime indicating that lines in parallel are allowed follows in the
same way, since this is just the form that (1) takes if the selection is done
with replacement.

Introduce the exponential generating functions of the numbers N (C, /) and

C(C,1):
(2) Ny xe...,%52) = NX, 2)

© o © ] 2 Cck
=3 > ... Xz ...f—"—rz’N(C,l)
. 2: X-

(3) C(xl,OCQ, . ,xk;z) = C(X, Z)

1n2—2¢?) c1 . o2 .. ¢k
? VX1 X2 X
z ===z C(C, D

c1=0 ca=0 T ck=0  1=0 61! 62! Ck!
with N(0,7) = C(0,]) = 0 by convention. Then the relation between the
known N and C is given by

THEOREM 1. C(X, 2) = log[N (X, 2) + 1].

The proof follows from a slight modification of an argument by Gilbert
(1). Thus represent by N, (C, !) the number of graphs which are in m parts.
A graph enumerated by N, (C, ) evidently consists of m distinct connected
graphs.

Thus, any point is in a connected graph with 7; points of the first colour,
12 points of the second colour, etc., and with j lines, and the other (¢; — 1),
(ca — 22), ..., (cx — i) points and [ — j lines are in a graph consisting of
m — 1 parts. The points can be labelled in

(@) ()

ways and therefore
4) Na(CiD)
= Z _C(?:h’iz,...,’l:k;j)N _1(61—i1, Co = 12, -0, Cg —'kal—J)

41, 42,..., ik, d
C1 Co Ck
(@)=, (%),
11 12 Tk

Next, choosing one of the points in the graph in m — 1 parts and repeating
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the argument, it follows that (with superscripts to distinguish the connected

graphs)
(5) Nn(C 1)
1 o))
_ . -(1) +(1), (1) -(2) -(2) +(2), +(2)
_2 () 72 ;) ;(2) C(Zl SCRARRAA Y )C('Ll R )
P ALY ALV AL ]
-(1) -(2) - (1, -(2 . .
XN—z(Cl—h = 12 y---»Ck“'ilg)—ilg);l_]m"](2))
¢! Ci!
X = - - - ..
10PN (e — P — 42!

WP (e — 3P — iP)!
with the factor 3 entering to account for order between the two distinct
connected parts. Continuing this process, one obtains

1 . . . m
©) Nu(Cl) =5 2 CUID MUy .. ™ i)

X ¢! co! c!
(1 (2 . (1 (2 . oo (2 .
R S I i S ST R S R S L

Multiplying both sides of (6) by

xln xgcz fk% zl
(21! : 62! e Ck!

and summing in turn over ¢y, ca,

P>

2=0

..., and I gives
5n2=2 %) xil x;z

- X' x w g .
..ZO c g NL(C D
Ck=

1=0 61! 62! Ck!

= Nale oo 5 9) = Na(X39) = - C"(X, 9),

Here Ny = C° = 0. Then since

N(X;z) = 3 Nu(X,2),

m=1

and by (7), the thereom follows immediately.

3. Trees. A treeis a connected linear graph with no cycles (closed path of
points). Obviously this is the special case C(C, n — 1).

THEOREM 11. The number of point labelled chromatic trees, C(C,n — 1), on
n points with c; labelled points of one colour, c; labelled points of another colour,
with k colours in all, is

C(Cn—1)=n""n—c)™ ' (n—c)® ..

. (n b Ck)Ck—l.

Form the fully connected point labelled point chromatic graph on
n =c -+ ¢+ ...+ ¢ points and consider the matrix 4, with

a;; = (the number of lines at pointz) 2 = 1, 2, .
Qij

N
— (the number of lines between points 7 and j), 7 # j.
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Since all points are distinguishable either by label or colour, there is no am-
biguity in the above definition and in fact

@i = (n—ch)

P b 1 if points 4 and j are of different colour
v 0 otherwise.

Where ¢,/ is the number of points of the same colour as point <.
For concreteness, this matrix with ¢; =1, ¢2 =2, ¢3 = 3, n = 6 1s

5 -1 -1 -1 -1 -1
-1 4 0 -1 -1 -1
-1 0 4 -1 -1 =1
-1 -1 -1 3 0 0
-1 -1 -1 0 3 0
-1 -1 -1 0 0 3
Since all rows and columns of 4 sum to zero, all ( — 1) X (n — 1) co-

factors are equal. Trent (4) has shown that this cofactor is the number of
trees in a fully connected graph which has the incidence matrix B, with

bi’l = 0
bij = — Qg 7/ # j.
Thus to enumerate trees, it is necessary to evaluate a determinant of the
form
’Y1I(d1) - Vm - V13 P b V}k
—~Va ol (dZ)
. = Det T
— Vi e Yel (dy)

with Vi(dxd;) = {vy); v, = 1 all 4, j, the v's scalars, and 7(d,) the identity
matrix of dimension d,.

Since T is symmetric, it is necessary only to consider its latent roots to
evaluate its determinant. Hence consider the system of equations

Y, v,
Yz YZ
(8) Ty . = A
Vi ! Y,
with V;, = V,(dwxl) = (¥a, Yio, -+« Vias)'-
If ) is different from each of vi,ys, ..., vy: then a consideration of the

equations two at a time shows that each vector V; must be a constant vector.
Thus (8) can be written as
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9) ;1 [(v; +d;)os; — d,;]Y; = N Y, (t=1,...,k)

which contains exactly & independent equations. This accounts for £ latent
roots, each different from «y, vs, ..., v; and the product of these £ roots is
the determinant D = |(v; + d,)84 — di|.

Next if A = v, (say), then clearly Vo= V3 =...=Y, =0, > y,; =0,

the root v; occurs d; — 1 times, and similarly for A\ = v, X\ = 73, etc. There-
fore it follows that

(10) Det T' = v 487 .. y#7'D,

Substituting in (10) the values for an (# — 1) X (#n — 1) cofactor of 4,
Yi=Mm—c),v2o=m—c)...,u = (n—cp);
di=¢1— 1,do=c¢o,ds = ¢3,...,d; = ¢

(10) becomes

m—c)—co—cz...—c
A1) (=)™ (n — )™ (n— ot | L T rme)—a o —a
(I=c1)) —ca—c3... (m—cp)

The determinant can be evaluated simply by writing it as

n
—Cy —C2 —C3... —Cg (e]
1—¢ c c c "
—C€ —C2 —C3..."C
(12) ) o+ ) = Det A
o .
l—¢y —¢a —C3...—c¢ n

which can be expanded about the terms of the diagonal matrix, that is,

(13) DetA =#n*—w" 1 er+ec:+ ...+ )
+ w5 2cice + c2(1 — ¢1) + cacs + (1 —¢3) + ...
oot aca F a(l = )]

which are all the terms since the first matrix is of rank two. Using the relation
ci+c2+ ...+ ¢ = n, (13) becomes
(14) Det A = w*2co+ s+ ...+ ] = #w*2m — ).

Putting (11) and (14) together the theorem follows.

4. Connected graphs with one cycle. After trees the next graph in
order of complexity is a graph with one cycle. This section derives the number
of point labelled chromatic graphs with two colours and one cycle. For con-
venience, the notation of this section is different from that of the previous
sections. Note that lines in parallel (cycles of length 2) are allowed.
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Before stating the main result of this section it will be necessary to establish
a few preliminaries.

A rooted tree is a tree in which one point, the root, has been preferred. In a
labelled tree on # points, any point may be preferred and all points are dis-
tinguishable, hence there are # rooted trees for each root free tree.

Now let R,, be the number of rooted chromatic trees, with p labelled black
points and ¢ labelled white points, and let 7),, be the number of such root
free trees. Then since all points are distinguishable and since each point may
be preferred in turn as the root, it follows that

(15) Ry = (p + Ty
pToe + g7,

. 7
= Tpq T+ 7pq

I

with 7,, the number of trees with a black root and 7,,’ the number with a
white root.

Introduce_the counting series,

(16) Ry = X X 5771 Ru
an) Ty =T T L4,
1s) = T S,
(19) CEED DT

and let 7,,(n) be the number of trees with a black root and with exactly =
lines at the root. Then a slight modification of an argument by Polya (2)
also given in Riordan (3, page 127) vields a relationship between 7(x, y) and
7' (x,y). Thus

(20) 711(1(1) =p rp’—l.q

because there are p labels for the root and the single line connects the root
to a white point which may be regarded as the root of a tree with p — 1
black and ¢ white points.

Similarly,

1o & (p-1\(q)
(21) 7pe(2) = é—'f’ Z Z ; ) ot
! =1 1 ]

j=1

B rn

symbolically, with [r;]? = 7;; and 7,0’ = ro, = 0, because the labels for the
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two (white rooted) trees added to the two lines at the (black) root may be

chosen in
1 J

ways when one of the trees has ¢ black and j white points. Because of the
labels, the added trees are not alike. The factor (1/2!) accounts for order
between the two lines. In general, it is clear that

(22) 71141(”) = '2 Z < p -1 . ) [7,in + 72‘2: + ...+ 71,;—1—i|—..‘—1n~—1]q

n! L1y 12 « o vy b1
since the number of ways of assigning labels to trees with 7y, 7, . . . black and
1, 2, - . . White points is

(2 )t )
L1y 02 o o oy b1 jly]?v---yjn—-l

From 710 = 1 and since obviously

Tpg = Z 7pe(n),

n=1

it follows from (22) at once that
(23) r(x,y) = xexpr'(x,y)
and by an exactly similar argument,
(24) r'(x,y) = yexpr(x,y).

From (23) and (24),
(25) r(x,y) = xexp [y exp r(x, )] results.
Recalling the Lagrange formula,

t=x¢(t)

10 =10 + X 54 0801

and putting f(t) = ¢, t = r(x, 5),

o () = ¢(rlx, y]) = exp [y exp r(x, )],
it follows that

(26) ey = X X Sl
v4 q P q

and similarly,

(27) Py = T L
Y4 q p q
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From (26), (27), and (15),

28) Ty =2 X3 Iyt et

X’

? plq

follows. This is the result (for the case of two colours) of Theorem II.
The result may now be stated.

THEOREM I11. The number of connected point labelled chromatic graphs with
p labelled black points and q labelled white points with one cycle of length 2m s

1+ g — m)(P)u(Qup® ™ 1" for m > 1

and
P+ qg— 1)pTig"~ form = 1

To enumerate (two coloured) labelled chromatic graphs with one cycle.
note that the cycle must be even, with the same number of white as black
points because of the chromatic condition. The essential enumeration is there-
fore of such graphs with a single cycle of length 2m. These graphs may be
enumerated by a theorem due to Polya (2; 3), since they may be regarded as
being formed by placing white rooted trees (say) at the vertices of an m-sided
polygon and then replacing the lines of the polygon by roots of black rooted
trees to form a polygon of 2m vertices. Every permutation of labels for the
black roots clearly gives rise to a different polygon of 2m points while, on the
other hand, any permutation of labels for the white roots which is a reflection
or rotation of the original m-sided polygon is equivalent to some permutation
of the black labels. Thus the different cycles formed are the result of a direct
product of two groups, the identity group and the dihedral group.

Letting

5
d om(ty, s, v1,02) = D, Ul u? =7 57 dapys (2m)
«,8,7,6 'y. 5

be the enumerator of such graphs by number of points and point labels, then
by the theorem and from a simple extension of a problem in Riordan (3,

p. 158),
(29)  don(u1, us, v1, v2) = L, (r[eer, s, vy, v2]) Dy (r'[141, s, v1, 2],
vl usl, ..., P [l ul)), form > 2;
dom (1, 12, 01, 2) = Sp(r[ug, s, v1, va], rlus, ud), . . ., r[ul, u%))
S (7' [0, ws, v1, va], 7’3, 3], . .., P [y, u%]) form = 1,2,

with 7 (@1, %2, v1, v2) and 7" (%1, #2, v1, v2) the enumerators of (black and white)
rooted trees by number of points and number of point labels,

r(uly 1!2) = 7’(“1, Us, 07 0)!
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I.(t) = t*, the cycle index of the identity group and D, (f, ts, . . . , tn) the
cycle index of the dihedral group,
Dplty, toy . ooy bn) = 5— E o) 4 tt('”‘”” for m odd;
ilm
Z ()7 + 4 577t + 1), for m even.

Here ¢(2) is the Euler totient function, the number of integers not greater
than 7 and relatively prime to 7,

1 m! J1 4 J2 Jm
Smty oy tn) = — > TR - Lt

is the cycle index of the symmetric group, the sum extending over all solutions
of

it 24 ...+ M = m.

The substitutions x = #u9;, ¥ = uw: in the definition of dan (%1, #s, v1, v2)
change it to the form
vy 8

A X
d2m(uly Uy X, y) = Z ullu% Z d7+i’8+j'7'8‘)l_'52-"_ :
i.7 s

Therefore, the numbers required, d,sys are enumerated by
5

v
X
d2m.o(x, y) = E dvbvbﬁ%

which from (29) is

dom,o(x, ) = QIZ " (x, Y)r'"™(x, ) form > 1
= r(x, ¥)r'(x, y) form = 1.
Recalling
(25) r(x,y) = xexp [y expr(x, y)],

and using the Lagrange formula again with f(f) = ", one obtains
? ,4q
(30) M@y = X T G @ m,
» « P9

Also from (24)
(%, y)y" expm r(x, y)

= 7"(x, y)y" Zomf(x )

" (x, y)r'™ (x, ¥)

" ) ),

7" (o, )™ (x, )
and by (30)
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e, )" =" 2 X 5T B (o ({j)m’” 7

Setting # = n — m -+ m, we have

Z (P - m> nmn~m gp—n

n—m

— Z <P — m> (n _ m) qp-—nmn m +om Z <P - m) p—n mn—m

n—m ~ \n—m

=(p_m)z< m—].)gp——nmn—m_}_mz<p"m>qpnmnm

~ \n—m — 1 - n—m
=@p-—mmg@+mP ™" +mq+m"™"
=m(g+m)"" " (g+p)

and therefore

B [, y)r'(x »I"

It

ADVDY ’%-y—!p““ Pnm(g +m?" (p + )

= Z Z (P + q — m) (p)m (q)m et Qp—m——l-

I3 P' Q'
From (31) it follows at once that
(32) dumolx,y) =5 2 ;;, —; b+ g —m) @n@np™ ¢
form > 1
_ZZ (P‘FQ‘UPQIP_ form = 1.

P'q'

5. Remarks. Consider a fully point labelled but otherwise unrestricted
tree on n points(with no chromatic conditions). Construct from it a point
chromatic tree as follows. Select any point and give to it one of k colours.
Give each point which shares a line with the first point one of some other
k — 1 colours arbitrarily, and continue until all points of the tree are coloured.
No two points which share a line can have the same colour from this pro-
cedure and so the result is a point labelled point chromatic tree with the
numerical labels running from 1 to #. On the first step, there are k choices of
colours and & — 1 choices on each of the succeeding steps, hence a total of
k(k — 1)"! choices in all. From a result of Cayley’s, it is known that the
number of point labelled trees is #"~2. Therefore the total number of distin-
guishable point chromatic point labelled trees that can be formed from the
above procedure is k(k — 1)"1n"—?
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Next if the trees enumerated by C(C, n — 1) of Theorem II are re-labelled
by running the numerical labels from 1 to # and assigning them to the points
independently of the point colours, there are

n
61! 62! e Ck!
such assignments and so it follows at once that
n!

. _ n—1 n—2
(33) ool ol Cley, ¢ eveyepyn—1)=k(k—1)"n

with the sum running over all partitions of # into k parts. Equation (33)
provides a useful check on the enumeration and leads to the interesting identity

(34) ekl

n! - 2—1
c—l"co—'___c;_' (n - 61)“ ! (n - Cz)c PN (71 - Ck)

=k(k—1)""n""7,

or, for the more manageable case & = 2,

n—1
(34a) 2 <f> T =0T = 2n
=1
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