PRODUCTS OF A C-MEASURE AND A LOCALLY
INTEGRABLE MAPPING

MARSTON MORSE axo WILLIAM TRANSUE

1. Introduction. Let C be the field of complex numbers and E a locally
compact topological space. The authors’ theory of C-bimeasures A and their
A-integrals in (1; 2) leads to integral representation of bounded operators
from 4 to B’ where A4 and B are MT-spaces as defined in (3). These MT-
spaces include the ®-spaces and Orlicz spaces as special cases. The object of
this note is to present a theorem on integration necessary in completing the
results on M T-spaces. Product measures g-u, in which g is continuous on E
and u a measure, are introduced by Bourbaki in (3, p. 44), and Bourbaki
there indicates that products g-u in which g is not necessarily continuous will
be studied in (8). In this note « is a C-measure and ¥ locally a-integrable
in the sense defined below. We draw heavily upon the general theory of
integration (7).

Let X be the aggregate of relatively compact open subsets X of E. Let
¢x be the characteristic function of X. A mapping vy € CZ will be said to be
locally a-integrable if for each X € X, y¢x is a-integrable. The ‘‘product”
y-a is a C-measure with values

(1.1) J‘ud(y'a) = f uy do [# € Kc(B)].
The principal theorem of this note is as follows. Cf. (3) for definition of |a|.

THEOREM 1.1. Let « be a C-measure on E, and vy € CF locally a-integrable.
Let x € CF be such that

(12 Sl blaial < @, [ rldly-al < .

Then (i) these integrals are equal, and (ii) if either of the integrals

(1.3) f xy da, f xd(y-a)

exists the other exists and

(1.4) fxy da = fxd(y-a).
If the C-measure a is replaced by a measure p and y by a locally-integrable
g € R”, then g-pu is defined as is y-a, replacing ¢ by &.

Received January 7, 1957. The work of Dr. Transue on this paper was sponsored by the
Office of Ordnance Research, U.S. Army, under contract No. DA-33-019-ORD-1265.

475

https://doi.org/10.4153/CJM-1957-056-4 Published online by Cambridge University Press


file:///y/d/a/
file:///x/d/ya/
https://doi.org/10.4153/CJM-1957-056-4

476 MARSTON MORSE AND WILLIAM TRANSUE

2. A lemma. Let u be a positive measure on E (sense of Bourbaki). Recall
that R, is the space of positive real numbers completed by the point + «
and that & is the space of lower semi-continuous mappings in Rj.

LEMMA 2.1. For h and X\ in RY, with \ locally u-integrable,

* *
(2.1) : f hd(\-u) = f hX du
whenever both members of (2.1) are finite.

We shall establish the lemma by proving a sequence of statements. We
say that (2.1) holds finitely if it holds, and if both members are finite.

(@) If h € 4 is bounded with compact support (2.1) holds finitely.

Set A-u = B. In accord with the definition of u* (%) there exists an increasing
sequence (u#,) of u, € R, with u, < & such that

lim u(u,) = w*(h).
But % is p-integrable so that this can be written
lim N1(h — #,, u) = 0.

Hence u, converges to  (p.p. u), that is, almost everywhere with respect to
u. By the definition of N-u and of 8* respectively,

*
fu,,kd,u=fund[3<f hdB < .

Hence by the theorem of Lebesgue,

(2.2) limJ1 U\ dpu = f kX dp.

Let _¢, be the set of u € {4 with u < &, filtering for the relation < (Cf. 3,
§6.) From (2.2), the definition of 8 and of 8*, respectively,

*
fk)\d,u'——sup ul duy = sup ud6=f hdg.
ueAgp uelAdp

Since [ A\ du = [* I\ du (a) follows.
(b) If h 1s bounded with compact support

* 3
2.3) f hdB > f kX du.
Let ¢, be the set of ¢ € &, such that ¢ > &, filtering for the relation

>. There exists a ¢ € ¢, which is bounded, with compact support. Let S,
be the section of 1¢, on which ¢ > p. For p € S, (a) implies that

(2.4) f* pdp = f* P dp.
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The definition of [* & d8 and (2.4) give

% * * *
fhdﬁ:inf pdf = inf pm,»f B\ dp.

p€eSq peSq

(¢c) If h is bounded with compact support and u-integrable, (2.1) holds finitely.

According to (7, p. 151) there exists a decreasing sequence of u-integrable
pn € Sy such that for ¢ € E, p,(t) > k() and inf p,(¢) = k() (p.p. w).
We can suppose each p, bounded with compact support. Both p,\ and A\ are
u-integrable, so that, by the theorem of Lebesgue (noting that the p, are
uniformly bounded),

(2.5) lim f Pl du = f kX du.
The definition of f* p dB implies that

% *
(2.6) [T pas< [ prnan
Thus

* * *
f hd = inf pdB < inf phdp < f Pl dp.

De+dh e +Oh

Taken with (2.5) this gives

* *
2.7 f hdB < J‘ kA dp.
The inequality is excluded by (2.3), and (c) follows.
(d) For h bounded with compact support (2.1) holds finitely.

Let K be the compact support of %, and let M be a compact set containing
K in its interior. For fixed ¢ > OsetA\c = XA 4+ e¢pyand B = Ac-u. Set b =
and choose ¢ € 1¢; so that the support of ¢ is in M. Let S be the section of
the filter y¢;, of mappings p € ; such that £ < p < ¢. Noting that
Ne(t) > e for t € M, and p(t) = 0 for ¢ € CM (the complement of M) and
p €S, set

o) =29 e ne =o,t € cur
Then h, > k, since Ak, = p > ANh. That h,(¢£) > h(f) is clear for ¢t € M,

and it is trivial when ¢t € CM, since then %,(t) = k() = 0. Let %,™ be &,
truncated at the level #n. From (c)

* *
f 1P dg. = f 15 N d.

On letting n T = it follows from (7, p. 111) that

* * *
f kpd,8¢=f hp)\edy.=f P du.
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Since & < k, and B < B, this gives

* * *
(2.8) f hdB < inf pdu = f h\e dp.

peS

Now e > 0 is arbitrary in (2.8) so that

* *
f hd,6<f hNdp < .

The inequality is excluded by (2.3), and (d) follows.
(e) If k has compact support (2.1) holds.
For each integer » > 0, let 2™ be £, truncated at the level #». Then by

(d)
* n) * (n)
(2.9) f B dg = f BN dp.
Asn T o, k™ (t) converges increasing to k(t). It follows from (7, p. 111) that
(2.1) holds.

(f) If a member of (2.1) is finite the other is at least as great.

Suppose the right member of (2.1) is finite. I't then follows from (7, Lemma 2,
p. 194) that E is a disjoint union H \U M in which kX ¢, is u-negligible and
H is the increasing union of a sequence of compact sets K,,. Set

h¢Kn = hm h¢H = h’y h¢M = p.

* *

Now £, (#), increasing, converges to 4’(¢) as# T =, so that it follows as in the
proof of (e) that

By (e),

* *
(2.10) f Wdg = f W'\ dy.
Since & = b’ + B'" and M4’ is p-negligible,
(211) w* (N < w*(B'N) + w*(BN) = p*(W'N) < p*(hN)

implying equalities throughout (2.11). Hence

* * * *
f hdﬁ}f h’dﬁ=f h’kd,u=f kX du

so that (f) follows when f* AN dp < .
The proof of (f) when f* h dB < = is similar, so that (f) is true.
Lemma 2.1 follows from (f).

Note. Since this paper reached the hands of the Editors, (8) has appeared.
Our Lemma 2.1 should be compared with B. Prop. 2, p. 43, noting that
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Bourbaki uses [* while we use [*. Prop. 2 of Bourbaki follows at once from
(e) of this section. Conversely Prop. 2 of Bourbaki implies (e), and one may
then continue, as we have done, with a proof of our Lemma 2.1.

One should also compare our Th. 1.1 with (7, Th. 1 p. 43), noting that
Bourbaki is concerned here with ‘‘essential’’ integrals of mappings into a
Banach space with respect to positive measures, whereas we are concerned
with integrals of mappings into C with respect to C-measures and product
C-measures y-a. Our theorem depends on the fundamental formula |y-a| =
[y]-]e| of §3 and the lemmas of §4. The deeper connections between our
theorem and that of Bourbaki will be brought out in a note (5), presently to
appear. The reader may also note the connection with the Radon-Nikodym
Theorem as shown by Bourbaki.

3. The formula |y-a| = |y|-|a|. This formula is equivalent to the formula

(3.1) [ 1ldiel = [ saty-al [ € 2l
Set 8 = y-a. It follows from (1.1) and the definition of |3| in (3, (3.3)) that
(32) 810 < [ 71yl dlel, I € 2

It remains to show that the inequality is excluded. We shall need the following.
(1) Let H be the set of points t at which y(¢) 5% 0. The function ¢ with values

_ @) o —
o0 =0T t € Hio(t) =0,t € CH

1s |o|-measurable.

Since v is measurable, |y| is measurable. The function 7 with values (%)
= |y for t € H, and 7({) = 0 when ¢t € CH, is measurable, as one sees
with the aid of (7, Prop. 9, p. 192). Since ¢ = 7y, ¢ is also measurable. Thus
(i) holds.

To show that the inequality is excluded in (3.2) we can suppose without
loss of generality that max f(f) = 1. Let K be the compact support of f. Let
e > 0 be arbitrary. Set ¢x|y| = N and |a| = p. Since A is p-integrable there
exists a Ao € &4 such that

3.3) f N = No|du < e

For our purposes a Ao is needed which is positive on K. To this end A, is
modified as follows. Let K; be compact and such that for some open set U,
KiDUDK. Let \; € & map E into [0, 1] with support K; and with
M) = ¢x(t) for t € K. If ¢ >0 is sufficiently small, and if one sets
A2 = Ao 4 ¢\ then
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(3.4) J‘ N — Nofdu < e

while Ao(t) > ¢ > 0 for ¢t € K. From (3.4) and the assumption that max f(f)
= 1 it follows that

(3.5) fﬂ\ dp < J‘ﬂ\‘z du + e

Now f\;is in ;. In accord with the definition of |a|, and with #and v € f¢

f u da f 9\ do
It follows from (3.4) that

fv)\zda fv)\da + [jv(xz—x)da < !kada

for |v] < f. From (3.5) and (3.6), for some v € R with |o| < f,

= sup
loI<r

(3.6)’ ff)\z du = sup

Ju|<Ae

(3.6)"” < + e

3.7) ff)xdy< ;J‘v)\da + 3e = ‘fﬂ&yda + 3e

introducing o as defined above.

Now &, as the conjugate of ¢, is u-measurable. There accordingly exists
(7, Prop. 1, p. 180) a compact set H C K such that ¢|H is continuous and the
wu-measure, say o, of K M\ CH = M, is arbitrarily small. In particular one
can suppose w so small that [ ¢ fly| du < e. Let g denote a continuous ex-
tension of ¢|H to K with max|g(¢)] < 1 (see Note). Since (¢ — g)|H =0
and Jog| < [o| <f

< 2f burfy] du < 2¢

fuy da

J < 18107 + 5e

Hence the inequality must be excluded in (3.2) and the relation |y-a| = |y| ||

va(& — g)da| = U or vy (6 — g)da

so that with # € ¢

= [8I()-

(3.8) lfvy&da —-2e<’fvgyda
From (3.7) and (3.8)

< sup
Ju <1

follows.
The “product” y-a is clearly doubly distributive. In the case of a real
measure u and real g, |g-u| = |g|-|u|, as the above proof shows after trivial

notational modifications. It follows immediately that

(gw)' =g +gw, (gu =g -u+gu
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Note. It follows from a theorem of Urysohn (6, p. 62) that a continuous
extension f of ¢|/H over K exists. To obtain from f a continuous extension g
of &|H such that max|g(¥)] < 1, set g(¢) = f(¢£) when [f(¥)] < 1, and at all
other points of K set g(t) = f(&)/|f(¢)].

4. Proof of Theorem 1.1. We need a lemma on measurability. Recall that
v is locally a-integrable.

LeMmA 4.1. If
1) I wlblatal = [ elaty-al < =

then (i) for an arbitrary subset M of E then a-negligibility of ¢uyxy is equivalent
to the (y-a)-negligibility of ¢ux, and (ii) the a-measurability of xy is equivalent
to the (y-a)-measurability of x.

One must first verify the fact that (4.1) has the form of the relation (2.1)
if one sets u = |a| and |y| = A. This follows from the formula |y-a| = |af-|y]|
just established. One can accordingly apply Lemma 2.1 as follows. For an arbi-
trary subset M of E

(42) 7 ulelividlal = [ gulelaty-al < w.

For the two members of (4.2) are finite and hence equal by Lemma 2.1.
Statement (i) follows.

() Set B8 = y-a. If x 15 B-measurable, xy is a-measurable.

Let K be compact. According to the Bourbaki definition of measurability
K is a disjoint union K = H\J M, where H is a countable union of compact
sets K, on each of which x is continuous, and where M is B-negligible. Then
¢oux is B-negligible, and so by (i), ¢uxy is a-negligible and hence a-measurable
(7, Prop. 6, p. 184). Further ¢ zx is a-measurable and hence ¢ zxy. Finally
b xxy = ¢ gxy + éuxy is a-measurable, and hence xy. (‘“Principal of localiza-
tion”’, 7, p. 182.)

(8) If x is a-measurable, x is B-measurable. Let K, H, M be chosen as in the
proof of (a) except that M shall here be a-negligible. Then ¢,x is B-negligible
by (i), and hence B-measurable. Thus x is B-measurable since ¢xx = ¢Pux
+ bux.

(v) If xy is a-measurable, x is B-measurable. Let M be the subset of E on
which y(#) # 0. Then M is a-measurable. Set H = CM. The relation

X
4.3) by = _Puxy
shows that ¢,x is a-measurable, since both numerator and non-vanishing

denominator are a-measurable. One can apply (B8), replacing x by ¢ux, since
(4.1) holds with ¢ux replacing x. Hence ¢,x is B-measurable. Now ¢ gxy
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vanishes, so that by (i) ¢ zx is B-negligible and hence B-measurable. Hence
= ¢ux + ¢ gx is B-measurable.
Lemma 4.1 (ii) follows from () and (v).
Statement (ii) is conditioned in Lemma 4.1 by (4.1). Actually this con-

dition can be dropped.

CoRrOLLARY 4.1. For a locally a-integrable vy, the a-measurability of xy is
equivalent to the (y-a)-measurability of x.

We commence with the following.

(a) If xy is a-measurable x™y 1is a-measurable. It is understood that
x™ = 2™ + 22, where x1 + 2, is a Gaussian decomposition of x. If
M is taken as in () then ¢,x is a-measurable. Hence ¢,x™ and consequently
(px™)y = x™y is a-measurable.

(b) If x™y 1s a-measurable for each positive integer n > 0, xy 1s a-measurable.

For x™y converges pointwise to xy as n | «.

From (a) and (b) we conclude that the Corollary is true if true for bounded
x. We therefore prove the following.

(c) The Corollary is true for bounded x.

Let K be compact and set 2 = ¢ gx. Now 2 is bounded with compact support.
Hence (cf. (d) of §2),

" elbvidlal = [ elalore]

and Lemma 4.1 applies, so that the Corollary is true if z replaces x. By the
principle of the localization of measurability, (c) is true as stated.
The Corollary follows as indicated above.

Proof of Theorem 1.1. Statement (i) of the theorem follows from Lemma 2.1
since |y-a| = |y|-|a| so that one can identify |a| with u in Lemma 2.1. 4 ssuming
then that (4.1) holds we prove the following. Set y-a = 8.

(a) If x is B-integrable and if (x,) is a sequence of B-integrable mappings such
that |x,| < |x| and x,(t) converges to x(¢) (p.p. B), then (1.4) holds provided

(4.4) fx,, dg = fx,,y da n=12...).

Let H be the set of points ¢ on which x,(¢) converges to x(¢). Set M = CH.
Then M is B-negligible so that ¢,xy is a-negligible (Lemma 4.1). Since
l,| < ||, duxsy is a-negligible. Now ¢ zx,y converges pointwise to ¢ zxy.
Moreover

¢ meay| < @ ulxlly].
Since o*(¢xlx|ly]) < ® by hypothesis, the theorem of Lebesgue and the
a-negligibility of ¢,y imply that (7, p. 140, Th. 6)

h{n f brxyda = f buxy da = fxy da.
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Thus
f xdB = li{n f X, dB = li{n fxny do from (4.4)

= li{n f baXyyda = fxy da.

(d) If x € Sy 1s B-integrable then (1.4) holds. For one can satisfy the
conditions on (x,) in (a) by proper choice of x, € ®;. The relation (4.4)
holds by definition of 8.

(¢) If x € RE is bounded and upper semi-continuous with compact support,
then (1.4) holds. Let K be the compact support of x, and let # € &, be such
that #(f) > x(f) on K. Then # — x € &, and is B-integrable. From (b),
(1.4) holds with u — x replacing x. Hence (1.4) holds.

(d) If x € RE is B-integrable and upper semi-continuous with compact support,
then (1.4) holds. The truncation x™ satisfies the conditions on x, of (a), as
follows from (c). Hence, from (a), (1.4) holds.

(e) If x € RE is B-integrable, then (1.4) holds. For one can satisfy the con-
ditions on (x,) in (a), possibly excepting (4.4) by choice of x, which are
upper semi-continuous with compact support (7, p. 151). By virtue of (d),
(4.4) will then hold, and (1.4) follows.

(f) If x is B-integrabdle (1.4) holds. Let k be any one of the Riesz components
(3, §4) of x. Since (4.1) holds by hypothesis, (4.1) holds, % replacing x, since
both members of (4.1) are then finite and hence equal by Lemma 2.1. Now
h is B-integrable (3, Cor. 9.2). By (e), (1.4) holds, % replacing x. Hence
(1.4) holds for x.

() If xy is a-integrable (1.4) holds. By Lemma 4.1, x is 8-measurable, and
since B*(x) < « by hypothesis, x is B-integrable. Hence (1.4) holds by (f).

Theorem 1.1 (ii) follows from (f) and (g).
5. The relation 2.1. We here present lemmas which facilitate the
application of Theorem 1.1. We shall term a countable union of sets X, € %

an w-set (cf. §1 for definition of ¥). We return to A, 4, p of Lemma 2.1 and
refer to the conditions

5.1) f*hd()\-,u) > J‘* N du,
(5.2) f*hd(k-u) < f* I du.

LemMa 5.1. If A = N + N, where N > 0, \'" > 0, N\ is p-negligible, and
the support of N’ 1s contained in an w-set M, then (2.1) holds.
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We shall need the following.

(@) If v is a positive measure with support H, then for g € R

* *
(5.3) f gadv =f gdu dv.

To verify this relation let p € &, be such that p¢y = 0 and p(¢) = + «
when ¢t € CH. Let gpy = k. Then p > g — k so that v*(p) > v*(g — k).
However,

v (p) = sup »(f) 1€ R
I<»

Since such f < p vanish on H, and since H is the support of », v*(f) = 0.
Hence 0 = »*(p) = »*(g — k). Relation (5.3) follows.

To establish the lemma suppose first that A’ = 0, so that A = . Suppose
further that M is the countable union of increasing sets X, € X. Set

hn = hd’X"-
Since %, has a compact support

(5.4) f* had (N p) = f* b du by (e) of §2.

Since h,(t) converges increasing to ¢k () asn T o, it follows from (7, p. 111
Corollary) that

* * *
(5.5) f duhd(N-u) = f buh\ du = f kX du.

The support H of \-u is contained in the support of \. Hence H C M. Two
applications of (5.3) then give

%k * *
66 [ haoew = [ ehaonw = [T anaoen.
Relation (2.1) follows from (5.5) and (5.6).
In the case of the general A = N\ + A"/

(5.7) f* Bd(V-u) = f* N du

as we have just seen. But A-u = N -u and AN is w-negligible. Hence (5.7)
implies (2.1).

A mapping function which vanishes in the complement of an w-set M will
be termed an w-function with w-set M.

LEMMA 5.2 (1). If AN is p-equivalent to an w-function with w-set M then (5.1)
holds.

(i1) If k is (N -u)-equivalent to an w-function with w-set M then (5.2) holds.
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Proof of (1). Let Nk = N0’ + h"" where &' is the w-function h¢, with w-set
M, and %" is u-negligible. Suppose that M is the countable union of sets
X, € X and set h, = & ¢x,. Then £k, converges to ¢,k so that

* * *
J‘ urh d(N-p) =f ¢Mh)\du=f AN\ du

as in the proof of (5.5). Relation (5.1) follows.
The proof of (ii) is similar.

Lemma 5.2 (i) applies to a product Mz in & (u), since such a A is u-equivalent
to an w-function by (7, Lemma 2, p. 194). An k2 € L?(\-y) is similarly relevant
to Lemma 5.2 (ii).

A space E which is “‘countable at infinity’’ is an w-set by definition, so that
on such a space (2.1) holds by virtue of Lemma 5.1.

If 4 is a bounded measure, E is the union of an w-set and a u-negligible set,
so that each mapping in C# is u-equivalent to an w-function. A similar remark
applies to a bounded measure \-u.

There are many other combinations of special conditions relevant to these
lemmas.

6. Two counter-examples. The fact that inequalities appear in (i) and (ii)
of Lemma 5.2 raises the question as to whether or not there are examples in
which the equality is excluded. The question also arises in connection with
Lemma 2.1. The following two examples show that the inequality may occur
in either (i) or (ii).

Example 6.1. Let H C E be locally u-negligible, but not u-negligible. Such
a u and set exist (7, p. 184). Set & = ¢u, N = ¢cx. Then k and \ are bounded
and w-measurable, so that M\ is locally u-integrable. Moreover % is not
p-integrable since it is not w-negligible (7, p. 195). Hence u*(k) = . For
u € 84, hu is u-negligible so that

J‘udu=fhud,u+f?\udu=f)\udu.

It follows that u = X-u. Since Ax = 0, u*(AX) = 0, while
N-w*(h) = p*(h) = .

Thus g*(A\) < (A-w)* (k). Note finally that A\ is p-equivalent to an w-function,
the null function.

Example 6.2. Take H as in Example 6.1. Set A = ¢4 and & = ¢z. Then
M\-u is a null measure so that (A-u)*(2) = 0. Moreover u*(h\) = p*(\) = .
Note also that 4 is (A-u)-equivalent to a null function.
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