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ABSOLUTE C-EMBEDDING OF SPACES WITH
COUNTABLE CHARACTER AND
PSEUDOCHARACTER CONDITIONS

ALAN DOW

1. Introduction. Absolute C-embeddings have been studied exten-
sively by C. E. Aull. We will use his notation P = C[Q] to mean that a
space satisfying property Q is C-embedded in every space having prop-
erty Q that it is embedded in if (and only if) it has property P. The first
result of this type is due to Hewitt [5] where he proves that if Q is
“Tychonoff”’ then P is almost compactness. Aull [2] proves that if Q is
“Ty and countable pseudocharacter’” or ‘‘7T’y and first countable’” then P
is “‘countably compact’. In this paper we show that P is almost com-
pactness if Q is ““Tychonoftf” and any of countable pseudocharacter, per-
fect, or first countability. Unfortunately for the last case we require the
assumption that 2X¢ = X,. Finally we show that P is countable com-
pactness if Q is Tychonoff and ‘‘closed sets have a countable neighbor-
hood base’’. In each of the above results C-embedding may be replaced by
C*-embeddings and the results hold if restricted to closed embeddings.

We assume that all hypothesized topological spaces are Tychonoff. A
space X is almost compact if given disjoint zero sets at least one is com-
pact. This is equivalent to |[8X\X| £ 1 where 8X is the Stone-Cech
compactification of X [4, 6J]. The pseudocharacter of x ¢ X, denoted
¥ (x, X), is the minimum cardinality « such that {x} isa G, setin X. X is
perfect if every closed subset of X is a G;. We shall use the notation and
terminology of [4].

2. Absolute C-embedding of spaces with countable pseudo-
character. We show that P = almost compact when Q is countable
pseudocharacter. Hewitt’s result shows that an almost compact space is
C-embedded in any Tychonoff space in which it is embedded. Hence we
only have to show the converse. First we list some lemmas that we will
need.

LeEmMA 2.1. 4 space X is compact if, and only if, every infinite subset of
X has a complete accumulation point. That 1s, for every subset D of X there
is a point x € D such that every neighbourhood of x meets D in « set of the
same cardinality as D.
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Lemma 2.2, If X is not compact and « is the minimum cardinality of «
subset of X with no complete accumulation point then « is regular.

Proof. Suppose that (x4)ecx & X has no complete accumulation point
in X and

2aj <N =«

where each «; < k. By the minimality of « the sets (Xa)a<a; for each
7 < X\ all have complete accumulation points y;. Similarly the set (y;) j«
has a complete accumulation point if X < «. But if x is such a point then
x is a complete accumulation of the set (x4)a<x. Therefore N = kx and « is
regular.

THEOREM 2.3. Let X be a space which is not almost compact. Then X cun
be embedded in a spuce Y such that: (1) X s not C*-embedded in YV, (2)
forx € X, y(x,X) =¢(x, V) and 3) for y € Y\X, ¢¥(», V) = w.

Proof. Since X is not almost compact we can choose disjoint non-
compact zero sets Z; and Z,. We will embed X into a space Y so that Z,
and Z, are not completely separated. By Lemmas 2.1 and 2.2 we can
choose regular cardinals k; and «, and sets

(Xa)a<is & Z1 (¥8)p<xs © Zo

such that neither set has a complete accumulation point in X. Next we
choose ¥ C w* such that f, ¢ € € implies {n: f(n) = g(n)} is finite, and
maximal with respect to this property. We note that % has the following
property: (*)if & € «* then thereisan f ¢ % such that {n: f(n) > h(n)}
is infinite. This follows easily from the maximality of 4. Our space V
consists of

XU (ki Xo)U (ke X w) U .

k1 X wand k2 X w are open and discrete. For x € X, x has a neighbour-
hood U € X which meets {x,: « < x;} in a set of cardinality less than «,
and meets {ys: B < k»} in a set of cardinality less than x.. Define a neigh-
bourhood of x in ¥V to be

UV U {H{a} X e, )i, € w,x, € U}
U[U {{B} X Lnﬁ,W):ﬂﬂ € w, Yg € UH

In other words {x.} U {a} X w is the one point compactification of
{a} X w and similarly for yg. Finally we describe neighbourhoods of the
elements of ¥. For each f € ¥ we will define fi:x; — w and foiky —
and neighbourhoods of f will be subsets of the graph of fi and f.. First
assume & and k. are uncountable, and let { U,}, ¢, be a shrinking family of
subsets of x; such that |U,\U,.| = x1 for each n and N, U, = 0.
Similarly let {1,},c. be subsets of x» with the analogous properties. If
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K1 Or ko is w then let U, or 1, be {n,n + 1,n 4+ 2,...,}. Now we define
f1. If k&1 = w then f; = f; otherwise let f(a) = f(n) if « € U,\U,41 and
similarly define f»(8) = f(m) if 8 € 17,,\ Vas1. A neighbourhood base for
fis

(Wapnia <k,B <kyn<w k<ol
where

Wapnr =11} Y (U, N [a, k1)) X o M graph of fi]

U [(Ve M [B, k2)) X w M graph of f5]

(i.e., tails of the graphs of f; intersected with U,, together with tails of
the graph of f, intersected with 17;). The neighbourhoods of f € % are
clopen, for if ¢ € € and g # f then {n: g(n) = f(n)} is finite. So if N is
such that » > N implies ¢g(n) # f(n) then

{Uxy X o M graph of fi} N {Uy X o M graph of g;} = #;
for if @« € Uy then o € Uy\Uyy: for B = N and

file) = f(k) # g(k) = g(a);
but for

(e, j) € {Ux X w M graphof fi} M { Uy X w M graph of g;}
we must have

file) =7 = gi(a).
Similarly

{Vy X w M graph of fo} M {Vy X w M graph of g.} = 0.

It is easily checked that no other elements of Y are in the closure. We
now check that ¥ has the desired properties.

Claim 1. Z, and Z, are not completely separated in V.

Proof. Let A and B be closed neighbourhoods of Z, and Z, respectively.
We will show that 4 N\ B N\ & = 0.

Since 4 is a neighbourhood of (x.):a < ki, for each a < «;, there is
an integer & («) such that

{a} X [hl(a)v w) g A
Let A, = hi ([0, n]). The 4,’s are increasing subsets of x; and
Uld,in < wl =«

Case 1. k; = w. This means %, € w*® so there exists f ¢ % such that
{n: f(n) > hi(n)} is infinite., This means every neighbourhood of f meets
A because a neighbourhood of f contains, for some m € w, {(k, f1(k)):
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k = m}. Now choose n = m such that f(n) > hi(n), which we can do
since {n: f(n) > hy(n)} is infinite. This means that (n, f(n)) € x; X w is
in A because

tn} X (hi(n), w) S 4.

Thus f € A since A4 is closed. Note that any f ¢ % such that
{n: f(m) > hi(n)} is infinite is in 4.
Case 2. k1 > w. Note that «; is regular by Lemma 2.2. Recall that

4, = h1 ([0, n]).
For each n choose h(n) € w such that
[U\Upt1 N Ay = 1.
Now choose f € % such that
Hn: f(n) > h(m)}] = w.
An arbitrary neighbourhood of f contains a set of the form
(Un M8, k1)) X w M graph of f;.
Let n > m be such that f(n) > h(n) and choose
a € 18, k1) N U\NUps1 M Apny-

Since @ > 6 and « € U, 2 U,\U,;1 we have that (a, fi(a)) is in the
above neighbourhood of f and since a € A,u), hi(a) < h(n). Also
h(n) < f(n) and f(n) = fi(a) because @ € U,\U,41. Therefore (o, fi(a))
is in 4 because

tal X [h(a), w) € 4

and we conclude that f € 4. Again we note that any f ¢ % such that

Hn: f(n) > h(n)}| = o

isin 4.
Now we consider B. For each g < x» we choose ¢1(8) ¢ w such that
18} X [¢1(8), @) € B. We let

B, = g7 ([0, n]).
If k» = w thenlet g = g;. Otherwise for each n choose ¢g(n) so that
|Vn\Vn+1 M Ba(n)‘ = Ke.

Now we can show that if f € C such that [{n: f(n) > g(n)}| = w then
f € B.Tocomplete the proof that Z; and Z, are not completely separated
we observe that there exists f € % such that

[{n: f(n) > h(n) + ¢n)}| = w.
Hence f € 4 M B.
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Clawm 2. Y 1s completely regular. It suffices to show complete regu-
larity for points of X since all points of Y\X are either isolated or have a
base of clopen neighbourhoods which miss X. Let x € X and (without
loss of generality) not in the closure of (y)s<.,. Since (Xa)a<x, has no com-
plete accumulation point, we can choose a cozero set neighbourhood
W of x which misses (yg)s<k, and

IW m (xa)a<x1‘ < Ki.

Let v < k; be such thatif &« > v then x, ¢ W. Let & € C*(X) such that
h(x) = 1 and R(X\W) = 0. Define ' € C*(Y) by

W (f) = 0for f € ¥ and
W((B,n)) = 0for B € x» and
B ((,n)) = h(xa) for a € «.
It is easy to check that A’ is continuous. Conditions 2 and 3 of the

theorem are immediate by the construction.

CoroLLARY 2.4. Clcountable pseudocharacter] = almost compact.

3. Perfect spaces. The purpose of this section is to show that if X is a
perfect space then the space YV constructed in 2.3 is also perfect. So let X
be perfect and Y be as in Theorem 2.3. Let F be a closed subset of V. We
must show that Fisa G;setin V. Let

Fi=FNX, Fo=FN%,and F; = F\(X U %).
Since X is perfect, let F; = MN,¢o 0,, where 0, is open in X. Let

0, =0,U VU {la} X [nw):x, €0,and a < x;} U
U B} X (1, w): 95 € 0, and B < «kof.
Define W, to be
Fo U [(U, X w) M U {graph of f1: f € Fa}]
U [(V, X w) MU {graph of fo: f € Fs}].
W, is open and contains F». Now we let
M, =0,YW,\U Fs.

Then M, is open and M,«<, M, = F which shows that ¥ is perfect. For
if y € Y\Fthenif y € X thereisan » such thaty ¢ 0, hencey ¢ M,. If
y € Y\X then either y € %, in which casey ¢ M, for any #, or (without
loss of generality) v = (a, m) for somea < ki, m € w. In this case, let # be
such that # > m and « ¢ U,. Therefore y ¢ 0, since to 0, we added
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la} X [n,w) and m < n. Alsoy ¢ W, since
W, Nkr XowC U, X w.
And y ¢ F; hencey ¢ M,. We have proved

TurorEM 3.1 Clperfect] = almost compact.

4. First countable spaces.

Definition 4.1. X is (k, N)-compact if every subset A of cardinality «
has a M-accumulation point x (i.e., for any neighbourhood U of x, |U M
4| = N). X is x-bounded if every subset of cardinality x has compact
closure.

LemMa 4.2, [CH] If X s « first countable, countably compact, (X1, Xi)-
compact space then X is Ri-bounded.

Proof. Suppose not. Let D C X such that [D| = X, and D is not com-
pact. Since we are assuming [CH] and that X is first countable,

|D[ = ID“’I = N

Hence if D is not compact there is a subset .S of cardinality less than or
equal to X; with no complete accumulation point. This contradicts the
assumptions that X is countably compact and (X;, X;)-compact. Hence
X is N;-bounded.

LEmma 4.3. [CH]. If X is first countable and XR,-bounded then X is
compact and has cardinality NR,.

Proof. Suppose |X| > Ni. Let D C X such that |D| = R.. D is first
countable and has cardinality X. = ¢+ and is therefore not compact
[1]. Hence without loss of generality we can assume that D has no
complete accumulation point. Therefore every point of D has a neigh-
bourhood which meets D in a set of cardinality less than or equal to X;.
Hence, by Lemma 4.2, D is locally compact. Inductively construct com-
pact sets C, for a < wy, such that

() Ca C ints Copr
(11) JXe41 € Ca+1\C,, and
Gii) |G = Xi.

Choose xg € Dandlet Cy = {xo}. Lete € w;, and suppose we have defined
C, for v < a so that (i)—(iii) are satisfied. Since
s U G =X
y<a

we can choose

X E D—\Clﬁ U C’Y‘

y<a
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{xe} U clp Uyca G, is compact because X is X;-bounded. Cover it with
compact neighbourhoods of cardinality less than or equal to X; and choose
a finite subcover. Let Cuy1 be the union of these finitely many compact
sets. Since |D| = N, the induction can continue for @ < w;. Since each
Caisclosed and D is first countable, Ua<w, Cais closed in D hence compact
because X is X;-bounded. The open cover

{int Co: @ < w1}
has a finite subcover, hence

U Co = C, forsomery < wy,

a<w]

but of course x,,1 ¢ C,. Hence | X| < R, and since X is Xi-compact, X is
compact.

The following corollary will be used repeatedly.

CoroLrLaRry 4.4 [CH]. If X s first countable non-compact then X
contains either a countable closed discrete set or a set of cardinality R, with
no complete accumulation point.

TaEOREM 4.5 [CH]. C[first countable] = almost compact.

Proof. Let X be a first countable space that is not almost compact.
First we show that X contains either

(1) two completely separated countable closed discrete sets or

(ii) two completely separated sets of cardinality N; with no complete
accumulation points.

Suppose that case (i) does not hold, i.e., there are no two completely
separated discrete sets. Since X is not almost compact let Z; and Z, be
disjoint non-compact zero sets of X. Since case (i) does not hold, we can
assume Z, is countably compact. By Corollary 4.4 Z, contains a set H of
cardinality NX; with no complete accumulation point. We now show that
Zsalso contains a set K with |[K| = R;and having no complete accumula-
tion point. We are done if Z, is countably compact so let V be a countable
closed discrete subset of Zs. If Z, is not locally compact then there is
point x € Z, and a non-compact closed neighbourhood U of x such that
U M N is finite. U must be countably compact since U and N\U are
completely separated but case (i) does not hold. Therefore by Corollary
4.5 U contains the required set K. Now suppose Z is locally compact.
This means each point has a neighbourhood of cardinality less than or
equal to Xi. If |Zs] = N, we inductively choose open sets C,: @ < w; of
cardinality X; and points x, € C, such that

U G CG and x, € G\ U G,

y<a y<a

=X

This induction can be carried out because |Z,| > Xjand | Uy<a C,
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and Z, is locally compact. By the countable tightness of X and the fact
that C, C Cuy1 we see that U (C,: a < wy) is closed in Z,. The set
{x4: @ < w1} has no complete accumulation point in Z, for if x € U (,
then x € C, for some o < w; which meets only countably many x,’s.

Now we assume that |Z,| < Ni. If |clgx Z2\Z2| > 1 then we could find
disjoint Z3, Zy € Z(X) both contained in Z, which were not compact.
Of these two non-compact zero sets at least one is countably compact
because case (i) does not hold and this zero set contains the necessary
set K. Therefore the remaining possibility is

|C15XZ2\Z2| = 1.
In this case, let
Zy = {X0: a < wy}.

Let, for each a« < wy, W, be a non-compact zero set of X contained in Z,
such that

X & Woe and W,< N W,.

y<a
Clearly MNa<e; Woa = 0. Suppose there is an a < w; such that
m'y<a W», = ﬂ Let
(P} = clexZo\Zo.

Since Ny<a W, = B and p € clgx W, for each v, there exists an f € C*(X)
such that

Bf(p) = Oand Z(f) M Z, = 0.

We can choose v, ¢ Z, such that

[f )] < 31 f )l

Therefore {y,: n € w} is C*-embedded in X but

N1 = [cloxZs| = [cloxiy,: n € w}] = 27,
a contradiction. Hence, for each a < wi, Myca W, # @. Inductively
choose, for a < wi, £&o < w; such that

N W\ N Wy # 0.
Y=«

y<a
Also choose
Ya € N W\ N W,
y<a y<a

The set {ya: @ < w1} does not have a complete accumulation point since
each x, has X\IW, as.a neighbourhood which contains only countably
many ¥,’'s. We have finished showing that either case (i) or case (ii)
holds.
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If case (i) holds then the construction in Section 2 provides a first
countable space in which X is embedded but not C*-embedded. Now
suppose case (ii) holds. Let H and K be completely separated closed
subsets of X of cardinality X; which have no complete accumulation
points. Let {A\,: @ < w;} be an indexing of the limit ordinals less than
w1. Also let

H = {4 a <wrand1 £ 7 < w} and
K = {kyqom1:a < wrand n € wf.
Since H and K are locally countable we can assume they are indexed

such that there are clopen subsets of H, { Us: @ < w,} and clopen subsets
of K, {Va: @ < w;} such that

it A < 8 < hat) © U NV H C hg: B < Nass)
and
{kﬂ: >\a < 6 < )\a+l} g l"ra f\ K g {kﬂ ﬁ < /\a+1}~

We will topologize V = w X w; \J X so that V is first countable, H is
not completely separated from K in ¥ and X is a topological subspace
of V.

w X w; will be an open subset of ¥ and is given the product topology.
For each o < w; we will define a clopen subset C, of w X w; such that

(1) Co € @ X Nay1.
(i) 8 < a— J n < wsuch that Cg N [n, w) X Np1 = Co M |1, w) X

Not1.
(iii) ¥ < Xey1 and v not a limit ordinal — 3 # < w such that

(7, w) X {v} C C..

Let Co = Up<o |1, w) X {n}. Let @ < w; and suppose for 8 < a we
have defined Cj satistying (i)—(iii).

If « =841 then let Co = Cs\J Ugcpcn |7, @) X {As + n}. Other-
wise let {a,: # < w} be an increasing sequence of ordinals converging to
a. We let

Ca = Un<w Lny w) X O\an—1+1’ )\ﬂn+1) M Cﬂn \V
U0<n<w Lny w) X {)\a + ’l’l/}

(i) and (iii) obviously hold. Suppose a;_1 < 8 = «;. By induction there
is an m < w such that

Cs M m, w) X Ny = Coy M [m, @) X Ny
There is also a p < w such that

Ca,‘ N [p, w) X Aaj1 = Cs M [p,w) X Naj41 for j <.
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Therefore if n = max {p, m, 1} we observe that
Cg N [’ﬂ, w) X )\5+1 = Ca M [n, w) X )\5+1.

Hence (ii) holds. To see that C, is clopen, note that for any 8 £ o + 1
and any #n € o,

(ny >\B) ¢ Cx"

We can now continue to describe the topology of V. X\(H U K) is
open in Y and retains its topology. Let us define for U C X,

U=y <w:hy € Ul

Let hy € Hand v < N\, + 1. Let | U,: n € w} be a neighbourhood basc
for h, in X such that U, M H € U, and is clopen in H. A neighbourhood
base for i, in Vis

(U (G [, 0) X Uy):n < vl

Similarly define neighbourhoods for points in K. Condition (ii) in the
definition of the C,’s implies that the above sets are in fact clopen subsets
of V.

V is obviously first countable and completely regular. We will now
show that H and K cannot be separated by disjoint closed neighbour-
hoods. Indeed, let U and 1”7 be neighbourhoods of H and K respectively.
For each &k, € H there is an n, < w such that

[ny, w) X v} & U
and similarly for each kg € K there is an mg < w such that
lmg, @) X {8} S 17
Hence we can choose n < w such that for uncountably many 4, € H,
[n,0) X iy} €U
and for uncountably many kg ¢ K,
[n,w) X {8} S T

It is then easy to check that there is a N\, such that (#, \a) € U N V.
This completes the proof because X is not C*-embedded in Y since H
and K are completely separated in X.

5. Closed sets have countable neighbourhood bases. Let ¥ be a

Tychonoff space in which every closed subset has a countable neighbour-
hood base.

LeEmMMA 5.1. The set of non-isolated points of Y is countably compact.
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Proof. Suppose D is a countable closed discrete subset of the non-
isolated points of V. Let D = {d,: n € w} and choose disjoint open sets
{ V. n € w} such that for each #, d, € V,. Suppose that {U,: n € w} is
a neighbourhood base for D. Choose x, € V,\{d,} M U,. Since, for each
n€w V,N\{x:1€ o = {x,] wesee that

{x:1€ 0wl D= 0.
Therefore X\{x: 7 € ] is a neighbourhood of D but it does not contain
any U,. This contradicts the fact that D has a countable neighbourhood
base.

Lemma 5.1 and the following lemma have been proven by C. E. Aull
[3].

LemMa 5.2, YV is normal.

Proof. Let H and K be disjoint closed subsets of V. Let

H, = H N isolated points of ¥ and
K, = K N isolated points of Y.

H\H, is a closed subset of ¥V solet {U,: n € w} be a shrinking neighbour-
hood base for H\H,. Suppose that

and let {W,: n € w} be a neighbourhood base at y. Choose

Yo € W O\ U\(H\H)).

v, can be chosen so that it is not in H\H; because H\H, is closed and
y ¢ H\H;:. {y} U {y,: n € w} is closed and is disjoint from H\H;, but
Y\{y.: # € w} does not contain any U,.

This contradiction means that MN,e, U, = H\H,. Since K\K; is dis-
joint from H\H,; we see that

K\Kl m mnéw Un = g
K\K, is countably compact by Lemma 5.1 so there isan # € w such that

Therefore H, \J U,\K, is a closed neighbourhood of H which does not
intersect K. Hence Y is normal.

THEOREM 5.3. Clclosed sets have countable mneighbourhood bases] =
countably compact.

Proof. First let X be a space in which closed sets have countable neigh-
bourhood bases and X is countably compact. Let X be embedded in YV,
where closed subsets of ¥ have countable neighbourhood bases; then V
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is normal by Lemma 5.2. X is closed in Y since X is countably compact
and Y is first countable. Hence X is C*-embedded [4, 3D].

Conversely, suppose X is not countably compact. Let D be a closed
countable discrete subset of X. By Lemma 5.1 we can choose D to consist
of isolated points. Therefore D is clopen in X. We can construct a space
V = X U {2} where neighbourhoods of & are {Z} union cofinite
subsets of D. It is easily seen that X is not C*-embedded in ¥ and that
closed subsets of ¥ have countable neighbourhood bases.

Remark. Countably compact spaces which have the property that
closed sets have countable neighbourhood bases are also normal. W. Weiss
[7] has shown that every countably compact perfectly normal space is
compact if we assume Martin's Axiom plus the negation of the continuum
hypothesis and thus is consistent with the usual axioms of set theory.
On the other hand, Ostaszewski [6] constructs space 8, which is perfectly
normal, countably compact and not compact. The construction of 6 also
requires special set theoretic assumptions. It is easily shown that the
product of 6 with the one-point compactification of the integers is a
countably compact space which has the property that closed sets have
countable neighbourhood bases and this space has infinite growth in its
Stone-Cech compactification.
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