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Abstract

Suppose that a system consists of n independent and identically distributed components
and that the life lengths of the n componentsare X;, i = 1,...,n. Fork € {1,...,n—1},
let X ik) yeen X r(lk_) « e the residual life lengths of the live components following the kth
failure in the system. In this paper we extend various stochastic ordering results presented
in Bairamov and Arnold (2008) on the residual life lengths of the live components in an
(n — k + 1)-out-of-n system, and also present a new result concerning the multivariate
stochastic ordering of live components in the two-sample situation. Finally, we also
characterize exponential distributions under a weaker condition than those introduced in
Bairamov and Arnold (2008) and show that some special ageing properties of the original
residual life lengths get preserved by residual life lengths.
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1. Introduction

Consider a system with n components, and suppose that this system fails if and only if at least
k components fail. Such a system is said to be an (n — k + 1)-out-of-n system. Evidently, the
lifetime of an (n — k + 1)-out-of-n system is equal in distribution to the kth order statistic from
a sample of size n. So, by using the theory of order statistics, many properties of (n — k + 1)-
out-of-n systems have been established in the literature. Specifically, some well-known ageing
properties and stochastic ordering results have been developed.

The stochastic comparison of order statistics was initiated in Pledger and Proschan (1971)
and since then the theory has attracted the attention of numerous researchers. Interested readers
are referred to Proschan and Sethuraman (1976), Boland et al. (1994), Boland et al. (1998),
Khaledi and Kochar (2000b), Paltanea (2008), Zhao et al. (2009), and Zhao and Balakrishnan
(2009). In an (n — k + 1)-out-of-n system, just after the kth failure has been observed, there
will be n — k components still alive in the system. Thus, we have two sets of random variables,
the first consisting of the original lifetimes and the second consisting of the residual life lengths
of the live components. In this regard, Bairamov and Arnold (2008) studied distributional
properties of the residual life lengths of live units and obtained their joint distribution. They also
characterized exponential distributions under some conditions and showed that, under some
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well-known ageing properties of the original component lifetime distribution, one can compare
residual life lengths of the live components with the original lifetimes in terms of the usual
stochastic ordering. We extend their results here, and also establish a multivariate stochastic
ordering result.

The rest of this paper proceeds as follows. In Section 2 we review the concepts of some
specific stochastic orderings and ageing properties. In Section 3 we present some extensions
of the results of Bairamov and Arnold (2008) from the usual stochastic ordering to the mean
residual life order, hazard rate order, dispersive order, and likelihood ratio order. In Section 4
we characterize exponential distributions under a weaker condition than those introduced in
Bairamov and Arnold (2008), and show that if the residual life lengths are uncorrelated, then
the original component lifetime distribution is exponential. In Section 5 we study some ageing
properties of the residual life lengths. Finally, in Section 6 we present a new result about the
multivariate stochastic ordering of the residual lifetimes of live components in the two-sample
situation. Throughout this paper, we assume that the failure of one component does not affect
the functioning of the remaining components in the system. If this assumption is not true then
models involving the so-called sequential order statistics (see Kamps (1995) and Cramer and
Kamps (1996)) need to be considered. We do not consider this set-up here, and we shall reserve
it for a future study. We assume that all of the distributions under study are absolutely continuous
with common support (0, 00), and also adopt the phrasing increasing for nondecreasing and
decreasing for nonincreasing.

2. Definitions and notation

In this section we recall the definitions of some well-known ageing properties and stochastic
orderings that are pertinent to the developments in this paper.

Definition 1. Suppose that the distribution function F is absolutely continuous with density
function f such that f(x) =0 forx < 0.

(i) We say that F is new better than used (NBU) if
F(x+1t) < F(x)F(t) forallt,x >0, (1)
where F := 1 — F. If inequality (1) is reversed then F is said to be new worse than used
(NWU).
(i) We say that the distribution F' (with finite mean) has a decreasing mean residual life (¥
is DMRL) if
1 e
mp(t) = _—/ F(x)dx isdecreasingint > 0.
F(@t) Ji
Similarly, F has an increasing mean residual life (¥ is IMRL) if m g (¢) is increasing in
t > 0.

(iii) We say that the distribution F has an increasing (decreasing) hazard rate, written F' is
IHR (DHR), if F(x + 1)/ F (¢) is decreasing (increasing) as a function of ¢ for all x > 0.
Equivalently, F is IHR (DHR) if its hazard rate function is increasing (decreasing).

(iv) We say that F has a log-concave (log-convex) density, written f is log-concave (log-
convex), if f(x + t)/f(¢) is decreasing (increasing) as a function of ¢ for all x > 0. In
other words, f is log-concave (log-convex) if log f is concave (convex).

https://doi.org/10.1239/jap/1395771413 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1395771413

60 N. BALAKRISHNAN ET AL.

The following implications between all these ageing properties are well known:

log-concave density =— IHR =— DMRL = NBU,
log-convex density =— DHR =— IMRL =— NWU.

For comprehensive discussions on ageing properties and relations between them, we refer the
reader to Barlow and Proschan (1981), Marshall and Olkin (2007), and Lai and Xie (2006).
Now, we briefly describe some notion for univariate and multivariate stochastic orderings which
is most pertinent to the results established in the subsequent sections.

Definition 2. For two random variables X and Y with densities f and g, distribution functions
F and G, and right-continuous inverses (quantile functions) F ~land G4, respectively, let
F =1—F and G = 1 — G denote the corresponding survival functions. With the ratios in the
statements below being well defined.

(1) X is said to be smaller than Y in the likelihood ratio order (denoted by X <j; Y) if
g(x)/f (x) is increasing in x.

(i1) X issaid to be smaller than Y in the hazard rate order (denoted by X <y, Y)if G(x) / F(x)
is increasing in x. If rx (ry) denotes the hazard rate function of X (Y), then X <y, Y if
and only if ry (x) < rx(x).

(i) X i_s said to_be smaller than Y in the usual stochastic order (denoted by X <y Y)
if F(x) < G(x). For all increasing functions ¢: R — R, X <y Y if and only if
E(¢ (X)) < E(¢(Y)) when the expectations exist.

(iv) X is said to be smaller than Y in the dispersive order (denoted by X <gisp ¥) if
FUB) —F @) <G ' (B) =G (@) for0<a<pB<I1.

(v) X is said to be smaller than Y in the mean residual life order (denoted by X <p Y) if,
forallt > 0,
[P Fwdu [ Gu)du
= < = .
F() o G(1)

The following implications between these orderings are well known:
X=zpY = X=x¥V¥ = X<mYandX <yY.

Note that if X <gisp ¥ and X and Y have finite equal left-end support points, then X <y Y.
When X and Y have finite equal right-end support points, then X <g;sp ¥ implies that ¥ <y X.

Definition 3. We say that the random vector X = (X1, ..., X,) is smaller than the random
vector Y = (Y7, ..., Y,) in the multivariate stochastic order (denoted by X < Y) if

E(¢ (X)) = E(@(Y)).
for all increasing functions ¢ : R" — R for which the expectations exist.

It is easy to see that multivariate stochastic ordering implies componentwise usual stochas-
tic ordering. Interested readers are referred to Miiller and Stoyan (2002) and Shaked and
Shanthikumar (2007) for comprehensive discussions on univariate and multivariate stochastic
orderings.
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3. Residual life lengths of live components in the one-sample situation

Let us consider an (n — k + 1)-out-of-n system in which the lifetimes X1, ..., X, of the n
components in the system are i.i.d. with common absolutely continuous distribution function
F and corresponding density function f. When the kth failure has been observed, at which
time the (n — k + 1)-out-of-n system fails, there are n — k components still alive. Suppose that
X, (k) . (k) 1 denote the residual life lengths of these n — k live components when the system
falls Balramov and Arnold (2008) showed that the joint survival function of the residual life
lengths is given by

) oo n=k F(x- +1)
AP, =P > x, L X0 > x,0) = / F’(t) fin(dt, (2)

where fk., (¢) is the probability density function of the kth order statistic Xy.,; see Arnold et al.
(1992) and David and Nagaraja (2003) for details on distributional properties and apphcatlons
of order statistics. From (2), it is easy to see that the residual life lengths X , X, (k)
are exchangeable and, consequently, they have the same marginal and joint dlstrlbutlons The
common marginal survival function of X ) is readily seen from (3) to be

- F x+1)
H(x) = / —— fra () dt, 3)
o Fo
and the corresponding marginal density function of X i(k) is
Cfx+0
h(x) = = Jfem(0) dt. )
o Fo T

Note that, in general, the residual life lengths of the live components are not independent, but
condltlonally independent given the time of the kth failure. Suppose that, fori =1,...,n—k,

X 1(1; « denotes the ith order statistic of the residual life lengths. Then, we have

X = Xikn — Xens i=1,....,n—k. (5)

It is reasonable to expect that when components get better with the passing of time, the
residual life lengths of live components become stochastically larger than the original lifetimes.
Bairamov and Arnold (2008) have in fact proved this property in the form of the following
proposition.

Proposition 1. If F is NWU (NBU) then X; <q (=s)X\".

Continuing in the same way, under some well-known ageing properties of the original
lifetime distribution, we prove in the following theorem some other stochastic orderings between
original lifetimes and residual life lengths of live components.

Theorem 1. We have the following ordering results.
(i) If F is IMRL (DMRL) then X1 <mn (Zm) X .
(i) If F is DHR (IHR) then X1 <pr (=) X"
(iii) If F is DHR then X, <gisp X\".

@iv) If f is log-convex (log-concave) then X1 <i (1) X }k).
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Proof. (1) Let mpy (u) and mp(u) denote the mean residual life functions of X ik) and X1,
respectively. The mean residual life function of X gk) can be derived as

mygu) = Oogg;dx
F(x+1)
() drd
/fH()F()fk'() *

_ F(x+1) Flu+1)
_/O |:/u F(u+1) x:|F(t)I:I(u)fk:”(t)dt
/OomF(M+I)F(u+t)
0

F(t)H (u)
Now, if F is IMRL then, forall t > 0, mg(u 4+ t) > mr(u), and so

Sien (1) dt.

i) = /0 T mp LU ED p o

F(t)H (u)
_ © F(u+1t) _
_mF(u)</0 F(l‘) fkn(t)dt)/H(u)
=mp(u),

which reveals that X| < X ik). When F is DMRL, the above inequality gets reversed and
the required result follows immediately.

(ii) Let us assume that F is DHR. Then F(x + t)/F (x) is increasing with respect to x for
all > 0. So, forevery y > z > 0 and all r > 0, we have

Fiy+n _ Fz+1)
F(y) =~ F@
and, consequently,

~ F(y+1) / Fz+1)
/0 FoyFo P = | FoFa e OY

or, equivalently,
Ay A
F(y) — F(2)
This means that X| <p; X ik). For the IHR case, the proof is similar and therefore omitted for
the sake of brevity.
(iii) Assume that F' is DHR. Then, by using the results in part (ii) and Bagai and Kochar
(1986) (also see Theorem 3.B.20 of Shaked and Shanthikumar (2007)), the result follows.

(iv) Suppose that f is log-convex. Then f(x + ¢)/f(x) is increasing with respect to x for
allt > 0. So, for y > z > 0 and all r > 0, we have

fo+n _ f+n

S T f@
and, consequently,
 fy+1) ® flz+1)
0 ToFo Y= roFe
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or, equivalently,
hO) _ @)
f» = @
This means that X1 <) X }k). A similar proof may be presented for the case of the log-concavity

of f.

4. Characterizations

Suppose that the distribution function F of the original lifetimes is exponential. From (2),
it is easy to see that

t k k
Xty X 2 x x®), (6)

and that X gk), X ,(1[‘_),{ are independent. Bairamov and Arnold (2008) showed that the
converse of (6) is also true, that is, if two vectors (Xi,..., X,—x) and (ng), ...,X,(llczk)
have the same distribution, then the distribution function F' of the original lifetimes is an
exponential distribution (see Theorem 1 of Bairamov and Arnold (2008)). They also established
the following theorem characterizing the exponential distribution based on the independence
of X }k) and Xék), and some well-known ageing properties of the distribution F'.

Theorem 2. If X gk) and X ék) are independent, and
(i) F(x) is strictly decreasing on (0, 00), and
(i) F is either IHR or DHR,

then F is an exponential distribution.

In what follows, we characterize the exponential distribution of the original lifetimes based
on the condition that X ik) and X ék) are uncorrelated and in this case the two conditions in
Theorem 2 can be dropped for this characterization. This result would thus form a natural
extension of the result in Theorem 2. To this end, we first establish the following theorem
which provides a relationship between the covariance of X gk) and X ék) and the mean residual
life function of the component lifetime distribution F' (m f).

Theorem 3. Fork =1,...,n — 1, we have cov(X\®, X$) = var(m p (X;.)).

Proof. First we derive the product moment E(X gk)X ék)) as follows:
k) 3 (k R R k
E(xPxP) =/0 /0 PX® > x, x® > y)dxdy

%0 [0 [0 F(x 1) F(y+1)
— _ 2 (1) dt dx d
/0 /0 /0 Foy B Je@drddy

([ [T Fa+n) Fy+1)
_/0 </0 _/0 F(t) F(t) dXdy>fk:n(f)dl

B ® Fx+1) . \°
—/0 (/0 F(l) dx) Sien (1) dt

_ /0 (1) fon () dt
= E(m%(Xin))-
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From Theorem 4 of Bairamov and Arnold (2008), we also know that [E(X ik)) =E(mr(Xin)),
and, therefore, we obtain, upon noting that X gk) L x é for the second equality,

cov(x®, xI) = Ex® x) —Ex ) EXP)
= E(m} (X)) — E*(np (Xien))
= var(mp (Xg:n)),
as required.
Theorem 4. If X gk) and X g() are uncorrelated, then F is an exponential distribution.

Proof. Suppose that COV(X(k), Xék)) = 0. Then, by Theorem 3, we have var(m g (X¢.,)) =
0, which means that, for every + > 0, mp(t) = ¢, where c is a constant. Setting r = 0 we
get ¢ = E(X1), and, for every ¢t > 0, we therefore have (see Shaked and Shanthikumar (2007,

Theorem 2.A.3))
F(@) IE(Xl)ex{ /Z ! d } ex{ t}
= — — dx = — =1,
mpt) " 0o mr(x) Pl e

5. Ageing properties of residual life lengths of live components

as required.

In this section we study some ageing properties of the residual life lengths of components
that are still alive after the kth failure. For the ensuing discussion, it is useful to briefly give
the definition and some properties of mixture distributions. Suppose that a random vector
(T1, ..., T,) has joint distribution function

n
Fin oo = [ [T6G 16 .00dn@1.....0), ™
Xi=1

where IT is an r-dimensional probability distribution concentrated on y € R” and, for any
vector (01,...,60,) € x, Fi(.]161,...,6,),i = 1,...,n, are one-dimensional distribution
functions. This model is known as a multivariate mixture model. If F;(. | 61, ..., 6,) denotes
the conditional distribution of 7; (@) = (T; | ® = #), and IT denotes the distribution of ®, then
the joint distribution of (77(®), ..., T,,(®))is givenby (7). If F; (. | 61,...,0,), i =1,...,n,
are absolutely continuous for each (61, ...,6,) € x, with corresponding density functions
fi(.161,...,6,),i=1,...,n,then the distribution of (71, ..., T,) is also absolutely contin-
uous, and its joint density function is given by

f, ... ty) = /;( ﬁﬁ(t,- | 61,...,6,)dI161,...,6:).
i=1
It is then easy to see that the distribution function of 7; is
Fr.(t) = /X Fiti | 61,...,6,)dI1(6,...,6,),
and the corresponding density function of 7; (if it exists) is

fn(t):f fiti | 61,...,0,)dI1,, ..., 0).
X
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Note that, when F;(- | 01,...,6,) = F(-|0y,...,6,) foralli = 1,...,n, the random
vector (71, ..., T,) is exchangeable. Mixture models play an important role in risk theory
and rehab1l1ty analy51s see, e.g. Spizzichino (2001), Belzunce et al. (2009), and Misra and
Misra (2012). From (2), we readily see that the joint survival function of X 1k), X ,(1_) ¢ can
be considered as a multivariate mixture model. Let X; = (X — ¢ | X > t), thatis, X; denotes
the residual lifetime of a component at time ¢. Then, for x > 0, the survival and density
functions of X, are F,(x) = F(x 4+1)/F(t) and f;(x) = f(x 4 1)/ F (t), respectively. Hence,
(3) and (4) can be respectively written as

H(t) = /0 Fr(x) fin (£) dt (8)

and ~
h(t) =/0 S1() fien (8) dt. &)

Some ageing properties of the original lifetime distribution are known to be preserved by the
residual lifetime distribution. For example, if the distribution function F has a monotone hazard
rate then F; has a monotone hazard rate for all # > 0. Also, F; preserves the DMRL (IMRL) and
log-convex (log-concave) properties of the original lifetime distribution F for all + > 0. The
following theorem establishes that some ageing properties of the original lifetime distribution
are preserved by the residual life lengths of the live components after the kth failure.

Theorem 5. We have the following ageing properties.
(1) If F is IMRL, then H is IMRL.
(ii) If F is DHR, then H is DHR.
(i) If f is log-convex, then h is log-convex.
Here H and h are the distribution and density functions of X ik) presented in (8) and (9).

Proof. (1) If F is IMRL then F; is also IMRL. But, the class of distributions that are IMRL
is closed under mixtures (see Proposition D.5 of Marshall and Olkin (2007)), and the required
result then follows.

@i1) If F is DHR then F; is also DHR. From the fact that the class of distributions that are
DHR is closed under mixtures (see Corollary D.4.a of Marshall and Olkin (2007)), the required
result then follows.

(iii) If f is log-convex then f; is also log-convex. So, from the closure property of log-
convex density under mixtures (see Section G of Chapter 5 of Marshall and Olkin (2007) and
An (1998)), the required result follows.

6. Multivariate stochastic ordering of residual life lengths of live components in the
two-sample situation

Suppose that we have two systems, say I and II. System I is an (n — k + 1)-out-of-n
system comprising n components withi.i.d. lifetimes X1, . . ., X,, from an absolutely continuous
distribution F. Similarly, system Il is an (m — k' + 1)-out-of-m system with the m lifetimes
Y1, ..., Y, of the components of the system belng i.i.d. with common absolutely continuous
dlstrlbutlon function G. Furthermore, let X 1 X, *) “k and Y, *' ) Yrilk )k’ be the residual
life lengths of the live components after the kth fallure in system I and the k'th failure in system
II, with joint distribution functions H® and H’ «) , respectively.
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In this section we establish the multivariate stochastic ordering between the vectors of
residual life lengths of live components of these two systems under some conditions. For
this purpose, we will use the following theorem.

Theorem 6. (Khaledi and Kochar (2000a).) Let Xy, ..., X, be nonnegative independent
random variables with common absolutely continuous distribution F, and let Y1, ..., Y, be
another set of nonnegative independent random variables with common absolutely continuous
distribution G. If X| <pr Y1 and either F or G is DHR, then, fork <k andn —k > m — k/,
we have Xi.n <st Yir.m.

Now, we present the main theorem of this section.

Theorem 7. Suppose that X ik) s X, *) Zyand Yl(k/) Y(k )  are the residual life lengths of
the live components in systems | and II respectively. If X 1 Shr Y1 and either F or G is DHR,
then, fork <k’ andn —k =m — k/,

k k K k
x® L xPy <@, ),

Proof. In order to prove the desired result, we use Theorem 3.1 of Belzunce er al. (2009)
which presents some sufficient conditions for the comparison of multivariate mixture models
in the sense of multivariate stochastic ordering. It is easy to see that the DHR property of F or
G is equivalent to Condition (i) in Theorem 3.1 of Belzunce et al. (2009) and that the condition
X1 <pr Y1 is equivalent to Condition (ii) of the mentioned theorem. Moreover, according
to Theorem 6 and in the light of the DHR property of F or G, we find that the assumption
X1 <u Y; implies that Xy, <¢ Ypr.,, for k < k' and n — k = m — k’. With this observation
and (2), Condition (iii) in Theorem 3.1 of Belzunce et al. (2009) is obtained, thus completing

the proof.
For a given positive integeri = 1,...,n —k+ 1, k < n,let
Vk(l,z = Xitk—1:n — Xk—1:n  and W;fl,z = Yitk—1:n — Yi—1n
respectively denote the i-spacings of samples Xi,..., X, and Yi,...,Y,, with Xo,, =

Yo.n = 0. In particular, for i = 1, we have
Vi) = —k+ D)(Xpn — Xe—tz) and - W) = (0 =k + 1DV — Yee1:0)

as the corresponding normalized 1- spacmgs In reliability theory, X, _x11., represents the
llfetlme of the k-out-of-n system, and V then gives the additional lifetime to be gained if the
(n —k — i + 2)-out-of-n system is used rather than a (n — k + 2)-out-of-n system. The reader is
referred to Kirmani (1996) and Hu and Zhuang (2006) for some additional details. In stochastic
auction theory, the mean of the sample spacing Vk(:]n) gives the expected rent of the winner in
either a buyer’s k-auction or a reverse k-auction. For further details on auction theory, see Paul
and Gutierrez (2004) and Li (2005). By using the definition of the residual life lengths and (5),
we can interpret the i-spacing as follows. Suppose that we have an (n — k + 2)-out-of-n system.
After the (k — 1)th failure, n — k + 1 components are still alive. If we reuse these remaining
components in another (n —k —i +2)-out-of-(n —k + 1) system then the i-spacing represents the
lifetime of this latter system. Recently, several authors have discussed stochastic comparisons of
i-spacings. Bartoszewicz (1986) proved thatif X| <gisp Y1 then V(l) <qt W(ll) Kochar (1999)
showed that if X| <j, Y] and either F or G is DHR, then Vk S W Subsequently, Khaledi
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and Kochar (1999) proved that if X| <p, Y| and either F or G is DHR, then, for k < k’ and

n—k>m—k’', wehave \7(.1) <t W(l) They also showed that if X; <, Y| and either F or G

have log-convex density, then k(il) <y W (1) o, fork < k"andn —k = m —k’. Xu and Li (2006)

generalized this result and proved that if F or G have log-convex density, then Vk(l) <ir W(f) for
k <k'andn—k > m—k’. Huand Wei (2001) estabhshed amore general result of the followmg
form: if X1 <y Y1 and either F or G is DHR, then Vk —k+D <t k({ K+ ) for I >k —k
and! —q > k' —k > n — m. Using a discussion similar to that presented in Theorem 6.B.2 of
Shaked and Shanthikumar (2007), the following corollary can be obtained from Theorem 7.

Corollary 1. Let X1, ..., X, be a random sample of size n from an absolutely continuous
distribution F, and let Y1, ..., Y, be a random sample of size m from another absolutely
continuous distribution G. IfX] <nr Y and ezther F OI‘ G is DHR, then, fork <k',n —k =

m — k'and1<l<j<n—kwehaver <stW

+1:n ’+1m

Note that Corollary 1 is a special case of the result of Hu and Wei (2001).
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