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The Reconstruction Property in Banach
Spaces and a Perturbation Theorem

Peter G. Casazza and Ole Christensen

Abstract. Perturbation theory is a fundamental tool in Banach space theory. However, the applications
of the classical results are limited by the fact that they force the perturbed sequence to be equivalent to
the given sequence. We will develop a more general perturbation theory that does not force equivalence
of the sequences.

1 Introduction

Perturbation theory is a very important tool in several areas of mathematics. It be-
gan with the fundamental perturbation result by Paley and Wiener [6], stating that
a sequence that is sufficiently close to an orthonormal basis in a Hilbert space auto-
matically forms a basis, that is, the reconstruction property is preserved. Since then,
a number of variations and generalizations of this perturbation theorem have ap-
peared, e.g., to the setting of Banach spaces (see Singer [7, pp. 84—109]). All of these
generalizations have in common that a perturbation {g; };c; of a sequence { f; };cs in
a Banach space X must be equivalent to { f; };¢;, that is, there exists a bounded and
invertible operator T on X such that Tf; = g for all i € I. This puts severe re-
strictions on applications of the theory. In this paper we will present a more general
perturbaton theory for reconstruction families in Banach spaces; it is strong enough
to capture existing results, but does not force the involved sequences to be equivalent.

2 The Reconstruction Property

We first give a formal definition of the reconstruction property.

Definition 2.1 Let X be a separable Banach space. A sequence {f*}ic; C X* has
the reconstruction property for X with respect to a sequence { f; }ic; C X if

(2.1) f=Y_f(f)f, forallfeX.
iel
In short, we will also say that the pair {f;, f*}ics has the reconstruction property

for X.

It is important for our applications that { f; }ic; and { f* }ic; come from X and X*
in Definition 2.1. For example, if f* € ¢, and { f* }i¢s is unitarily equivalent to the
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unit vector basis of ¢;, then this sequence clearly has a “reconstruction” property with
respect to its own predual (i.e., expansions with respect to the orthonormal basis) but
this family cannot have the reconstruction property with respect to ¢;, which is the
pre-dual of {.,. We refer the reader to [2] for a generalization of the reconstruction
property.

Remark 2.2. If {f;, f}°, has the reconstruction property for a Banach space X,
then X has the bounded approximation property [1, p. 286]. In fact, the sequence
of finite rank operators T,: X — X, T,f = >.°_| f*(f)f; has the property that
T,f — finnorm for all f € X. Therefore, X is isomorphic to a complemented
subspace of a Banach space with a basis [1, p. 290]. Conversely, if X has the bounded
approximation property, then there exists a Banach space X C Y with a basis { f;, f*}
and a projection P of Y onto X. Now, {Pf;, Pf*} has the reconstruction property for
X. For information on the bounded approximation property, see [1, pp. 271-316].

We observe that the reconstruction property (2.1) is stronger than the assumption
that { f; }is spans the space X.

Proposition 2.3 There exists a Banach space X with the following properties:

(i)  thereis a sequence { f;}°, such that each f € X has an expansion f = 5.7, a; f;;
(ii) X does not have the reconstruction property with respect to any pair {h;, h} }ic;.

Proof Let X be a separable Banach space failing the bounded approximation prop-
erty (see [1, Ch. 7]). Then X does not have the reconstruction property with respect
to any family {h;, h} }ic;. Let T: ¢; — X be a quotient map. If {e;}7°, is the unit

vector basis of /1, let f; = Te;. If f € X, then thereisa g € ¢ so that Tg = f. Since
§= Z?:Ol g(i)e;, we have that

f=Tg=Y g@Te;="y g(i)f m
i=1

i=1

Given that f; € X satisfies (i) in Proposition 2.3, it would be interesting to find
further conditions which guarantee the existence of f;* € X* so that { f;, f*} has the
reconstruction property for X. This however is a very deep question, and we do not
know the answer even for Hilbert spaces.

3 A Perturbation Theorem

For our main perturbation result we will need several standard results from Banach
space theory, and we state them in the followinglemma. For notation, if X is a Banach
space we write By for the unit ball of X.

Lemma 3.1 Let X,Y be Banach spaces and T: X — Y be a bounded linear operator.

(i) If T is an isomorphism onto Y, then || Tf|| > A||f]| for all f € X if and only if
ABy C T(By).
(i1) If T is an isomorphism onto Y which satisfies estimates of the form

AlfIF<ITA < ISl
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forall f € X, then for allg € Y* we have
Aligl < [IT"gll < Cligll-

(iii) If T is bounded, linear, and surjective, and ABy C T(Bx), then T* is an isomor-
phism (but not necessarily surjective), satisfying for all g € Y* that

Aligll < ITgll < [Tl lgll-

The result below is a Banach space version of the Paley—Wiener theorem for frames
in Hilbert space [3].

Theorem 3.2 Suppose that { f;, f*}5°, has the reconstruction property for X. Let Xy
be a sequence space which has the unit vectors {e;}°, as a basis. Assume that

[e )

T{a}iz = Z ¢ifi

i=1

defines a bounded linear operator from X; into X. Assume further that the operator
R: X — X, given by Rf = {f*(f)}2, is a bounded operator. Let {g;} be a sequence
in X for which there exist constants X, ;1 > 0 such that A\ + p||R|| < 1 and

o) [Soat -8 <A ef] + ez,
i1 i—1

for all finitely non-zero scalar sequences {c; }?°,. Then there are functionals {g}}>°, C
X* so that {g;, g" }2°, has the reconstruction property for X.

Moreover, U: X; — X given by U{¢;}2°, = Y7 cigi is a bounded, linear, and
surjective operator, and

1

3.2
G2 g

(1= v plIRID) 151 < U 1) < 1T (14 3+ ) ]

for all f € X*. Finally, if the unit vectors form an unconditional basis for Xy, then the
series Y .-, ¢;gi converges unconditionally for all {¢;}°, € Xg.

Proof For all finite sequences {¢; }_, we have

HZCigi < HZCi(ﬁ - &) ‘ + HZCiﬁ
P i=1 i=1

It follows that for all {¢;}?°, € Xsand alln > minN,

(3.3) Hzcigi_zcigi = H > ag
i=1 i=1 i=m+l

+ pll{ei i [,

<+ Yaf]
i=1

n n
<@ X e +u] 32 e
i=m+1 i=m+1

Xq
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Since Z:l cie; converges by the fact that {¢;}$°, € X, and the unit vectors form a
basis for X, it follows that _:, ¢; f; converges by our assumption that T is a bounded
operator. Now it follows from (3.3) that ), ¢;g; converges in X (unconditionally
if the unit vectors form an unconditional basis for X;). If we define U: X; — X by

Ufc}s, = Zil cigi> we have

IU{e}Zll < U+ DT+ pll{adZ
< @+ MITI+ et lx-

Hence, ||U|| = |[U*|| < ((1+N)||T|| + i), which verifies the right-hand side of (3.2).
Next, define an operator L: X — X by Lf = Y% f*(f)g;. For any f € X we have

eV TR TR DOFATEDSIATI B DO AVIFETS

+ ull LA D3 E e = M+ plRS

< >\||f|| +ul[RIfI] = A+ wlIRIDIA-

Since A + p||R|| < 1, it follows that L is an invertible operator on X. Now let g* =
(L~Y)*f* foralli € N. If f € X, we have

Y g (g =Y I g = fr@L ' flg=LL"'f = f.
i=1 i=1 i=1

So {gi, & }2°, has the reconstruction property for X.
In order to prove the left-hand side of (3.2), we note that for f € X

ILFIF= WA= 1= D))l
Z 1A= A+ wlIRIDIAN = (1= A+ wl[RIDI -

Now consider U: R(X) — X as defined above. If f € By, then

H{ HRHf (f)} ’

So, { hr (N} 1, € Bx,- Also,

R R
X, HRH || (f)HXd = HRH || ||||f||

lo{ O} Ll = g2 g (= e iR U

By Lemma 3.1(i), U(Bx,) D U(Bgx)) D m(l — (A +p||R]]))Bx. By Lemma 3.1(iii),
we have [[U* ]| = (1 = (A + pl|[RID) £ "
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We now consider some applications of Theorem 3.2.

Example 3.3 Choose A, ;> 0 so that A + p||R|| < 1, (T, R as in Theorem 3.2).
Choose any bounded linear operator L: X; — X with ||L|| < ||R||. Fori € N let

g = (L= Nfi + pLe;,

where {e;}7°, is a basis of X,;. Then for all {¢;}{°, € X, we have

H Zci(fi —-g)|| = HAZCifi +#ZQL€1‘
i=1 i=1 i=1

o0 o0

<A Zcifi +uHZc,-Lei
i=1 i=1
o0

NS | + e s,
i=1

oo

SN afi|| +ulRIHe

i=1

So the hypotheses of Theorem 3.2 are satisfied.

Another natural application of Theorem 3.2 is to take a Banach space X; with
a basis {g;,¢"} and let P be a projection on X;. Letting X = P(Xy), fi = P(g),
f* = P(g’), T = P, and with R the injection of X into Xj;, we can apply the theorem.

An important aspect of Theorem 3.2 is that it does not require the perturbed fam-
ily {g;} to be equivalent to the original reconstruction sequence { f; }. We will give an
example of this below. Recall that two sequences {f; }ic1, {&i }ier in a Banach space
are equivalent if the mapping T: f; — g; can be extended to a well-defined bounded
linear map of span{ f;} onto span{g;}.
Proposition 3.4 There is a Banach space X and a pair { f;, f*}:°, having the recon-
struction property for X, a sequence space Xy with an unconditional basis {e;}?°, so that
the operators T, R in Theorem 3.2 exist and there is a sequence {g;}$°, in X satisfying
the perturbation criterion (3.1), but {g; }2°, is not equivalent to { f;} .

Proof Let P be a non-trivial projection on £, onto a subspace for any 1 < p < oo.
Let Xy = £, X = P(X;). With the notation in Theorem 3.2, let T = P and R be the
injection of X into X,. Since X is isomorphic to £, (see [5]), there is an isomorphism
L: Xy — X. Now choose A, x> 0 so that A + g max{||L||, ||R||} < 1. Let {e;}2°, be
the unit vector basis of £, let f; = Pe; foralli = 1,2,...,andletg; = (1- ) fi+plLe;.
For all finitely non-zero sequences {¢; }3°, we have

Hia(ﬁ —g)|| < )\Hiciﬁ +ﬂHiGL6f
i=1 Py —
<Y as
i=1

+ ll LI e -
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So {g;}°, is a perturbation of { f;}7°,. If we choose any {0} # {¢;}?°, € Xy so that
S ciPei =37 cifi = 0, then

icigi =(1- )\)Zciﬁ +uiciLei = uiciLei.
i1 i—1 i—1

Since {Le; }?°, is a basis for X, it follows that Y., ¢;Le; # 0, and so {f;}7°, is not
equivalent to {g;}°,. [ |

We will now show that the conclusion in Theorem 3.2 can be obtained under
weaker assumptions. Let us discuss why this is important. In Theorem 3.2, it is easily
checked that the operator RT is a projection of X; onto R(X). This is a rather strong
restriction on the application of the result. As we saw earlier, the very existence of a
reconstruction family implies that X is isomorphic to a complemented subspace of a
Banach space with a basis. However, the space with a basis may not be the space X,
above. The next result has the advantage that it does not require that X be isomorphic
to a complemented subspace of X;;, but just that it embed into X;. The proof follows
line by line the proof of Theorem 3.2 using R™! in place of T.

Theorem 3.5 Suppose {f;, f*}:°,has the reconstruction property for a Banach
space X. Let X, be a sequence space which has the unit vectors as a basis. Assume the
operator R: X — X, givenby Rf = {f*(f)}°, is a (not necessarily surjective) isomor-
phism. Let {g;}2°, be a sequence in X for which there exist constants A, y > 0 such that
A+ p||R|| < 1and

HiCi(ﬁ - &) ’S /\Hicifi
i=1 ~—

for all finitely non-zero scalar sequences {c; }5°, taken from { f*(f)}°, for any f € X.
Then there are functionals {g}7°, C X* so that {g;, g*}$°, has the reconstruction
property for X.

Moreover, U: R(X) — X given by U{¢;}?°, = Y., cigi is an isomorphism satisfy-
ing for all f € X*,

+pll{ei}

1
R A+l RIDIAL< U™ £l < ITICA+ IR + ) (1]

4 The Reconstruction Property Revisited

We will now consider some theoretical consequences of the reconstruction property
and related examples.

Proposition 4.1 Suppose that { f;, 7 }5°, has the reconstruction property for X. Then
for all g € X* we have that the sequence

{ig(ﬁ)ﬁ*}il

converges to g € X* in the w*-topology.
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Proof Forany f € X we have
lim [(Y () (0] = lim D () = lim g(>° £(Nf)
i=1 i=1 i=1

—g(tim 3" FOR) =gl
i=1

This proves the proposition. ]

In the case that X is reflexive, the convergence in Proposition 4.1 becomes weak
convergence. It is natural to ask whether we also obtain convergence in norm in
this case. Unfortunately, this fails. Even in a Hilbert space, having the reconstruc-
tion property with respect to { f;, f*} does not imply the reconstruction property for

{f fix:

Example 4.2 Let H be a separable Hilbert space. There are vectors f*, i € H
so that for every f € H we have f = Y%, f*(f) f; but we do not have that f =

Yoo f(fi) f forall f € H.

To see this, let {¢;}7°, be an orthonormal basis for H, and define the vectors

{fi}7= and { £ }72, by
fzi :eiu,fZifl = €1, fl* =€y, f;; = €, f;;+l = Ci+1 — &

Now, for all f € H,

S Hhki=f,

i=1

ij FraDfser = (ers e+ (Y lewn — e 1)) e = (ennrs fler

i=1

Since lim, . (€411, f) = 0, we have that >_.°, f5,(f) fsis1 = 0. Hence, for all
feH, f=372f7(f)fi. On the other hand, if f = e, then

S AL = e RO+ D fer ) i

=1+ (e, e1)(ein — &) = €1+ ep-
i=0

It follows that >~ f(f;)f;* does not converge in H.

The next proposition shows that we can get the reconstruction property with re-
spect to X* if the reconstruction property for X holds with unconditional conver-
gence.
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Proposition 4.3 Assume that {f;, f*}7°, has the reconstruction property for X and
that the series > .-, f*(f)fi (= f) converges unconditionally for all f € X. Then the
following are equivalent.

(i) PForallg € X* we haveg = ijl g(fi) f.
(ii) ¢ does not embed into X*.

Proof (i) = (ii): By (i), X* is separable and so ¢y cannot embed into X* [5].

(ii) = (i): For E C N finite, define Tef = >, ; &(f)fi. The family {T¢} is a
family of finite rank bounded linear operators on X which are pointwise bounded
because of the unconditional convergence of >, f*(f) fi. By the uniform bound-
edness principle, this family is uniformly bounded, i.e.,

sup || Tg|| = K < oo.
ECN
If E, F are finite subsets of N, then

I st = stnf | = sup [Se0nf (H =D sthf ()|
icE icF IF1=1" i icF

+> [« £ NS
i€F i€eF

< IIgII(;ll'ng;fi*(f)ﬁ

)

+ sup [ Y- (0,
IFI1=1""eF

< sup (g £(N%
/1=t icE

)

< 2Kg[[ [ £

By [4, Theorem 6, p. 44], it follows that Y.~ g(f;)f;* is weakly unconditionally
Cauchy. Since ¢y does not embed into X*, by [4, Theorem 8, p. 45], we have that

> s
i=1

is unconditionally convergent in X*. Since this series converges weakly to g by Propo-
sition 4.1, we have that ¢ = > °° ¢(f;)f* and the series converges uncondition-
ally. ]

Recall that we say a subspace Y C X* norms X if there is a constant A > 0 so that
forall f € X we have

Alfll < sup  g(f)].
lgll=1.g€Y

Proposition 4.4 Assume {f;, f}7°, has the reconstruction property for X. Then
span{ f*}°, norms X.

Proof Forall f € X wehave f =", f*(f)f;. It follows that the finite rank opera-
tors T,,(f) = >_1_, f*(f) fi, are pointwise bounded on X. By the uniform bounded-
ness principle, there exists a constant K so that for all nand all f € X,

Hiﬁ*(f)fi

< K| fll-
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Now, for every g € X* we have,

IS sths
i=1

= sup | (ég(ﬁ)fi*) (N = su | ég(ﬂ)ff(f)\

~ s [o( S 50|

lIF11=1 i=1

< gl sup || - (D
lA=1"52

< Kligll I £1]-

Now fix f € X € > 0 and choose g € X* so that ||g|| = 1 and ||f|| < (1 + €)|g(f)]-
We have (for n sufficiently large),

Il < @+ 0lgNI < (1 +a| 3 F(Ng(h)
i=1

<+ (Lethf) )]

i=1

<1+ 2|3 (g
i=1

Since Y., g(f;) f* is in the closed linear span of the { f;*}7°, and since the norms of
these vectors are uniformly bounded, it follows that the space span{ f* }$°, norms X.
|

Proposition 4.5 If {fi, f}32, has the reconstruction property for X and { f}2, is
equivalent to {g; }3°, in X*, then {g'}7°, has the reconstruction property with respect
to some Banach space Y and elements {g;}2°, inY.

Proof Given the isomorphism Tg" = f*, let g = T*f;. Note that f; is a linear
functional on the closed linear span of the { f*} in an obvious way; but, its norm as
a linear functional may not be the same as its norm as an element of X. However, by
Proposition 4.4, these norms are equivalent.

Now for f € X

Y& Ng=TY (T NS
i=1 i=1
=T Y T D =TT ) f = f.
i=1

So {gi, g }£°, has the reconstruction property for X. ]

We can strengthen the results in the particular case of a reflexive Banach space.
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Theorem 4.6 Let X be reflexive. Assume {f;, f*}7°, has the reconstruction property
for X. Let {g}£°, be elements of X*. Assume thereisa 0 < A < 1 so that foralln € N

and all sequences of scalars {a; }!'_| we have

Hzn:“i(fi* - &) ’ < )\Hzn:a,-fi*
=1 i=1

Then there are vectors {g; }7°, C X so that forall f € X f = >°°, g7 (f)g:

Proof We first observe that span{ f*}?>°, = X*. In fact, if this were not the case,
the reflexivity of X would imply the existence of an element f € X** = X so that
f(g) = 0forall g € span{f*}°;; but then > -°, f*(f)f; = 0, which contradicts
the assumption that { f;, f}2°, has the reconstruction property for X. Now define
T: X* — X* by T(f*) = gF. Since {g/}2°, is a perturbation of {f,*}7°,, thisis a
well-defined operator on X*. But the perturbation condition implies that ||[I — T|| <
A < 1. Hence, T is an invertible operator on X*, and

DG NI = (1) TN = (T =

i=1 i=1
So {(T*)~' f;,g* }2, has the reconstruction property for X. [ |

Unfortunately, besides the reflexive case, a perturbation of a family with the re-
construction property need not have the reconstruction property.

Example 4.7 LetX = ¢y so X* = (). Let {¢;} (respectively, {e] }) be the unit vector
basis of X (respectively, X*). Define f* = ¢/, f = e;, foralli = 1,2,3,.... Also,
let gf = e}, g = jef + e, foralli > 2. Of course, { ;*}2°, has the reconstruction
property with respect to { f; }°,. Also, for all n € N and all families of scalars {a; }I" ,
we have

[ S al g
i=1

n n 1 n
HZaief — (Zaief + EZaief) H
i—1 i=1 i=2
1w 1 ¢ 1|«
3| a] <32l =3[ s

oo . £100 . . . o
So {gF}°, is a perturbation of { f* }2°, and hence is a basic sequence in ¢; which is

equivalent to the unit vector basis of ¢1. But also, ef = g — 3¢ foralli =2,3,....
It follows that {g }7°, is actually a basis for ¢; equivalent to the unit vector basis.

We proceed, by way of contradiction, to show that this family {g*} does not have
the reconstruction property with respect to any sequence of vectors in ¢y. So, assume
{g}5°, C ¢ satisfies that f = >°°, g*(f)g;, forall f € ¢p. Then forall j > 2 we
havee; = 37, g'(ej)gi = gj. Also,

oy — 1 =1
=) glelgi=ga+y. S&=g+ > Se
i=1 i=2 i=2
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Hence, g1 = ¢; — % >, ei. It follows that g1 ¢ ¢, contradicting our assumption.
So {g}5°, does not have the reconstruction property with respect to any sequence
of vectors in ¢.

References

(1]
(2]
(3]
(4]
(5]

(6]

(7]

P. G. Casazza, Approximation properties. In: Handbook on the Geometry of Banach Spaces. Vol.
1. Elsevier, Amsterdam, 2001, pp. 271-316.

P G. Casazza, O. Christensen, and D. T. Stoeva, Frame expansions in separable Banach spaces.

J. Math. Anal. Appl. 307(2005), no. 2, 710-723.

O. Christensen, A Paley-Wiener theorem for frames. Proc. Amer. Math. Soc. 123(1995), no. 7,
2199-2202.

J. Diestel, Sequences and Series in Banach Spaces. Graduate Texts in Mathematics 92,
Springer-Verlag, New York, 1984.

J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces. I. Sequence Spaces. Ergebnisse der
Mathematik und ihrer Grenzgebiete 92, Springer-Verlag, Berlin, 1977.

R. E. A. C. Paley and N. Wiener, Fourier transforms in the complex domain. Reprint of the 1934
original. American Mathematical Society Colloquium Publications 19. American Mathematical
Society, Providence, RI, 1987.

1. Singer, Bases in Banach Spaces. Die Grundlehren der Mathematischen Wissenschaften 154,
Springer-Verlag, New York, 1970.

Department of Mathematics, University of Missouri, Columbia, Mo 65211, U.S.A.
e-mail: pete@casazza.math.missouri.edu

Technical University of Denmark, Department of Mathematics, 2800 Lyngby, Denmark
e-mail: Ole.Christensen@mat.dtu.dk

https://doi.org/10.4153/CMB-2008-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-035-3

