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THE RATIONALITY OF THE MODULI SPACE OF
ONE-POINTED INEFFECTIVE SPIN HYPERELLIPTIC
CURVES VIA AN ALMOST DEL PEZZO THREEFOLD

HIROMICHI TAKAGI anD FRANCESCO ZUCCONI

Abstract. Using the geometry of an almost del Pezzo threefold, we show that
the moduli space Sg:?yp of genus g one-pointed ineffective spin hyperelliptic
curves is rational for every g > 2.

80. Introduction

Throughout this paper, we work over C, the complex number field.

0.1 Results
The purpose of this paper is to show the following result:

THEOREM 0.1.1. The moduli space ngyp of one-pointed genus g hyper-
elliptic ineffective spin curves is an irreducible rational variety.

We have the following immediate corollary:

COROLLARY 0.1.2.  The moduli space Sg’hyp of genus g hyperelliptic
ineffective spin curves is an irreducible unirational variety.

Now we give necessary definitions and notions to understand the state-
ments of the above results. We recall that a couple (C, 0) is called a genus g
spin curve if C'is a genus g curve and 6 is a theta characteristic on C, namely,
a half canonical divisor of C'. If the linear system |6| is empty, then 6 is called
an ineffective theta characteristic, and we also say that such a spin curve is
ineffective. A hyperelliptic spin curve (C,0) means that C is hyperelliptic.
A pair of a spin curve (C,#) and a point p € C is called a one-pointed
spin curve. One-pointed spin curves (C, 6, p) and (C’, ¢, p’) are said to be
isomorphic to each other if there exists an isomorphism £: C' — C” such that

0" ~ 0 and £*p’ = p. Finally, we denote by Sg:{lyp (resp. SI™P) the coarse
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moduli space of isomorphism classes of one-pointed genus g hyperelliptic
ineffective spin curves (resp. genus g hyperelliptic ineffective spin curves).

0.2 Background

Main motivations of our study are the rationalities of the moduli spaces
of hyperelliptic curves [2], [7] and of pointed hyperelliptic curves [3].

One feature of the paper is that the above rationality is proved via the
geometry of a certain smooth projective threefold. We developed such a
method in our previous works [11-13]. In these works, we established the
interplay between

e even spin trigonal curves, where even spin curve means that the considered
theta characteristics have even-dimensional spaces of global sections; and
e the quintic del Pezzo threefold B, which is known to be unique up to
isomorphisms and is isomorphic to a codimension three linear section of

G(2,5).

The relationship between curves and 3-folds are a kind of mystery
but many such relationships have been known to nowadays. A common
philosophy of such works is that a parameter space of certain objects in
a certain threefold is an algebraic curve with some extra data. In [11,
Cor. 4.1.1], we showed that a genus d — 2 trigonal curve appears as the
family of lines on B which intersect a fixed another rational curve of degree
d>2, and, in [12, Prop. 3.1.2], we constructed a theta characteristic on
the trigonal curve from the incidence correspondence of intersecting lines
on B. The mathematician who first met such an interplay is S. Mukai,
who discovered that lines on a genus twelve prime Fano threefold V is
parameterized by a genus three curve, and constructed a theta characteristic
on the genus three curve from the incidence correspondence of intersecting
lines on V'[9, 10]. In our previous works [11-13], we interpreted Mukai’s work
from the view point of the quintic del Pezzo threefold B and generalized it.

The study of this paper is directly related to our paper [13], in which we
showed that the moduli of even spin genus four curves is rational by using
the above mentioned interplay.

0.3 Methods

We are going to show our main result also by using such an interplay,
but we replace the quintic del Pezzo threefold by a certain degeneration
of it. This is a new feature of this paper. The degeneration is a quintic
del Pezzo threefold with one node, which is also known to be unique up
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to isomorphisms and is isomorphic to a codimension three linear section of
G(2, 5) by [4]. Moreover, it is not factorial at the node, and hence it admits
two small resolutions, which we call B, and By, in this paper. Actually, we do
not work on this singular threefold directly but work on small resolutions,
mainly on B,. Along the above mentioned philosophy, we consider a family
of “lowest degree” rational curves on B,, which we call B,-lines, intersecting
a fixed another “higher degree” rational curve R. Then we show such B,-
lines are parameterized by a hyperelliptic curve Cr, and we construct an
ineffective theta characteristic g on it from the incidence correspondence
of intersecting B,-lines. Then we may reduce the rationality problem of the
moduli to that of a certain quotient of family of rational curves on B, by
the group acting on B,, and solve the latter by computing invariants.

0.4 Structure of the paper

Finally, we sketch the structure of the paper. In Section 1, we define a
projective threefold B,, which is the key variety for our investigation of one-
pointed ineffective spin hyperelliptic curves. In this section, we also review
several properties of B,. In Section 2, we construct the above mentioned
families of rational curves R on B,, and the family of B,-lines. Then, in
Section 3, we construct hyperelliptic curves C'r as the parameter space of
one-pointed B,-lines intersecting each fixed R. In Section 4, we construct an
ineffective theta characteristic g on Cg from the incidence correspondence
of intersecting B,-lines parameterized by Cgr. We also remark that Cg
comes with a marked point from its construction. Finally in this section,
we interpret the moduli ng YP by a certain group quotient of the family of
R. One crucial point for this is to show that a general one-pointed ineffective
spin hyperelliptic curve conversely comes from a smooth rational curve R
on B, (Theorem 4.2.1). Then, in Section 5, we show the rationality of the
latter by computing invariants.

81. The key projective threefold B,

1.1 Definition of B,

The key variety to show the rationality of Sg,’{l YP'is the threefold, which
we denote by B, in this paper, with the following properties:

(1) B, is a smooth almost del Pezzo threefold, which is, by definition, a
smooth projective threefold with nef and big but nonample anticanon-
ical divisor divisible by 2 in the Picard group.

(2) If we write —Kp, =2Mp,, then M}, =5.
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(3) p(Ba)=2.

(4) B, has two elementary contractions, one of which is the anticanonical
model B, — B and it is a small contraction, and another is a P'-bundle
Ta: By — P2

1.2 Descriptions of B,
(1.2.a) Fujita’s description

Many people met the threefold B, in several contexts. The first one is
probably Fujita. In his classification of singular del Pezzo threefolds [4], B,
appears as a small resolution of a quintic del Pezzo threefold B. Here we do
not review Fujita’s construction of B, in detail except that we sum up his
results as follows:

ProrosITION 1.2.1. The projective variety B, is unique up to isomor-
phism. In other words, B, is characterized by the properties (1)—(4) as
above. Moreover, the anticanonical model B, — B contracts a single smooth
rational curve, say, v, to a node of B. In particular the normal bundle of
Ya 15 Op1 (—1)%2,

(1.2.b) Associated rank two bundle

Fujita treats By less directly, so descriptions of B, by [8], [6], [14] and [5],
which we review below, are more convenient for our purpose.

By [8, §3] and [6, Thm. 3.6], we may write B, ~ P(£) with a stable rank
two bundle £ on P? with ¢1(€) = —1 and c2(&) = 2 fitting in the following
exact sequence:

(1.1) 0—0(=3) = O0(-1)*2 0 0(-2) = £ = 0.

Let Hg be the tautological divisor for £ and L the m,-pullback of a line in
P2. By the canonical bundle formula for projective bundle, we may write

(1.2) _KBa :2H5—1—4L.

Therefore, by the definition of Mp, as in Section 1.1, we see that Mp, is
the tautological line bundle associated to £(2).

Generally, let F be a stable bundle on P? with ¢;(F) = —1. In [5], Hulek
studies jumping lines for such an F, where a line j on P? is called a jumping
line for F if Fj % Op1 & Op1(—1). We also recall that a line | on P? is called
a jumping line of the second kind for F if ho(.7:|2|) = 0, where 2l is the double
line supported on the line I. In [5, Thm. 3.2.2], it is shown that the locus

https://doi.org/10.1017/nmj.2017.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.23

MODULI OF ONE-POINTED INEFFECTIVE SPIN HYPERELLIPTIC CURVES 125

C(F) in the dual projective plane (P?)* parameterizing jumping lines of the
second kind is a curve of degree 2(ca(F) — 1).

Therefore, in our case, C'(€) is a conic. The following properties of £ are
crucial in this paper:

ProrosiTiON 1.2.2.

(1) & is unique up to an automorphism of P?;

(2) C(€) C (P?)* is a line pair, which we denote by £1 U lo;

(3) & has a unique jumping line C P2, which we denote by j, and the point
[i] in the dual projective plane (P?)* is equal to {1 N fa; and

(4) 5“ 2(9@1(—2) @Ow(l).

Proof. The claims (1)—(3) follow from [5, Prop. 8.2], and the claim (4)
follows from [5, Prop. 9.1]. [

NOTATION 1.2.1. For a line m C P2, we set Ly :=m, (m)C B,. We
denote by Cy(m) the negative section of L.

Here we can interpret the jumping line of £ by the birational geometry
of B, as follows:

COROLLARY 1.2.3. It holds that

(1) the mq-image onP? of the exceptional curve v, of B, — B is the jumping
line j; and
(2) the curve vy, is the negative section of Lj.

Proof. (1) By the uniqueness of =, as in Proposition 1.2.1, we have
only to show that the negative section Cy(j) of L; is numerically trivial for
—Kp,. By Proposition 1.2.2(4), we have Hg - Cy(j) = —2. Therefore, since
—Kp,=2H¢ + 4Lj, we have —Kp, Co(]) =2x (—2) +4=0.

The assertion (2) follows from the proof of (1). [

1.3 Two-ray link
By [6, Thm. 3.5 and 3.6] and [14, Thm. 2.3], a part of the birational
geometry of B, is described by the following two-ray link:

B, —-» B
w2 N S\
2 B P,
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where

(i) Bg --» By is the flop of a single smooth rational curve ~,.

(ii) mp is a quadric bundle.

(iii) Let L be the pullback of a line by m,, and H a fiber of m,. Then it
holds that

(1.4) — K =2(H+1L),

where we consider this equality both on B, and B, and —K denotes
both of the anticanonical divisors.

NOTATION 1.3.1.

(1) We denote by 7, and 4, the flopping curves on B, and By, respectively.

(2) It is important to notice that there exist exactly two singular -
fibers, which are isomorphic to the quadric cone (this follows from the
calculation of the topological Euler number of B, and invariance of
Euler number under flop). We denote them by F; and Fb.

Though we mainly work on B,, the threefold B, is also useful to
understand the properties of B, related to the jumping lines of the second
kind since the definition of such jumping lines is less geometric (see
Section 2.4).

1.4 Group action on B,

In this subsection, we show that B, has a natural action by the subgroup
of Aut(P?)* preserving £1 U f2. This fact should be known for experts but
we do not know appropriate literatures.

Our way to see this is based on the elementary transformation of the P!-
bundle 7, : B, — P? centered at the flopping curve 7,. This make it possible
to describe the group action quite explicitly.

ProrosITION 1.4.1. Let pu: Ea — B, be the blow-up along the flopping
curve vq. Let v: Ea — B, be the blow down over P? contracting the strict
transform of L; = n,1(j) to a smooth rational curve ~y. (the existence of the
blow down follows from Mori theory in a standard way). Then B, ~ P! x P2,
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Moreover, 7. is a divisor of type (1,2) in P! x j.
B,

RN

(1.5) B, B.
NS

]P>2
Proof. This follows from [4, p.166, (silllo) Case (a)]. [
To describe Be, let (21 :22) be a coordinate of P' and (y1 : y2 : y3) be a
coordinate of P2. By a coordinate change, we may assume that j= {y3 =
0} C P? and the two ramification points of v, < P! x P2 23 P! are (0: 1) x

(1:0:0) and (1:0) x (0:1:0). Then 7. = {az1y? + Br2ys = y3 = 0} with
aff # 0. By a further coordinate change, we may assume that

(1.6) Yo = {z19} + 2293 = y3 = 0}.

Let us denote by G the automorphism group of B,. We can obtain the
following description of G from Proposition 1.4.1. For this, we denote by
Gy ~ C* the multiplicative group and by G, ~ C the additive group.

COROLLARY 1.4.2. The automorphism group G of B, is isomorphic to
the subgroup of the automorphism group of B. which preserves .. Fxplicitly,
let an element (A, B) € PGLy x PGL3 acts on B.~P! x P? as (x,y)+
(Ax, By) by matriz multiplication. If (A, B) preserve 7. with the equation
(1.6) as above, then (A, B) is of the form
(i) A= (“0% ?), B= ((1) aol 2;), or

0 0 a2

. {0 a2 . 01b1)
i A=) 5= (y05)

where a1, as € Gy, and by, by € G, in both cases.

In particular, the G-orbit of (1:1) x (0:0:1) in P! x P? is open. There-
fore, the action of G on B. is, and hence the one on B, is quasi-
homogeneous.

Proof. Note that G'= Aut B, = Aut(By, 74, Lj) since v, and Lj are
preserved by G. By universality of blow-ups, a G-action on B, is nat-
urally induced and then the map p is G-equivariant. Thus we have
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Aut(By, Ve, Lj) = Aut(éa, E,, Zj), where E, is the p-exceptional divisor and
Ej is the strict transform of L;. By a similar reason to the above, a G-action
on B, is naturally induced and then the map v is G-equivariant. Thus we
have Aut(éa, E,, EJ) = Aut(B., P! x j,7.) since the images of F, and EJ-
on B, are P! x j and 7, respectively by Proposition 1.4.1. Moreover, since
P! x j is uniquely determined from 7., we have Aut(P! x P2, P! x j, v.) =
Aut(P' x P2,~,). Therefore, we have G = Aut(P! x P2 4.) and the first
assertion follows. Explicit descriptions of G as a subgroup of Aut B, can
be obtained by elementary calculations. 0

It is also easy and is convenient to write down the G-action on the base P2.
COROLLARY 1.4.3.

(1) The projective plane P? consists of the following three orbits of G:
P2=G-(0:0:1)UG-(1:1:0)U{(1:0:0)L(0:1:0)},

where G - (0:0:1) is the open orbit, G- (1:1:0) is an open subset of
the jumping line j := {ys = 0}, and the two points (1:0:0),(0:1:0) €
j form one orbit and correspond to the lines £1 and o by projective
duality.

(2) The dual projective plane (P?)* has the following three orbits of G by
the contragradient action of G :

PH*=G-(1:1:00U{G-(1:0:0)LUG-(0:1:0)}U(0:0:1),

where G - (1:1:0) is the open orbit, the closures of G-(1:0:0) and
G-(0:1:0) are the two lines {1 and {3.

Proof. We only show that the two points (1:0:0), (0:1:0) €] corre-
spond to the lines ¢1 and /o by projective duality. This follows from the
orbit decomposition of P? by the identity component G of G since the two
points € P? corresponding to the lines ¢; and ¢y are fixed by G, and Gy
has only two fixed points. []

In Section 5, a central role is played by the following explicit description
of the action of G on B, preserving Ly, for a line m such that [m] & ¢ U l5.
By quasi-homogeneity of the action on B, as in Corollary 1.4.2, we may
assume that m = {y; = y2}.
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LEMMA 1.4.4. An element (A, B) € PGLy x PGL3 of G preserves Ly,
equivalently, preserves m if and only if (A, B) is of the form

10 b
(a)A:(l 0), B=[0 1 b |,
0 1
0 a9
or
01 b
(b)A:<(1) (1]> B=[10 b,
0 0 a9

where as € G, and by € G, in both cases.
In particular, such elements form a subgroup T' ~ (Za X G4) X Gy, of G
and I' is generated by the following three type elements:

00y .
e Gn: (3Y) x (éég> with a € Gy ;

—o g

) with b € Gg; and

§2. Families of rational curves on B,

In this section, we construct families of rational curves on B,, which
will ties the geometries of B, and one-pointed ineffective spin hyperelliptic
curves.

2.1 Preliminaries

LEMMA 2.1.1. If a line m is not equal to the jumping line j, then
(H — L), is linearly equivalent to the negative section Co(m) of Ly ~TFy.
If m=j, then (H — L)|Lm 1s linearly equivalent to the negative section -,
plus a ruling of L; ~F3.

Proof. As we mention in Section (1.2.b), Mp, is the tautological line
bundle on B, associated to the bundle £(2). Therefore, comparing (1.2)
and (1.4), we see that H — L = Mp, — 2L is the tautological line bundle
associated to the bundle &£. If m is not equal to the jumping line j, then
Eim = Op1 © Op1(—1) and hence (H — L), is linearly equivalent to the
negative section Co(m) of Ly ~TFy. If m =], then &, =~ Op1(—2) © Opi (1)
by Proposition 1.2.2(4) and hence (H — L)| L. is linearly equivalent to the
negative section 7, plus a ruling of L; ~ Fs. [
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By this lemma, it is easy to show the following proposition:

PROPOSITION 2.1.2. Let m CP? be a line and g > —1 an integer. If
m#j (resp. m=j and g > 1), then a general element R of the linear system
|(H +gL)1,| is a smooth rational curve with H-R=g+1 and L- R=1.
Moreover, if m#j and g >0 (resp. m=j and g >1), then |(H +gL)p,|
has no base point.

DEFINITION 2.1.1. We define £ to be the following subscheme of
By, x (P?)*:
L:={(z,[m)) |z € Ly=m,(m)}.

Let p1: £ — B, and py: £ — (P2)* be the first and the second projections,
respectively. Note that the po-fiber over a point [m] is nothing but Lp,. In
particular, £ is smooth.

REMARK 2.1.2. To follow the sequel easily, it is useful to notice that £
is the pullback by the composite B, x (P?)* TexXid p2 (P2)* of the point-
line incidence variety {(z, [m]) | x € m} C P? x (P?)*. Therefore, we also see
that £ is G-invariant, where the G-action is induced on B, x (P?)* by the
G-action on B, defined as above and the contragradient G-action on (P?)*.

2.2 Families of rational curves of higher degrees
DEFINITION 2.2.1.

(1) For an integer g > 0, we set
Ry :=p2:p10p,(H + gL).

We see that dim H%(Oy,,,(H + gL))is constant since H (O, (H + gL))
= {0} for any m and g >0. Therefore, by Grauert’s theorem, the
coherent sheaf R, is a locally free sheaf on (P?)*. Set

EQ = P(R;)a

which is nothing but the projective bundle over (P?)* whose fiber over
a point [m] is the projective space P(H°(Or, (H + gL))).

(2) We denote by H, C ¥4 the sublocus parameterizing smooth rational
curves. Note that H, is a nonempty open subset of ¥, by Proposi-
tion 2.1.2.
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2.3 Family of B,-Lines

Now we construct a family of curves parameterizing the negative section
of Ly for a line m#j, and the negative section 7, plus a ruling of L;.
Intuitively, it is easy to imagine such a family exists by Lemma 2.1.1 but a
rigorous construction needs some works.

LEMMA 2.3.1. The following hold:

(1) H°(Op,(H — L)) ={0} and H'(Op,(H — L)) =C,
(2) H°(Op,(H —2L))={0}, H'(Op,(H — 2L)) = C?, and
H*(Op, (H — 2L)) = {0}.

Proof. The claims follow easily from the exact sequence (1.1) noting
that H — L is the tautological line bundle associated to £. Here we only
show that H?(Op,(H — 2L)) ~ H?(P? £(—1)) = {0}. By the Serre duality,
we have H?(P?, £(—1)) ~ HY(P?, £*(—2))* ~ H(P?, £(—1))*, which is zero
by (1.1). [

—

NOTATION 2.3.1. Let b: (P2)* — (P?)* be the blow-up at the point [j].
Let Eg be the b-exceptional curve, and r be a ruling of (I/P’EY" ~ ;. The
surface M will be the parameter space of the family of B,-lines which we
are going to construct.

For a point [m] € (P?)*\ [j], we use the same character [m] for the

—~—

corresponding point on (IP?)*.

Let be: £ — £ be the blow-up along the fiber of py: £ — (P2)* over [j].

By universality of blow-up, the variety £ is contained in B, x (P2)* and a
unique map py: £ — (P?)* is induced. We denote by p;: £ — B, the map
obtained by composing by : L — £ with py: L — B,.

o | |

LEMMA 2.3.2. It holds that H(5;Op,(H — L) ® p30(Ey + 2r)) ~ C.
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Proof. By noting the natural isomorphism

HO(5{0p, (H — L) ® j30(Ey + 2r))
~ H'(p2.5;Op,(H — L) ® O(Eq + 2r)),

the assertion follows once we show that

(2.2) 132*]3*{(93(1 (H - L) ~ O(—E() - 27’).

—~

Let p1: By x (P2)* — B, and p1: B, x (P?)* — B, be the first projec-
tions, and p2: B, X (]P/@\Q?‘ — (TP’E; and py: B, x (P2)* — (P?)* the second
projections. By Remark 2.1.2, when we consider the variety £ as a divisor on
Bq x (P?)*, it is a member of [p}L + p5Op2)(1)|. Since L does not contain

the fiber of B, x (P2)* — (P2)* over [j], the variety £ is the total pullback
of £ by B, X (IPTET* — B, x (P2)*. Hence £ belongs to the linear system
11 L + p3(Eo + 1)| since O(Ep + 1) = b*Op2y« (1).

To compute p2.p;Op,(H — L), let us consider the following exact
sequence:

0— /A)TOBE(H — 2L) ® %O(—Eo — 7")
— 00, (H—L)—p;O0p,(H—L)— 0,

which is obtained from the natural exact sequence

0— OBax(/]P@?)/*(iﬁ) — OBax(/IP?)/* — OEH 0
by tensoring p;Op,(H — L). By Lemma 2.3.1, the pushforward of the exact
sequence by ps is

0 — poupiOp, (H — L) = O(=Ey — )% = O — R'po,p;Op, (H — L) — 0.

Note that, for a point [m]# [j], it holds that H°(Or_(H — L)) ~C and
HY(Op, (H — L)) = {0} by Lemma 2.1.1. Therefore, by Grauert’s theorem,
D2+p;Op,(H — L) is an invertible sheaf possibly outside Ey, and the support
of R! := R'po.p;Op,(H — L) is contained in Ej.

Let T be the image of the map O(—Ey —r)®? — O in the above exact
sequence, which is an ideal sheaf. Note that R' = Oa, where A is the closed
subscheme defined by Z. We show that A = Fjy as a closed subscheme.
Indeed, A is a member of |Ep+ r|, or the intersection of two members

https://doi.org/10.1017/nmj.2017.23 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.23

MODULI OF ONE-POINTED INEFFECTIVE SPIN HYPERELLIPTIC CURVES 133

of |Ey + r|. In particular, A is nonempty. Noting the support of Ox = R! is
contained in Ej, the subscheme A must be equal to Ej.

Therefore, the map O(—Eg — 17)%2 — O is decomposed as O(—FEy — r)®?
— O(=FEp) = O and O(—Ey—r)%? — O(—E) is surjective. Hence the
kernel po. i Op, (H — L) of the map O(—Ey — r)®2 — O(—Ep) is isomorphic
to O(—Ep — 2r). Now we have shown (2.2) and finished the proof of this
lemma. [

In the next proposition, we obtain the desired family of curves.

PROPOSITION 2.3.3. Let Uy be the unique member of |piOp,(H — L) ®

p5O(Eo + 2r)|. Then Uy is irreducible and the natural map Uy — (P?)* is
flat. Moreover, the fibers are described as follows:

(1) the fiber over a point [m] # [j] is the negative section of Luy; and
(2) the fiber over a point x of Ey is the negative section 7, plus a ruling of
L;.

Proof.  Note that ¢, is Cohen-Macaulay since it is a divisor on the
smooth variety L. Therefore, the flatness follows from the smoothness

—~—

of (P?2)* and the descriptions of fibers as in (1) and (2). Besides, the
irreducibility of U also follows from the descriptions of fibers, which now
we are going to give below.

Note that, by the uniqueness of U;, the group G acts on Ui, /vﬂiere G
acts on £ and hence on £ by Remark 2.1.2. Let z be a point of (P2)*. Set
[m] := b(z) € (P?)*. Note that the fiber of £ — @k over = is L.

Proof of (1). If x ¢ Ey, then Ly CUy or Uy, is the negative section of
Ly ~TF; by Lemma 2.1.1 since U; € |piOp,(H — L) ® p5O(Ey + 2r)|. We
show that the latter occurs for any x ¢ Ey, which implies the assertion (1).
If Ly CU, for an = ¢ Ey such that [m] & ¢1 U ly, then, by the description
of the group action of G (Corollary 1.4.3), Ly, C U hold for all such z’s,
which implies that U; = Z, a contradiction. If Ly, CU; for an x ¢ Ey such
that [m] € ¢; for i =1 or 2, then, again by the group action of G, we have

Ly, C U for all such x’s, which implies that /] contains the pullback of the
strict transform ¢; C (P2)* of ¢;. Since £} is a ruling of (P2)*, this implies that
H(p30p,(H — L) ® p3O(Ey + 1)) # 0, which is impossible by the proof of

Lemma 2.3.2.

Proof of (2). Now assume that x € Ey. By a similar argument to the above
one using the group action, we see that U Lix{z} 18 the negative section v,
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plus a ruling if « is not contained in the strict transforms ¢, of ¢; (i =1, 2).
Therefore, Ui |1, i, is a member of the linear system [Op(H — L) K Og, (1)|
on Lj x Ey. Suppose by contradiction that Ui r,x (s} = Lj X {z} forz=10] N
Ey or ¢}, N Ey. Then, since the group action interchanges ¢} N Ep and ¢, N Ey,
U Lx{zy = Lj x {x} for both z=¢] N Ey and ¢35 N Ey. This would imply
that |Or,(H — L) X Og,(—1)| is nonempty, which is absurd. Therefore, the
assertion (2) follows. 0

—_~—

DEFINITION 2.3.2. We call a fiber of Uy — (P?)* a By-line. Explicitly, by
Proposition 2.3.3, a B,-line is the negative section Cp(m) of Ly, for [m] # [j],
or the negative section ~, plus a ruling of L;.

The name comes from the fact that the image of a B,-line on the
anticanonical model B is a line in the usual sense when B is embedded
by |[Mp|, where Mp is the ample generator of Pic B.

2.4 B,-Lines interpreted on By

In section 3, we construct hyperelliptic curves using the map pyjy, : Uy —
B,. To understand the map py,, it is convenient to interpret B,-lines by
the geometry of By,.

NOTATION 2.4.1.

(1) We recall that the two singular m,-fibers are denoted by Fy and Fb,
which are singular quadrics. We denote by v; the vertex of F; (i =1, 2).

(2) We denote by F! the strict transform on B, of F; (i =1, 2).

(3) By Corollary 1.2.3, we have L - v, =1, and, by a standard property of
flop, we have L -7, =—1. This and the equality (1.4) imply that ~,
is a mp-section. Therefore, v, does not pass through v; nor vs and so
By, --» B, is isomorphic near v; and vy. We denote by v) the point on
B, corresponding to v; (1 =1, 2).

LEMMA 2.4.1. The following hold:

(1) The mq-images of v and v in P? correspond to the lines {1 and ly in
(P2)* by projective duality. In other words, ¢; (i =1,2) parameterizes
lines through the point m,(v}) € P2.

(2) For a line m#j on P2, the negative section Co(m) of Ly is disjoint

from vq.

Proof. (1) We use the group actions of G on B, and By. The action of G
on By fixes or interchanges F; and F5, and hence v; and vy. Since By --» B,
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is isomorphic near v; and ve as we noted in Notation 2.4.1(3), the group
action on B, fixes or interchanges v} and v5. By Corollary 1.4.3, this implies
that the images of v} and v}, correspond to the lines ¢; and ¢ by projective
duality.

(2) Let Cj(m) be the strict transform of Cy(m) on Bj. Note that
H-Cy(m)=0 by Lemma 2.1.1. If Co(m) N~y #0, then H-Cj(m) < H -
Co(m) =0 by a standard property of flop, which is a contradiction since
H is nef on By. 0

PRrROPOSITION 2.4.2.  The following hold:

(1) For a line m#j on P2, the curve Co(m) is the strict transform of a
ruling of a my-fiber disjoint from y,, and vice versa. Moreover, under
this condition, Co(m) is the strict transform of a ruling of Fy or Fy if
and only if [m] € {1 U £y.

(2) A ruling f of Lj is the strict transform of a ruling of a my-fiber
intersecting 7y, and vice versa (note that f Ny, #0, and v, U f is a
By-line as in Proposition 2.3.3(2)). Moreover, under this condition, f
is the strict transform of a ruling of F1 or Fs if and only if the point
7o(f) € P? corresponds to the line {1 or {5 in (P?)* by projective duality.

Proof. We show the first assertions of (1) and (2). Since the proofs are
similar, we only show (2), which is more difficult. We also only prove the
only if part since the if part follows by reversing the argument. Recall that
Yo+ fr~(H— L)|Lj by Lemma 2.1.1. Thus H - f = 1. Since f intersects v,
transversely at one point, and H -y, = —1, we have H - f' =0, where f’ is
the strict transform of f on Bj. Hence f’ is contained in a m,-fiber F. By
the equality (1.4), we have —Kp = —Kp, |p = 2L| . Therefore, f’ is a ruling
of Fsince L-f'=L-f+1=1.

The latter assertions of (1) and (2) follows from Lemma 2.4.1(1). [

COROLLARY 2.4.3. Let x be a point of By \ (7o U v} Uv)). If z is not in
F| nor F}, then x is contained in exactly two Bg-lines. If x is in F| or F,
then x is contained in exactly one Bg-line.

In particular, outside v, Uv] Uvy, the map pyyy, : Uy — Ba is flat, finite
of degree two and is branched along F| and FY.

Proof. The assertions follow from Proposition 2.4.2(1) and (2), and the
description of rulings on quadric surfaces. 0
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83. Hyperelliptic curves parameterizing B,-lines

3.1 Basic constructions

DEFINITION 3.1.1. Let v be a curve contained in By \ (7, Uv] Uv)).
Then note that pyy, : Ur — B, is flat and finite of degree two near v by
Corollary 2.4.3.

(1) We define Cy —~ to be the flat base change of pj,. Note that
C, is contained in U, and parameterizes pairs ([, z) with Bg-lines [
intersecting v and points z € vy N /. In other words, C, parameterizes
one-pointed Ba—ligef/intersecting 5.

(2) We define MW C (P2)* and M, C (P?)* to be the cycle-theoretic push-

forwards of C,, to (P2)* and (P?)* respectively (cf. the diagram (2.1)).
Note that the support of M, parameterizes B,-lines intersecting -.

3.2 Generality conditions

Let mCP? be a line and RC Lyn a member of the linear system
|(H + gL)1,,| (R belongs to the family ¥, constructed as in Section 2.2).
In Proposition 3.3.1 below, we are going to show that Cp is a hyperelliptic
curve of genus g under the following generality conditions for m and R:

CONDITION 3.2.1. Let m C P? be a line and R C L, a member of the

linear system |(H + gL)z,,|- We consider the following conditions for m
and R:

(a) [m] & ¢1 Uy, In particular, v}, vh ¢ R by Lemma 2.4.1(1).

(b) R is smooth.

(c) RNy,=0.

(d) R intersects F| and F transversely at g + 1 points, respectively (note
that, by R~ (H +gL))f,,, we have F} - R=H -R=g+1).

Note that the condition (c) implies that RN F{ N Fy =R N, = 0.

It is easy to see that, if g >0, then general m and R satisfy these
conditions by Proposition 2.1.2.

LEMMA 3.2.1. If [m] & {1 U/ly, then FZ-’|Lm is linearly equivalent to
Co(m) + Ly, and is irreducible (i = 1,2). In particular, Co(m) is disjoint
from F.

Proof. Under the assumption that [m] ¢ ¢; U /¢y, the strict transform
C(m) of Cy(m) on By is a ruling of a m-fiber which is different from F; and
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F5 by Proposition 2.4.2(1). In particular, Cy(m) is not contained in F}. We
see that I}, is linearly equivalent to Co(m) + Ljr,, by (1.4) since I ~ H.
Therefore, if F! L, Were reducible, then Cy(m) C F/ Lys & contradiction. []

LEMMA 3.2.2. Assume that a wy-fiber f is disjoint from ~,. Then the
following hold:

(1) i, v & f. In particular, such an f satisfies the conditions of Definition
3.1.1.
(2) f intersects F| and F} at one point, respectively, and f N F{ N Fy=0.

Proof. (1) The assumption f N+, =0 is equivalent to that m,(f) € P?
belongs to the open orbit of G. Therefore, the assertion (1) follows from
Corollary 1.4.3 and Lemma 2.4.1(1).

(2) We show that f intersects F] (i = 1, 2) at one point. By (1.4), we have
F!-f=H-f=1since —Kp, - f =2 and L- f =0. Therefore, we have only
to show that f is not contained in F}. If f C F/, then the strict transform
f'of f is contained in F;. Then, however, —Kp, - f'=2Ljp, - f' =0, a

contradiction.
The assumption implies that f N F{ N F} = f Ny, = (). Therefore, we have
the assertion (2). 0

3.3 CRp is hyperelliptic
ProproSITION 3.3.1. Assume that g > 2, and m and R satisfy Condition
3.2.1(a)—(d). Then the following hold:

(1) The scheme Cgr is a smooth hyperelliptic curve of genus g. The
hyperelliptic structure is given by the map pyc,: Cr — R~ P! and the
map s branched at RN (F] U F}).

(2) Assume that a ma-fiber f is disjoint from ~,. Then Cy is a smooth
rational curve and Cy — f is a double cover branched at the two points
fO(F{UF) (cf Lemma 3.2.2(2)). Moreover, My is the line of (P?)*
corresponding to the point w,(f) € P? by projective duality.

(3) The curve Mg is a degree g+ 2 plane curve, smooth outside [m|, and
has a g-ple point at [m].

(4) The natural map Cr — Mg, is the normalization, and the unique g3 on
Cr is given by the pullback of the pencil of lines through [m].

Proof. We use the notation in Section 2 freely.
(1) By definition, Cr — R is flat and finite of degree two (note that R
satisfies the conditions of Definition 3.1.1 by Condition 3.2.1(a) and (c)).
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Moreover, by Condition 3.2.1(d), the branch locus of Cr — R is smooth
and of degree 2g + 2. Therefore, by Condition 3.2.1(b), the scheme Cf is a
smooth hyperelliptic curve of genus g.

(2) The assertions for C't can be proved similarly to (1) by Lemma 3.2.2.
We show the assertion for My. Since f Ny, =0, a B,-line intersecting f
satisfies Proposition 2.3.3(1), namely, such a B,-line is the negative section
of Ly with a line m # j containing 7,(f). Therefore, the support of My is
the line of (P2)* corresponding to the point m,(f) by projective duality.
Moreover, C'y — Supp M is one to one since f intersects a B,-line at most
at one point. Thus M is actually the line.

To show the remaining assertions (3) and (4), we investigate fibers of

—

Py (Lm) NU; — (P2)* induced by po. For this, we note that the fiber over a

—_—~

point s € (P2)* is the intersection between Ly, and the B,-line corresponding

—~

to s. Therefore, the fiber over [m] € (P?)* can be identified with the negative
section Cp(m) of L. Recall that Ej is as in Notation 2.3.1. Let ¢ be the

—~

point of Ey over which the fiber of Uy — (P2)* is the union v, U, 1(j N m).

Then the fiber of py*(Lm) N U — @5)/* over t is 7, 1(j N m). Besides, over
(I/P’Eyk \ ([m] Ut), the map p; *(Lm) NU — (I/P’E)/* is one to one, hence is an
isomorphism by the Zariski main theorem.

We denote by En and E; the exceptional curves of py*(Lm) NU; — @‘
over [m] and ¢, respectively. By Lemmas 2.4.1(2), 3.2.1 and Corollary
2.4.3, the map p; ' (Lm) NUy — @ is an étale double cover near Cp(m).
Hence p; ' (Co(m)) N U consists of two disjoint smooth rational curves, and
Py H(Lm) NUy is smooth near p;'(Co(m)) NUy. Since En C py (Co(m)) N
U1, we see that E,, is one of its components. Therefore, ﬁl_l(Lm) N —

—

(P2)* is the blow-up at [m] around [m].

(3) We show that Mp is reduced. Indeed, since RNy, =0, a By-line
intersecting R satisfies Proposition 2.3.3(1) or is the B,-line ~, plus the
mo-fiber m,1(jN m). Therefore, such a B,-line intersects R at one point
except the negative section Cp(m) which intersects R at g points counted
with multiplicity. Thus Cr — Supp My, is one to one outside the point [m],
which in particular shows that Mg is reduced.

We show that Mp has a g-ple point at [m]|. Note that MR—>MR is
isomorphic outside [j] € Mg since b: @‘ — (P?)* is the blow-up at [j].
Therefore, to show Mp has a g-ple point at [m], it suffices to show that
Mp, has a g-ple point at [m], where we denote by the same letter the point
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of Mp corresponding to [m]. Note that R-Cy(m) =g in Ly. Therefore, by
the results of the paragraph before the proof of (3), we have Cr - E, = g in
ﬁfl(Lm) N U,. Hence we see that ]\73 has a g-ple point at [m] by blowing
down FE,.

Now we compute deg Mg. Let us take a general fiber f of L,, — m such
that f N7y, =0 and RN f & F{ U F5UCy(m). Then, since RN f & F| U F3,
we see that Cr and (' intersect transversely at two points, which is the
inverse image of one point RN f. Since RN f & Cy(m), we see that Cr and
C'y does not intersect on Ep. Therefore, the intersection multiplicity of Mg
and My at [m] is g. Thus we conclude that deg Mr = Mg - My = g + 2 since
My is a line by generality of f and the assertion (2).

It remains to show that Mpg is smooth outside [m]. Let My, be the strict
transform of Mp by the blow-up of P? at [m]. Since deg Mr =g+ 2 and
MR has a g-ple point at [m], the arithmetic genus of M7, is g. Since we have
shown that Cr — Mg is birational above, Cg is the normalization of M7,.
Since pa(Mp) = g(Cr) = g, we see that My, is smooth, hence Mg is smooth
outside [m].

(4) We have already shown that Cr — MF is the normalization. A general
line in (P?)* through [m] intersects Mg at two points outside [m] since Mg
has a g-ple point at [m]. Therefore, we obtain the description of the unique
ga of the hyperelliptic curve Cg. 0

NoTATION 3.3.1. (The marked point [j|zr on Cr) Assume that R satisfies
Condition 3.2.1(a)—(d). Then, since R N, = 0, the m,-fiber 7, }(m N j) is the
only one which intersects both R and ~,. Therefore, v, U7, *(m Nj) is the
unique B,-line intersecting R of the form ~, plus a m,-fiber. Since Cr — Mg
is an isomorphism outside [m] by Proposition 3.3.1(1) and (4), we denote
by [j]r the point of the hyperelliptic curve Cr corresponding to this B,-line
(note that this point [j]g is mapped to [j] € Mg C (P?)*).

84. Theta characteristics on the hyperelliptic curves

4.1 Constructing theta characteristics
By the above understanding of the hyperelliptic double cover Cr — R,
we may construct an ineffective theta characteristic on Cr as follows:

PROPOSITION 4.1.1.  For a curve R satisfying Condition 3.2.1(a)-(d)
and g > 2, we denote by hg the unique g2 on the hyperelliptic curve Cg. Let
v: Cr — Mg be the morphism constructed in Proposition 3.3.1(4), which is
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the normalization. Then
Ocy(0r) =" Opy (1) ®og,, Ocyr(—hr — [|r)

is an ineffective theta characteristic on Cg.

Proof. Let F be one of the two singular mp-fibers and F’ its strict
transform on B,. By Condition 3.2.1(d), R intersects F’ transversely at
g+ 1 points, which we denote by si,...,s441. By Proposition 3.3.1(1),
these points are contained in the branched locus of the hyperelliptic double
cover Cr — R. We denote by ti,...,t,41 the inverse images on Cp of
81, ...,8¢+1, and by w1, ..., ug+1 the images on Mg of ¢1,...,t411. By
Proposition 3.3.1(1), Cp(m) is not the strict transform of a ruling of F
since [m] & £1 U £o. Therefore, ui, . .., ug41 # [m]. By Proposition 3.3.1(2),
7, (mNj) is not the strict transform of a ruling of F since [m] & ¢1 U £s.
Therefore, ug, . .., ug41 # [j]. By Proposition 2.4.2(1), u1, . .., ug41 are con-
tained in £ :={; or {y. Therefore, since ¢ and Mg contain [j], and deg M =
g+ 2, we have £y, =u1 + -+ +ug1 + [j]. Then, by the definition of O,
we have g =t1 + - - - + tg41 — hg. Now the assertion follows from [1, p. 288,
Exercise 32]. il

REMARK 4.1.1.

(1) In the proof of Proposition 4.1.1, we obtain the presentation Op =
t1 + - -+ tg4+1 — hgr. So there are two such presentations according to
choosing ¢; or ¢2. This is compatible with [1, p. 288, Exercise 32(ii)].

(2) In Section 0.3, we say that we construct the theta characteristic
from the incidence correspondence of intersecting B,-lines. We add
explanations about this since this is not obvious from the above
construction.

The flow of the consideration below is quite similar to the proof of
Proposition 4.1.1. Instead of a singular m,-fiber, we consider a smooth
general my-fiber H ~ P! x P!. By generality of H, we may assume that
any ruling of H intersecting the strict transform R’ C By, of R is disjoint
from ~,, and is not equal to the strict transform of Cy(m). Moreover,
we may also assume that R intersects H transversely at g + 1 points.
Let 61 be one connected family of rulings of H. Then the strict
transforms of rulings in d; intersecting R satisfies Proposition 2.3.3(1),
and each of them intersects R at one point. Therefore, there exist g + 1
Bg-lines Iy, . .., ly41 intersecting R which are the strict transforms of
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rulings in d;. By the above choice of H, the point [j] is different from
)y L.

Let 62 be the other family of rulings in H and sy a ruling in 2 not
intersecting v,. We denote by s} the strict transform on B, of so. Then,
by Definition 3.1.1, we may define M, s,- In a similar way to the proof of
Proposition 3.3.1(3), we can show that Ms/2 is a line. By construction,

L], ..., [lg] € M, s, For simplicity of notation, we denote by the same
letters the images on My, of the points [l;]. Let r1 be the ruling in 6
intersecting -y, and r} the strict transform on B, of r1. Note that the
Bg-line 7 U ~y, belongs to M, s, and corresponds to the point [j] € (P2)*.

Therefore, [j], [l1], . . ., [lg+1] € Mg N My,. Hence we have My N Mg =
(1] + -+ [lga] + [I]-
Considering 62, we may take g + 1 Bg-lines myq, ..., mgyy1 intersecting

R which are the strict transforms of rulings in J3. By relabeling if
necessary, we may assume that hg ~ [l;] + [m;] by Corollary 2.4.3.
Choose one of m;’s, say, mi. Then, by the definition of 0, we have
Or + [m1] = [lo] + - - - + [lg41]. The Bg-lines Iy, . . ., lg41 are nothing but
those intersecting both m; and R (I; is excluded since it will be disjoint
from my after the blow-up along R. See [11, §4] and [12, §3.1] for this
consideration).

4.2 Reconstructing rational curves from spin curves
Let g > 2. By Propositions 3.3.1, and 4.1.1 (see also Notation 3.3.1), we
obtain a rational map

(4.1) g1t Hora - SS9, [R]+ [Cr, [l Or),

which is fundamental for our purpose.
The next theorem shows how to construct the rational curve R such that
g1 ([R]) = [(C, p, )] for a general element [(C, p, 0)] in S

This is one of our key result to show the rationality of Sg’? P

THEOREM 4.2.1. (Reconstruction theorem) The map mg 1 is dominant.
More precisely, let [(C, p, 8)] € SS”fyp be any element such that p is not a
Weierstrass point, then there exists a point [R] € Hgqo such that R and m
satisfy Condition 3.2.1(a)-(d) and 741([R]) = [(C, p, 0)].

For our proof of the theorem, we need the following general results for an
element of Sg:il YP_ The proof given below is slightly long but it is elementary
and only uses standard techniques from algebraic curve theory.
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LEMMA 4.2.2.  Let [(C,p,0)] be any element of Sg:{lyp. Let
D1y -5 Per1y U{D, ..., p e the partition of the set of the Weierstrass
ot | ! 1} be the partition of the set of the Weierst
points of C' such that 0 has the following two presentations:

(4.2) 0Np1+"'+p9+1—Q%Npll‘f'""f‘plgﬂ—g%
(cf. [1, p. 288, Exercise 32]). The following assertions hold:

(1) The linear system |0 + g3 + p| defines a birational morphism from C to
a plane curve of degree g + 2.

(2) |0+ p| has a unique member D and it is mapped to a single point t by
the map g, g1 p)-

(3) The unique gt of C is defined by the pullback of the pencil of lines
through t.
For the assertions (4) and (5), we set

S = {p7p17 e 7pg+17pll7 AR 7plg+1}'

(4) The support of D contains no point of S.

(5) The point t as in (2) is different from the P|9+g14p|"iTOGES of points of
S. Besides, by the map Plo+gltp|s MO two points of S are mapped to the
same point.

Proof. (1) We show that the linear system |0 + g2 + p| has no base points.
By (4.2), we see that Bs |0 + g3 + p| C {p}. By the Serre duality, we have

HY 0+ g3 +p)~H"Kc—0—g3—p)*=H0—g) —p)=0

since 6 is ineffective. Similarly, we have H'(0 + g3) = {0}. Therefore, by the
Riemann—Roch theorem,

KO0 + g5 +p) — h°(0 + g3) = x(0 + g3 +p) — x(0 + g3) = 1,

which implies that p & Bs |0 + g3 + p|.

By the above argument, we see that h°(6 + g + p) = deg( + g2 + p) +
1 — g = 3. Therefore, |6 + g + p| gives a morphism Plo+gl+p|: C—PV)~
P? with V = H(C, Oc(6 + g5 +p))*. Let M := Plo+g14p|(C) be the image
of C. We show that C'— M is birational. Note that by the Riemann—
Roch theorem and h'(f + p) = h°(K — 0 — p) =0, we have h%(§ +p) =1.
Therefore, the hyperelliptic double cover Plgy): C — P! factors through the
map Qg1 g4 p|- So we have only to show that |0 + g3 + p| separates the
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two points in a member of |g4|. This is equivalent to h°(0 + g3 +p — g3) =
RO(0 + g3 + p) — 2, which follows from the above computations. Therefore,
we have shown that C' — M is birational. This implies that the degree of
M is g+ 2.

(2) Since h°(6 + p) = 1 as in the proof of (1), the linear system |6 + p| has
a unique member D. We see that D is mapped to a point since 6 + g3 +p
is the pullback of Op2(1)|p and (0 + g3 +p — (0 +p)) = h°(g) = 2.

(3) The assertion clearly follows from (2).

(4) The point p is not contained in the support of D since h°(0 +p — p) =
h9(0) = 0. Let us consider points of S\ {p}. Without loss of generality, we
have only to show that h°(f + p — p1) = 0. By the Riemann-Roch theorem,
the assertion is equivalent to h'(6 + p — p1) =0. By (4.2),0 +p — p1 =p2 +
ot pgr1+p— ga. Therefore, by the Serre duality, we have

W O+p—p)=h"(gxgs—(p2+-+Ppgs1+p))

since Ko = (g—1)gs. Now it is easy to verify this is zero by using the
hyperelliptic morphism C — P*.

(5) First we show that ¢ is different from the image of any point x of
C'\ D. Indeed, we have

WO+gy+p—(0+p)—z)=h"gy —z)=1,

which means that |0 + g3 + p| separates D and z. In particular, we have the
former assertion of (5) by (4).

We show that |0 + g + p| separates any two of pi,. .., pgr1. Without
loss of generality, we have only to consider the case of p; and ps. It suffices
to show that h%(6+ g2 +p—p1 —p2) =h°(0 + g3 +p) —2=1, which is
equivalent to h'(6 + g2 + p — p1 — p2) =0 by the Riemann-Roch theorem.
By the presentation (4.2), we have h'(6 + g3 +p —p1 —p2) =h'(ps +- - +
Pg+1 + p). By the Serre duality, we have

W (ps+-+pge1+p)=h"((g—1)gs —ps— - — Pg+1 — p)

since Ko = (g — 1)gi. Now it is easy to verify the r.h.s. is zero by using the
hyperelliptic morphism C — P*.

The same argument shows that |0+ gi + p| separates any two of
Pls - -+ Pyy1- Moreover, if p is distinct from a p; or p’;, the same proof works
for the separation of p and p; or pj.
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It remains to show that |0 + g% + p| separates one of p1, . . ., pg41 and one
of i, ..., Pys1- Without loss of generality, we have only to consider the case
of p1 and p). If p = p1, then p # p}, and hence we have already shown that the
images of p = p; and p} are different. Thus we may assume that p # p1, pj.
By (4.2), Di:==p+p1+-- +pgy1 and Da:=p+p) +-- +pj are two
distinct members of |6 + g + p|. If the images of p; and p| by the map
P19+g1+p| coincides, then the images of D¢ and D5 coincides since they are
the line through the images of p and p;, and the line through the images
of p and p}. This is a contradiction to a property of the map defined by

10+ g3 + pl. 0

Proof of Theorem 4.2.1.  We set V =H"C,Oc(0+ gs+p))*. Let
M C P(V) be the P|o+g1+p-image of C. Let r1,..., rg41 and Tl v Tyi1 €
M be the g0‘9+g%+p‘—images of the Weierstrass points pi,...,ps+1 and
Py, ,pfqﬂ of C as in (4.2), respectively. Let r € M be the image of p
and t € M the image of the unique member of |§ + p|. By Lemma 4.2.2(4)
and (5), 7, t, 71, .., Tgg1, Ty ooy T;+1 are distinct points (recall that now
we are assuming p is not a Weierstrass point). By (4.2), there are two lines
£,0" CP(V)such that £ =71 + - - + g4 —H“andETM:r’l SR o A
r (note also that deg M = g + 2 by Lemma 4.2.2(1)).

We then identify the polarized space (P(V), £ U /) with ((P?)*, ¢ U fs)
(recall the notation as in Proposition 1.2.2). By this identification, the point
7 corresponds to [j]. Let m be the line of P? such that [m] corresponds to
the point .

Condition 3.2.1(a). Since r #t, the line m is not the jumping line j of
the bundle £ such that B, ~P(£). Moreover, m is not a jumping line of
the second kind of &, equivalently, [m] & ¢ U ¢y since t is distinct from r,
1y« + s Tgtl, Ty -« Tyyp- This shows that [m] satisfies Condition 3.2.1(a).
We look for a member R of the linear system |Co(m) + (g + 1)Lz, | on
Lm C B, with Condition 3.2.1(b)—(d) such that C' =Cg. Let m; and m
be the lines of P? such that [m;] =r; and mi]=7; (1<i,j<g+1). As
we have seen above, m; and m;» are different from j. Therefore, the negative
sections Cp(m;) and Cp(m’;) are By-lines disjoint from ~, by Lemma 2.4.1(2).
Note that the condition for an R € [Cy(m) + (g + 1)Lz, | to intersect one
fixed B,-line is at most of codimension 1. Hence there exists at least one
Re€|Co(m) + (g +1)Lg,| intersecting the 2g+2 Bg-lines Cp(m;) and
Co(m}) (1 <4, <g+1) since dim H°(Co(m) + (9+1)Ly,) =29 + 3.
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Condition 3.2.1(d). Since m; and m/ are different from m, the curve R
%) at one point. Since [m] satisfies
Condition 3.2.1(a), the points v{, v5 are not contained in R. Therefore, R N
Co(m;) (1<i<g+1) are different and so are RN Co(m)) (1<j<g+1).
Then, by Proposition 2.4.2(1), R intersects F| and F} at least at g + 1 points
RNCy(m;) (1<i<g+1) and RNCo(m}) (1<j<g+1), respectively.
Therefore, R intersects F| and Fj at g 4+ 1 points respectively transversely

since F| - R=Fj - R = g + 1. This shows that R satisfies Condition 3.2.1(d).

Condition 3.2.1(c). Assume by contradiction that R intersects ,. Then R
would intersect I and F; at some points outside Cp(m;) and Cp(m’;) (1 <
i,7 < g+ 1) since v, C F{ N Fy and 7, is disjoint from Cp(m;) and C’o(mg).
This contradicts the argument to show Condition 3.2.1(d). Therefore, R
satisfies Condition 3.2.1(c).

Condition 3.2.1(b). It suffices to show that R is irreducible. Assume by
contradiction that R is reducible. Then R contains a ruling of Ly, say, f. We

intersects each one of Cp(m;) and Cp(m

have f N, =0 since RN 7, = (). Thus we can define the curve My, which is
a line in (P?)* by Proposition 3.3.1(2). Besides the line M contains ¢ = [m],
and one of 71, ..., 7rg41 and one of 7, . . ., r;H corresponding to FJ N f and
F} N f, respectively. By reordering the points, we may assume that r1, 7] €
M. Therefore, t, r1, ) are collinear. This is, however, a contradiction since
the line through ¢ and 7 touches M only at ¢ and r; by Lemma 4.2.2(3)
(recall that r; is the image of a Weierstrass point of C).

Finally we show M = Mp (note that we can define Mg since we have
checked that m and R satisfy Condition 3.2.1(a)—(d)). Note that, by the
constructions of M and Mpg as the images of the map Pl0+gL+p| and
Plop+hr+[r| respectively, there exists a line through ¢ and touches both
M and Mpg at r; with multiplicity two (i=1,...,9+ 1), and the same
is true for 77 (j=1,...,g+1). Hence the intersection multiplicities of
Mpg and M at r; and 7’;- are at least two. Therefore, the scheme theoretic
intersection M N Mg contains r, the 2(¢g + 1) points 7y, r;, ,j=1,...,9+1
with multiplicity > 2 and we also have a fat point of multiplicity g2 at ¢. This
implies that, if M # Mg, then M - Mg >1+4(g+1)+g¢*>=(9+2)? +1,
which is a contradiction since deg M = deg Mr =g + 2. Now we conclude
that Mr = M. N

Theorem 4.2.1 has a nice corollary, which seems to be unknown.

COROLLARY 4.2.3. The moduli space Sgﬁlyp and the moduli space Sg’hyp
of ineffective spin hyperelliptic curves are irreducible.
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Proof. By Definition 2.2.1, Hy12 is an open subset of the projective
bundle ¥,,2 over the projective plane. Therefore, Hy4o is irreducible. By
;hyp
1

Theorem 4.2.1 we know that the map my1: Hyyo - Sg is dominant

to each irreducible component of Sg”{ly P. The forgetful morphism Sgﬁlyp —
Sg BYP i dominant too. Hence the claim follows. [
4.3 Birational model of Sg’ilyp

Let m be a general line in P?. By Theorem 4.2.1 and the group action

hyp - . .
of G on Hyyo, the map 7y 1: Hyqo - Sg:lyp induces a dominant rational

map pg1: |(H + gL) L, | - ngyp. Recall the definition of the subgroup I’
of G as in Lemma 1.4.4. By the classical Rosenlicht theorem, we can find an
[-invariant open set U of [(H + gL)|z,, | such that the quotient U/T" exists.
Since a general I'-orbit in |(H +gL)‘Lm| is mapped to a point by pg1, we
obtain a dominant map p, ;: U/T" — Sg:il P

PROPOSITION 4.3.1.  The dominant map pg: U/F%S;)”?yp s bira-

tional.

Proof. We show that p, ; is generically injective. We consider two general
elements R, R’ € U and the two corresponding I'-orbits I' - R, I - R’. Note
that Mg and Mp both pass through the points [j] and [m], and they
both have Weierstrass points distributed on the two lines ¢; and ¢5. Now
assume that [Cg, p, 0r] = [Cr, P, 0r/] € ngy P equivalently, there exists an
isomorphism &: Cr — Cg such that £*0g = 0i and &(p) = p’. We consider
the following diagram:

(bop2)lcp
Cr Mp
(4.3) El
Chr Mpr.
(bop2)lc,

Note that (bo p2)|cy, (p) = (bo p2)|c, (p') = [j] by Notation 3.3.1. Since the g3
is unique on an hyperelliptic curve, we have {*hg = hr where hr and hi are
respectively the gi’s of O and Cps. Therefore, there exists a projective iso-
morphism &y from Mg to Mg such that (bo p2)|c,, 0§ =& o (bopa)loy
and hence &y/([j]) = [j] since the morphisms (bo ps)|c,: Cr — Mg C (P?)*
and (bo p2)|c,, : Cr — Mp C (IP?)* are given respectively by |0r +p + hg]
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and |g +p' + hg/|. We also have &y/([m]) = [m] since [m] is a unique g-
ple point of Mpr and Mp respectively by Proposition 3.3.1(3). Let g be
an element of Aut(P?)* inducing the projective isomorphism &y;. Since &
sends the Weierstrass points of Cr to those of Cr/, the line pair £; U #o
must be sent into itself by g. Hence g € G. Moreover, since g fixes [m] as
we noted above, we have g € I'. In summary, we have shown gMpr = Mg/
with g € I'. It remains to show that gR = R’. For this, we have only to
show that R is recovered from Mp. Take a general line ¢ through [m] and
set £|ar, = [m] 4 [m1] + [m2] set-theoretically. By generality, it holds that
m; # mg, and the negative sections Cy(m;) and Cp(mz) of Ly, and Lp,
respectively are Bg-lines. By Proposition 3.3.1(4), [Co(my)] + [Co(mz)] ~
hgr, and hence Cy(my) N Cpy(mz) is one point of R by the definition of Cg.
Then R is recovered as the closure of the locus of Cy(my) N Cpy(mz) when ¢
varies. []

85. Proof of rationality
In this section, we show the main result of this paper.

Proof of Theorem 0.1.1. As in Section 4.3, we fix a general line m in P2,
By Proposition 4.3.1, we have only to show that U/T" is a rational variety.

Using the elementary transformation of B, = P(&) as in Proposition 1.4.1,
we are going to reduce the problem to that on P! x m. We use the notation
as in Section 1.4. In particular, (x; : z2) and (y;1 : y2 : y3) are homogeneous
coordinates of P! and P? respectively such that m = {y; = y2}. Let 7, and
7y, are rulings of the projections P x m — m and P! x m — P!, respectively.
From now on, we identify P' x m with P! x P! having the bi-homogeneous
coordinate (] : z4) X (y2 : y3) with &) := (21 — z2)/2 and 2}, := (21 + x2)/2.
To clarify the difference of the two factors of P! x P!, we keep denoting it
by P! x m. With this coordinate of P* x m, the action of I' ~ (Zg x G,) %
G, on P! x m is described by multiplications of the following matrices by

Lemma 1.4.4:
o G,y ((1)(1)) X (62) with a € Gy;
o G, ((1)‘1)) X ( ll’) with b € Gg; and

By Proposition 1.4.1, we see that members of |(H + gL)|r,,| corresponds
to those of the linear system |r; + (g + 1)ry| through the point c:=~.N
(P! x m)=(1:0) x (1:0). We denote by A the sublinear system consisting
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of such members. A member of A is the zero set of a bi-homogeneous
polynomial of bidegree (1, g + 1) of the form @) fy41(v2, y3) + 259g+1(y2, ¥3),
where fo11(y2,y3) and gg+1(y2, y3) are binary (g + 1)-forms

i 1—12 1
For1(y2, y3) = pgydys + -+ pivsyd T 4 -+ poyd T,

+1 i, g+l—i +1
Gg1(Y2, Y3) = Qo195 + -+ Gysyd 4+ qys -

Then the linear system A can be identified with the projective space
P29+2 with the homogeneous coordinate (po: -+ :pg:qgo:---:qgt1). A point
(po:---ipit---iPgiqo:---:qj:---:qg+1) is mapped by elements of the
subgroups G, Gg, and Zs C I' as above to the following points:

(a) Gm:(a9Mpo:- 19 p;ieiapya9tiqe - ra9T g
g+1);
(b) Gq: the point (py:---:pii - ipgigh: - :1q;i--:qy ) with

g Lk )
pi=> (i)bk’pk,
k=1
g+1 I .
(5.1) 4= ( .>blfql,

=
(€) Zo:(=po:---t=pit- +1=Pgiqo: - "1qji 1 qg+1)

Step 1. The quotient Ay := A/Zy is rational.

The rationality is well known by the description of Zs-action as in (c).
In the following steps, it is convenient to show this more explicitly. On the
open set {gg4+1 # 0} C A, which is I'-invariant, we may consider g441 = 1.
Then the action is

(p()u"'7pg7q07"‘7Q_9)’_>(_p07"‘7_pg7q07"'7Qg)‘

Therefore, the quotient map can be written on the I'-invariant open subset

{py # 0} as follows:

(p(]:'"7pi7"'7pqu07"'7qg)'_>(p0pga"'apipgw"ap_g?q{b"'vqg)'

We denote by TC29%2 the target C2972 of this map and by
(Pos - - -+ Pgs Go, - - - , dg) its coordinate. Using this presentation, we compute
the quotient by the additive group G, in the next step.
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Step 2. The quotient Ay := Ay /G, is rational.

Let  (pg,--->Dy Qs ---»dy) be the image of the point
(Pos -+ -+ PgsGos - - -,Gdg) by the action of an element of G, as in (b).
By the choice of coordinate, it is easy to check p; and §; can be written
by po,...,Pq and qo, ..., Gy respectively by the formulas obtained from

(5.1) by setting gg1+1 =1 and replacing p;, px, ¢; and q with p;, px, ¢; and
@i- Then mnote that we have ¢; =gy + (g + 1)b. Therefore, the stabilizer
group of every point is trivial and every Gg-orbit intersects the closed
set {gy =0} at a single point. Hence we may identified birationally the
quotient "C*%2/G, with the closed set {g, =0} C "C*2. In particular,
the quotient is rational.

Step 3. The quotient A3 := Ao/G,, is rational.

We may consider the closed set {G, =0} as the affine space C29*!
with the coordinate (po,...,Pg, G0, --,Gg—1). Note that this closed
set has the naturally induced G,,-action such that, by the element
of Gy, as in (a), a point (Do,...,Pgsq0,---,Gg—1) is mapped to
(a92pg, . . ., a®Pg, a9y, . . ., a*Gy—1). Therefore, the quotient C*T1/G,,
is a weighted projective space, hence is rational. 0
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