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Abstract

Bender, Coley, Robbins, and Rumsey posed the problem of counting the number of subspaces which have a given
profile with respect to a linear endomorphism defined on a finite vector space. We settle this problem in full
generality by giving an explicit counting formula involving symmetric functions. This formula can be expressed
compactly in terms of a Hall scalar product involving dual g-Whittaker functions and another symmetric function
that is determined by conjugacy class invariants of the endomorphism. As corollaries, we obtain new combinatorial
interpretations for the coefficients in the g-Whittaker expansions of several symmetric functions. These include
the power sum, complete homogeneous, products of modified Hall-Littlewood functions, and certain products
of g-Whittaker functions. These results are used to derive a formula for the number of anti-invariant subspaces
(as defined by Barria and Halmos) with respect to an arbitrary operator. We also give an application to an open
problem in Krylov subspace theory.
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1. Introduction

Let F, denote the finite field with g elements where g is a prime power. For each positive integer n,
write M,,(FF,) for the algebra of n X n matrices over F,,.

Definition 1.1. Given a matrix A € M, (F,), a subspace W of F has A-profile p = (u1, pto, . . .) if
dim(W + AW + -+ AT7'W) = g + o + -+ for j > 1.

© The Author(s), 2026. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited.

https://doi.org/10.1017/fms.2026.10193 Published online by Cambridge University Press


doi:10.1017/fms.2026.10193
https://orcid.org/0000-0001-5870-3452
https://creativecommons.org/licenses/by/4.0
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2026.10193&domain=pdf
https://doi.org/10.1017/fms.2026.10193
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Let o(u,A) denote the number of subspaces with A-profile u. The A-profile of a subspace was
referred to as ‘dimension sequence’ by Bender, Coley, Robbins, and Rumsey [6, p. 2] who proposed the
following combinatorial problem.

Problem 1.2. Given y and A, determine o (u, A).

They showed, by a beautiful probabilistic argument involving Mébius inversion on the lattice of
subspaces, that the quantities o-(u, A) for u varying satisfy a system of equations (see Theorem 5.2).
They solved these equations in two special cases to obtain elegant product formulas. If A is regular
nilpotent (nilpotent with one-dimensional null space), then

oA =] ]q" [""‘1 : (1.1)

i>2 Hi lg

When A is simple (has irreducible characteristic polynomial),

C]n—l 2_ _> i—
o(pb) = [ Ta i K 4‘] . (1.2)
q i>2 L Hi 14

They remarked that these formulas do not appear to have simple counting proofs.
A few years later, Niederreiter [30, p. 11] proposed the following problem in connection with his
multiple recursive matrix method for pseudorandom number generation.

Problem 1.3. Let m, £ be positive integers. Given an element @ € que such that qug =F, (@),
determine the number of m-dimensional F,-subspaces W of F . such that

Fyne =Wo®aW - @a’'W. (1.3)

It is not difficult to see that Niederreiter’s problem is equivalent to determining o (u, A) in the case
where u is a partition of m¢ with all parts equal to m and A is an m¢f X m{ matrix with irreducible
characteristic polynomial. However, Niederreiter does not seem to have been aware of the results of
the authors of [6] and the same is true for several subsequent papers which discuss the problem of
Niederreiter. Niederreiter’s problem has interesting connections with finite projective geometry and
group theory [16]. Several special instances of Problem 1.2 have been solved in the literature [2, 4, 11,
15, 16, 31, 32, 34, 35]. The consideration of subspace profiles when A is a regular diagonal operator
has recently led to a new proof of the Touchard-Riordan formula concerned with crossings of chord
diagrams [34]. In the special case where A is a diagonal matrix, the quantity o-(u, A) can be expressed as
a sum over semistandard tableaux. The study of subspace profiles in this case has interesting connections
with multiset Mahonian statistics, g-Whittaker symmetric functions and the g-rook theory of Garsia and
Remmel. We refer to [35] for these results on diagonal operators.

In this paper we solve Problem 1.2 in full generality by giving an explicit formula for o(u, A) for
arbitrary u and A. The fact that the theory of symmetric functions can be leveraged to answer the
counting problem is a very recent development. In addition to the results of Bender, Coley, Robbins, and
Rumsey, our primary tools are ideas from the theory of symmetric functions and some previous results
for diagonal operators. We show that Problem 1.2 admits a compact solution involving g-Whittaker
functions, a class of symmetric functions that occur as specializations of Macdonald polynomials.
The g-Whittaker functions occur as joint eigenfunctions of g-deformed Toda chain Hamiltonians with
support in the positive Weyl chamber (see Etingof [13] or Ruijsenaars [36]). The following theorem
(appearing later as Theorem 5.3) is our main result.

Theorem 1.4. For each partition p,
o A) = (=122 g %2 D (Fy (x), Wy (63 9) B ),

for each prime power q and each matrix A € M,,(F,).
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Here (-, -) denotes the Hall scalar product while /, and W, denote the complete homogeneous and
dual (with respect to the Hall scalar product) g-Whittaker symmetric functions, respectively. In addition,
Fa(x) is a symmetric function depending on conjugacy class invariants of the matrix A that can
be expressed in terms of plethystic substitutions involving modified Hall-Littlewood functions (see
Proposition 2.11). The ideas used in the proof of Theorem 1.4 are elementary and combinatorial; the
arguments do not use representation theoretic or geometric techniques.

We show that several symmetric functions such as the power sum symmetric functions, the com-
plete homogeneous symmetric functions, products of modified Hall-Littlewood functions, and certain
products of g-Whittaker functions are of the form F (x) for suitably chosen A (see Section 2). In the
case where u is a partition of n, the theorem above entails new combinatorial interpretations of the
coefficients in the g-Whittaker expansion of each of these symmetric functions (Corollary 4.4).

In Section 6, we use our results to derive an explicit formula for the number of anti-invariant subspaces
with respect to a linear operator, a notion that goes back to Barria and Halmos [5]. An application of
our results to Krylov subspace theory is considered in Section 7. Given positive integers k and £, we
assign a probability ¢ ¢(A) to each matrix A € M,,(F;) (see Equation (7.1)). Obtaining bounds on
the probability ¥ ¢(A) is a difficult and important problem (Brent, Gao and Lauder [8, p. 277]) whose
resolution is critical for understanding and evaluating the efficiency of several algorithms that rely on
Krylov subspace methods. Examples of such algorithms include the Number Field Sieve, used in integer
factorization, and the block Wiedemann algorithm of Coppersmith [12]. In general, such algorithms
have applications in many mathematical areas, including quadrature methods, the analytic theory of
continued fractions, expansions of infinite series, orthogonalization algorithms, and the mathematical
underpinnings of quantum mechanics (Liesen and StrakoS [27, p. 8]). In Theorem 7.1, we derive an
explicit formula for the probability ¥« ¢(A) in terms of dual g-Whittaker functions.

This article is organized as follows. In Section 2, we begin with a brief overview of the algebra of
symmetric functions and its various bases. We show how to associate a symmetric function Fu (x) with
each matrix A and give several examples. We also prove the existence of a formula which expresses
o (u, A) interms of Fa (x). In Section 3, we consider diagonal operators and g-Whittaker functions which
will later play an integral part in the derivation of a formula for o-(u, A). Section 4 is concerned with a
formula for o-(u, A) when y is a partition of the ambient vector space dimension. This formula is derived
by setting up a system of equations and using a linear algebraic approach. We also give combinatorial
finite-field interpretations for coefficients in the g-Whittaker expansions of various symmetric functions.
Finally, in Section 5, we use the equations of Bender, Coley, Robbins, and Rumsey to determine
o (u, A) for arbitrary p and A. Applications to anti-invariant subspaces and Krylov subspace methods
are considered in Sections 6 and 7, respectively.

2. Generating function for flags of invariant subspaces

We begin with a brief overview of symmetric functions, focusing on some relevant facts; the primary
references are Macdonald [29] and Stanley [38, Chap. 7]. A weak composition of an integer n is a
sequence @ = (a1, @y, . ..) of nonnegative integers with sum n. A partition of n is a weak composition
of n in which the sequence of integers is weakly decreasing. If A is a partition of n, we write A + n.
Nonzero terms in the sequence A are called parts of A and the number of parts of A is denoted £(A1).
It is customary to ignore trailing zeroes in weak compositions and partitions. For instance, the weak
compositions (3,1,2,0,1,0,0,...),(3,1,2,0,1,0),and (3, 1, 2,0, 1) are all considered equivalent. For
a weak composition «, write |a| for the sum }};. ;.

Let Q(z) denote the field of rational functions in an indeterminate ¢. Denote by Ag(,) the algebra
of formal symmetric functions in infinitely many variables x = (x1,x3,...) with coefficients in Q(7).
The algebra Ag(;) admits several natural bases indexed by integer partitions: the monomial symmetric
functions m,, the elementary symmetric functions e,, the power sum symmetric functions p,, the
complete homogeneous symmetric functions s, and the Schur functions s,. The ring of symmetric
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functions is also equipped with an involutory automorphism w which satisfies
wey=hy, why=ey;, wsy=sy. 2.1

Here, and throughout this paper, A’ denotes the partition conjugate to A.

The g-Whittaker functions W, (x;¢) and Hall-Littlewood functions P,(x;?) are two more bases of
Ag(r)- Both occur as specializations of a more general class of two-parameter symmetric functions, the
Macdonald polynomials P,(x; g, t). More precisely, Py(x;t) = Py(x;0,17) and Wy(x;t) = Pa(x;t,0).
The ring of symmetric functions is endowed with the Hall scalar product (-, -) with respect to which the
bases m, and &, are dual. The dual basis of the Hall-Littlewood functions P,(x; ) with respect to the
Hall scalar product consists of the transformed Hall-Littlewood functions H,(x;t). They are related to
the g-Whittaker functions (Bergeron [7, p. 5]) by

wHy (x;1) = Wa(x;t). 2.2)

One also has the dual identity wP,(x;1) = W (x;1), the latter denoting the dual basis of W,(x;1)
with respect to the Hall scalar product. The modified Hall-Littlewood functions are indexed by integer
partitions and defined by H,(x;7) = t" H,(x;t7"), where n(1) = ;5 (i — 1)4;. The modified Hall-
Littlewood function also satisfies

Ha(x:0) = D Rua(®)sy
M

where s, denotes a Schur function and K,(7) is a modified Kostka-Foulkes polynomial, defined as the
generating polynomial of the cocharge statistic on semistandard tableaux of shape y and content A:

I%,u/l (1) = Z lcocharge(T) )
T eSSYT(u,2)

For prime power ¢, the specialization K au(q) coincides with the value taken by the character of the
irreducible unipotent GL,, (F,)-representation indexed by A on the unipotent conjugacy class with Jordan
form partition u (Lusztig [28, Eq. (2.2)]).

For a formal power series F, denote by py [ F] the series obtained by substituting each indeterminate
appearing in F by its kth power. For an arbitrary symmetric function g € Ag(;), the plethystic substitution
g[F] is the series obtained by writing g as a polynomial in the power sum symmetric functions p, and
then substituting p,[F] for each p, appearing in g. The reader is referred to Haglund [19, p. 19] or
Haiman [20, p. 13] for further details on plethystic notation.

For each nonnegative integer n, define the g-analogs [n], = 1 +¢q + - -+ ¢" ! and [n]g! =
[1]4[2]4 - - - [n]q. For a weak composition @ of n, the g-multinomial coefficient is defined by

[n} o [nlg!
(04 q . Hizl[a’i]q!.

The above notation for g-multinomial is distinct from the notation [;‘] defined in Macdonald [29, p. 44,
Ex. 1] in terms of hook-lengths and contents of the partition A.

Our objective, in this section, is to show that o-(u, A) can be expressed in terms of suitably defined
flags of invariant subspaces of A. We begin with a definition.

Definition 2.1. Given a matrix A € M,,(F,) and a weak composition @ = (a1, ..., ar) of n,let X, (A)
denote the number of flags (0) = Wo € Wy € --- € W, = [ of A-invariant subspaces satisfying
dimW;/W;_; =a;for1 <i < ¢.

Example 2.2. If A = ¢/ where I denotes the n X n identity matrix and ¢ € F, then Xo(A) = [ ]q, a
g-multinomial coeflicient.
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The collection of A-invariant subspaces of [F; forms a partially ordered set (poset) with respect to
inclusion. A lattice is a poset in which each pair of elements has a unique least upper bound (or join)
and a unique greatest lower bound (or meet). The above poset on A-invariant subspaces is a lattice with
the join and meet operations given by subspace sum and intersection, respectively. Denote this lattice
by L(A). It is well-known that the lattice £(A) is self-dual [9].

For subspaces U,W € L(A) let [U, W] denote the interval consisting of all subspaces S € L(A)
satisfying U € § € W. The interval [U, W] is naturally isomorphic to the lattice of invariant subspaces
of the induced operator A on the quotient W/U defined by A (w+U) = Aw +U. Therefore every interval
in L£(A) is self-dual. The next proposition shows that X,(A) depends only on the integer partition
obtained by sorting the coordinates of @ in weakly decreasing order.

Proposition 2.3. If @ and a’ are weak compositions such that the coordinates of @’ are a permutation
of the coordinates of @, then Xo(A) = X (A).

Proof. We may assume that the permutation taking a to @’ involves only finitely many coordinates.
Since each such permutation is obtained by a series of transpositions of adjacent elements, it suffices
to prove the proposition when «’ is obtained from a by swapping two adjacent coordinates, say «; and
a;+1- Let Fo(A) denote the collection of all flags counted by X, (A). We will construct an explicit
bijection between F,(A) and F, (A). Consider a flag

0)=WoC - CWig CW; C Wiy € C Wy =F"

in F4(A). The interval [W;_1, Wir1] € L(A) is self-dual and dim W, /W;_| = a; + a;41. Self-duality
implies the existence of a bijection ¢ : [W;_, W;y1] — [W;_1, W;41] which takes each invariant subspace
U with dim U/W;_; = @; to a unique invariant subspace U’ satisfying dim U’ /W;_| = a;+1. The map

(W07"~5Wi*1’Wi9Wi+l"' 7Wf) [ (W()?'"9Wi*l’¢(Wi)7Wi+l"'-7Wf)

is clearly a bijection between F,(A) and F4 (A). O

To study flags of invariant subspaces it will be convenient to introduce a generating function in
infinitely many variables x = (xp, x2,...).

Definition 2.4. For A € M, (F,), the invariant flag generating function Fy (x) is defined by

Fa(x) = ) Xa(A)x", @.3)
a
where the sum is taken over all inequivalent weak compositions @ of n and x* denotes the product
xMxd2 ..
12

It is important to take the sum over inequivalent weak compositions of n since contributions from
compositions obtained from a by padding zeroes would make the coefficient of x infinite. The fol-
lowing result is an easy consequence of Proposition 2.3 and the definition of the monomial symmetric
function m.

Proposition 2.5. For each matrix A € M, (Fy),

Fa(x) = ) Xa(A)my, 24)
A

where the sum is taken over all partitions A of n.

Example 2.6. If A € M, (F,) is simple (it has irreducible characteristic polynomial), then the only
A-invariant subspaces are the zero subspace and Fy. Therefore Fa (x) = X;51 x{' = pn, the power sum
symmetric function.
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Example 2.7. If A € M,,(F,) is regular nilpotent (nilpotent with one-dimensional null space), then
there is precisely one A-invariant subspace of dimension k for each 0 < k < n. In this case Fj (x) =
Yo X® = hy, the complete homogeneous symmetric function.

The following lemma follows from Kirillov [23] where it is stated for unipotent operators.

Lemma 2.8. The invariant flag generating function of a nilpotent matrix over F, with Jordan form
partition A is Hy(x; q).

Proof. Let N € M, (F;) be nilpotent with Jordan form partition A, and set u := I + N. Then u is
unipotent, and its Jordan block sizes are again given by the same partition A. By Kirillov’s formula for
unipotent operators [23, Eq. (0.4)], we have F, (x) = H,(x; q), the modified Hall-Littlewood function
evaluated at g (Kirillov uses the notation Q’, (x; ) for the transformed Hall-Littlewood function H, (x; 1)).
A subspace W of Fy is N-invariant if and only if it is u-invariant. It follows that a flag is N-invariant if
and only if it is u-invariant, and therefore X, (N) = X, (u) for every a. Consequently, Fy (x) = F,(x),
and the result follows. O

Our objective now is to determine the invariant flag generating function for an arbitrary matrix
A € M, (Fy). Recall that the action of A on [ defines an F, [¢]-module structure on Fj in which the
action of # on a column vector v is given by 7 - v = Av. By the structure theorem for finitely generated
modules over a principal ideal domain, this module is isomorphic to a direct sum

ko bR
PP 29
-1 =1 (&)

where g;(t) € [F,[t] are distinct monic irreducible polynomials and the sequence
Al = (i1, Ai2, ..., i) is an integer partition for each 1 < i < k. Let d; denote the degree

of g; for 1 <i < k. The submodule @?:1 F,[t]/ (glfli” ) is referred to as the g;-primary component (or
gi-primary part) of the module and corresponds to the maximal invariant subspace of A on which the
restriction of A has characteristic polynomial a power of g;.

Definition 2.9. With d; and A; as above, the similarity class type of the matrix A is the multiset
7 ={(d1,A"), (d2, 2%),. .., (dy, AX)}. The size of 7 is the integer Y% | d;]A'].

The notion of similarity class type can be traced back to the work of Green [17] who stud-
ied the characters of the finite general linear groups. Considering similarity class types allows for a
g-independent classification of conjugacy classes in these groups.

Example 2.10. Consider n X n matrices over F,,.

2.10.1 A simple matrix (a matrix with characteristic polynomial irreducible of degree n; equivalently
Fy is a cyclic Fy [7]-module) has Fj = F, [¢]/(f) for a single irreducible f of degree n. Thus
there is one primary component with exponent 1, so the type is {(n, (1))}.

2.10.2 A scalar matrix A = al has minimal polynomial # — a and acts diagonally with eigenvalue a.
Equivalently, as an F,, [t]-module we have

F = (Fylr]/(t —a))®™",

so the (¢ — a)-primary component consists of n blocks of size 1, that is, the partition (1"). Hence

the type is {(1, (1™))}.
2.10.3 A regular nilpotent matrix (a single nilpotent Jordan block of size n) has Fy = F, [#]/(¢"). Thus
the only irreducible involved is f(¢) = (degree 1) and the corresponding partition is (n), so the

type is {(1, (n))}.
From a combinatorial viewpoint, one advantage of working with types is that several combinatorial
invariants of a matrix often depend only on its type. We will soon see that this viewpoint is particularly
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convenient in the context of invariant flag generating functions. We have the following explicit formula
for Fa (x).

Proposition 2.11. [fA € M,,(F,) is a matrix of similarity class type T = {(d;, A') }1 <i <k, then

k k
Fa(x) = HH’” (xldf,xgi, g = npdi [Hyi(x;1)] — (2.6)
i=1

i i=1

where p, denotes the power sum symmetric function. Here, the plethystic substitution p 4, [H i (x;1)] is
performed before evaluating att = q.

Proof. Since L(A) is the product of the invariant subspace lattices corresponding to its primary parts
(Brickman and Fillmore [9, Thm. 1]), we briefly justify the resulting factorization of invariant flag
generating functions. Write

Fl=Vie-@®Vi, A=A@ - 8Ag

where each V; is A-invariant and A; denotes the restriction of A to V; (the primary part of type
{(d;, 2)}). Then a subspace W of [y is A-invariant if and only if W = @le (WNYV;)and each WNV;
is A;-invariant, yielding the lattice isomorphism L£(A) = L(A1) X --- X L(Ay).

Nowlet0 =Wy C W, C--- C W, = F; be a A-invariant flag and set WJ(.i) := W; N'V;. Then each

(W;i));zo is a A;-invariant flag (allowing equalities), we have W; = EB{;] W;i), and

k
dim(W; /W) = > dim(W" /W) (1<j<r).
i=1
Consequently the monomial weight of a A-invariant flag factors as the product of the weights of the
corresponding A;-invariant flags, and summing over all flags gives

k
Fa() = | | Fa, ). @7)
i=1

If g(¢) € F,[¢] is an irreducible polynomial of degree d, then we claim that F,[¢]/(g") is isomorphic
to Fa[u]/(u"). To see this, let K :=Fy[t]/(g) = Fya and set R := F,[t]/(g"). Let u € R denote the
image of g(¢); then u” = 0 and R/(u) = K. Thus we have the isomorphism

R = K[ul/(u") = Fyalul/(u"),

where u is a new indeterminate.
Under this identification, a A;-invariant flag is the same as a u-invariant flag in an F_4, -vector space.
When such a flag is regarded over F, each successive quotient has dimension multiplied by d;, so the

monomial weights in Fy, (x) acquire the substitution x; +— x;.li. Likewise, all g-enumerations over F4;

involve g%, which explains the parameter change ¢ > ¢%. In view of Equation (2.5) and Lemma 2.8,
this yields

a3 di  di L adiy — & A
FA[ :H/l.-(xl ,X2 ,..,,qd)_pdi[H/ll(x,t)] t=q’

and the result follows. O

The expression for F (x) in Proposition 2.1 1 is a product of symmetric functions where the parameter
tis specialized to a prime power ¢g. Rather than specializing the parameter, one can work directly with the
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parametric versions H,(x; ) by considering similarity class types instead of matrices. For a similarity
class type 7 = {(dy, 1), (d2,A%), ..., (dy, A¥)}, define

k
Feust) = [ | pa, [H (x:0)]. 2.8)
i=1

Given a prime power ¢ and a matrix A € M, (F,) with similarity class type 7, it is clear that
Fa(x) = Fz(x; q). With this approach statements about matrices can be restated in terms of similarity
class types. For instance, instead of the quantity X,(A), one considers X, (7) defined as the coefficient
of the monomial m, in F;(x;¢) as in Equation (2.8). Although our statements will often involve matri-
ces, it is useful to keep in mind the corresponding statements for similarity class types and we will give
such examples.

Remark 2.12. For arbitrary 7 and g, there may be no matrix of similarity class type 7 over F,. Indeed,
ift={(d;,1"),...,(dr,2%)} and

mg:=#{i.d;=d},

then realizing T over F, requires choosing mg distinct monic irreducible polynomials of degree d in
[, [] for each d that occurs in 7. When such choices exist, one constructs a matrix of type 7 by taking
a block diagonal matrix whose i-th block has rational canonical form with invariant factors determined
by (fi, 4).

For a fixed 7, a matrix of type T exists over F, for all sufficiently large prime powers g, since for
each fixed degree d the number of monic irreducible polynomials of degree d in FF, [¢] tends to infinity
with ¢ (in fact it grows on the order of ¢¢/d), so eventually there are enough distinct choices for every
d appearing in 7.

As a small-field obstruction, over F, there is only one monic irreducible quadratic, namely 7>+ + 1.
Hence no matrix over [F, can have a type requiring two distinct degree-2 primary parts, for example

7={(2,(1)), (2, (1)}

We now give examples of various symmetric functions which arise as F (x) for some A. In Section 4
we will see that a combinatorial interpretation can be given for the coefficients in the g-Whittaker
expansions of each of these functions. The next two examples show that the power sum and homogeneous
symmetric functions arise as invariant flag generating functions.

Example 2.13. A matrix is regular semisimple if its characteristic polynomial is a product of distinct
irreducible polynomials g; (¢)(1 < i < k) over F,,. This recovers Example 2.10.1 in the special case k = 1
and deg(g;) = n. Let A = (14, ..., Ax) denote the integer partition obtained by arranging the degrees of
the g; in weakly decreasing order. The invariant flag generating function is given by ]_[f.‘=1 PA; =Pa.

Example 2.14. A matrix is regular split if its minimal polynomial is equal to its characteristic polynomial
and each is a product of linear factors: ]—[f.‘:l (x — a;) (this generalizes the regular nilpotent case of
Example 2.10.3). In this case the invariant flag generating function is ]—[f=1 ha, = hy.

The following is a simultaneous generalization of Examples 2.7 and 2.14.

Example 2.15. A matrix is triangulable if it is similar to an upper triangular matrix. Triangulability is
characterized by the minimal polynomial being a product of linear factors [21, Sec. 6.4] over F,. For
such a matrix A, we have d; = 1 in the decomposition (2.5) above for 1 < i < k. Since p;[f] = f for
any symmetric function f; it follows from Proposition 2.11 that

Fa@) = | Au(x:q).

i>1

The next example will prove useful later on in the proof of Theorem 4.2.
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Example 2.16. Let A € M,(F,) be a diagonalizable matrix with characteristic polynomial
I—[f=1 (x — a;)”" for some partition v of n and distinct elements a; € F,(1 < i < k). Since A acts by a
scalar multiple of the identity on each eigenspace, it follows from Example 2.2 that Fa (x) = [];5 Fy,
where, for each positive integer m,

)

Arm

m
/l] ma =W (x; q), (2.9
q

is a one row g-Whittaker function (see Macdonald [29, p. 323, Eq. (4.9); t — 0] and [29, p. 314, Ex. 1;
t — 0] for the last equality above). Therefore Fp (x) = [1;51 Wiy, (x5 9).

Our immediate goal is to show that the number of subspaces with a given A-profile can be expressed
in terms of F (x). Write A~'W to denote the inverse image of a subspace W of Fg.

Definition 2.17. Let r be a positive integer and suppose A € M,,(F,;). Given partitions A = (41, ...,4,)
and v = (vy,...,v;), denote by ¢(1, v; A) the number of flags W; 2 W, 2 --- 2 W, of subspaces of
Fy such that

dimW; = A; forl <i<r,
dim(W; N A~'W;) = v; forl <i<r,
Wi N AT'W; 2 Wi forl <i<r-—1.
Note that ¢(A,1;A) is just equal to the number of flags W; 2 W, 2 --- 2 W, of A-invariant
subspaces such that dim W; = A; for 1 < i < r. Therefore ¢(1, 4; A) is equal to X, (A) for a suitably
chosen a.

The following lemma shows that o-(u, A) can be expressed in the form ¢ (4, v; A) for suitably chosen
Aand v [33, Prop. 4.6].

Lemma 2.18. Given a partition u = (uy, ..., ug), let m; = py + -+ -+ py; for 1 <i < k. We have
o(u,A) = ¢(m,6;A),

where t = (my,mg_1,...,my) and 6 = (Mg, Mg_1 = P, Mg—2 = Pk—1, ..., M| — {2).

Theorem 2.19. For each partition yu and each partition A of n, there exist polynomials g,,(t) € Z][t],
such that

T(A) =) gua(@)Xa(A),

Arn
for every prime power q and every matrix A € M,,(F).

Proof. Chen and Tseng [11, Lemma 2.7] (see [3, Lemma 2.7] for a more general result) proved that the
quantities ¢ (7, §; A) satisfy a recursion in which the base cases are of the form ¢(n, 7; A) for partitions
n of n. For A € M,,(F,), this recursion involves coefficients that are products of g-binomial coefficients
(with possible sign) that depend only on the partitions x, §, and n. Since g-binomial coefficients are
polynomials with integer coefficients, iterating the recursion a finite number of times to compute
¢(m,0;A) yields an expansion of the form

o(m.5:8) = > e (q) (. A), (2.10)

n-n

where each coeflicient cZ s(q) € Z[q] depends only on x, 6, and n (but not on A). By Lemma 2.18,
the quantity o (u, A) can also be expressed in the form given by the right-hand side of Equation (2.10).
Since each ¢(17,77; A) is of the form X, (A) for some partition A, the result follows. m}
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3. Diagonal operators and g-Whittaker functions

We wish to determine the polynomials g, (¢) appearing in Theorem 2.19. This is accomplished by
setting up a system of linear equations in Section 4. Diagonalizable operators play a central role in this
analysis and we begin by discussing some relevant results.

Definition 3.1. The type of a diagonalizable matrix is the integer partition obtained by sorting the
dimensions of its eigenspaces in weakly decreasing order.

Note that a diagonalizable matrix of type v over F, exists if and only if the number of parts of v is at
most g. The following result was proved in [35, Thm. 4.21].

Theorem 3.2. For each pair u, v of integer partitions of n, there exist polynomials b, (t) € Z[t] such
that

(1, A) = (g — 1)Zr=2Hi gLz (sz)byv(q),

for each prime power q and each diagonal matrix A € M,,(E;) of type v.

The polynomials b, (t) satisfy the following recurrence relation [35, Cor. 5.2] which was derived by
considering the decomposition of the open Schubert cells in the Grassmannian according to subspace
profiles with respect to a diagonal operator.

Proposition 3.3. If u, v are partitions of the same size with v = (vi,...,vg), then

b= D Bugp(D)bys(0),
p:u/p is a horizontal
strip of size v

where v denotes the partition obtained by deleting the last part of v and

[l = lpl1.! [ pi = pis ]
oo Ll =lpll! ‘ 3.D
/o (1) [u1 = p1]:! ,l:! HMi+1 — Pi+1 |,

Note that 6,,/,(¢) = 0 unless the skew diagram 1/ p is a horizontal strip (see Macdonald [29, p. 5]
for the definition).

Remark 3.4. It follows from Proposition 3.3 that b, (f) can be written as a sum over semistandard
tableaux of shape u and content v (the precise formula is in [35, Definition 3.7]). In particular, b, (f) = 0
unless u > v in the dominance order (see Stanley [38, Sec. 7.2] for the definition). It also follows from
the form of 6,,,,(t) that b, (¢) is a polynomial in ¢ with nonnegative integer coefficients which is
nonzero whenever u > v.

The polynomials b, (f) can also be obtained from a statistic on a suitably defined class of set par-
titions. The fact that these polynomials can be expressed in terms of both set partition statistics and
semistandard tableaux has led to an elementary correspondence between these two classical combina-
torial classes [35, Section 2]. This correspondence yields a way to associate a set partition statistic to
each Mahonian statistic on multiset permutations. The polynomials b, (¢) also have several interesting
specializations. In particular, when p = (m, m) and v = (1*™) the polynomial b uv(t) coincides with the
Touchard-Riordan generating polynomial for chord diagrams by their number of crossings. For more
on this topic and some connections with g-rook theory, the reader is referred to [35]. Here we discuss a
connection between these polynomials and g-Whittaker functions.

Though they were originally studied by Macdonald [29], the name g-Whittaker was coined by
Gerasimov, Lebedev, and Oblezin [14]. As noted earlier, the g-Whittaker functions W, (x; ¢) form a basis
for Aq(y)- They interpolate between the Schur functions and the elementary symmetric functions:

Wa(x;0) = sa(x), Wax; 1) = ey (x).

https://doi.org/10.1017/fms.2026.10193 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10193

Forum of Mathematics, Sigma 11

They also expand positively in the Schur basis,
W, = Z K (1)sa, (3.2)
2

where K,,,(¢) denotes a Kostka—Foulkes polynomial (Bergeron [7, Eq. (3.8)]). In a representation
theoretic context, the g-Whittaker functions arise in the setting of the graded Frobenius characteristic
of the cohomology ring of Springer fibers. We refer to the survey article of Bergeron [7] for more on
g-Whittaker functions.

The polynomials b,,, () are closely related to the coefficients in the monomial expansion of the
g-Whittaker function W,. More precisely, we have the following proposition [35, Thm. 5.3].

Proposition 3.5. For partitions p and v,

[Tis1[vil!
buy(t) = = Wy, hy).
a [isi i — i1
Remark 3.6. The symmetric functions W, defined by
— 1—)~
Wi = — 0w x(1- ) (33)

[Tis1[Ai = Aigr]s!

are dual to the g-Whittaker functions with respect to the Hall scalar product (Bergeron [7]). We have
the following dual of Equation (2.2):

WPy (x;1) = Wa(x;1). (3.4)
Proposition 3.7. For each partition v = (vy,...,vi),
k
[ [Won =D =0 b,, ()W,
i=1 M
Proof. We claim that
X
()= X -0l 75 ) G5

for symmetric functions f and g. To see this, it suffices to prove the above identity for the power sum
basis, f = p, and g = p,. The claim now follows from the equations,

X 1
_ — _ A _
palX(1-1)] = U(l ) pa X1, p,,[l _t] = =X,
and the fact that {(p,, p,,) = 0 for A # u. By Proposition 3.5,

HiZl [Vi]t!
[Tiz1 i = pist ]! Wy hy)
= HiZl [Vi][! X
™ Moo s — e X f)],hv[:})

k
= (1 - t)”] ]—[[Vi]t! <Wﬂ’ 1—[ hvi |:1i_[:|>’
i=1

i>1

b,uv(t) =
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where the last equality follows from Equation (3.3). For each positive integer k, we have hy = wey =
wP 1xy by Macdonald [29, p. 209, Eq. 2.8]. Since wP 1x) = W) by Equation (3.4),

k
buv(t) = (1=t [ T1vide W, | ] VT’<V,->[ X }>
i=1

i>1 b=t
= (1=l W, TS, W),

again by Equation (3.3). It follows that (1 — 7)!#I=# by (1) is the coeflicient of W, in the g-Whittaker
expansion of Hl]f:] W(,). O

4. Full profiles

In this section we obtain an explicit formula for o-(u, A) when p is a partition of n. Arbitrary profiles
are considered in Section 5.

Let a,a(t) and . (¢) denote the transition coefficients between the Hall-Littlewood functions and
the elementary symmetric functions:

ey = Z aua(t)Pa(x;t) and Py (x;t) = Zd,,,l(t)e/l. 4.1
2

i

It is known that a,,(1) is equal to the number of (0, 1)-matrices with row sums u and column
sums A. In fact, one can view the polynomials a,.(f) as the generating polynomial for a suitably
defined combinatorial statistic on (0, 1)-matrices (Macdonald [29, p. 211]). On the other hand, the
polynomials @, (f) do not have nonnegative coefficients in general and do not appear to have a nice
combinatorial description. A very intricate explicit formula for d,,(f) was found by Lassalle and
Schlosser [25, Thm. 7.5] who gave an expression for the more general two-parameter coefficients in
the elementary expansion of Macdonald polynomials. Recall that the Kostka numbers K, arise as
coefficients in the monomial expansion of the Schur function, s, = 3., Kaum,,. The following lemma
(Kirillov [23, Eq. (0.3)]) expresses the polynomials a,,(t) above in terms of Kostka numbers and
Kostka—Foulkes polynomials.

Lemma 4.1. We have a,a(t) = 2., Ky Kya(1).

For each partition A, let €, = (—1)1=¢() where £(1) denotes the number of parts of A. The following
theorem is the main result of this section.

Theorem 4.2. For each partition u of n,

0'(,u,A) =€y quzz (“2]‘) Zdﬂ,ﬂ(q)Xd(A),

Arn
for every prime power q and every matrix A € M,,(F,).

Proof. Define

(1) = eug 2= Do, ), 42)

and note that the theorem is equivalent to & (i, A) = 3, d,a(q)Xa(A). To prove this, it suffices to show
that

Xa(A) = Y a(@)F (1, A),

U
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since the matrices (da,(g)) and (a,,(g)) for A and u varying over partitions of # are mutually inverse
to each other. In view of Theorem 2.19, it suffices to show that Theorem 4.2 holds for sufficiently large
prime powers g. Fix a prime power ¢ > n and, for each partition v of n, let A,, be a diagonal matrix of
type v over F,. Given a partition A of n, consider the system of equations

Xa(Ay) = D"y oAy, (4.3)
)7

in the variables y, as v varies over all partitions of n. We claim that the system has a unique solution
given by y,, = aa,(q). To prove the claim, it suffices to show that the determinant (& (u, A, )) for u and
v varying over partitions of n is nonsingular and Equation (4.3) holds for y,, = a,,(q).

Consider the determinant D = det(&(u, A, )) whose rows and columns are indexed by partitions g, v
of n, respectively, in lexicographic order (so that (1) comes first and (n) comes last). By Theorem 3.2
and the defining equation (4.2) for & (u, A), it follows that D is equal to the determinant det(b,/, (q))
up to sign and a power of (¢ — 1). By permuting the rows of the determinant, it is clear that det(b,,(q))
equals det(b,, (g)) up to sign. By Remark 3.4, b,,(g) = 0 unless u > v in the dominance order and
buu(q) # 0 for each prime power g. Thus the matrix (b, (¢)) is lower triangular with nonzero diagonal
entries. Therefore it is nonsingular, implying that D is nonsingular.

We use monomial generating functions to prove that Equation (4.3) holds for y, = aa.(q).
Accordingly, let m, denote the monomial symmetric function indexed by the partition A. The monomial
generating function of the left-hand side of Equation (4.3) is given by

Z Xa(Ay)my = 1_[ W(v, (x q)

i>1

by Example 2.16. On the other hand, the monomial generating function for the right-hand side of
Equation (4.3) with y,, = a,,(q) is given by

D an @ (A )ma = 5 (1 Ay) Y. ay(g)ma.
A M M A
By Lemma 4.1, the last expression above is equal to
D (1AL Z Z KKy u(@)ma = Z (1, A) Z Kyu(@)sy
M
= Zd(ﬂ, IWp (x:4),

where the last equality follows from Equation (3.2). By Theorem 3.2, the last sum above is equal to

D eulg = D22 b (@ W (x59) = 3 (1= @) H1 by, ()W (x; q)
yi

W (x:9),

T:'» =

by Proposition 3.7. This completes the proof. m
The theorem can be restated in the following alternate form using the Hall scalar product.

Theorem 4.3. For each partition u of n,
M ~
(1, 8) = & g7 ) (Fy (), W (x: 9)),

for every prime power q and every matrix A € M,,(F,).

https://doi.org/10.1017/fms.2026.10193 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10193

14 S. Ram

Proof. By applying the w involution to Equation (4.1), one obtains wP,(x;t) = 34 d,ra(t)hy. Since
(ma, hy) = 6,4, Theorem 4.2 can be written as

e
o(u,A) =€ quﬁ () (Fa(x),wPy).
The result now follows from Equation (3.4). O

Theorem 4.3 gives the following combinatorial interpretation for the coefficients in the g-Whittaker
expansion of the invariant flag generating function F; (x; t) (see Equation (2.8)) associated to a similarity
class type 7.

Corollary 4.4. For each similarity class type T = {(dy, "), (d2, 2%), ..., (dx, 2%)} of size n,

k .
Fe(it) = [ | palAu(xi] = ) et 2= Do (. )W, (x30),
i=1

urn

where o (u, T) denotes the number of subspaces which have profile u with respect to a matrix of similarity
class type T over the finite field B, for sufficiently large prime powers t.

In view of the examples considered in Section 2, Corollary 4.4 gives a combinatorial finite-field
interpretation for the coeflicients in the g-Whittaker expansion of the power sum symmetric functions,
the complete homogeneous symmetric functions, products of modified Hall-Littlewood functions, and
products of single-part g-Whittaker functions.

Example 4.5. Specializing Corollary 4.4 to the regular nilpotent and simple similarity class types and
using Equations (1.1) and (1.2), we obtain the following expansions for homogeneous and power sum
symmetric functions:

m=ZGN”ﬁTWWK;”%U%

uEn i>2

P S ﬁquwwwwﬂ

prn

The g-Whittaker functions have recently arisen in the work of Karp and Thomas [22] in the context
of counting certain partial flags compatible with a nilpotent endomorphism over a finite field. They also
obtain an elegant probabilistic bijection between nonnegative integer matrices and pairs of semistandard
tableaux. It would be interesting to relate their work to the counting problem considered in this paper.

5. Arbitrary profiles

An explicit formula for o(u, A) when u is a partition of the ambient vector space dimension was
obtained in Theorem 4.2. In this section we extend the result to arbitrary partitions u.

Lemma 5.1. For each partition |u| < n, there exists a unique homogeneous symmetric function
G (x;t) € Mgy of degree n, such that

O'(,Lt,A) = <FA(-X)’ G/J(-X;q)>v

for every prime power q and each matrix A € M,,(F,).

Proof. By Theorem 2.19, there exist polynomials g,1(¢) € Z[¢], depending only on y and A, such that

o(1,A) = Y gu(@)Xa(d),

Arn
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for each prime power ¢ and each matrix A € M, (F,). If we define G, (x;t) = 3, gua()hy,
then the duality of the bases m, and h, with respect to the Hall scalar product implies that
o(u,A) = (Fa(x), Gu(x;q)), proving existence. To show uniqueness, suppose G, (x;¢) and G,,(x; t)
are homogeneous symmetric functions of degree n satisfying

(Fa(x), Gu(x39)) = (Fa(x), Gu(x;9)),

for every prime power ¢ and every matrix A € M, (F,). Fix g and allow A to vary over nilpotent matrices
in M,,(F,). Since Fa(x) = H,(x;q) when A is nilpotent with Jordan partition A, the bilinearity of the
Hall scalar product yields

(Ha(x39),Gu(x;q) — Gulx;q)) =0,

for each partition A of n. The relations H;(x;q) = X, u K ua(q)sy, are upper triangular with the diagonal
entries K uu(q) being powers of g. Therefore, the H,(x; q) form a basis for homogeneous symmetric
functions in Ag(,) of degree n. It follows that G, (x;q) = G u(x; q). Since this holds for each prime
power g, it follows that G, (x; 1) = G u(x;1), proving uniqueness. O

The following result of Bender, Coley, Robbins and Rumsey was derived by a probabilistic argument
and shows that o-(u, A) satisfies a remarkably simple system of equations.

Theorem 5.2 [6, Eq. (4)]. Let n be a positive integer and suppose v is a partition with |v| < n. For each
matrix A € M, (Fg),

> g ) o a) =0,
pilpl<n

where the sum is taken over all partitions pu of size at most n (including the empty partition) and
HeV = ijl Hjvj-

Note that the system of equations in Theorem 5.2 is indexed by partitions v of size at most n. Bender,
Coley, Robbins and Rumsey used these equations to derive an explicit formula for o-(u, A) in the cases
where A is simple or regular nilpotent. Our approach is to use Theorem 5.2 to solve for o (u, A) for
partitions satisfying |u| < n using the formula already obtained for o-(u, A) in Theorem 4.2 when
|¢t] = n. The following theorem is our main result.

Theorem 5.3. For each partition u,
o(u,A) = Zi22 () ( W.(x:q) h
(D) =€ q (Fa(x), W (x; 9) hn-ju)),

for each prime power q and each matrix A € M,,(F,).

Proof. By Lemma 5.1, there is a unique symmetric function C,,(x;¢) of degree n such that
(1) = (=122 g% ) (Fy (x), € (x:9)), 5.1)
for each prime power ¢ and each matrix A € M,,(F,). We wish to show that C, (x; ) = VT/II (x5 ) hy— )

where W,l denotes the dual g-Whittaker function indexed by A. Consider the coefficients ¢, (1)
defined by

Cu(x:1) = > ()W, (x31), (5.2)

nkn
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When u is a partition of n, it follows from Theorem 4.3 that C, = VT/,,; therefore

Cmt(t) = Onu (lul = n), (5.3)

where § denotes the Kronecker delta. Substituting the expression (5.1) for o(u, A) into the equations
in Theorem 5.2, we obtain

—_ . . Hj
Z (=1) el grr+Zien ( zj)(FA(x),Cﬂ(x;q)) =0,
pilpl<n
for each partition |v| < n. Fix v with |v| < n and set
Sva()i= Y (~DMlg R (D ¢y (xig),
pilpl<n

Then (Fa(x), Sy, 4(x)) = 0 for every A € M,,(F,). By varying A over nilpotent matrices, it follows that
(Hy(x:q), Sy,q(x)) = 0 for each partition A of n. Since H,(x; q) is a basis for homogeneous symmetric
functions in Ag(;) of degree n, this forces S, 4(x) = 0. As this holds for each prime power ¢, the
identity continues to hold after replacing ¢ by an indeterminate #; in other words,

DL (kR De,n=0 (vl <n).

Hilpl<n

By Equation (5.2), the expression on the left-hand side above can be written as

Z (=1) v+ (49) Z Con (W, (x31)

pilplsn nkn
=3 e (e, (0, (o).
e || <n

Since the Hall-Littlewood functions P,(x;t)(1 + n) are linearly independent and w is an automor-
phism of Ag(;), it follows that the dual g-Whittaker functions W,,(x;t) = wP,y(x;t) are also linearly
independent. Consequently,

Dl (e, (1) =0 for v <yl =n.
uilulsn
By Equation (5.3), this is equivalent to
> o ey, i+ (0 () <0 (vl <),
pilpl<n

for each partition 1 of n. The idea now is to solve the above system of equations for the ¢, (¢) with
|¢| < n. Note that the number of unknowns is equal to the number of equations, namely the number of
integer partitions of size less than n. We claim that the system has a unique solution given by

Copu (1) =Y u(t) = l_[ [77];.__77:1] . 5.4
i>l ¢ tle

Observe that i/, (¢) vanishes unless 1/u is a horizontal strip. Moreover, the only partition y of n

for which 5/ is a horizontal strip is u = 5. Therefore, ¢,/,,(t) = 6,;, when u is a partition of n, in
accordance with Equation (5.3). Therefore, to prove the claim, it suffices to show the following.
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”

1. The determinant with entries (—1)“‘|t_”"’+zfZl ) for M, v varying over integer partitions of size
less than #n is nonzero.

2. For each partition 7 of n,

Sl Gy, ) = 0,

pilpl<n
for each partition v of size less than n.

The last two statements above are proved in Corollaries 5.5 and 5.7, respectively. From Equation (5.2),
we obtain

C/t(X;t) = Z@bn/ﬂ(t)ﬁ/n(x?t) = Wy(x§t)hn—\p|,

nkn

where the last equality follows by writing the Pieri rule for Hall-Littlewood functions as
Puen_ju| = Zpn¥n/u(t)Py (Macdonald [29, p. 340, Eq. (6.24)]) and applying w. The result
now follows by Equation (5.1). )

We now prove the two claims made in the proof of Theorem 5.3. We introduce some notation,
following Buck, Coley, and Robbins [10], to state the relevant results. Let P denote the set of all
partitions of nonnegative integers. Given partitions A = (11, 45,...) and g = (uy, y2,...) in P, write
A C ptomean A; < y; for eachi > 1. With respect to the ordering C, the set P forms a distributive
lattice called Young’s lattice, denoted Y (Stanley [38, Sec. 7.2]). An order ideal / in Y is a subset / C Y
such that if u € I and A C u for some A € Y, then A € I. Given a partition 2 = (11, 43, .. .), the shift
operator is defined by sh(1) := (42, 43, .. .). To each pair (7, j) of nonnegative integers, we associate an
indeterminate x; ;. Given a pair of partitions A and y, associate a monomial by

uo_ sk
=] | e
k>l

X

For partitions A, u, write 4 < p if 2 C u and the partitions A and yu differ in precisely one coordinate.
If they differ in the rth coordinate, let 6, (u, 2) denote the difference x, ,, — x, a,. Buck, Coley, and
Robbins [10, Thm. 2] proved the following nice product formula for the determinant with entries xfl‘.

Lemma 5.4. If I C Y is a finite order ideal, then

det(xl;)/l,yel = il—[x;hu) l_[ Ox(u, ).

Ael A,uel
A<p

Corollary 5.5. Let [ C Y denote the order ideal consisting of all integer partitions of size less than n.
. . Hj .
The determinant with entries (—1)H1gH V4221 () for u,v € I is nonzero.

Proof. Let A = (auy)u,ver denote the matrix with entries

apy = (1) Zie (7))

For each fixed u € I, factoring (—1) 4l 1z (7) out of the y-th row scales the determinant by the nonzero

M .
factor Hﬂel(—l)“"tzfél (*9) Hence det(A) # 0 if and only if det(+7#"), ver # 0. If we setx; j =17/
in Lemma 5.4, then x5 = t=#*” which is nonzero. For y < v, the quantity 5, (u, v) is also nonzero, being
a difference of distinct integer powers of ¢. The result follows from these observations. o
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Lemma 5.6. Let )/, (t) be as defined in Equation (5.4). For all partitions v and 0,

Z(_1)|ﬂ|t_ll-v+2jzl (“zj)lﬁn/,u(f)

u

= (=DM -nme ”V*Z’“(’)n[w mﬂ] [ = mia 1!,
i>1 i — Ni+l

where the sum is taken over all partitions u such that n/u is a horizontal strip.

Proof. Let s(n, v) denote the sum in the statement of the lemma. Note the sum is unchanged when taken
over all integer partitions u since ,,/,(¢) automatically vanishes unless 77/ is a horizontal strip. We
proceed by induction on the length £(n) of . When 5 is the empty partition, the left-hand side of the
identity equals 1. Since [0];! = 1, the right-hand side reduces to 1 as well and the result holds in this
case. Now suppose the result is true for () = € — 1 and let 5 be a partition with £ parts. By conditioning
on the first part k of u, write the sum s(n, v) as

S(n,v)—Z( 1)|”|t v+ s (4 )n[ 771+1}

i>1

- Z( k(3 )[ '72] Z( DAl Ao )lﬁn/ﬂ,

k=11

where 1 denotes the partition obtained by removing the first part of A and the sum is taken over all
partitions /. The inner sum above is equal to s(7, 7). Therefore,

s(n,v) = s(, V) Z( ks —kvi+(5) [7711 _172] '

k=2 k

With j = k — 17, we obtain

m-m R
s(n’ V) — (—1)"26'(77, 17) Z (_l)jt_(j+7]2)vl+(.l+2'72) [7’]1 _ Th]
=0 J ¢

m-m ) _
= (=) (D, 9) Y (=) () ['“ ."2] . (5.5)
— i |,

By applying the g-binomial theorem [39, Eq. (1.87)]

(1-x)(1—tx)--(1=1"""x) = Z(—l)jt(é)
=0

n] x/,
J 1y

with n =1y — 1 and x = ~01=")the sum in Equation (5.5) above becomes

1 1 1
(1 - )(1 - ) o (1 - —)
tvi—m vi—m-l vi—m+l

3 (t_1)771—772 -1 [ ] |
- (=m) (m=m) (") |y — 2|, =l
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By the inductive hypothesis,

s(fq,v) = (—])|’7|(1 - t)'72t_'7“7+2j22 ('Y) 1_[ [ 77:+1} = Nis1]e !

i>2 ~ vl

By substituting the above expression for s(7, ¥) into Equation (5.5), a straightforward calculation shows

that
~ , o t—1)ym-m vi—m
, = (=1)"2¢ 7]2V1+( 722) , ( _ !
s(n,v) = (=1) s(7] V)t(w_m)(m_m)_(m;ﬂz) - t[m ml
= (DW= e (3) 1_[[ nm] [0 = men )i,
i>1 —Ni+1 ],
completing the inductive step and the proof. O

Corollary 5.7. For partitions v,n satisfying |v| < |n| = n, we have

Z (= 1)l gmry L (yzj)lﬁzl/u(f) =0
H:lul<n

Proof. Follows from Lemma 5.6 since the product [];5, [7‘;' :'7’]"_:'1][ vanishes unless v; > n; for each

i>1. O

6. Partial profiles and anti-invariant subspaces

Definition 6.1. Given a matrix A € M,(F;), a subspace W C Fj has partial A-profile p =
(pl,p2s"'$pr) lf

dim(W+AW+~~-+Aj‘1W)=p1+p2+~~~+pjf0r1 <j<r.

Let (p, A) denote the number of subspaces with partial A-profile p.
Example 6.2. We have 7((m),A) = ["]q for each A € M,,(F,) and m > 0.

m

Note that 7((m, 0), A) is the number of m-dimensional A-invariant subspaces which is distinct from
n((m),A) in general. Therefore, we think of p as a tuple rather than an integer partition. It is evident
that the number of subspaces with A-profile u = (ui, ..., ux) equals the number of subspaces with
partial A-profile (uy, ..., ug,0).

Definition 6.3 [24, p. 1]. Given A € M,,(F;) and a positive integer 7, a subspace W of Fj is said to be
t-fold A-anti-invariant if

dim(W+AW + .-+ A'W) = (¢t + 1) dim W.

Thus an m-dimensional A-anti-invariant subspace is precisely one with partial A-profile (m'*!).
Anti-invariant subspaces were originally defined with + = 1 by Barrfa and Halmos [5], motivated by
earlier work of Hadwin, Nordgren, Radjavi, and Rosenthal [18] on the weak density of certain sets
of operators on Banach spaces. Barria and Halmos determined the maximum possible dimension of
an anti-invariant subspace. Another proof of their result was given by Sourour [37]. This result was
extended to arbitrary ¢ by Kniippel and Nielsen [24].

Theorem 6.4. Given p = (p1,...,p,) with p, # 0 and A € M, (E;), the number of subspaces with
partial A-profile p is given by

”(P’A) = <(1)FA(X), Gp)a
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where

. . l)j
sz (_1)21-22[’1612_:22(27) Z l/’n/p(Q)PU’(X;q)'
r]l—n
t(m)=r

Proof. We have

np.d)= Y o(uA)

wlpl<n
pi=p; (1<i<r)

. . #.>
(~1)Ziz ki gLiz ( 2’)(wFA(x), P (X:q) €n i)

g

wilp<n
Hi=pi (1<i<r)

by Theorem 5.3. Therefore n(p, A) = (wFa(x),G,), where
Gp = Z (-1)Z2t g2 D Py (1) ey
pilpl<n
pi=pi(1<i<r)
By the Pieri rule for Hall-Littlewood functions, we have Pyre;,— || = 2500 ¥ /u Py - 1t follows that
GP = Z (_I)ijzllj quZZ(ZJ) Z¢77/ﬂ(q)P7]/(x;q)

wlpl<n nkn
pi=pi (1<i<r)

. . . Hj
- Z Z (=)=t q2122(2 )',l/,,/,,(q)Pn/(x;q).
nkn Hul<n
HFZ[?ISI'ST)

Write u = (01,...,0r, A1, fA2,...) and 7 = (41, Nr12, .. .), @ = (@1, iz, . ..). If we define
( T [ = nie
) . i = Mix
v, () = [ ] :
lp 1:1[ mi—pi lg

then y,,/,(q) = :,lrf]r/)p(q) “¥3a(q). The coefficient of P, (x; ) in G, equals

Z (—1)2122"»" quzz (sz)wn/,,(CI)

pilpl<n
pi=pi (1<i<r)
= (~)Zmrr gty ) Y (B g Dy ).

gl sn=lp|

If 77 is not the empty partition, then the inner sum vanishes by Corollary 5.7 with v = 0. If 7 = 0,
then /;5,2(g) = O unless ji = 0, so the inner sum equals 1. Moreover, since p, # 0, the condition 7/p

being a horizontal strip forces £(n7) = r, and in this case zpf}r/io(q) = y/,(q). It follows that

Gy = (—1)Z=rig2= () %y (@ Py (x;q),
nkn
(m)=r

proving the result. O
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Corollary 6.5. Given A € M, (F,) and a positive integer t, the number of t-fold A-anti-invariant
subspaces of dimension m is given by

(—1)mtqt(2)<(1)FA(.x),P((H,l)m’ln—m(ﬁ-l))(.x;q)),
form(t+1) < n.

Proof. For p = (m'*!), there is a unique partition 5 of n with ¢ + 1 parts such that 77/p is a horizontal
strip, namely n = (n—mt, m"). In this case it is straightforward to verify that ¢,,/,(¢) = 1 and the result
follows. o

7. Application to Krylov subspace methods

Let A € M,,(F,) and consider a subset S = {vy, ..., vt} of column vectors in Fg. The truncated Krylov
subspace of order £ generated by S is defined by

Kry(A,S,6) =W+ AW +---+ AL71w,

where W = Wy denotes the subspace spanned by S. Let ¢« ¢(A) denote the probability of selecting
a k-tuple of vectors uniformly at random from Fy such that the truncated Krylov subspace of order ¢
spanned by them is all of F7. Thus

1
Ve (B) = (v € B Kiy(A, rovidi O = Byl (7.1

Computing ¥ ¢(A) is essential for analyzing a class of algorithms that solve large, sparse linear systems
over finite fields, commonly encountered in number theory and computer algebra (Watkins [40]). These
algorithms, collectively referred to as Krylov subspace methods, have origins that can be traced back to
contributions by Lagrange, Euler, Gauss, Hilbert, and von Neumann, among others (Liesen and Strakos
[27, p. 8]). For instance, the linear algebra step in the Number Field Sieve, a well-known algorithm
for large integer factorization, depends on Krylov subspace methods (Lenstra, Lenstra, Manasse and
Pollard [26]). Another example is Wiedemann’s algorithm, which is employed to determine the minimal
polynomials of large matrices over finite fields (Liesen and Strakos [27, p. 19]). The quantity ¥ ¢(A)
plays a key role in evaluating the effectiveness of these algorithms, and determining bounds on this
probability represents a challenging and crucial task in the field (Brent, Gao, and Lauder [8, p. 277]).
We give an explicit formula for this probability as a scalar product of the flag generating function Fa
with a suitably defined symmetric function.

Theorem 7.1. For each matrix A € M,,(E;), we have i ¢(A) = (Fa(x), G(n, k,{)), where

miy | k ~
Gk O)=g"™ (_Dn-M(q_l)qup](z)[m] (111! Wy (x5 ).
q

urn

L)<t
Proof. The number of tuples (vi,. .., vg) of vectors in Fg which span a fixed subspace of dimension m
is given by
k k k_ m-1 k m_ (%) !
(¢" =D(¢" ~q)---(q" =¢") = | | (a=D"g 2 [mlg!.
q
If W denotes the subspace spanned by (v, ..., vg), then Kry(A,{vy,...,vi},0) = FZ precisely when

the A-profile of W is a partition of n with at most ¢ parts. It follows that
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k -
k m
vee@ =g 3| (g D" D mlgt Y o)
m=0"% 19 l“;?n
e

k -
_ k " o N
— g Z |- 1)) [m],! Z 0= () (Fy (), W, (x: 9)).
m=0 14 pkn

H1=m

t(py<t

by Theorem 4.3. Therefore, Y ¢(A) = (Fa,G(n, k,{)), where

k k m Hiy ~
G(n,k,t)=q"* Z [m] (g - 1)m61(2)[m]q! Z Eﬂ’qzjzz(i)wu(x?‘l)
m=0 q

pn
H1=m
[403<4
-n n— ; Ki k (17
e Z (-1) m(q_l)mqu(z’)[ ] L1 ]y ! W, (x: q). 0
urn Hilg
t(p) <

8. Recent developments

Denote by [n] the set of the first n positive integers. A Hessenberg function is a weakly increasing
function m : [n] — [n] satisfying m(i) > i for each i € [n]. For a linear operator A on Fy, the
Hessenberg variety is defined by

7 (m,A) = {complete flags Vi C V2 C--- CV, =Fy : AV; C Vipy) fori € [n]}.

Drawing on results in this paper, the following theorem was proved in joint work with Abreu and
Nigro [1].

Theorem 8.1. For each operator A on Fy, the number of F4-rational points on the Hessenberg variety
Z(m, A) is given by

17 (m, A)| = (Fa(x), wXG(m) (x:9)),

where XGm)(x;t) denotes the chromatic quasisymmetric function of the unit interval graph G(m)
associated to m.

This result entails an expression for the Poincaré polynomials of complex Hessenberg varieties
involving modified Hall-Littlewood functions.
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