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ABSTRACT 

I t was proved t h a t t h e problem of p e r t u r b e d p l a n a r o s 
c i l l a t i o n s of a r i g i d - b o d y i n a c i r c u l a r o r b i t i s n o n i t e g r -
a b l e . Two t y p e s of p e r t u r b a t i o n s were c o n s i d e r e d : s o l a r r a d i 
a t i o n s p r e s s u r e and t h e t h i r d body t o r q u e s . In t h e second 
par t of t h e paper example of c h a o t i c r o t a t i o n s of a symmetric 
r i g i d body i n a c i r c u l a r o r b i t was g i v e n . I t was shown nume
r i c a l l y t h a t t h e phase space i s d i v i d e d i n t o two s e p a r a t e 
r e g i o n s of c h a o t i c and o r d e r e d m o t i o n s . 

!• INTRODUCTION 

There a r e many examples of s imple dynamical sys tems 
with t h e so c a l l e d c h a o t i c b e h a v i o u r . The main prob lems c o n 
nected w i t h such a behav iour seem t o be s t i l l open . We w i l l 
not d i s c u s s a l l p o s s i b l e mechanisms t h a t l e a d t o complex s t r 
uc tu re of p h a s e c u r v e s and c a u s e n o n i t e g r a b i l i t y . The method 
of t h e s e p a r a t r i c e s s p l i t t i n g [ 8 ] was chosen a s a t o o l fo r 
proving n o n i t e g r a b i l i t y . In t h e c a s e s c o n s i d e r e d he re t h i s 
method i s e f f e c t i v e and a l l o w s t o o b t a i n some i n f o r m a t i o n 
about ' n a t u r e ' of c h a o s of t h e dynamical sys tem. 

P o i n c a r e ' [ 1 2 ] was t h e f i r s t who d i s c o v e r e d t h a t t r a n s v e 
rsa l c r o s s i n g of a s y m p t o t i c s u r f a c e s of u n s t a b l e p e r i o d i c s o 
l u t i o n l e a d s t o complex s t r u c t u r e of p h a s e c u r v e s . M e l n i k o v ' s 
r e s u l t [ 1 1 ] a l lowed t o f o r m u l a t e theorems about n o n i t e g r a b i 
l i t y of sys t ems w i t h t r a n s v e r s a l homocl in ic ( h e t e r o c l i n i c ) 
o r b i t s ( s e e [ 1 9 ] , [ 2 0 ] , [ 3 ] ) . Below, we s h o r t l y d e s c r i b e ba s i c 
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2 
po in t s of the method employed tha t will be uses l a t e r on. 
Proofs and d e t a i l s can be found in the c i t ed re fe rences . 

of 
Let us consider 2n-periodic hamiltonian system with one or 

degree of freedom. Ikmiltonian function i s assumed to ba ana
l y t i c with respect to i t s arguments and depends on small par - 2, 
ameter: 

H = H(X,t ,e) = H0(x) + eH 1 (x , t ) + . . . , X = (q ,p) (1) F j 

We assume tha t unperturbed ^system (e. = 0) possess hyperbolic 
equil ibrium x = O^and l e t x ( t ) be double asymptotic s o l u t i 
on to xQ i . e . lim x ( t ) = x0 as t •*• ± °°. In the extended pha
se space ( x , t ) , we have two asymptotic surfaces VP, flP found 
by so lu t ions tending asymptot ica l ly to xQ as t •+ -°° and 
t -* + °° , r e s p e c t i v e l y . In the unperturbed system they a re 
doubled (co inc ide) . For e small enough , the re e x i s t s hyper
bolic 2ir-p er iod ic so lu t ion x ( t ) . In genera l , i t s asympto
t i c surfaces W ,̂ W* do not coincide and c ross t r a n s v e r s e l y . 
Points belonging to both of the surfaces a re ca l led homocli-
n i c . Condition for t r a n s v e r s a l cross ing of the s e p a r a t r i c e s 
can be expressed in terms of Melnikov's i n t e g r a l . tfcimely, if 
function: 

00 

M(tQ) = / {H^H^CxCt - t Q ) , t ) d t (2) 
— 00 

has simple zero then perturbed asymptotic surfaces c ross 
t r ansverse ly and hamiltonian system (1) i s non i tegrab le . In 
such s i t u a t i o n , for the Po inca re ' s map P of perturbed sys
tem following statements a re va l i d : 
1 . P has invar ian t s t r u c t u r a l l y s t ab le Cantor set A. 
2. For some N < °° , P on invar iant set A i s topologica-

l l y conjugate to a shi f t on two symbols. 
Invariant se t A con ta ins : 
1. A countable i n f i n i t y of per iodic o r b i t s ( including o r b 

i t s with a r b i t r a r i l y long p e r i o d ) . 
2. An uncountable i n f i n i t y of nonperiodic o r b i t s . 
3 . A dense o r b i t . 
The explanation why, and in what sense, dynamics on A can 
be in te rpre ted as chao t i c , one can find in [ 7 ] . 

More de t a i l ed study of some problems presented in t h i s 
paper one can find in [ 1 0 ] , 
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2- PERTURBED PLANAR OSCILATION OF A RIGID SATELLITE 
In t h i s sec t ion we give few examples of noni tegrabi l i t y 

of perturbed planar o s c i l a t i o n of a s a t e l l i t e in a c i r c u l a r 
o rb i t . 

2.1 Per tu rba t ion due to e c c e n t r i c i t y of the o r b i t 

Let u s consider a r i g i d body in an e l l i p t i c o r b i t (see 
Fig. 1 ) . Equation of i t s planar o s c i l a t i o n has the form [ 1 ] : 

Fig. 1: Planar o s c i l l a t i o n of a s a t e l l i t e in e l l i p t i c o r b i t , 

(1+ e c o s ( v ) ) 1 4 - 2e s in (v ) T | + n2 sin(fi) = 4e s in (v) 
dv 

(3) 

where e i s the e c c e n t r i c i t y , v i s the t rue anomaly, and n > 0 
is the parameter cha rac t e r i z ing mass d i s t r i b u t i o n of the body. 
This equation can be expressed in the Hamiltonian form: 
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la . = LS SE = ajH 
dv 8p ' d 3q ' 

H = | [ i + e
P c o s ( v ) ~ 2 ( 1 + e e o s ( v ) ) ' ] 2 - (1+e c o s ( v ) ) n 2 cos(q) , 

E c c e n t r i c i t y w i l l be c o n s i d e r e d a s small p a r a m e t e r . Eamilton-
i a n f u n c t i o n can be r e p r e s e n t e d i n t h e form ( 1 ) where: 

1 2 2 2 2 
1^ = 2 ( p ~ 2 ) ~ n c o s ( q ) , Hĵ  = - [ (p -4 ) + n c o s ( q ) Jcos(v) 

Unper turbed h y p e r b o l i c e q u i l i b r i u m s o l u t i o n (e = 0 ) i s g i v e n 
by: 

q ( v ) = n , p ( v ) = 2 . 

One can e a s i l y f i nd two d o u b l e a s y m p t o t i c s o l u t i o n s t o t h i s 
e q u i l i b r i u m : 

p * ( v ) = 2 ± 2 n 

c h ( n v ) * 

s i n C q ^ v ) ) = ± S h ^ D V ) , c o s C q ^ v ) ) = — ^ 1 . 
ch (nv) ch (nv) 

Using method of r e s i d u a l s i t i s p o s s i b l e t o c a l c u l a t e M e l n i -
k o v ' s i n t e g r a l fo r bo th homocl in ic l o o p s : 

M ± ( V Q ) = / { H Q , H 1 } ( q ± ( v - v o ) , p ± (v -v Q ) , v)dv 

47T [ + t h ( ~ ) + r ] s i n ( v ) . 
=.w ^ > ~ 2n ' 4 o 
s h ( 2n" } 

Thus, i t i s ea sy t o s e e , t h a t one p a i r of a s y m p t o t i c s u r f a c e s 
(wi th s i gn p l u s ) c r o s s e s t r a n s v e r s e l y fo r any v a l u e of parame
t e r n > 0 and t h e system i s n o n i t e g r a b l e . The second p a i r of 
a s y m p t o t i c s u r f a c e s a l s o c r o s s e s t r a n s v e r s e l y when n f i r / l n 7 . 
If n = i r / ln 7 t h e n s p l i t t i n g of t h e s e p a r a t r i c e s has o r d e r 
sma l l e r t h a n e . C a l c u l a t i o n s p r e s e n t e d above r e p e a t t h o s e of 
EUrov [ 4 ] , [ 5 ] (we c o r r e c t e d some m i s p r i n t s ) . I t should be a l s o 
noted t h a t e q u a t i o n e q u i v a l e n t t o ( 3 ) was used by Wisdom and 
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co-TOrkers [18] as the model of sp in -o rb i t coupling for Hy
perion. Numerical study of t h i s equation allowed them to show 
chaotic r o t a t i o n of Hyperion - known as the most evidend exa
mple of chao t ic motion in t h e solar system. 

2.2 Solar r a d i a t i o n p e r t u r b a t i o n s 

Let us consider r i g i d s a t e l l i t e in a c i r c u l a r o r b i t tha t 
l i e s in the e c l i p t i c plane (see F ig . 2 ) . We assume tha t t o r 
que caused by r a d i a t i o n pressure i s perpendicular to the o r 
bital plane (center of r e s u l t a n t r a d i a t i o n force l i e s on x ' 
a x i s ) . We neglect shadowing e f f e c t . Equation of planar o s c i l 
l a t ions of t h e s a t e l l i t e has the form: 

Fie. 2: Perturbed planar o s c i l l a t i o n of a s a t e l l i t e in c i r c u 
l a r o r b i t . Solar r a d i a t i o n pressure pe r tu rba t ions . 
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2 
£-£ + - n2 s in(29) + \ e sin(O-Hx) = 0. 
da 

This equation i s equivalent to the Hamilton's equat ions: 

Sa.= l H d £ = _ l H 
d* ap ' dot aq ' 

where Ha.miltonian function i s given by: 
2 

H = 2 n c o s ( q ) - e c o s ( | - + a ) . 

Snail parameter e i s propor t ional to the solar r a d i a t i o n 
torque, parameter n depends on mass d i s t r i b u t i o n of the s a t 
e l l i t e and q = 6 /2 . Unperturbed equat ions (4 ) (e = 0 ) have 
hyperbolic equil ibrium so lu t ion : 

q(a) i TT , p (a ) = 0 

and the re exis t two double asymptotic so lu t ions : 

p ± ( a ) = * ShfSsT • 

s i n C q ^ a ) ) = ± 2 s h ^ n a > , c o s C q ^ a ) ) = 2
 2 - 1. 

ch (na ) ch (na ) 

We can c a l c u l a t e Melnikov's i n t e g r a l s : 

M±(aQ) = ;°° {Ho,HL}(q±(a- a Q ) , p ± (a-a Q ),a )da 

=
 n J ( \ • t t h ( a l ) - a ] s i n ( a 0 ) . 

nsh( gj- ) 

It i s easy to observe tha t for any va lues of parameter n the 
above function has simple ze ro . Thus, both p a i r s of asympto
t i c surfaces c ross t r ansve r se ly and equations (4) a re non i t -
egrab le . 

It should be noted tha t solar r a d i a t i o n torque depends 
s t rongly on s a t e l l i t e geometry. If the torque i s caused by 
f l a t surfaces l i k e big antennas or solar b a t t e r i e s then 
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right hand s ides of d i f f e r e n t i a l equat ions descr ib ing r o t a 
t ional motion of t h e s a t e l l i t e a re only piecewise smooth. In 
these cases , for a n a l y s i s of motion, specia l techniques shou
ld be used (see [ 1 4 ] , [ 1 5 ] ) . Example of i nves t i ga t i on of p l a 
nar o s c i l l a t i o n of an umbrella l i k e s a t e l l i t e under influence 
of g r a v i t a t i o n a l and solar r a d i a t i o n torques can be found [ 2 ] . 

2.3 Third body pe r tu rba t i ons 

Let us consider r o t a t i o n a l motion of a r i g i d body in a 
c i rcular o r b i t under influence of cen t r a l body M and 'moon' 
m whose o r b i t i s assumed a lso c i r c u l a r and coplanar with o r b 
i t of the body (see Fig . 3 ) . We approximate influence of 
'moon' reso lv ing p o t e n t i a l of the torque with respect to the 
r/R r a t i o , where r i s the r ad ius of the body o r b i t and R i s 
radius of 'moon' o r b i t . For planar o s c i l l a t i o n s we obtained 
following equat ion: 

Fig.3: Perturbed planar o s c i l l a t i o n of a s a t e l l i t e in c i r c u l a r 
o r b i t . Third body pe r tu rba t i ons . 
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2 
^ - j + | n2 sin(29) - | n2 sin(v-20) = 0 
dv 

where 

v = fit, Jl = 2(0^-0^), nz = 3( j p J'5 ^ — , 

£ * ( t ^ } M ' 

n̂  and n„ are angular orbital velocit ies of the body and 

'moon', respectively. As in previous cases we can write this 
equation in the form of Hamilton's equations with Hamilton-

ian function: 
2 « P 2 . . 2 H = s-^ - n cos(q) - en cos(v-q) 

W h e r e q = 29. 

Unperturbed system (e = 0 ) has hyperbolic equilibrium solu
tion 

q(v) = TT , p(v) = 0 

and two double asymptotic solutions: 

P ± ( V ) = ± c l l ! n V T ' 

s infa^v)) = ± S h ^ n V ? ,cos(q±(v))= —£. i . 
ch (nv) ch (nv) 

Calculations show that Melnikov's integral in this case i s : 

M±(vQ) = / " {Ho,H1}(q±(v-vo)(p
±(v-vo),v)dv 

= 2 l ° _ C{4(n2+1) ± n>th< \ - ) - \ ]sin(vo) . 
sh< 2T ) 

This result shows that both pairs of asymptotic surfaces 
cross transversely and the system is nonitegrable. We note 
that the third body perturbations can be introduced in various 
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ways. For example , o n e can c o n s i d e r t h e c a s e when mass c e n 
t e r of t h e body moves i n i n f i n i t e s i m a l p e r i o d i c o r b i t around 
a l i b r a t i o n p o i n t of t h e r e s t r i c t e d t h r e e body p rob lem. Such 
a ca se fo r smal l p e r i o d i c o r b i t a round Lg was a n a l y z e d in 
[ 6 ] where s i m i l a r r e s u l t s were o b t a i n e d . 

3 . CHAOTIC ROTATIONS OF SYMMETRIC RIGID BODY IN A CIRCULAR 
ORBIT 

In t h i s s e c t i o n we c o n s i d e r a symmetric r i g i d body i n a 
c i r c u l a r o r b i t . As t h e g e n e r a l i z e d c o o r d i n a t e s we choose Eu-
l e r a n g l e s of t h e t y p e 3 - 2 - 1 . One c o o r d i n a t e is c y c l i c ( b e c a 
use of t h e body symmetry) . Using s t a n d a r d t e c h n i q u e one o b 
t a i n s Hami l ton ian f u n c t i o n depend ing on two p a r a m e t e r s : 

„ 1 r P l + T S l n ( ^ 2 ) , 2 4
 P 2 + 3 , - . 2 , , 

H = - { } + — - P l + _ ( a - l ) c o s ( q 1 ) 
c o s ( q 9 ) 

x c o s ( q 2 ) (5) 

where 

A U l 
a = B~ ' Y = " ~ ' o 

(D1(u) a r e t h e p r o j e c t i o n of a b s o l u t e a n g u l a r v e l o c i t y of t h e 

body o n t o symmetry a x i s and o r b i t a l a n g u l a r v e l o c i t y , r e s p e c 
t i v e l y . We w i l l i n v e s t i g a t e t h e c a s e when y = 0 and a = 4 / 3 . 
There i s s p e c i a l r e a s o n t o i n v e s t i g a t e t h o r o u g h l y t h i s c a s e . 
Sbkolsky i n h i s pape r [ 1 6 ] s t u d y i n g s t a b i l i t y of r e g u l a r 
p r e c e s s i o n s ( e q u i l i b r i a of v e c t o r f i e l d g e n e r a t e d by ( 5 ) ) 
made two r e m a r k a b l e h y p o t h e s e s : 

1. Cases a = 1 , y = 0 and a = 4 / 3 , y = 0 a r e t r a n s c e n d e n t a l . 

2. The c a s e y = 0, a = 4 / 3 i s i n t e g r a b l e . 

F i r s t h y p o t h e s i s s t a t e s t h a t s t a b i l i t y of e q u i l i b r i u m can not 
be de te rmined by c o e f f i c i e n t s of normal form of any f i n i t e 
order ( fo r d e t a i l e d d i s c u s s i o n of t h i s problem s e e [ 9 ] ) . The 
second one i s based on t h e f a c t t h a t t h e c a s e a = 1 , y = 0 
i s e v i d e n t l y i n t e g r a b l e , so one can expec t i n t e g r a b i l i t y i n 
connect ion w i t h t r a n s c e n d e n t a l c a s e s of s t a b i l i t y . We t r y t o 
make some a n a l y t i c a l a p p r o a c h i n o r d e r t o p r o v e ( n o n ) i n t e g r -
a b i l i t y however, w i thou t s u c c e s s . 

As an a l t e r n a t i v e we chose numer ica l e x p l o r a t i o n of t h e 
problem. For c o n v e n i e n c e we t r ans fo rmed t h e h a m i l t o n i a n (5) 
to t h e form: 
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1 *v-\ 2 v0 1 9 
H = i- { 1 } ' + - | - 2 P l + | - ( l+cos( q ; L ) )cos Z (q 2 ) 

cos (q 2 ) 

by means of canonical change of v a r i a b l e s (now hamiltonian 
i s 2ir-periodic with respect to q^) . We r e s t r i c t our ana lys i s 
to the surface of constant energy H = 0. This surface i s com
pac t . In the (q^,qo>Po^ coordina tes space equation H= 0 
def ines bounded region, symmetric with respect to p2 = 0 pla
ne. Figure 4 shows upper boundary of t h i s r eg ion . 

At f i r s t , we generated Fbincare' (g lobal ) c ross sect ion 
(see Fig . 5 ) . As the plane of c ross sect ion we chose q^ = IT. 
It i s v i s i b l e tha t on the plane of c ross sec t ion the re a re 
two reg ions : chaot ic in the cen t ra l par t of f igure and order
ed one in upper and lower p a r t s (symmetric curves in upper 
and lower par t of f igure belong to one phase curve; a l l points 
in chaot ic region belong to one phase cu rve ) . We found t h i s 
fea ture of the c ross sect ion as un typ i ca l . Normally ( e .g . 
Hennon-Heiles system) in the chaot ic region the re a re 'islands' 
of ordered reg ions . In order to i nves t iga t e t h i s quest ion we 
fix two windows (two squares in F ig . 5) one in the chaot ic 
and second in the ordered reg ion . Fig . 6 and Fig . 7 show that 
there a re no chaot ic p a r t s . This and other t e s t s made seem 
to support our statement about separat ion of the phase space 
into two r eg ions . We also used Liapunov exponents to t e s t if 
t he re i s no ordered region in the chaot ic p a r t . Resu l t s a re 
shown in Fig . 8, they a lso shows s t r i c t separat ion of the 
phase space. 

Another i n t e r e s t i n g fea ture of the system can be observ
ed if c ros s sec t ion plane i s fixed on d i f fe ren t p laces on q^ 
ax i s (Figs . 9 -11) . When the plane of c ross sect ion i s placed 
in lower va lues of q^ a x i s then order region i s smaller . For 
the case q-̂  = n/3 i t t o t a l l y d isappear . (In a l l "figures 
where c ros s - sec t i on i s shown pos i t ion of plane of c ross sec
t ion i s marked by q ? ) . 

All these numerical observa t ions seem to have some impor
tance to the so ca l l ed ' coex i s t ence ' problem formulated by 
J-M. Strelcyn [ 1 7 ] . It cons is t on proving frequent ly observ
ed numerically chaot ic and ordered behaviour of a dynamical 
system. In the system inves t iga ted above, a l l r e s u l t s seen to 
support hypothesis t ha t we have here 'simple c o e x i s t e n c e ' . 
F i r s t e x p l i c i t example of t h i s kind of coexis tence (for diff-
eomorfisms) was proved in [ 1 3 ] . 

32 

https://doi.org/10.1017/S0252921100065891 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065891


Fig. 4: Upper boundary of region H = 0 in the (qi, q2, p2) coordinate space. 
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Fig. 5:Poincare cross section. Two squares denote windows for more precise 
investigations. 
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Fig. 6: Enlargement of chaotic window. Points belong to orbit different 
than this on Fig. 5. 
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Fig. 7: Enlargement of ordered window. 
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O N* 

Fig. 8: Maximal Liapunov exponent as function of point on the cross 
section plane. For generation 30 x 30 grid of points was used. 
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