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Abstract. We prove effective equidistribution of horospherical flows in SO(n, 1)°/T
when I' is geometrically finite and the frame flow is exponentially mixing for the
Bowen—Margulis—Sullivan measure. We also discuss settings in which such an exponential
mixing result is known to hold. As part of the proof, we show that the Patterson—Sullivan
measure satisfies some friendly like properties when I' is geometrically finite.
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Effective equidistribution 2781

1. Introduction
The group G = SO(n, 1)° with n > 2 can be considered as the group of orientation
preserving isometries of the hyperbolic space H". Let I' € G be a geometrically finite
and Zariski dense subgroup of G with infinite covolume. In this paper, we establish an
effective rate of equidistribution of orbits under the action of a horospherical subgroup
U C G under a certain exponential mixing assumption (Assumption 1.1).

An early result on the equidistribution of horocyclic flows in G/TI" for G = SL,(R)
and I' a lattice was obtained by Dani and Smillie in [4]. They proved that if U = {( (1) D
t € R} and if x does not have a closed U-orbit in G/ T, then for every f € C.(X),

1 T
lim /0 Fupx) dt = m(f), (1)

where m denotes the normalized Haar probability measure on X. The lattice case is well
understood in general, thanks to Ratner’s celebrated theorems on unipotent flows [28].

Results such as these are not considered to be effective, because they do not address
the rate of convergence, and this is important in many applications. Burger proved
effective equidistribution of horocyclic flows for SLy(R)/I" when I is a uniform lattice
or convex cocompact with critical exponent at least 1/2 in [3]. Sarnak proved effective
equidistribution of translates of closed horocycles when I is a non-uniform lattice in [31].
More general results were obtained for non-uniform lattices using representation theoretic
methods by Flaminio and Forni in [9], and also by Strombergsson in [36]. The case
where I' = SL,(Z) was also obtained independently by Sarnak and Ubis in [32]. The
higher dimensional setting has recently been considered by Katz [15] and McAdam [21].
McAdam proved equidistribution of abelian horospherical flows in SL,(R)/T for n > 3
when T' is a cocompact lattice or SL,(Z), and Katz proved equidistribution in
greater generality when I' is a lattice in a semi-simple linear group without compact
factors.

In infinite volume, we cannot hope for a result such as (1) for the Haar measure: by the
Hopf ratio ergodic theorem, for almost every point,

1T
Tlimoo T /0 fux)dt =0.
This tells us that this is not the correct measure to consider. A key characteristic of the Haar
probability measure in the lattice case is that it is the unique U-invariant ergodic Radon
measure that is not supported on a closed U orbit, [4, 10]. By [3, 29, 40], the measure with
this property in the infinite volume setting is the Burger—Roblin (BR) measure, which is
defined fully in §3. The correct normalization will be given by the Patterson—Sullivan
(PS) measure, which is a geometrically defined measure on U orbits. This is also
defined in §3.

Maucourant and Schapira proved equidistribution of horocycle flows on geometrically
finite quotients of SLy(R) in [20], and in [24], Mohammadi and Oh generalize these results
to geometrically finite quotients of SO(n, 1)° for n > 2, but these results are not effective.
Oh and Shah also proved equidistribution on the unit tangent bundle of geometrically finite
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hyperbolic manifolds in [26]. In [8], Edwards proves effective results for geometrically
finite quotients of SL; (R).

In this paper, we extend these results to geometrically finite quotients of SO(n, 1)°,
under the assumption of exponential mixing of the frame flow for the Bowen—Margulis—
Sullivan (BMS) measure, which is defined in §3. More explicitly, in §§6—8 (but not §4 or
§5), we will assume the following holds, where {a; : s € R} denotes the frame flow on
G/T.

Assumption 1.1. (Exponential mixing) There exist ¢, « > 0 and £ € N which depend only
on I', such that for , ¢ € C2°(G/T") and s > 0,

‘ / ¥ (asx)(x) dmBMS (x) — mPMS (Y ymBMS ()| < eSe(¥) Se(p)e ™.
X

Assumption 1.1 is known to hold when I' is convex cocompact by [30]. In [23],
Mohammadi and Oh prove such a result for geometrically finite I' under a spectral
gap assumption (see Definition 2.1), using decay of matrix coefficients. Edwards and
Oh recently proved effective mixing for the geodesic flow on the unit tangent bundle
of a geometrically finite hyperbolic manifold when the critical exponent is larger than
(n — 1)/2 in [7]. Further details about this assumption are discussed in §2.

We will need to restrict consideration to points satisfying the following geometric
property, which means that the point does not travel into a cusp ‘too fast’. Here, d is a
left-invariant Riemannian metric on G/ I" that projects to the hyperbolic distance on H".

Definition 1.2. For 0 <& <1 and s9 > 1, we say that x € G/I" with x~ € A(T") is
(&, so)-Diophantine if for all s > 59,

d(Cy,a_sx) < (1 —é&)s,

where Cp is a compact set arising from the thick-thin decomposition, and is fully defined
in §3.2. We say that x € G/I" with x~ € A(T") is Diophantine if x is (e, sp)-Diophantine
for some ¢ and sg.

Here, A(I") denotes the set of limit points of I', and is defined fully in §3, as is
the notation x*. In the case that I" is a lattice, the condition x~ € A(T) is always
satisfied. Also, if I" is convex cocompact, every point x € G/ " with x~ € A(I") will be
Diophantine, because all limit points are radial in this case (see §3).

Note that x is (e, sg)-Diophantine if (1 — ¢)s is a bound on the asymptotic excursion
rate of the geodesic {a_gx}, that is,

d(Co,a—sx) _
N

lim sup <l-—e. 2

§—>00

Sullivan’s logarithm law for geodesics when I' is geometrically finite with or >
(n — 1)/2 was shown in [16, 35] (and is a strengthening of Sullivan’s logarithm law for
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non-compact lattices [38, §9]), and implies that for almost all x € G/ T,

. d(Cp, a_sx) 1
lim sup = )
§—>00 log S 28]" —k

3)

where k is the maximal cusp rank. In [16], Kelmer and Oh showed a strengthening
of the above, considering excursion to individual cusps and obtaining a limit for the
shrinking target problem of the geodesic flow. Note also that the result stated in [16] is for
xeT! (G/T), but since the distance function there is assumed to be K-invariant, where
H" = K\G, and the set Cy is K-invariant as well (see §3.2), we can deduce the form above.

It follows from (3) that the limit on the left-hand side of (2) is zero for almost every
point x € G/TI" (with respect to the invariant volume measure) in this case. Moreover, for
any &, the Hausdorff dimension of the set of directions in T!(H"/T") around a fixed point
in H"/ T" that do not satisfy (2) is computed in [22, Theorem 1]. For geometrically finite I,
the Hausdorff dimension of the set of directions around a fixed point that do not satisfy (2)
can be found in [11, 35].

The main goal of this paper is to establish the following two theorems. Here, m
denotes the BR measure, mBMS denotes the BMS measure, and MPS denotes the PS
measure. These measures are defined in §3. Throughout the paper, the notation

BR

XLy
means there exists a constant ¢ such that
X < cy.

If a subscript is denoted, e.g. <, this explicitly indicates that this constant depends on I.
Let U = {ug : t € R"!} denote the expanding horospherical flow. Let By (r) denote
the ball in U of radius r with the max norm on R"~!, See §3 for more details on notation.

THEOREM 1.3. Assume that U satisfies Assumption 1.1. For any 0 <& <1 and
so > 1, there exist constants £ = £(I') € N and k = k(I', &) > 0 satisfying for every
Y € CX(G/T), there exists ¢ = c(T', supp V) such that for every x € G/T' that is
(&, so)-Diophantine, and for every r >>r ¢ So,
1
‘MES(BU(V)) By (r)
where Sy () is the £-Sobolev norm.

¥ (uex) dpPSt) — mBMS ()| < eSe(yr™,

For the Haar measure, we will prove the following equidistribution result.

THEOREM 1.4. Assume that I" satisfies Assumption 1.1. For any 0 < & < 1 and so > 1,
there exist £ = £(I') € N and k = k (T, &) > 0 satisfying for every v € C°(G/T'), there
exists ¢ = c(T", supp V) such that for every x € G/ T that is (e, so)-Diophantine, and for
all ¥ >1 supp e S0,
1
‘MES(BU(V)) By ()
where Sy () is the £-Sobolev norm.

¥ (uex) dt — mBR)| < eSe()r™,
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Note that the assumption that x is Diophantine is required to obtain quantitative
non-divergence results in §4, which is key in proving the above theorems. The dependence
on a Diophantine condition is necessary, and is analogous to known effective equidistribu-
tion results for when I" is a non-cocompact lattice (see [21, 36]).

In [39], we apply the above result to obtain a quantitative ratio theorem for the
distribution of orbits for I' acting on U\G. This improves upon the work of Maucourant
and Schapira in [20].

A key step toward proving Theorem 1.3 is the following, which is proved in §6.

THEOREM 1.5. Assume that I satisfies Assumption 1.1. There exist k = k(') and £ =
L(T") which satisfy the following: for any ¢ € CZ°(X), there exists ¢ = ¢(T', supp ¢) > 0
such that for any f € CX°(By(r)), 0 <r <1, x € supp mBMS | and s > d(Co, x), we
have

‘ fU ¥ (asuex) £ @) dpPS @) — 1B (HmPMS ()| < eSe() Se(fe ™.

In §6, we also prove an analogous statement for the Haar measure. Such a result is
proven in [23] under a spectral gap assumption on I', but we show in this paper how to
prove it whenever the frame flow is exponentially mixing.

The proof will use similar techniques as in [24, 26]; in particular, we will rely on
Margulis® ‘thickening trick’ from his thesis [19].

In the proofs of our main theorems (Theorems 1.3 and 1.4), we use partition of unity
arguments. In particular, the bounds we get are on slightly bigger sets. As a result, we need
an effective bound on the PS measure of a small neighborhood of a boundary of a ball
relative to the PS measure of that ball. The following theorem achieves this. It is shown
using [5, Lemma 3.8] and [35, Theorem 2].

THEOREM 1.6. There exists a constant « = «(I") > 0, such that for every x € G/ T thatis
(&, so)-Diophantine, for every 0 < s < Te/d-8) every0 < & Kr 1,and every T >r ;¢ 5o,
neS (Bu(€+T))

uES (By(T))

— 1 «r &%

In the appendix, a stronger version is obtained under the assumption that all cusps of
G/ T have maximal rank.

This paper is organized as follows. In §2, we discuss under what conditions
Assumption 1.1 is known to hold. In §3, we set out notation used in the article, and
define the measures we will be using, along with proving some important facts about
them. In §4, we prove quantitative non-divergence of horospherical orbits of Diophantine
points, which is needed in the following sections. In §5, we control the PS measure of the
boundary of a set by proving Theorem 1.6. In §6, we use Margulis’ ‘thickening trick’ to
prove Theorem 1.5 and an analogous result for the Haar measure, which are key in the
proofs of Theorems 1.3 and 1.4. In §7, we use quantitative non-divergence and Theorem
1.5 to prove Theorem 1.3. In §8, we use Theorem 1.6 and the Haar measure analogue of
Theorem 1.5 to prove Theorem 1.4. Several technical details of the proof of Theorem 1.6
are in the appendix, §A, and in §A.3, we prove stronger statements hold in the setting

https://doi.org/10.1017/etds.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.47

Effective equidistribution 2785

that all cusps have maximal rank, because the PS measure is absolutely friendly (see [5,
Theorem 1.9]).

2. Known exponential mixing results

Throughout the paper, we assume the existence of an exponential mixing result (see
Assumption 1.1). In this section, we elaborate on the conditions under which such a result
is known. Here we assume that I" is a Zariski dense discrete subgroup of G.

There is a natural action of G on H" and dH", the hyperbolic n-space and its boundary,
respectively. Let A(I") € d(H") denote the limit set of X, that is, the set of all accumulation
points of I'z for some z € H" U d(H"). The convex core of X is the image in X of the
minimal convex subset of H" which contains all geodesics connecting any two points in
A(T"). We say that I" is convex cocompact if the convex core of H"/I" is compact, and
geometrically finite if a unit neighborhood of the convex core of I has finite volume.

For I" convex cocompact, Assumption 1.1 was proved by Sarkar and Winter in [30,
Theorem 1.1].

Fix a point w, € T'(H") and denote M = Stabg (w,). Denote by G and M the unitary
dual of G and M respectively. A representation (7, H) € G is called tempered if for
any K-finite v € H, the associated matrix coefficient function g — (7w (g)v, v) belongs
to L>*¢(G) for any & > 0, and non-tempered otherwise. The non-tempered part of G
consists of the trivial representation, and complementary series representations U (v, s —
n + 1) parameterized by v € M ands e Iy, where I, C ((n — 1)/2,n — 1) is an interval
depending on v (see [12]).

Definition 2.1. The space L>(X) has a spectral gap if there exist (n — 1)/2 < 5o =

so(I') < 8 and ng = no(I") € N such that:

(1) the multiplicity of U (v, dr — n + 1) contained in L?(X) is at most dim (v)" for any
veM;

(2) L3(X) does not weakly contain any U (v, s —n + 1) with s € (sg, §) and v € M.

According to [23, Theorem 3.27], if 6 > (n — 1)/2 forn = 2,3, or if 6 > n — 2 for
n > 4, then L*(X) has a spectral gap. If 8p < (n — 1)/2, then there is no spectral gap,
but it was conjectured that whenever ér > (n — 1)/2, L2(X ) has a spectral gap (see [23]).
Note that if there are cusps of maximal rank n — 1, it follows that §p > (n — 1)/2.

For I' geometrically finite such that L?(X) has a spectral gap and & > (n — 1)/2,
Mohammadi and Oh stated in [23, Theorem 1.6] an exponential mixing result similar to
Assumption 1.1. In their statement, the constant ¢ depends on I'" and the support of the
functions. The dependence on the support of the functions arises in the last part of the proof
(see [23, §6.3]) and can be omitted by using the following lemma (the BR-measure is
defined in §3.3), hence obtaining a result of the form needed in Assumption 1.1.

LEMMA 2.2. If 8§ > (n — 1)/2, then there exists ¢ = ¢(I') > 0 such that any B C X of
diameter smaller than 1 satisfies

mBR(B) <ec.
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Proof. For any g € G denote

Do(g) = vgo)ls

where o is the projection of w, onto H" and for any x € H", v, is the Patterson—Sullivan
density defined in §3.1. Since @ is ['-invariant, it can be considered as a smooth function
on X. Moreover, by assuming B contains K = Stabg (0) and using the Cauchy—Schwartz
inequality, we get

mBR(B) = /B Do(g) dm™* ¥ (g)

< VdmHar(B)|| doll2

< [[@oll2-
According to [37, §7] and by the assumption 8 > (n — 1)/2, we have that ¢g € L>(X). O

3. Notation and preliminaries
Recall from §1 that G = SO(n, 1)° and I' € G is a geometrically finite Kleinian subgroup
of G. Denote

X :=G/T.

Here, G acts transitively on H", the hyperbolic n-space. Fix a reference point o € H"
and let K = Stabg (0), then K\G = H". Let v : G — H" be the projection

n(g) = g(0). “4)

We will abuse notation and also write 7 for the induced map from G/T" to H"/I". For
convenience, we will assume throughout the paper that we have chosen o so that oI" €
7 (Cp), where Cy is defined in §3.2. This says that oI is in the convex core of H" / T".

Let d denote the left G-invariant metric on G which induces the hyperbolic metric on
K\G = H".

Recall from §2 that A(I") € d(H") denotes the limit set of X. We denote the Hausdorff
dimension of A(I") by dr. It is equal to the critical exponent of I" (see [27]).

We say that a limit point £ € A(I") is radial if there exists a compact subset of X so
that some (and hence every) geodesic ray toward £ has accumulation points in that set. An
element g € G is called parabolic if the set of fixed points of g in d(H") is a singleton. We
say that a limit point is parabolic if it is fixed by a parabolic element of I". A parabolic limit
point § € A(I") is called bounded if the stabilizer I's acts cocompactly on A(I") — {&}.

We denote by A,(I') and Ap,(I") the set of all radial limit points and the set of all
bounded parabolic limit points respectively. Since I' is geometrically finite (see [2]),

AT) = A (T) U App(T).

Fix w, € T'(H") and let M = Stabg (w,) so that T' (H") may be identified with M\G.
For w € T'(H"),

wt e gH"
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denotes the forward and backward endpoints of the geodesic w determined. For g € G, we
define

gt = w(jfg.

Without loss of generality, we may assume that wff € A(T'), and hence every y € I" will
satisfy y € A (D).

Let A = {as : s € R} be a one parameter diagonalizable subgroup such that M and A
commute, and such that the right action on M\G = T'(H") corresponds to unit speed
geodesic flow. We parameterize A by A = {a, : s € R}, where

as = I (5)

e—S

and [ denotes the (n — 1) x (n — 1) identity matrix.
Let U denote the expanding horospherical subgroup

U={geG:a_syga; - eass — +oo},
let U be the contracting horospherical subgroup
U= {g€G:asga_y — eass — 400},

and let P = MAU be the parabolic subgroup.
The group U is a connected abelian group, isomorphic to R”~!. We may use the
parameterization t > u¢ so that for any s € R,

agutA_g = Upst. (6)
Similarly, we parameterize U by t — v € U so that for s € R,
AgVa—_g = Vp—s¢. @)

More explicitly, if t € R"~1 is viewed as a row vector,

1t Ljy?
Uy = 1 t? (8)
1
and
1
w=| tr I
e e o1

For a subset H of G and n > 0, H, denotes the closed n-neighborhood of e in H, that is,
Hy,={heH:d(h,e) <n}
For any r > 0, let
By(r) ={ut: It =r} and By (r) ={ve: It]| <1},

where |[|t]| is the sup-norm of t € R*~ !,
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LEMMA 3.1. For 0 <n < 1/4 and p € Py, there exists pp : By(1) — By(1+ O())
that is a diffeomorphism onto its image and a constant D = D(n) < 3n such that

utp_l S PDupp(,).
Explicitly, if p = agvy, then py(#) = (¢ = 5|1t]*r) /e’ (1 — (¢ - 1) + glIFl* (1],

Proof. Fors e Randr € R let p = agvr. Then

e*S

p = =T I ,
zedle)> —r e
SO
e S(1—(t-r) + zlrl?t?)  t—Jle)’r  Setlit)?
up~ = —e5rT 4 %e_sllrl|2tT I—tTr eStT

1 —
ze=5r|? —r e

Now, if p’ = ay vy, we obtain that

!

& es/t/ %es/ ”t/”Z
1
plut’ — r/T I./Tt/ iy 3 ”t/”Zr/T + t/T
seS IR S IR + e eGP + (o ) + 1)
We wish to solve for t'.
Setting entries equal yields

t— LtPr=e't

and

/

e =e (1= (t-r)+ 1]r|*[t]?). ©9)
Combining these implies that

_ t—1/2|t|’r
es(1— (t-1) 4 1/4]|r[2[|t]|?)

We define p,(t) to be this quantity. One can directly check that it satisfies the claim.  [J

3.1. Patterson—Sullivan and Lebesgue measures. For x,y € H® and & € d(H"), the
Busemann function is given by

Bex, ) = lim d(x, &) = d(, &),

where &; is a geodesic ray towards £.
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A family of finite measures {{t, : x € H"} on d(H") is called a I"-invariant conformal
density of dimension §,, > O if forevery x,y e H", & € 9(H"),and y € T,

diy B 7
Y«Mx =[xy  and d—’(g) = o Su B0 (10)
M

where yyuyx (F) = puy (Fy) for any Borel subset F of o (H").

We let {v, }em» denote the Patterson—Sullivan density on dH", that is, the unique (up to
scalar multiplication) conformal density of dimension §r.

For each x € H", we denote by m, the unique probability measure on d(H") which is
invariant under the compact subgroup Stabg (x). Then {m, : x € H"} forms a G-invariant
conformal density of dimension n — 1, called the Lebesgue density. Fix o € H".

For g € G, we can define measures on Ug using the conformal densities defined
previously. The Patterson—Sullivan measure (abbreviated as the PS measure)

8 s
ity (ung) = ¢ Pt O8O gy (i) ), (1n
and the Lebesgue measure
UL (ugg) = e WPt OO gy (ugg) ).
We similarly define the opposite PS measure on U g:
dufy ~(ug) = &P @My, (0g) ). (12)

The conformal properties of m, and v, imply that these definitions are independent of
the choice of 0 € H".
We often view MPUSg as a measure on U via

dp(t) = dpg, (ug),

and similarly for ugsg_ on U. For g€ G,seRand E C U aBorel subset (or E C U for

,uPS 7), these measures satisfy

g (E) = "D i (a_Eay), (13)
ug (E) = e up® (a5 Eay), (14)
we (E) =" g, (asEay). (15)

In particular,
e (Bu(e)) = ugd (Bu(1)) and >~ (By- (") = ¢ pghy (Bu(1)).
The measure
dugy (ug) = dug™®(uy) = dt

is independent of the orbit Ug and is simply the Lebesgue measure on U = R" ! up to a
scalar multiple.
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We will need the following fundamental results, which are stated for MPS and U, but
also hold if we replace them with S ~ and U.

LEMMA 3.2. The map g — /Lgs is continuous, where the topology on the space of regular
Borel measures on U is given by i, — u <= u,(f) — w(f) forall f € C.(U).

Proof. This is clear from the definition of the PS measure, since it is defined using the
Busemann function and stereographic projection. O

COROLLARY 3.3. For any compact set 2 € G and anyr > 0,

0< inf MES(BU(r)g) < sup Mgs(By(r)g) < 00.
ge,gTeA (D) geQugteA()

To define the PS measure on Ux for x € X, note that
ifx~ € A,(I'), thenu — ux is injective, (16)

and we can define the PS measure on Ux C X, denoted MES, simply by pushforward of
,ulgs, where x = gI'. In general, defining M,IZS requires more care, see e.g. [24, §2.3] for
more details. As before, we can view MES as a measure on U via

dpl> () = dpb> (uex).

3.2. Thick—thin decomposition and the height function. There exists a finite set of
I"-representatives &1, ..., &; € App(I'). Fori =1,...,¢q, fix g € G such that g;” = §;,
and for any R > 0, set

H;(R) := U Ka_sUgi and X;(R) :=H;(R)T 17)
s>R
(recall, K = Stabg (0)). Each H; (R) is a horoball of depth R.

The rank of H;(R) is the rank of the finitely generated abelian subgroup I'g, =
Stabr (§;). We say that the cusp has maximal rank if rank I's = n — 1. It is known that
each rank is strictly smaller than 28

We denote

supp mBMS .= {gT € X : gjE e A(I}.

(For now, this is simply notation. The measure mBMS will be defined in the next section,

and this set is its support. It projects onto the convex core of H"/T".) Note that the
condition g* € A(T") is independent of the choice of representative of x = gI in the above
definition, because A(I") is I'-invariant. Thus, the notation x* € A(I") is well defined,
even though x itself is not.

According to [2], there exists Ry > 1 such that X7(Ro), . . ., X;(Ro) are disjoint, and
for some compact set Co C G/ T,

supp m®MS € Co U X1 (Ro) U - - - U X, (Ro).
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For1 <i < g and R > Ry, denote
X(R) =X (R)U---UX,(R), C(R):=suppm®M — X(R).

We will need a version of Sullivan’s shadow lemma, obtained by Schapira—Maucourant
(see Proposition 5.1 and Remark 5.2 in [20]).

PROPOSITION 3.4. There exists a constant ». = A(I') > 1 such that for all x € supp m®MS
and all T > 0, we have

A~ Lor otk (x.1)=8r)d ( (Co)o (a— 10g 7)) < MES (By(T)) (18)
< AT T k1 (6. T)=8r)d (7 (Co), 7 (a— 10g 7X)) (19)
and

Al T5re(k2(x,T)*5r)d(ﬂ(co),ﬂ(ulog 7X)) < MES - (B[] (T))
< AT T oka(x,T)=dr)d ( (Co), 7 (atog TX)), (20)

where ky(x, T) is the rank of X;(Ro) if a_10g X € &;(Ro) for some 1 <i < { and equals
0 ifa_iog7x € Co, and ko(x, T) is defined analogously for ajog Tx. Recall the definition
of w from (4) as the projection from G to H".

Definition 3.5. For x € G/T", we define the height of x by
height(x) = d (7 (Cop), 7 (x)), 21
where 7 : G/ ' — H"/T is the projection map as in (4), recalling that H" /" = K\G/T.
LEMMA 3.6. For any x € supp mBMS gnd R > Ro, we have that
x € C(R) < height(x) < R — Ry.

Proof. The claim follows from the disjointness of X;(Rg), | <i < g from Cp, and the fact
that &; (R) < &i(Ro).

If x € C(R), then either x € Cp, in which case height(x) = 0 and we are done, or
x € X;(Rp). Assume the latter, then the Busemann function between x and the boundary
of &; (Rp) (which intersects Cp) is at most R — Ry. Thus, we may deduce the claim in this
case.

Next, assume x € &;(R) for some i. The Busemann function between two points in
different horoballs is at least R — Ry. Since a point from &} (R) cannot go into Cy without
passing through A&;(Rp), this is a lower bound for the distance between the base points,
that is, the height. O

COROLLARY 3.7. Let x € G/ T be (e, so)-Diophantine. Then
height(x) < (2 — &)sp.
Proof. By Definition 1.2,
d(Cp, a—syx) < (1 — &)so.
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Hence, we have that
height(x) < d(Cop, x)
< d(Co, a—syx) +d(a_gsx, x)
< (1 —¢&)sg + 50. O
The injectivity radius at x € X is defined to be the supremum over all ¢ > 0 such that
the map
h +— hx is injective on Gg.
We denote the injectivity radius at x by
inj(x).
The injectivity radius of a set €2 is defined to be
xHeleZ inj(x).
By the proof of [25, Proposition 6.7], there exists a constant o = o (I") > 0 such that
for all x € supp mBMS,
ol inj(x) < e M) < 4 inj(x). (22)

The following fact is well known, but we include a proof for completion.

LEMMA 3.8. There exists Ty = To(I') > O which satisfies the following. Let x € G/T°
with x~— € A(T"), and let R >0 be such that d(Cy,x) < R. Then there exists
t € By(2(R + T)) such that

(uex)™ € A(D).

In particular, for every 0 < ¢ < 1, so > 1, and (¢, so)-Diophantine point x, there exists
|t| < so such that

(uex)™ € A(D).
Proof. Letg,h’ € Gbesuchthatx = g, '~ = g, W'T" € KCp, and
d(g, h') < height(x) < R.

Since KCy is a compact set, by [24, Lemma 3.3], there exists a constant Ty, which only
depends on Cy (that is, on I") such that for some t € By (Tp),

(ugh)* € A(D).
Fix h := u¢h’ and observe that
d(g,h) < R+ Tp. (23)

We must flow A" with an element of A so that it lies on U x.
Because h™ = g7, if s = Be- (h, g), then

ash e Ug.
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Since ﬁgf (h, g) <d(h, g), we arrive at
d(g9 ash) S d(g’ h) + d(h’ a.&‘h)
<2d(g, h)
<2(R+T).
For (e, so)-Diophantine x, observe that
d(CO9 X) S d(CO, a—S()x) + d(a—S()a -x)
< (1 —¢&)so+ 5o
< 250,

so we see that R = 25y works for all such points. [

3.3. Bowen—Margulis—Sullivan and Burger—Roblin measures. Recall w : G — H"
from (4). In this section, we will abuse notation and write & for the restriction of 7
to T'(H") = M\G. Recalling the fixed reference point 0 € H" as before, the map

we (wh,w,s = Bu- (0, T(w)))
is a homeomorphism between T!(H") and
(O(H") x 9(H") — {(§,&) : & € 9(H")}) x R.

This homeomorphism allows us to define the Bowen—Margulis—Sullivan (BMS) and
Burger—Roblin (BR) measures on T' (H"), denoted by mBMS and /i BR respectively:

dinBMS () 1= 8Pt (W) drBy— (0. (W) gy, - Yy, (w)ds,

dinPR (w) 1= e~ DPurt (01D or b= 0T W) gy, () d v, (w ™ )ds.

The conformal properties of {v,} and {m,} imply that these definitions are independent
of the choice of 0 € H". Using the identification of T!(H") with M\G, we lift the above
measures to G so that they are all invariant under M from the left. By abuse of notation,
we use the same notation (BMS and mBR). These measures are right I'-invariant, and
hence induce locally finite Borel measures on X, which are the Bowen—Margulis—Sullivan
measure mBMS and the Burger—Roblin measure mBR respectively.

Note that
supp mBMS .= {xeX: x*e A}
and
supp mBR={x e X :x~ e A(D).

Recall P = MAU , which is exactly the stabilizer of wj in G. We can define another
measure v on Pg for g € G, which will give us a product structure for /7#5MS and mBR that
will be useful in our approach. For any g € G, define

dv(pg) == e‘srﬂ(!’é’)’(o’pg(o))dvo(w;pg)dmds (24)

https://doi.org/10.1017/etds.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.47

2794 N. Tamam and J. M. Warren

on Pg, where s = B(,4)- (0, pg(0)), p = mav € MAU, and dm is the probability Haar
measure on M.
Then for any ¢ € C.(G) and g € G, we have

WS = [ [ wape dito avipg) (25)
pPg JU
and
i) = [ [ v dtavipe). 6)
Pg JU
LEMMA 3.9. There exists a constant > = M(T") > 1 such that for all g € supp m®MS and
all 0 < ¢ < inj(g), we have
=1 g8 H1/20=D(1=2)+1 (ks (£,6)—81)d (2 (Co) 7 @t 1))
< v(Peg)
< )L851"+1/2(n—1)(n—2)+1e(kz(x,s)—tSr)d(?T(Co),ﬂ(alnggX))’
where x = gl and ky(x, ¢€) is as defined in Proposition 3.4.
Proof. Let x = gI'. By Proposition 3.4, there exists % > 1 such that for all such g,
{10 elhalre)=0r)dr(Co)muog <) < 1 PS = (B (e))
< 397 (k2 (x,6)=3r)d (7 (Co).7 (atog ¢ X)) (27)

From (24), if m denotes the probability Haar measure on M, we then have

v(Peg) 5/ / 1y ~(By(2)) dm ds
Ag I M,
< CX88F+1/2(1171)(n72)+1e(kz(x,E)ftsr)d(T[(CO),n(alog gx)),

where C is determined by the scaling of the probability Haar measures on A and M.
The lower bound follows similarly. Then, A = max{C , 1} satisfies the conclusion of the
lemma. =

3.4. Admissible boxes and smooth partitions of unity. Recall that for n > 0, we denoted
by G, the closed n-neighborhood of e in G.
Take ¢ > 0 such that the map

g — gx is injective on G, for all x € Q.
For x € X and n; > 0, 2 > 0 less than inj(x), we call
B = By (1) Py,x

an admissible box (with respect to the PS measure) if B is the injective image of By (1) Py,
in X under the map 4 +— hx and

Wy (Bu (1) px) # 0
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for all p € P,,. For g € G, we say that B = By(n1)P,,g is an admissible box if
B = By (n1) Pp,x is one.

Note that if By(n1)P,,g is an admissible box, then there exists ¢ > 0 such that
By (m + €) Py,1¢g is also an admissible box. Moreover, every point has an admissible
box around it by [26, Lemma 2.17].

The error terms in our main theorems are in terms of Sobolev norms, which we
define here. For £ € N, 1 < p < oo, and ¢ € C*°(X) N LP(X), we consider the following
Sobolev norm:

Spe) =Y _ U,

where the sum is taken over all monomials U in a fixed basis of g = Lie(G) of order at
most £, and || - || , denotes the L” (X)-norm. Since we will be using S , most often, we set

Se = S2.0.

Our proofs will require constructing smooth indicator functions and partitions of unity
with controlled Sobolev norms. We prove such lemmas below.

LEMMA 3.10. Let H be a horospherical subgroup of G (that is, U or U). For every &1, & >
0 and g € G, there exists a non-negative smooth function xg, &, defined on Hg ¢, g such

—1e—l—mn—-1)/2
that 0 < xe, 2, < 1, Se(xer ) <onr &17'8 V2 and
0 ifh & He g,
Xeom=1" " e
1 ifh € Hg ¢, 8.

Proof. According to [17, Lemma 2.4.7(b)], there exists ¢c; = c¢1(n) > 0 such that for every
& > 0, there exists a non-negative smooth function o¢ defined on Hg such that

/ o (h) dm™ (h)y = 1, Sp(0g) < c1g4=D/2, (28)
H
For g € Q,let xz,&, = 1n, ¢ * 0g,. Thenforany h € H, we have 0 < x¢, &, (h) < 1and

0 ifh ¢ H§|+52g,

X6 (h) =
1 {1 ifh e He_sg.

Since for some ¢, = ¢(I") > 0,
S10(1Hg, g0) = mP N (He ) < e28" 71,

by the properties of the Sobolev norm and (28), we arrive at

Se(Xer &) < S10(M kg g9)Se(0%,) < c1e2E" g~ 77D/, O
LEMMA 3.11. Let H be a horospherical subgroup of G, r > 0, £ € N, and let E C H be
bounded. Then, there exists a partition of unity o1, . . . , ox of E in H, E, that is,
k 0 ifx ¢ HE,
Yoty =1 "
P 1 ifxekE,
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such that for some uy, . ..,ur € Eandall 1 <i <k,
oi € CX(Hpui),  Se(oy) K r™ 7L
Moreover, if there exists R > r such that E = Hpg, then k <, (R/r)”_l.

Proof. Let{uy, ..., ur}beamaximal r/4-separated set in E. Then

k
E c | Hypui. (29)

i=1
Let1 <i < k. According to [13, Theorem 1.4.2], there exists x; € CZ°(H,u;) such that
0<xi <1, xi(u) =1forany u € Hypu;,andfor1 <m < ¢,

") < 30)
(where the implied constant depends only on 7). Let o; be defined by
oi = xi(I = xi—1) - - - (1 = x0).

Then, each 0; € C2°(H,u;) and

k k k
1= oi=[]0-x)=0 on | JHu
i=1 i=1 i=1

implies that Zle o; =1on Ule H, pu;.
By the rules for differentiating a product and (30) for 1 < m < ¢, we have

lo™) < crm,

where C is the multiplicity of the cover in (29). By Besicovitch covering theorem, C is
bounded by a constant which depends only on n. Using the definition of the Sobolev norm,
we arrive at

Se(o7) Kn v

Now, assume there exists R > r such that E = Hg. Since the geometry of H is of an
Euclidean space of dimension dim H, we then have

R n—1
k <, (7) . O

LEMMA 3.12. Let H be either U or G. There exists £’ = £'(H) > 0 such that for any
integer { > {',n >0, H € {U, G}, and f € C°(H), there exist functions fo+ € C(H)
which are supported on an 2n neighborhood of supp f, and for any h € H, satisfy:

(1) fo—(h) <mingep, f(wh) < maxyen, f(wh) < fi4+(h);

@) ) = fF(W] Ksupp £ 1Se(f);

B3)  Se(fo) Kasupp £ 12 Se(f).

Proof. First, according to [1], there exists £ € N such that any £ > ¢ satisfies
Soo1(¥) Ksupp y Se(y) for any ¥ € CZ°(H).
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Let f, . be defined by

fri(h) == sup f(wh) and f; _(h):= wlg"l f(wh)

weH,

forany h € H.
As before, we use [17, Lemma 2.4.7(b)] to deduce that there exist ¢ = c1(H) > 0,
n1 = n1(H), and a non-negative smooth function o, supported on H,, such that

/ oy (h) dm™ () = 1, Se(oy) < cin~ M
H
Define f, + by

. /
fn,:l: = f277,:|: k 0,7.

Then, f,+ are smooth functions which are supported on a 25 neighborhood of supp f.
Moreover, forany h € H,

[y (h) = /H £ oy ™"y dm™ (u)

< /H Foys @h)oy (™) dm™™ (u) by definition of f;, , 31)
n

= fn,+(h)

< /H f3/77,+ (h)oy, (™" dm™ () by (31) and definition of f3/n,+
n

!/
= f3r),+ ().
In a similar way, one can show
/ /
fine < fom = 15

proving the first inequality.
By the mean value theorem, forany h € H, w € H3y,

|f(wh) — f(W)| K NSe0,1(f) Ksupp 1 Se(f).

Since f3/77r < fo— < fy+ < f3/77,+’ there exist some w4, w_ € Hz, such that

| fo£(h) — fF(W| < [f(wth) — f(R)],

and we have the second inequality.
Now, we have

Se(fyt) < Soot (f3y 2)Se(0n) Krsupp £ Se(fHn~ 7L
By choosing ¢ > n|, we may deduce the last inequality. O
4. Quantitative non-divergence
In this section, we prove a quantitative non-divergence result that is crucial in the following

sections. We use the notation established in §3.2. The results in this section hold for any I
that is geometrically finite, without need for Assumption 1.1.
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Recall from §1 that for 0 < ¢ < 1 and so > 1, we say that x € X is (e, so)-Diophantine
if for all T > s0,

d(Co,a_rx) < (1 — &)1, (32)

where Cy is the compact set defined in §3.2. Let Ry and ¢ also be as defined in §3.2.
This section is dedicated to the proof of the following theorem, which says (in a
quantitative way) that most of the U orbit of a Diophantine point is not in the cusp.

THEOREM 4.1. There exists B > 0 satisfying the following: for every 0 < e < 1 and
so > 1, and for every (e, so)-Diophantine element x € X, every R > Ro, every T > ¢ So,
and every 0 < s < T¢, we have

e o (BU(T/$)a10g 5% N X (R) Konr g (Bu(T/s)a 1ogsx)e PX.

a— log sX

We now follow the notation of Mohammadi and Oh in [25, §6]. Equip R+ with the
Euclidean norm. Recall from §3.2 that for 1 <i < ¢, g;/ = &;. Without loss of generality,

we may further assume that g; satisfies || g; Le, | = 1. Let
-1
vV = gi el.
LEMMA 4.2. Foranyi =1, ...,q, T'v; is a discrete subset of R,

Proof. Since &; is assumed to be a bounded parabolic limit point, by definition, (A(T") \
{&)/Tg = (M) \ {&i})/ I'y; is compact, where

Gy =g 'MUg and T,, =T NG,,.

If y eTy,;, then H;(Ro)y = H;(Rop). Therefore, the visual map induces a homeo-
morphism between H;(Ro)/ 'y, and (0H" \ {§;})/T",. It follows that the quotient of
{g" € A: g € Hi(Ro)} by the action of I', is compact. Using Iwasawa decomposition,
it follows that there exists a compact set Uy C U such that for any g = kaug; € H;(Rop)
such that g+ e A(l"), ke K,aec A,andu € U, there exist y € I'y,, k' e K,u' €Uy so
that gy = k'au’g;.

Since &; is assumed to be a parabolic limit point, there exists a parabolic element
v € I'g;, thatis, yp = gflmug,-.

Assume for contradiction that there exists an infinite sequence {y;} € I" such that {y;v;}
converges. Note that translating by an element of y allows us to assume, without loss
of generality, that the limit of this sequence is 0. Using the Iwasawa decomposition, we
get that for all j, there exist a; € A, kj € K, and uniformly bounded u; € U such that
Vi = kjatjujgi. Since

.
lyjvill = llkjarujerll = €',

we may deduce that t; — —oo. In particular, y; € H;(Ro) for all large enough j.
We have

vivoyj ' = (kjayujg) (g mug) (g uy a; k)

_ 7. . -1, —1;-1
—k]a,jujmuuj a; kj .
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Since u jmu;1 =m; u’J € MU, with u’/ uniformly bounded, and since M centralizes A, we
have

. -1 _ 7. . l —14—1
YivoY; —k]m]a,jujuatj kj .

/ 1

’ju is in a bounded subset of U, we get that atjujua;

K and M are compact, it then follows that the sequence y; yoyjfl has a convergent
subsequence. This contradicts the discreteness of I', since the y; terms were assumed to
be distinct. O

Since u — e as tj — —oo. Since

For any g € G, we have that gI" € &;(R) if and only if there exists y € I' such that
lgyvill < e *. (33)

Indeed, by the Iwasawa decomposition and (17), if gI" € &} (R), then there exist y € I,
ke K,s > R,and u € U, such that

ligyvill = llka—sugivill = lla—seill = e™*.

Moreover, it follows from [25, Lemmas 6.4 and 6.5] that the y in (33) is unique. Note that
both lemmas are proved under the additional assumption that n = 3, but the proofs also
hold without it.

However, by [25, Lemma 6.5] and Lemma 4.2, there exists a constant ng = 19(I’) > 0
such that if gI" ¢ X;(Rp), then forany y € I,

lgyvill > no. (34)

LEMMA 4.3. There exists ¢ = c(I') > 0 which satisfies the following. Let ¢, so > 0 and
let g € G. If x = gI" is (e, so)-Diophantine, then for any T >r ¢ So,

sup inf inf |lugyvi| > cT?. )
<7 Y€ i=l...q

Proof. Fix T > Ty = max{s, n(l)/ (8_1)}. We will first show that

yell i=1,...,

inf inf [la— g 7Y Vill > T, (36)
q

for some constant 1 > ¢ = c¢(I") > 0.

There are two cases to consider. If a_ 105 7x ¢ A; (Ro), then (36) follows from (34) and
the choice of T.

Otherwise, a_ 1o 7x € X;(R) for some maximal R > Ry. According to Lemma 3.6,
we have

d(x,Cy) > R — Ry.
Then, because x is (g, so) Diophantine and T > s, by (32), we may deduce that
R—Ry<(l—¢g)logT.

Hence, a_1og 7x & X;((1 — &) log T + Ro), so (33) implies (36).
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Now, fixy e 'and 1 <i < g, and let
x|
=d_1og T8V Vi-
Xn+1

According to (36), there exists 1 < k < n such that |x;| > c¢T¢ 1 If |x1| > ¢T¢7!, then it
follows from the action of a_ jog 7 ON R+ that

lgyvill = lcTx1| > cT*.

Otherwise, there exists 2 < k < n such that |x;| > cT#~!. Then, for any t € R" ! the
first coordinate of uta_ 105 78y V; 18

x2
1
x1+t-x + §||t||2xn+1 where X' =
Xn

In particular, by taking #; = &7 (the kth entry in t) one can ensure that ||ajog 7Uta@— 108 T
gyvill > cT*®. O

A measure p is called D-Federer if for all v € supp(n) and 0 < 5 < 1,
w(B(v, 3n)) = Du(B(v, n)).
It is proved in §A (specifically Corollary A.9) that there exists D = D(I") > 0 such that
if x € X satisfies x~ € A(I"), then MES is D-Federer. 37

Indeed, Corollary A.9 actually establishes that there exists a constant 0 = o (I") > 0
such that for all x € supp mBMS ¢~ 1,and T > 0,

uPS(By (cT)) «r ¢ uPS(By (T)). (38)
Forf:Rd — Rand B C RY, let
I £1l5 := sup | f(x).
xX€eB

Recall that U = R~ !,

LEMMA 4.4. Leto = o (') > 0 be as in (38). Let y € supp mPMS and let f : By(n) —
R™~1 be such that there exists b # 0 so that for every coordinate function fi : By(n) — R,
there exist a; € R, such that

fi(®) = a; + bt;.
Thenfor0 <n <1and0 < ¢ < 1, we have
P o
W (e € Bu() < IIf ®1 < &) <r (—) 13> (By (), (39)
£l By ()

where || f (x)|| denotes the max norm.
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Proof. First, note thatif || || g, ;) < 2¢, then the result holds by assuming that the implied
coefficient in (39) is bigger than 27 in this case, the right-hand side is greater or equal to

I 4 g o
20( ) 1y (Bu(m) =27 <—> 13> (By ()
£ Nl By ) 2¢ y
> ubSte Bum) : | F O] < &),
as desired. Thus, we now assume that

Il fllBy oy = 2e. (40)

If | f(t)|| > e forallt € By (n) such that (u¢y)™ ¢ A(I"), then there is nothing to prove.
So assume that || f(t)|| < & and (u¢y)*T € A(T"). Since each f; is linear, for all t' € By (1)
with || f ()] < &, we getthatforalll <i <n—1,

|fi)] = la; + bt| <e,

b(t; — )] = | fi(t) — fi(®)] < 2e.
Therefore,
If)ll <& = x € By(2e/b)z.
Thus, by (38), we have that there exists 0 = o (I") > 0 so that
w2 ({x € Bu(y : I f @) < &}) < ub>(By (e /b))

2e\°
&r (%> 1S (By ()

26\? ps
«r % wy” (Bu (3n))

6s\°
<r (E) 13> (By ().

Assuming || f(t)|| < ¢ for some t € By(n) (otherwise, as before, there is nothing to
prove), for any t” € By(n) and 1 <i <n — 1, we have

i) < 1fi(t") = fi®I + 1 i (D] < 2bn +e.
Thus, || fll By )y — & < 2bn, so by (40),
31 sy < 2bm,
which completes the proof. O

A function f which satisfies (39) with the implied constant C for any ¢ > 0 and any ball
B c U c R"is called (C, 0)-good on U with respect to . Observe that

if g is (C, 0)-good and if |g(x)| < | f(x)] for u-almost every x, then f is (C, o)-good.
(41)
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In the proof of the following theorem, we use similar ideas to those which appear in
the proof of [18, Lemma 5.2]. Note that the proof in this case is simplified by the third
assumption, reflecting our rank-one setting.

PROPOSITION 4.5. Given positive constants C, 8, D, and 0 <n < 1, there exists
C' =C/(C, B, D) > 0 with the following property. Suppose 1 is a D-Federer measure
on R™ f:R™ — SLy(R) is a continuous map, 0 <o <mn, zesuppu, AC RF,
B = B(z,r9) C R™, and B = B(z, 3rp) satisfy the following.

(1) Foranyv € A, the functiont — || f(®)v| is (C, B)-good on B with respect to L.
(2) Foranyv € A, there existst € B such that || f (t)v| > o.

(3) Foranyt € B, there is at most one v € A which satisfies || f )v| < n.

Then, for any 0 < ¢ < g,
e\?P
w({t € B : there exists v € A such that || f(®)v] < ¢}) < C’(E> w(B).

Proof. For any t € B, denote
Ja® = min{[| f(H)v] : v e A}.
Let
E={te B: fa(t) <o}Nsupp u,
and for each v € A, define
E,={te B:|f®vll <o} Nsupp .

Observe that by assumption (3), the E, terms are a disjoint cover of E. For each t € E,,
define

rep = sup{r : || f(S)v|| < o foralls € B(t,r)}.

By assumption (2), we know that for every t € E, the set B(t, ry,) does not contain B.
Thus, since t € B, we deduce that r¢, < 2r¢. For any fixed r¢, < rt/ » < 2r¢, we have that

B(t,r{,) C B(z,3rg) = B, (42)
and by the definition of r¢,, there exists s € B(t, rt/’v) such that

If (vl = o.

Note that {B(t, i) :t € E,v € A} is a cover of E. According to the Besicovitch
covering theorem, there exists a countable subset / C E x A such that {B(t, r¢y) :
(t,v) € I} is a cover of E with a covering number bounded by a constant which only
depends on m. Thus,

Y u(B(t ) Kn u( U B(t,rt,v)) (43)

(ty)el (tv)el
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By assumption (3) and the continuity of f, for any (t, v) € I ands € E N B(t, rty),
o) =1f©)vll.
Thus,
pn(s € Bt rep) : fals) <eh) =n({s € Bt rep) : [ f(S)vll <&}
< n({s e Bt rg,) IIf (vl < e)).
Thus, assumption (1) and the assumption that p is D-Federer together imply that

n(fs € B(t, rep) = fa(s) < €}) < u({s € Bt ry,) : [ f()v]l < ¢})

e\P
SC<5> 1(B(t, r¢,))

B
e
< CD(Z?) w(B(t, rey)). (44)
Since E covers the set of points for which f, is less than ¢, we may now conclude

u(te B fa(t) <e})
< Y nds € Bt rey) : fa(t) < &)

(tv)el

B
<cp Y. (5> n(B(t, rey)) by (44)

(ty)el

B
nm CDG) u( U B rt,v>) by (43)

(tv)el

A
<Lm CD(E) w(B) by 42)

B
<m CD2<2) w(B) wis D-Federer. O

Remark 4.6. Fix x € X such that x~ € A(T"). Since the PS measure MES is supported on
Ux N supp mBMS it follows from Lemma 4.4 and (37) that Proposition 4.5 holds for uFS
and function f, which satisfies the assumption of Lemma 4.4.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let xg = a_1og sx and fix g € G such that x = gI". By Lemma 4.3,
for all T >>r ¢ s9, we have (35), that is, that

sup inf inf |luggyvi| > T°.
ItI<T yeli=1,...q

Let f: R"! — SL,;{(R) be defined by

) =ua_10058-
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We first show that parts (1), (2), and (3) of Proposition 4.5 for u = ,uEOS,f, o =1,z = xp,
r=T/s,n= e R0 and

A=T{v, ..., v}

Note that 0 ¢ A.
It follows from the action of u; on R"*! that for any v € Rt there exists v/ =

), ..., v,’lH)T € R"*! guch that
T
FOU=(v] +t- "+ I V) — VgV — ta1 Uy Vi) s (45)
where v = (v}, . . ., v)T. Thus, if v, # 0, then t — f(t)v is bounded from below

by a function which satisfies the assumption of Lemma 4.4. Therefore, by (41), for any
v € A, the function t — || f(t)v| is (C, §)-good on B with respect to /,LEOS for some
C=CT) =1, p=8() >0, which proves (1) of Proposition 4.5. Note that these
constants are uniform across all v so that v/ 70

However, if v # 0 and

/
Upt1 = 0,

then t — f(t)v is bounded below by some positive constant, and since positive constant
functions are (C, f)-good for any C > 1, § > 0, we conclude that so is this function
by (41).
By (6), we have
Utd—logs = d—log sUst-
Since multiplication by a_ 1o s Only changes the matrix entries by scaling, using (35), for

i=1,...,q9,weget

—1 —1
sup  la—1og sust&yvill > s~ sup uggyvill > s~ T°.
IbI<T/s It<T

Thus, forany s < T¢, ||t]| < T/s,and v € A,

If®v]l =1,

which establishes (2) of Proposition 4.5.

Since 7 = e R0 and H;(Ro) terms are pairwise disjoint, part (3) of Proposition 4.5
follows from the uniqueness of y in (33) and (34).

According to 37, the measure /Lf;? is D-Federer for any D > 0. Thus, we may now use
(33) and Proposition 4.5 to deduce

15 (By (T /s) N Hi(R))
= ubS({t € By(T/s) : thereexists y € I', 1 < i < g such that || f())yv;]| < e X}
< e *P B (By (T /s)x0),

where the implied constant depends on n and T". O
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5. Friendliness properties of the PS measure
In this section, we prove several key properties of the PS measure, including that slightly
enlarging a ball does not increase the measure too much and that scaling the size of the ball
has a bounded multiplicative increase on the measure. Note that the results in this section
hold for any I' that is geometrically finite; we do not require Assumption 1.1. In the setting
that all cusps have maximal rank, stronger statements hold. See the appendix, specifically
§A.3, for more details.

The main results in this section are the following, which both establish control over
the measure of a slightly enlarged ball. Many technical details of the proofs are hidden in
Proposition 5.4, which is proved in §A.

THEOREM 5.1. There exists a constant o' = o'(T') > 0 such that for every x € G/ T
that is (g, so)-Diophantine, for every 0 < s < T¢/(1079) every 0 < &£ «r 1, and every
T >>F,8 50,
1e? g ox(Bu(E +T))
ubS L (Bu(T)

—1<r &%,
THEOREM 5.2. There exist o' =o/(I') >0, 8/ =6'(T') > o/, & =o' (T') > 281, such
that for any g € G with g~ € A(T') and 0 < & < n < e~ 1gh@D) ye have that

V(Pern®) | of eigher) §
v(Pyg) n”

Theorem 5.2 will be obtained as a corollary of the following.

PROPOSITION 5.3. There exist constantsa = a(I') > 0,0 =0(I") > o, and w = w(I") >
281 such that for x € G/ T, which satisfies xt € A(T'), and0 < & < 5 K e~ height®) e
have

wEBuE M) e £
uES(Bu () n’

We first show how to obtain Theorem 5.2 from Proposition 5.3.

Proof of Theorem 5.2 assuming Proposition 5.3. Using the product structure of v, we can
write

v(Png)=/A /M ubS = (B (n)) dm ds.

Then, by an analogous statement to Proposition 5.3 for uPS ~, there exists a constant
co = co(I") > 0 such that

V(Pyieg) = f f wg® (B (& +m) dm ds
Agty J Mgty

a .
< / / /Lgs (B (m) |:1 + coé—ge“’ helght(gr)] dm ds
Aty I Mgy n
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%-oz o height(gT) (E+n)l/2(n—1)(n—2)+1
= |:1 + Con—9€ 12— D=2+ v(Pg)

Ea  height(gT") §
< 1+CO7’I_96 1+c1; v(Pyg),

where ¢1 > 0 is an absolute constant (which depends only on 7) arising from the binomial
theorem. Therefore,
V(Ps198) 1<y e® height(gl“)i . é + § _{_ewheight(gl")ﬁ. (46)
v(Pyg) n’ n n’
Since & < 1, the first term on the left-hand side of (46) is dominated by the last term,
and so
v(P; : o
(Pe48) _ 1< é 1oe® helght(gF)‘i:_e.
v(Pyg) n n

Since e height@l) > 1 if we define
o =min{l, «}, 6 =max{l,#},

then both terms are dominated by
a/
e? height(gI') ‘i:

776
which completes the proof. O

The following result, showing that the PS measure is not concentrated near hyperplanes,
is proved in the appendix to improve the readability of this section. See Proposition A.11
for the proof. This result builds upon the work of Das et al. in [5], where it is shown that
the PS density v, is friendly when I' is geometrically finite.

For a hyperplane L ¢ U = R"~! and & > 0, define

Nu(L,§) :=={ury:y € L, te By}

PROPOSITION 5.4. Let I" be geometrically finite and Zariski dense. There exist constants
a=al) >0,w=w()>0,and 0 =0(") > «a satisfying the following: for any x €
G/ T with xT € A", and for every £ > 0 and 0 < n <K e~ P2 e nave that for
every hyperplane L,

uPS Ny (L, &) N By () <r € heigh‘<">i—9u§5(30(n)>.

We are now ready to prove Proposition 5.3.

Proof of Proposition 5.3. It follows from the geometry of By (£ + n)x — By (n)x that
there exist hyperplanes L1, . . ., L,,, where m only depends on n, such that

By (¢ +n)x — By(mx C UNU(Li’ 28).

i=1
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Forany 0 < & < n <« e~ Peight®) e have that

PPEBuE+m) L mSBuE +n) = By(n)
uPS(By () uPS(By (1))
S uESW(Li, £) N B(x, & + 1) g
< ; /S (Bu(m) by Proposition 5.4

wheighto §% > (Bu(2n)
n’  uES(Bu(n)

By (37), MES is D-Federer (see Corollary A.8 for more detail), in particular,

1SS (By (2n)) <r ph (Bu ().

< me

Thus, we obtain

uFPS(By (& + 1)) Cl«pe® height(x) & -
uES (Bu (n) n’
and relabeling the constants completes the proof. O

In (37), we saw that MES is Federer when x € supp mBMS_ Below, we show that /LES
satisfies a similar condition for sufficiently large balls when x is Diophantine, but not
necessarily a BMS point.

COROLLARY 5.5. There exists a constant o = o (I') > 8r such that for every ¢ > 1 and
every x € G/ T thatis (e, so)-Diophantine, if T >r ¢ so, then

U (By (cT)) <r ¢ ubS (By(T)).
Proof. By Lemma 3.8, for some Ty > So, there exists
y € By (Ty)x N supp mBMS,
Then for T > Ty, we have
By(T — To)y € Bu(T)x € By(T + To)y.
Since ¢ > 1, we therefore have that for T > 2Ty,
1P (Bu(eT)) < 1> (Bu (T + o)
< MES(BU((C +DT))
<r (c+ 17 uiS(By(T/2)) by 37)
<r (¢ + 17wy By (T — To))
<r (c+ D7 ulS(By(T))
<r (2¢)7 uy¥(By(T)) since ¢ > 1

<r ¢ uPS(By(T)). O
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Remark 5.6. Observe that if x is (&, so)-Diophantine and T >>r . so, then T is sufficiently
large to use Corollary 5.5 on a_gx for s > 0. To see this, observe that in the notation of
the proof of Corollary 5.5, Ty is such that for any (e, sg)-Diophantine point x, there exists
y € supp mBMS and t < T} so that x = u¢y. Then

A_gX = A_gUt) = Up-sgd—_g).

Thus, the distance to the nearest BMS point in the U orbit shrinks, and so T is still
sufficiently large.

PROPOSITION 5.7. Let Hgr = {y € G/ T : height(y) < R}. There exist constants o =
a(l) >0, and w = w (') > 0 such that for every x € G/ T that is (g, so)-Diophantine
and for every 0 < & < 1/2,and T >r ¢ So,

PS _
py” ((By(§ +T) N Hg) — (By(T) N Hg)) < R

uyS(By(T)) =

Proof. Let To >r ¢ so satisfy the conclusion of Lemma 3.8. For T > Ty, let
Er =N (L, &) N By(T) N Hg N supp m®M3,

and observe that uPS(E7) = uPS(W(L, &) N By (T) N Hg).
Let ¢; = (") > 0 be the implied constant in Proposition 5.4. Fix r = cje”® and let
{u1, ..., ur} be a maximal r/2-separated set in E7_; /4. Then,

k
Er < | Bu(ru:.
i=1

Note also that by (37), we have that there exists a constant ¢; = ¢2(I") > 0 such that
for all u;,

1PS(By () = ubS(Bu(8(r/8)) < caul®(By (r/8)). (47)
Therefore,

uPS(N(L, &) N By (T) N Hg)

k
<D WL, &) N By ()
i=1
-
<r €er—9 Zl MgiS(BU(”)) by Proposition 5.4
1=
k
<r e TORED " IS (By (r/8)) by (47)
i=1
& e @TOREx PSRy (T 4 1)) as the 1/8 balls are disjoint.
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By Corollary 5.5, there exists 0 = o (I") > ér so that
K By(T +1) € ui®(Bu2T)) <r 27 ui>(Bu(T)).
Let
o =w+6.

It follows from the geometry of By (£ 4+ T)x — By (T)x that there exist Ly, ..., Ly,
where m only depends on n, such that

By(€ + T)x — By(T)x < | Nu(Li, 28).

i=1

Thus, we also have

(By(§ +T)x — By(T)x) " Hg < U Ny (Li, 26).
i=1

We arrive at

By +T)NHg) — (By(T) N Hp)) _ z’": PO W(Li, 26) N By +T))
WS (By (T)) B WS (By (T))

i=1

PS
< me?Rga By +T))

u¥S(By(T))
By Corollary 5.5 again, we conclude that
W By + 1) N Hy) — (Bu(M) N HR) - ofkya
18 (By(T)) ’
which completes the proof. O

We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. Observe that by Lemma 3.6, for any R > Ry,
WS Bu(T) = ufS | (Bu(T) N He_gy) + S (Bu(T) N X(R)),

uS BT +6) =l (By(T+8) 0 He_g) +u® (By(T +£) N X(R)).
(48)

By Theorem 4.1, for T >r, 50,0 <5 < T7¢/(=) and any R > Ry,
e 1ogox BU(T +E) NX(R) = pg° | (Bu((s(T +§)/5) N X(R))
LI g oy ox Bu (T +§))e PR

&« ubs logsx(BU(T))e_ﬂR by Corollary 5.5.
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Observe that use of Corollary 5.5 is justified if 7 >>r ¢ so by Remark 5.6. Similarly, by
Proposition 5.7 and the same reasoning as in Remark 5.6, for T >>r . so, we have

1D g ox (BU(T +8) N Hr—py) — 11> (Bu(T) N Hr—ry) <r e“RE¥ S (Bu(T)).
Putting this together with (48), we conclude
1D g sx BUT +8) = > (By(T))
<r eRer S (Bu(T) +2ePRUS By (T))
<r (e”fE* +2e7 RS (Bu(T)).
Taking R = —a/(w + B) log & implies the result, provided that £ is sufficiently small

so that this is larger than Rg. Note that since «, w, 8, Ry are all constants depending only
on I, this is equivalent to requiring & <r 1. O

6. Proof of Theorem 1.5
In this section, we keep the notation of §3.2. In particular, d denotes the hyperbolic
distance, height is the height of a point in the convex core into the cusps, and Cp is the
fixed compact set in G/ I" which is defined in §3.2.

We will first prove the following proposition, which is a form of Theorem 1.5 for G.
Theorem 1.5 will follow by a partition of unity argument.

PROPOSITION 6.1. There exist k = «k(I'") and £ = £(I") which satisfy the following: let
0<r <1, ¢ e€CX(G) supported on an admissible box, and f € C°(By(r)).
Then, there exists ¢ = c(T, supp ¥) > O such that for any g € supp mBMS, and s >r
height(gI"), we have

> /U Yasugy) f @) dul> () — b (H)mPMS ()

yell
< eSe)Se( e ug> (By ().

Proof. Without loss of generality, assume that f and i are non-negative functions.
Step 1: Setup and approximations.

Let «’, ¢’ satisfy the conclusion of Assumption 1.1, and let £ > ¢’ satisfy the conclusion
of Lemma 3.12. Observe that £ can be increased if necessary while maintaining this
property.

Because ¢ is supported on an admissible box, there exists 0 < 19 < 1/2 (depending on
supp ) such that G3,, supp ¥ is still an admissible box. For 0 < n < no, let ¥, 4 satisfy
the conclusion of Lemma 3.12 for G, 35, and . In particular, for all small n > 0,

Se(Yryt) Ksuppy 0~ 2 Se (V). (49)

Since i is uniformly continuous and the BMS measure is finite, we may deduce from
Lemma 3.12(2) that

VS (4, ) — NS ()| app g 1S (). 0
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According to Lemma 3.1, for any p € P, there exists p, : By(1) — By(1+ O(1n))
that is a diffeomorphism onto its image and a constant D = D () < 35 such that
utpfl S PDI/tpp(t). (51

Step 2: Assuming that f is supported on a small ball.
We start by proving that there exists ¥ > 0 such that if f € C°(By(r1)), where r| <
inj(g), then for s > 0,

3 /U ¥ (asungy) f(© dug>® —iPMS@IpES ()

yell

Lrsuppy SeW)Se(f)e > ug (By(1)). (52)

For any s > O and y € T, from (51), we have that

/ W (asurgy) f(8) dpg> (1)
By (r1)

1

= / / V¥ (asuep™' pgy) f (1) dug> (t) dv(pg)
v(Pyg8) Jp,g JBy(r)

1
=< / / Yot (@5, 0y pgy) f (1) dpug® (8) dv(pg),
n8) Pyg JBy(r)

~ (P
where the last inequality follows since ay P3,a—g C Pj3, for any positive s.
Step 2.1: Use the product structure of the BMS measure. For any p € P, (ug)* =

(Up, (1) pg)t, the measures d Mgs (t) and d(pp, Ml;z t)=d Ml;z (pp(t)) are absolutely
continuous with each other, and the Radon—-Nikodym derivative at t is given by

PS
DGO 5Byt i@ty 0 p80)) (53)
KBS (D)

Let 0 < & < n. Let x; ¢ satisfy the conclusion of Lemma 3.10 for H = P, §; = n — &,
& =&, and g. Let ¢, ¢ be the function defined on By (1) P, g given by

f®xns(Pg)
b(Pyg)e’ Pyt (8 tpy 0 Pg©@)

Pn,g(Up, ) P8) =

We will need a bound on S¢ (¢ ¢). To that end, note that
1Bug)+ (ut8(0), up, vy P8(0)| < d(usg(0), up, 1) pg(0))
= d(g(0), u—gup,t)pg(0)).

Since u—_tup,p € Gsy, the above is bounded by some absolute constant (depending
only on I') for all n < % Observe that this bound holds on the support of f(t) x;¢(pg).
Moreover, because the Busemann function is Lipschitz, all of its derivatives are bounded.

It then follows immediately from the product rule and the definition of the Sobolev

norm that

Se(f () xn.s (Pg) eXp(=dr Buygy+ (u1g(0), up, 1y P&(0)))) Ko Se(f (1) xn.(pg)). (54)
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By [17, Lemma 2.4.7(a)], Lemma 3.10, (54), and Lemma 3.9, we have

Se(@n.g) Koo V(Pyg) ' Se(f)Se(xng)
LT n_(5F+1/2(71_1)(”‘2)+1)e(SF—kz(x,ﬂ))d(”(c())ﬂ(alog ”g))Sl(Xn,s)Sz(f)

LT eér(\ log U|+height(g[‘))n7(8r+1/2(n71)(n72)+1)nnflsfef(nfl)/ZSe (f)
<<1",£ eBF height(gF)n—(26r+1/2(n—1)(n—2)+l)nn—IS—Z—(n—l)/ZSe(f)

: 2
<<1_‘,Z et?[‘ helght(gl") n4n—(1/2)l’l —3—28[‘5—[—(}1—1)/25{ (f) (55)

Note that the dependence on ¢ arises from the exponential of the Busemann function in

the denominator.

Also, using the product structure of mBMS in (25), we get

1
v(Ppg)

/ f Y+ (astep, 0y p&Y) f (1) dig> (1) dv(pg)
Pyg JBy(ry)

1 dug(®)

= s t)——=——d PS ) d
v(P,yg) /Png /BU(”) ¥+ (a ”"”“)pgy)f()dugg(p,,(t)) Kpe(Pp(®) dv(pg)

< /G Yyt (ashy )y g () din®¥S ().

Step 2.2: Use the exponential mixing assumption.

By defining W, 4 (hT") =3, cp ¥+ (hy) and @y (hT) := 3" . ¢y e(hy), we
obtain

Z/GWVI,-i-(ashV)fﬂn,g(h) dm®MS () S/;(\I’n,_k(asx)@n’g(x) dmBMS ()

yel

for any positive s. Note that

Se(Wy4) = Se(Yy4) and Sy (Ppe) = Ser(@ne)- (56)
In particular, (49) and (55) imply

Ser(Wy 1) Ksuppy 1 2ESe(¥)  and

: 2
Sl/(q)n,g) <<r ear helght(gl“)n4n—(l/2)n —3—25[‘€—E—(n—1)/25((f). (57)

By Assumption 1.1,

f W, 4 (a5x) @y o (x) dmBMS (x) — mBMS (@, ymBMS (@, )

&1 Spr(Wy ) Se (P 0)e ™.
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Then, by (57), there exists ¢; = c¢1(I", supp ¥) such that

> / W (asuegy) £ (©) dpg (1)
By (r1)

yel

< mBMS (\Ijn’+)mBMS (ch,g)

+ cle‘SF height(gl")n4n7(1/2)n273725rSfef(nfl)/ZSK(w)Se(f)eflc’s.

Step 2.3: Rewrite in terms of v and f.
Using Lemma 3.10 and (53), one can calculate

m*MS (@, o) = / g (h) diit®MS (i)
G

1 f(t)Xn S(p) PS
= . d t) d
v(Pyg) /pg /U P g @ g pson Hpe P O) AV (DS)

1
= t duPS ) d
v(Pyg) /;Jg /;J S Oxng (p) dpg> (1) dv(pg)

_ (P8
V(Pr/g) By (r1)

F® dul).

2813

Thus, by Theorem 5.2, there exist «, 6, w, cop > 0 depending only on I" such that for any

0 <€_— <n<KLr e~ height(gF),

n

. o
mPMS (@) < (1+czewhe‘ght<g”€—9) / F® dugd(t)
By (ry)

. o
= (1 + c2e” he‘ght(gr)g—g) / f dugs (t)
By (r1)

n
. ga
— (1 + Cz@w helght(gF) n_e //LI;S(f)

Using (50), we get that there exists c3 = c¢3(I", supp ¥) such that
0,10 < [ () i)
G

< mPMS () + c3nSe(y).
To summarize, we have

> / W (asuegy) £ (8) dpg (1)
By (r1)

yel

1
s t) dutS(t) d
= v(Pyg) V;fpng /BU(”) Ut asip, @y pgy) f (1) di,”(®) dv(pg)

IA

3 /G U @shy oy g (h) di®MS ()

yel
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< / Wy (agx) Py g (1) dm M ()
X
_ 2_2_ s P (n—_ !
<mBMS(\I"n,+)mBMS(q)n,g)+Cl774n (1/2)}1 3 5[‘ 2[&- ¥4 (n 1)/ZS€(I/I)SZ(f)€ K'S

< @) + 03nSz(¢))<<l +coe” “eigh“g”i—:)uﬁs(ﬁ)

H _ 2_2 e (n—_ !
+C1€5r helght(gl“)n4n (1/2)n“-3 25[‘5 {—(n 1>/2S€(¢)Sl(f)€ KS.

It follows from the proof of Lemma 3.12 that I’;lBMS(I/I) Lsupp v Se(¥) and Mgs( f) K
Sg(f),ugs (By(1)). Then, using Proposition 3.4, we arrive at

> / ¥ (asurgy) f(®) dubS ) — 1B (£)m®™S ()

yel By (r1)

<r (ea) height(gr)% Lt height(gF)n4n—(1/2)n2—3—28ré__—é—(n—l)/Ze_K’s)
n

- Se)Se(fIuy> (By (1))

Define

3abk’
K = ,
20020+ 1 — 1)+ 9a(28r + 3 +n2/2 — 4n)

and note that by making ¢ larger if necessary, we guarantee k > 0.
Recall from (22) that

e~ height(gI") «r lnj(g)
For s > max{0, w} height(gI")/«k, choose
n= e—Ks/O, E — e—4/(s/a. (58)

Note that n < inj(gl’) by choice of s, w height(gl') <«s, and & <n since by
Proposition 5.2, o <6. By Proposition 5.2, we have w > dr; therefore, Jr
height(gI") < «ks. Note also that max{6, w} height(gI')/x < height(gI").

With these choices, we obtain

e® height(gI") (%)a + eSr height(gI') n4"*(1/2)n2*3*25r‘E*@*("*I)/2eﬂc’s < 2672/(&. (59)
n

In a similar way, using v, _, one can show a lower bound, proving (52).
Step 3: Covering argument for general f.

We now deduce the claim by decomposing f into a sum of functions, each defined on a
ball of radius r in U.

Let uy,...,u; and oy, ..., 0 € CX°(By(r)) satisfy the conclusion of Lemma 3.11
for E = By(r) and r;.For 1 <i <k, let
fi = fO'i.
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Then, f < Y% | f;, and by Lemma 3.11 and [17, Lemma 2.4.7(a)],
Se(f) <r Se(f)Se(op) <r i TS (f). (60)
Since each f; is supported on By (r1)u; for some u; € By (1), by (52), we have

> /B o, Vs fi® dpg> ) — ™M ) g (fi)
ur

yell
Lrsuppy My (By(1)Se(¥)Se( fi)e .

Summing the above expressions fori =1, ..., k, we get
> / Y(asuegy) f (O duy> t) — ™M () (f)
yel By (r)
L k7S () Se(f)e kS (By (1))
n—1
r _ — _
<« <;> P S () Se (e g (By (1))
L S Se(fe > ulS (By (1))
L SeW)Se( e uh (By (1)),
where the first inequality is by Lemma 3.11, the second inequality follows from r; =
inj(g) > e~*%/¢, the third is by (58) and because r < 1, and the implied constants depend

on I" and supp ¢.
As before, using similar arguments, one can show a lower bound, proving the claim. [

We will now use a partition of unity argument to prove Theorem 1.5. For the reader’s
convenience, we restate it in the following.

THEOREM 6.2. There exist k = k(I") and € = £(I") which satisfy the following: for any

Y € CX(X), there exists ¢ = c(I", supp V) > 0 such that for any f € C°(By(r)), 0 <
r <1, x € supp mBMS and s > height(x), we have

‘ /U ¥ (asugx) O dufS @) — uBS(HmPMS ()| < eSe(v)Se(fe ™.

Proof. According to [26, Lemma 2.17], there exists an admissible box B, around y for any
y € X. Then, {By : y € supp ¥} is an open cover of the compact set supp . Hence, there

exists a minimal sub-cover By,, . .., By,. Using a similar construction to that in Lemma
3.11, there exist o1, . . . , 0k, a partition of unity for supp ¥, such thatfori =1, ..., k, we
have 0; € C°(By,) andfori =1,..., kandm=1,...,¢,
(rm) 1 61
|G,' | Lsupp ¥,I (61)

(the implied constant depends on the chosen sub-cover).
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Define ¥; = vro;. Then
k
v => i (62)
i=1

and by (61) and the product rule, we have

Se(i) Ksuppy.r Se(¥). (63)

According to Proposition 6.1 and Proposition 3.4, there exist ¢ = c(I", supp ¥) > 0,
A = A(I") > 1 such that for s > height(x),

/ Y (asuex) f (Hdt
By (r)

By (r

k

=) f i@ f (0 dt
i=1
k

<Y mPS @S () + eSeW)Se(£)e ™ ubS (By (1))

i=1
k

< > mPM U () + S (i) Se(flem s H TN T
i=1

<<l",supp 1/[ mBMS(w)MES(f) + C)\.Se (w)Se(f)e—KS-‘r(n—l—(Sr) height(x)’

where the last line follows by the definition of height(x), and (62) and (63). Moreover, we
may assume that s > 2(n — 1 — r)/« height(x) without changing the assumption s >
height(x). Then,

e*Ker(nf]fBr) height(x) «r e*KS/Z’
as desired. O

We will now use Theorem 1.5 to prove a similar result for the Haar measure. This will
be necessary for the proof of Theorem 1.4. Note that such a result is proven in [23] under a
spectral gap assumption on I', but we show here how to prove it whenever the frame flow
is exponentially mixing.

THEOREM 6.3. There exists k = k(I') < 1 and £ = £(I") that satisfy the following: let
O0<r<1, let feCX(By(r)), and let y € C°(X) be supported on an admissible
box. Then there exists ¢ = ¢(T, supp ¥) > O such that for every x € supp mBMS
S >>T supp ¥ height(x),

and

w“‘”/B ) V@u fO dt— S OmPW) | < eS@IS(He
ulr
Proof

Step 1: Setup and approximations. Assume s 3> height(x), and let «, ¢’ satisfy the
conclusion of Theorem 1.5 and ¢ > ¢’ satisfy the conclusion of Lemma 3.12.

https://doi.org/10.1017/etds.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.47

Effective equidistribution 2817

Since ¥ is assumed to be supported on an admissible box, there exist rg, n, €9, €1 > 0
(depending only on supp ¥) and z € X such that

supp ¥ = By (ro) Pyz,

and
Geo supp ¥ C By (ro + €1) Py+e, 2,

where By (r + €1) Py+e, 2 is also an admissible box. Denote " = n + &1 and r(’) =ro+ &;.
Without loss of generality, assume that f is a non-negative function. Continuously
extend y to P,y by defining ¢ = O on Py \ P,.
For0 < & < gq, let ¥ + and f; 4+ for Lemma 3.12 for G, ¢, ¥ and U, ¢, f respectively.
By Lemma 3.12,

Se(Ye ) KTsupp(y) € 28e(¥) and  Sp(fer) <r e S0 (f). (64)

Moreover, by Lemma 3.12(2),

| fe£ — flloo < &Se(f). (65)
For p € Py, define

9(p) = b3 (By (ry) p2). (66)

Step 1.1: Construct a smooth approximation to 1/¢. Since the Busemann function is
smooth and ¢ is bounded below by a positive quantity on P, by Corollary 3.3, the mean
value theorem implies that for any 0 < ¢ < gg and all p, p’ € P, there exists a constant
d = d(T, supp ) such that
de
< :
¢(p)

By Lemma 3.10, for any £ > 0, there exists a non-negative smooth function g with

1 1
‘ (67)

o(p)  9(p)

lp—& = xe < 1p, (68)

and Sy (xg) Kra (e —£/2)" 1 (£/2)~¢'~"=D/2 Define

1
o(p) = — % —28 (69)

* —’
@ m(Pefs)

where m denotes the probability Haar measure on P. Then, assuming g9 < 1/2 and & < 82,
by (67), (68), and (69), we have that

1 —de 1 1 .
< / dp (70)
p(p) — m(Pe—g) Jpp,_. 9(P)

IA

o(p)

1 l14+de
< —dp
m(Pe—g) Jpop, @(p)
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( e )"1+d8
<
“\e—=¢&/) o(p)

1+d
< e o
@(p)
for some absolute constant d’ > 0.
For upz € By (r))Pyz and 0 < ¢ < &, let
Y, +(upz) = o(p) Vet (uepz) dt.
Upz
Then, by (67),
sup Ve +(wupz) = sup o(wp) Yepe+ (Utwpz) dt
weG, wWE Py Uwpz
< (I +d'e)Wp +. (72)
Step 2: Bounding with PS measure.
Let
P(f, ¥, x;5) ={p € Py :assupp(f)x N By (ro)pz # 0}
By [23, Lemma 6.2], there exists an absolute constant ¢; > 0 such that
e / Y (asuex) f (t) dt (73)
By (r)

<(4cie) Y faewm@spd [ Yoerupz) dt.
PEP(f.xis) Upz

It now follows from [23, Lemma 6.5], (70), and (72) that there exists an absolute
constant ¢, > 0 such that

e N frem@aspd) | Ve (uipz) dt
peP(f.p.xis) Upz
- I+ ce)d+d
- 1—de

€)
[ oo @) e ® S0
U
Note that (70) is needed because our definition of W,  is not identical to W as defined in
[23, Lemma 6.5]. The latter is bounded above by 1/(1 — de) W, 4 by (70).

Combining the above with (73), we get that there exist constants c3,cq4 =
c4(T, supp ¥) > 0 such that

o(1=1-8r)s / Yasuex) f(t) dt
By (r)

< (1 +ee) / Wt (@) fonemseg 1 () diFS (D).
U
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It follows from Theorem 1.5 that for some constant ¢s = ¢5(I", supp ¥) > 0,
eI / W (asuex) (1) dt
By (r)

< (14 c48) (U (fryoseg )M (Weso 1) + €580 (Weye 1) Se (fryemseg 1) ).
(74)

Step 3: Bounding the error terms. We now show how to bound the various error terms to
obtain the desired conclusion.
To compute mBMS (W), we use (25), (65), and (71) to deduce that for some cg =

co(T, supp ¥), if & = &2,
mBMS (W, 1)
1

<(+d's) VAN
pyz Iyl mh2(Bu(rg)p2) Jay oy pe

Veyet(uepz) dtdpbs (t) dv(pz)

< (1+d’8)/ / Yere,4+ Uepz) dt dv(pz)
PH/Z BU(}’(,))pZ

< (1 +d'e)(m®R (W) + coeSe(¥)). (75)

By Proposition 3.4, if s is sufficiently large so that r 4+ c3e™*gg < 1 (note that this
requirement on s depends only on I' and supp 1), we have that

WS By (r + 3™ e0) < piS(By(1) < 07! 7ondEComto, (76)
Hence, by (65) and (76), we have
IS (fryomseg ) — MRS (F) <1 e e0Se(fIUES (Bu(r + e3¢ )
&«r e_SsoSg(f)e("_l_ar)d(”(CO)’n(x)). (77)
According to [17, Lemma 2.4.7(a)] and (64), if £ = ¢2 and
£ = e—KS/2(n+4E), (78)
then
S (Weze ) K1 So(Yeze 1) Ser (o)
< (m(Pe—g)) ™M (e — £/2)" 10 D272, (y)
<< E_I_ZZS_Z/_(Y,_I)/ZS[ (1//,)
< &Sy, (79)

Using (74), (75), (77), and (79), we obtain
170 / W (asuex) £ (0) dt — pb> (FHmPR )
By (r)

< (1 +cae)[d a2 (HHmBRW) + (1 + d'e){coe it (f)Se(y)
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+ (e eom®R () Se(f) + coe ™ e0eSe(f)Se ()~ 7o Corm iy
+ cgSe(¥) Se(f)e /2. (80)
These remaining error terms can be controlled as follows. Using (76), we can deduce
1S () < 1 flloottES By () < Se(fe =100 Comte), (81)

‘We also have that

mBR) <1 supp v Se(W). (82)

Combining (80), (81), and (82) implies

eln=1=or)s / ¥ (asuex) f () dt — S (FHmBR(y)
By (r)

KT supp ¥ Se()Se(f) - [d/é‘ + CSe_KS/2+

(1 +d'e)(cee(1 + e Seg) + e Sgg)e1=0rd@Co)m(x)] (83)

Finally, by the choice of ¢ in (78) and because we may assume without loss of generality
that k < 1, we obtain from (83) that there exists ¥’ < 1 such that

e 1=0r)s /B ()w(asumf(t) dt — B (HymBR (y)
U r

<r supp ¥ Sﬁ (w)Sl (f)e—f(’s+(n—1—8r)d(n(C0),n(x)).

Recall that d(m(Cp), w(x)) = height(x). Thus, if we assume that s > 2(n — 1 — 8r)/«’
height(x) (which means s >>r height(x)), then

! B ’
ek s+(n—1-48r) height(x) «r ek /2s’

which completes the proof. O

7. Proof of Theorem 1.3

In this section, we prove Theorem 1.3, which is restated in the following for the reader’s
convenience. The proof relies on the quantitative non-divergence result in Theorems 4.1
and 1.5.

THEOREM 7.1. For any 0 < ¢ < 1 and so > 1, there exist constants £ = £(I") € N and
k =k (T, &) > 0 satisfying: for every v € C°(G/T), there exists ¢ = ¢(I, supp ¥) such
that every x € G/ T that is (g, so)-Diophantine, and for every T with T'7¢/2 1 s,

‘ 1

uPS(By(T)) Jpy )

where Sy () is the £-Sobolev norm.

¥ (uex) dpPS @) — mPMS ()| < eSe(y) T,

https://doi.org/10.1017/etds.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.47

Effective equidistribution 2821

Proof. Let 8 > 0 satisfy the conclusion of Theorem 4.1 for & and sg. Let ¥’ > 0, £ € N
satisfy the conclusion of Theorem 1.5.
Since x is (g, so)-Diophantine, by Theorem 4.1, for Ty >r so and R > Ry,

1ES (By (To)xo N X (R)) < b5 (By (To)xo)e PR, (84)
where
Se 1= g logT, Top:=Te s =T""?2 x5:= a_g,X. (85)

By (6) and (14), we have

1
uPS(By(T)) Jp, ) Yl i) nES(By(To)) Jy(my)

Fix R > Rg and define

W (as, utx0) diyy (t).

Qo = By (To)xo N C(R).

By the definition of C(R),

Qo < supp m>MS.

Let p > 0 be smaller than half of the injectivity radius of Qy.
First, by Lemma 3.11, there exist {y : y € Io} € Qo and f, € C°(By(2p)y) satisfying

Se(fy) < p~ ! (86)
and
Z fy=1onE; := U By(p)y 2 Qo,
y yely

which are 0 outside of

Ey= | Bu@p)y.

y€lp
Observe that
Qo C E1 C Ey C By(To + 2p)xo. (87)
Thus,
f W (as,uexo) dufy () < ) / ¥ (as, uexo) fy (uexo) d iy ().
ugxo€E yely utxo€By 2p)y

Because Qo C supp mBMS, we may use Proposition 3.4 to deduce that there exists

A = A(I") > 1 such that for any y € Iy, we have
M];S (By (p)) > A1 por k(p)=br)d ((Co).7(@— 10z 7))

> )\._1 ptsr e—érd(ﬂ(co)ﬂ(a— log oY)

> 31 pdr gor (= log p) =dr height(y)  gjnce o < |
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Sr )»_1,025F e—ér height(y)

> )\—Ip25re—5rR’

where the last line follows by Lemma 3.6.
Since e% = T¢/2, it follows from (86) and the above, that if we choose p and R such
that

MR pt IR e T, (88)
then, by the choice of f, we have

Se(fy) < 1ES By (p))e ™/ < ubS(fy)e<" /2, (89)

where the implied constant is absolute.
If we further assume that

T > *R/¢ (90)

(with the implied constant coming from Theorem 1.5), then s >r R, and by (89),
Theorem 1.5, and Lemma 3.6, there exist c¢1, c; > 0 which depend only on I" and supp
such that

/ W (as,ugxo) fy (uxo) dphs (1)
yely Y UtX0€By 2p)y

< Y PSS (fy) + aSe)Se(fy)e ™)

yely

<Y WP W) + eaSe(@)e ).

y€ly

By Theorem 5.1, there exists c3 = c3(I") > 0 such that if Ty > s, then there exist @ =
a(I") > 0, c3 = c3(I") > 0 such that

DB < il (Bu(To +20))
yely

<r (14 c32p)) s (B (T)).

If mBMS(w) + Sy (w)eflc’sg/z > (), we arrive at

/ W (a5, urxo) fy (usxo) dpayy (t)
uxo€By (2p)y

Y€l
< 1S By (T0) (1 + c320)") mPMS () + c2Se(Y)e ™ %12, 91)
However, if mBMS () + 28, (¥)e %/ < 0, by (84), there exists cg = c6(I") > 0 s0

that

/ W (a5, ux0) fy (uexo) dpshy (1)
utxo€By 2p)y

Y€l
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< uE3(Q0) mPMS () + c2 8¢ (Y)e % /?)
< 1S By (To) (1 — coe PRYmPMS (9) + 28 (W)™ /2. (92)
Fix
k:=k'e/4, R> glog T, p<T &, (93)

such that p also satisfies the assumption of Theorem 5.1, and R which satisfies (88) and
(90). Thus, (91) and (93) imply in either case that

1
———— W (ag,ugxo) dpts () — mPMS (y)
WS (By (T0) Juwoet, ‘ "
<<F,supp v Se (!lf)Tf'{, (94)

where we have used that by [11, [|¥ oo <supp y Se(¥), s0 mBMS () Ksupp v Se(¥).
By (84),

f W (as,ux0) dity (8) < [V [loopthe (Bu (To) \ E1)
By (To)xo\E|

Lsupp v Sy (By(To)xp)e PR
Loupp v Se (W) ubs (By (To)xo)T ™,

where we have again used that by [1], [[¥]lcc Ksupp ¢ Se(1). Combining the above with
(94) implies that
1
w3 (By(To)) J sy (1)

<<F,supp v S€ (w) T

W (a5, urxo) duby (1) — m®™S (y)

For the lower bound, define
01 := By(To — 2p)xo N C(R).

As before, according to Lemma 3.11, there exist {y:y € 1} € Q1 and fy €
C2°(By (2p)y) satistying

Se(fy) < p~ !

and

> fy=lonEs:= ] Bu(p)y 2 01,

yel yel

and which are O outside of

J Bu@p)y € Bu(To)xo. (95)
yel
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Hence,

Y (as utxo) dt >
/utXOEBU(To)Xo Z

/ Y (as, urxo) fy (uexo) dt.
yel utxo€By (2p)y

Moreover, by the same argument as in (89), we deduce that

Se(fy) < uES(fy)ek /2. (96)
By Theorem 1.5 and (96), we have that

> / Y (as, uxo) fy (uexo) dt
utxo€By 2p)y

yel
= S GBS mPYS () — ca S Se( e )
yel
= 3 WS PYS (@) — esSe (e ),
yel

where c5 arises from c4 and the implied constant in (96).
Note that by replacing ¥ with — if necessary, we may assume that mBMS(y) —
5S¢ (Y)e ¥"5e/2 < 0. Thus, by observing that

Y uES () < 1B (Bu(To)),
yel
we immediately conclude that
1
1ES(By (To)) JuxeeE,
>rsupp v Se(W)e 2.
Hence, (85) and (93) imply that

1
/L)lig (By (Tv)) utxo€E1

¥ (as,urxo) duby (8) — m®MS ()

W (as, usx0) diy (€) = mPMS (W) > qupp g —Se(W)T ™"

8. Proof of Theorem 1.4
In this section, we will prove Theorem 1.4 using Theorem 6.3. We will use a partition of
unity argument for a cover of the intersection of By (r)x with a fixed compact set by small
balls centered at PS points.

We will need the following lemma.

LEMMA 8.1. There exists an absolute constant ¢ > 0 satisfying the following: for x € X,
y € Ux, ¥ € CX(X) supported on an admissible box of diameter smaller than 1, 0 <
p < inj(y), f € CX(By(p)y) such that for 0 < f < 1ands > c, we have

170 /U Y (asuey) f (uey) dt <rsuppy SeWIuE (Bu2p)y).,

where £ € N satisfies the conclusion of Lemma 3.12.
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Proof. Assume that for 0 < &g, &1 < 1, ¥ is supported on the admissible box By (g9) Ps, 2
for z € X. Without loss of generality, we may assume that v is non-negative. Fix y € Ux.
For small n > 0, h € G, supp(¥), and p € P, let

VUp+(h) := sup ¥ (wh), W, (ph):= Y.+ (utph) dt,
weGy, Uph

and for upz € By (g9) Py, 2, let

Wy 1 (upz) = Wy 1 (p2).

ubS (By (g0) p2)
By the choice of £, for any n > 0 and h € G,; supp(¥/),
[V () — v ()] L nSe(¥),

and

[V (2] < Soo0(¥) K Se(¥),

where the implied constants depend on supp 1. Since the diameter of supp i is smaller
than 1, we may assume that the implied constants in the above are absolute. Then, for any
u € U such that a;uy = u'pz € B(_/(S())PEIZ and 0 < 1 < 1, we have

U, 4 (asuy)| = |—e—— dt
|V 4 (asuy)| /L,,Z(BU(So)pZ) e Y+ (e pz)
_ 15e (By (0) pz) S
1ES (By (e0) pz)
L Se(W), 7

where the implied constant depends only on supp .
For small n > O and uy € By (n + &)y, let

So+y) = sup f(wuy).
weBy ()

Using Lemmas 6.2 and 6.5 in [23], we get that for some absolute constant ¢’ > 0,

10 [ ) F) dt < [ o @) foes ) i 0
By (p)y U

< / B (asuy) duPS (@),
By (p+c'e~Sp)y
where the implied constant is absolute. Then, by (97), we get
(=10 f W (asury) f (uey) dt <suppy 115> (Bu(p + ¢'e™*0))Se(¥)
By (p)y

< b3 (Bu2p))Se ().

Choosing ¢ := log ¢/, we may conclude the claim. O
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We are now ready to prove Theorem 1.4. For the reader’s convenience, we restate that
theorem in the following.

THEOREM 8.2. For any O<e <1 and so>1, there exist £ =¢4() e N and
k =k (T, &) >0 satisfying: for every € CX(G/T), there exists ¢ = c(I', supp V)
such that for every x € G/ that is (g, so)-Diophantine, and for all T such that
T'-¢/2 >T supp ¢ S0

1
uPS(By(T)) Jpy, )

where Sy () is the £-Sobolev norm.

¥ (uex) dt — mBRY) | < eSe()T™*,

Proof. We keep the notation of §4. By an argument similar to the proof of Theorem 1.5, we
may assume that i is supported on an admissible box. Because v is compactly supported,
we may also assume ¢ > 0 by using a translation.

Let 8 > 0 satisfy the conclusion of Theorem 4.1 for ¢ and sg. Let ' > 0, £ € N satisfy
the conclusion of Theorem 6.3.

Since x is (g, sg)-Diophantine, by Theorem 4.1, for 7o > sg and R > Ry, we have

1ES (By (To)xo N X (R)) < pbs (By (To)xo)e FE, (98)
where
Se 1= g logT, xp:=a—sx, and Tp= T1-¢/2, (99)

Observe that by (6), (13), and (14),
1 e(n—l—é)s,,3
—SSm Y(ugx) dt = ——————
uPS(By(T)) Jy 1S (By(To)) Jy (1)

Fix R > Ry and define

¥ (as,ugxo) dt.

Qo := By (Tp)xo NC(R).
Since for any R > Ry, the set C(R) is in the convex core of H" /T,
Qo < supp mBMS. (100)

Let p > 0 be smaller than half of the injectivity radius of Qy.
First, by Lemma 3.11, there exist {y : y € Ip} € Q¢ and f, € C°(By(2p)y) satistying

Se(fy) < p~tH! (101)
and
Y fy=tlonEr = Bu(p)y 2 Qo
y yely
which are 0 outside of

Ey =] Bup)y.
yely
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By replacing references to Theorem 1.5 with references to Theorem 6.3, the exact same
argument as in the proof of Theorem 1.3 will establish that for 7 > ¢>®/¢ and

log T
= &’ R — K Og N
2 B
We get that if we assume without loss of generality that «* < 28 and also that 7 > 1,

K p < T "/, (102)

(n—1-48r)se
e _

S By T0)x0) Jurcr ¥ (as,uxo) dt — mBR(Y) Krsuppy SeW)T ™. (103)
X0 ugxo 1

We now want to bound the integral over By (Tp)xo \ E1. Using Lemma 3.11 again,
we may deduce that there exist {y : y € I1} € By(To)xo \ Eq and fy € CZ°(By(p/4)y)
satisfying 3, c;, fy = 1on,c;, Bu(p/8)y and 0 outside of

UJ Bute/4)y.
yel
In particular, by the definition of E;, we have
Ez:= ] Bu(p/2)y < (Bu(To)xo \ Qo) U (Bu(To+ p/2)x0 \ Bu (To))xo.
yel

Using Lemma 8.1, we arrive at

1= / ¥ (as, ugxo) dt
By (To)\E4

seome [ e ) dt
yer, Y Bu(p/2)y

LY Se@Iny>(Bu(p/2)y)

yel
< Se() (s (Bu(To)xo \ Qo) + phe (Bu(To + p/2) \ By (T0))x0)).

Thus, by Theorem 5.1, there exists &« = o(I") > 0 such that using (98) and (102), we
arrive at

1= / ¥ (as, ugxo) dt
By(T)\E

Lrsupp y Se(W) b (By (To)xo) (e PR + p%)

L supp yr Se(WI b (Bu (To)xo)T ™.
Using (103), we may now deduce

(n—1-0r)se

e ¥ (as,uxo) dt — mPROY) Krsupp g SeWIT ™.
Wiy (Bu (To)xo) J By (1y)
The lower bound follows similarly, as in the proof of Theorem 1.3. O
Remark 8.3. The dependence of T on supp ¥ in the previous proof arises from

Theorem 6.3, through the quantity s.. Upon closer inspection, one can verify that this
means 7 depends on supp ¥ through the maximum height of elements in supp . In
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particular, we may choose a larger compact set containing supp ¥ and have T depend on
that compact set, rather than supp y specifically.
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A. Appendix. Friendliness of the PS measure

For simplicity, in this section, we work in the Poincaré ball models of hyperbolic

geometry D", instead of H". Recall that D" and H" are isometric via the Cayley transform.
Denote by dg the Euclidean metric on R™. For a subset § € R™ and & > 0, let

N(@S,6)={x eR" :dg(x, S) <E).
Forv e R"™ andr > 0, let
Bw,r)={ueR" :dg(u,v) <r}

be the Euclidean ball of radius r around v.

Definition A.1. Let u be a measure defined on R™.

(1) wis called Federer (respectively doubling) if for any ¢ > 1, there exists k; > 0 such
that for all v € supp() and 0 < n < 1 (respectively n > 0),

w(B, cn)) < ki (B(v, n)).

(2) p is called decaying and non-planar if there exist «, c; > 0 such that for all v €
supp i, € > 0,0 < n < 1, and every affine hyperplane L € R",

U (L, ENldLll ,Bwm) N B, 1) < c2E“w(B(v, n)),
where
ldoll B,y ==sup{d(y, L) : y € B(v, n) Nsupp p}.

(3) pis called friendly if it is Federer, decaying, and non-planar.

In the case that all cusps have maximal rank (which vacuously includes the case of
convex cocompact I'), a stronger statement holds, see §A.3.

THEOREM A.2. [5, Theorem 1.9] Assume I is geometrically finite and Zariski dense. Then
the PS densities {vy}xepn are friendly. Moreover, in this case, the constants in Definition
A.l only depend on T'.
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Note that, as in [5, Definition 1.1(1.3)], using closed thickenings, one obtains Definition
A.1(2) by combining the separate definitions of decaying and of non-planar from [5]. The
above result for the case I' is convex cocompact was proved in [34, Theorem 2].

In this section, we will prove the results in §5. In particular, because of the shadow
lemma, Proposition 3.4, we will see that the leafwise PS measures {MES} satisfy a stronger
condition than that of friendliness. In general, we will begin by proving a statement for v,,
then for uPS when x* € A(T"), and then finally a nicer statement for x € supp mBMS.

The next lemma and subsequent corollaries are necessary to move between these
measures.

As in §3.1, we fix 0 € D". For any x € D", define the Gromov distance at x of
&, n e dD" by

dy(E. ) = exp (= 35 (x. y) = 3By (x. ).
where y is on the ray joining & and n. For any x € D", £ € D", and r > 0, let
Bi(§,r):={n€dD" : di(§,n) <r}.

For v € T!(ID"), denote by Pr,- : Uv — 9D \ {v~} the projection w > w¥.
The next lemma follows from §1.6 in [14], and [33, Lemma 2.5 and Theorem 3.4].

LEMMA A.3. There exist constants ay > 0, ¢ > 1 such thatforall g € G and0 < n < «ay,
we have

Brig)(g", ¢'n) S Pre-(Bu()g) S Brig) (g™, cn).
According to [6, Lemma 3.5.1] for any &, n € 0D",

do(&, 1) = 2dE (&, ). (A1)

Using the triangle inequality on the hyperbolic distance and the definition of the Busemann
function, one can show that for any x € D" and &, n € 9D",

o—don) < HE M o, (A2)
do(§, 1)

The following is a direct corollary of (A.1), (A.2), and Lemma A.3.

COROLLARY A.4. There exist constants ag > 0, ¢ > 1 such that for all g € G and
0 < n < ag, we have

B(g+, Cflefd(o,ﬂ(g))n) C PI‘g— (Bu(n)g) C B(ng, Ced(o,n(g))n)'

The next corollary will be necessary to obtain a non-planarity result for ,uES. It follows
from Corollary A.4 by covering the hyperplane with small balls using the fact that n < 1
to uniformly bound the d (o, w(g')) terms with d (o, 7 (g)), where g’ is the center of one of
the balls in this cover.

COROLLARY A.5. Let ag be as in Corollary A.4. There exists a constant ¢ > 1 so that
for every g € G, every 0 < & < 1 < g, and every hyperplane L in R, there exists a
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hyperplane L’ in 3(H") so that
NI ¢~ le-d0n@)gy A prg*. ¢~le-d0m) )
C Pry-(N(L, &) N By (n)g)

C N(L/, Ced(o’n(g))é) N B(g+, Ced(o,ﬂ(g))n).

Proof. Let {g;}ics be chosen so that
N, & = Bu@®g.

iel
By Corollary A .4,
B(g . e e 1OmDg) € Pr—(Bu(€)gi) € B(g; . ce@Ts),
Let
I ={i: By(§)gi N By(n)g # 9}
Observe that fori € I, g; € By(2)g. Then,
d(o, m(gi)) = d(o, 7(g)) +d(m(g), 7(gi)),
and g; = ug for |t| < 2. Thus,

d(mw(g), m(g) = d(m(g), m(utg))
= d(g(0), utg(0)).

This implies that there exists a constant ¢ > 1 that is uniform for all g € G so that for all
i€l

ol dOm(®) o pdOn(@) . (dOT(E)) 1. pod@(S)).
Thus, for all i € I, we have
B(g*. & e 0T g) S Pro- (By(§)gi) S B(g, cce! @),
Hence, for every i € I,
B(gt, & lemlemdOa@) gy  B(gT, ¢ gm0 (@) )

C Prg-(Bu(§)gi N Bu(n)g)

C B(g™T, éce? @@ g) N B(gT, cce? @@y,
The result then follows by taking the union over all i € I>. O

A.l. The PS measure is Federer. 1In this section, we prove more specific Federer
statements for v, and PS5,

LEMMA A.6. There exists a constant o > 8t depending only on T" such that for any
re A(T),n > 0and c > 1, we have that

vo(B(X, cn)) K1 c®vo(B(A, 17)).
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Proof. We will prove this for the balls B, (A, ¢n), and B, (A, n) using the Gromov distance.
It then immediately follows for the Euclidean balls B(}, cn) and B(X, n) by the Federer
condition and (A.1).

Let {A;};>0 be a geodesic ray joining o to A. By the shadow lemma for v, [35,
Theorem 2] (see also [33, Theorem 3.2]), we have that for any 1 > 0,

n‘sl"e(k()\flogn)_al“)d(”(c())skflogn) «r V()(Bo()"a n))

<r n5re(k(Llog ) =8r)d(w (Co) A~ tog n) (A3)

Here, k(A_ 1og ;) denotes the rank of the cusp that A_ g , lies in; if it is in 7(Cp), it is
defined to be zero. (Recall the definition of Cy from §3.2.) Note also that we have absorbed
a constant depending on diam 7 (Cp) (hence only on I') to write the distance from 7 (Cp)
rather than from the fixed reference point o.

It follows from (A.3) that it is enough to show that for some o > 4,

Vo (Bo (s €1)) <1 (c7)°" e®0— tog en)=3r)d (1(Co). 2 tog en)
&p ¢ P kO tog )BT (Co) A tog )
L1 ¢7vo(Bo (A, ).
Equivalently, it is enough to show that
(k(A—10g en) — 8r)d((Co)s A—10g cn) — (kK(A—10g ) — 8r)d (1 (Co), A—10g )
< (0 —dr) loge. (A4)

Case 1: Assume k(A jog cy) < k(A—10gp)-
Then

(k(A=10g cn) — Or)d (7w (Co)s A—tog cn) — (k(A—10g ) — Sr)d (7 (Co), A 10g n)
< (k(A—10gn) — 6r)(d (7w (Co), A—log en) — d((Co), A—10g y))
< (k(A-10gy) —dr) log ¢
<(n—1-4ér)logec.

Case 2: k(A _10g cn) > k(A_10g ) and k(A_1og ) = 0.
Then, d((Cy), A— 10g ) = 0 and

0 < d(m(Co)s Atogen) < d(@(Co)s A—1ogy) + d(A—1ogn> A—logen) < logc.
Therefore,
(k(A—10g en) — 8r)d (7 (Co), A—10g cn) — (k(A—10g ) — dr)d (7 (Co)\ A 10g )
< (k(A—10g cn) — 8r)d((7 (Co), A—10g cn)

< (k(A—10gcy) —dr) log c
<(m-—1-4r)logec.
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Case 3: Assume k(A 105 ) > k(A_10g ) and k(A_10g ») > O. In particular, A_ 104 , and
A log ey are in two different cusps, and hence there exists 1 < 7 < ¢ such that A 155,y €
7 (Cp). Then,

d(m(Co), M- logn) < dA_1ogryps A—10gn) <logr <logc
d (7 (Co), M- log cn) <d(- log rn» A log C77) <log(c/r) <logc.

Note that since k(A 1ogcy) > 2, we have dr > 1, because dr > k/2, where k is the
maximal cusp rank. We arrive at

(k(A—10g ) — 8r)d (1w (Co), A—10g ) = (1 = 8r)d (7 (Co), A—10g )
> (1 —4ér)logc
(kA 10g en) — 8r)d (@ (Co, A—tog en) < (n — 1 = 8p)d(w(Co), A— 1og )
<(m—1-4r)logec.
It follows that
(k(h—1og en) — 3r)d(T(Co). A—1og en) — (kO 10g ) — 81)d (T (Co). A 10g y)
<(mn-1-ér)logc— (1 —9r)logc
<(m—2)logec.
Thus, choosing
o =max{n — 1 —ép,n—2}+ér
completes the proof. O

When ¢ < 1, we obtain a similar result, with a slightly more involved argument.

LEMMA A.7. There exists a constant ¢ > 0 depending only on T" such that for any
re A(M),n >0and0 < ¢ < 1, we have that

Vo(B(A, cn)) K1 ¢?vo(B(A, 0)).

Proof. The proof is extremely similar to that of Lemma A.6.
By the shadow lemma, as in the proof of Lemma A.6, it is enough to show that for some

o >0,
(k(A—10g en) — 8r)d (7 (Co), A—10g cn) — (k(A—10g ) — dr)d (7 (Co)s A—10g )
<r Or —o)|logcl. (A.5)
Case 1: Assume k(A _ 10g cyp) < k(A—log ).
Then

(k(A— log en) — dr)d(mw (Co), A log en) — k(A - log n) — dr)d(mw (Co), A log )
< (k- log cn) —8r)(d (@ (Co), A log n) — d(m(Co), A— log cn))
< |k(A—10g ) — drl| log c|.
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Let k be the maximal cusp rank. Since |k — ér| < ér, we get that
o:=4r—lk—4r|>0

satisfies the claim.
Case 2: k(A _10g cn) > k(A_10g ) and k(A_10g ) = 0.
Then, d (7 (Cy), A~ 10g 3) = 0 and

0 < d(m(Co)s Atogen) < d(@(Co)s A—1ogy) + d(A—1logn> A—logen) < | logcl.
Therefore,
(k(A—10g ) — 3r)d (7 (Co), A— log cn) — (k(A-10g y) — r)d (7 (Co), A—10g n)
< (k(A—10gen) — 0r)d (@ (Co), A—1og )
< lk(A—10g ¢y) — drll log cl,

and the claim follows as in Case 1.

Case 3: Assume k(A 105 cp) > k(A_10g ) and k(A_10g y) > O. In particular, A_ 105, and
A log ey are in two different cusps, and hence there exists ¢ < r < 1 such that A 15, €
7(Cp). Then since r < 1,

d((Co)s A—1ogn) = d(A—togrys A—1ogy) < |logr| (A.6)
d((Co)s A—1og en) = d(A—1og rns A—log en) = log(r/c). (A7)
Note that since k(A _ 1og ¢y) > 2, we have dr > 1. By (A.6) and (A.7), we arrive at
(k(A—10g ) — 3r)d (1 (Co), A—10gn) = (1 = 8r)d (7 (Co), A 10g y) (A.8)
> @r —1)logc (A.9)

(k(A—10g cn) — Or)d (7 (Co), A 1og cn) < max{0, log(r/c)(k(A-1ogcn) — )} (A.10)

We now have two cases. First, assume that log(r/c)(k(A—10gcy) — 6r) < 0. Then
k(X _10gcn) — 8r < 0, so by (A.8), we have that

(k(A— log cn) —8r)d(m(Co), A— log en) — k(A - log n) —or)d(m(Co), A log 17)
<—@r-—1logc
= (6r — 1)| log c|.

Now, assume that log(r/c)(k(A—10g cy) — 0r) > 0, that is, that k(A_ 10 ¢y) — r > 0.
Then it follows from (A.7) that

(kA - log cn) — dr)d(w (Co), A— log cn) — (k(A— logn) — dr)d(r (Co), A— log )
< (k(A=10g cy) — &) log(r/c) — (6r — 1) log r. (A.ID)

Now, consider two further cases: k(A_jogcy) —68r > 8r —1 or k(A_1ogcy) —Or <
dr — 1. In the first case, (A.11) is bounded above by

r — 1) log(r/c) — (6r — D) log r = —(r — 1) log ¢ = (5 — 1)| log c|.
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In the second case, note that (A.11) is equal to
(k —26r + 1) logr — (k(A_10g ¢y — Ir) log c,
and our assumption implies that the first term is negative. Thus, an upper bound is
~(k(—tog ey — 8r) log ¢ = (k(A_10g ey — 8)| log | < (k — 8r)| log |,

where k is the maximal cusp rank, as before. Note that k — ér < 81 because ér > 2k
always holds.
Thus, choosing

o = min{éy — |k — dr|, 1}
completes the proof. O

Using Lemma A.3, we obtain the following quantitative Federer-like statement for
(1S} en(r)-

COROLLARY A.8. There exists constants o1 = o1(I') > dr, op = 0p(I") > 0 which
satisfy the following: let x € G be such that x* € A(T'). Then for ¢ > 0 and n <r
¢~ Lo~ height®) \oe have that

1S (By (em)) «r max{c1, ¢o2)?@rton heightto , PS (g, (7))

Proof. Fix g € G which satisfies x = gI" and height(x) = d (7w (Cp), 7 (g)). By (22), inj(x)
and height(x) are related, so that for n < ¢! height(x),

1g> (By(en)) = py> (By (cn)).
For any 0 < n < 1 and u¢ € By (1), we have that
|Blugy+ (05 urg(0)| < d(ug ' (0), g(0))
<d(ug ' (0), 0) +d(0, g(0))
< 2 diam(By (1) (Cp)) + height(x).
The above gives a bound on the Busemann function for the following when < 1:

oo NNy, (Pry— (By (1))

< uSeuon = | et O (g (A1)
teBy(n
«r T ety (P (By (). (A.13)

Assume ¢ > 1. By Lemmas A.3 and A.6, we have that
v(,(B(g+, 77)) — VO(B(g+, (Eeheight(x)g—le— height(x) 77))

K (@M NNy, (B(g*, e M), (A14)
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Let ¢ > 1 be as in Corollary A.4. Then as long as

7167167 helght(x)’

(9]

n=
we have the following:
1y (By (em) < & My, (Pro_ (By (cn)) by (116)

&« O height) ), (Bt geheitht™) )y by Corollary 9.4
«r cae(8r+0|) height(x) vO(B(g+, 7)) by Lemma 9.6
«r cdle(5r+261) height(x)vo(B(ng, 57167 height(x)n) by (117)
& oteCri2on ey, (pr _(By(n))) by Corollary 9.4
L ¢ POrFo M) LIS (B () by (115),

which completes the proof in this case.
The case 0 < ¢ < 1 can be shown in a similar way using Lemma A.7. O

When x € supp mPMS, a flowing argument with {a_ : s > 0} allows us to remove the
restriction that n must be small in a way that depends on height(x). More precisely, we
obtain the corollary.

COROLLARY A.9. If T is geometrically finite and Zariski dense, then for any x €
supp mPMS . the measure /LES is doubling, and the constants only depend on T". More
precisely, there exist constants o1 = o1(I') > ér, 02 = 02(I") > 0 such that for every
¢ > 0, every x € supp mBMS, and every T > 0,

wES(By (eT)) «r max{c™, ¢™)ubs (By (T)).

Proof. On a geometrically finite quotient, there exists a compact set 29 C X such that for
every x € X with x™ € A,(I'), there exists a sequence s, — oo such that a_g, x € Q.
Because 2p depends only on I', the height of any point in €2 is bounded by a constant

depending only on I'. Thus, by Corollary A.8, for all x € £ N supp mPMS with x~ €
A, (') and for all n < ¢~ !, we have that
PS o ,.o021,,PS
wy” (By (en)) <r max{c™, ¢}, (By (1)) (A.15)

Now, fix x € supp mPMS with x~ € A,(I'). Let T > 0 and let s > 0 be sufficiently
large so that e 5T < ¢ Vand a_;x € Q. Then,

uyS(By(eT)) = e up® (By(ce™T))
«r max{c™, ¢}’ ufS (By(e™T)) by (118)
<r max{c”, ¢?}ufS (By(T)),

so the result holds for x~ € A, ().
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Since x — M)I:S is continuous (see Lemma 3.2) and the set of x with x~ € A, (") is

dense in the set of points y € X which satisty y~ € A(I"), the result then follows for all

x € supp mBMS, O

A.2. Non-planarity of the PS measure. For a subset S € R"~! and £ > 0, let
Ny (S, &) = {ug € U : there exists s € S such that ||t — s|| < &}.

In the following, we use the shadow lemma for v, to obtain a stronger version of
non-planarity than that in Definition A.l. From this, we will see that the PS measures
when I' is geometrically finite satisfies a non-planarity-like property. More specifically,
the bound we get is independent of the hyperplane, but the size of  must be restricted in a
way that depends on height(x), and a factor of height(x) will appear.

THEOREM A.10. There exist 0 = 0(I') > 1, o = a(I") > 0 which satisfy the following.
Foranyw e H", A € A(T'),0 <n <1, and & > 0, we have

v (N(L, En%) N B(x, ) < eXr9OW ey (B(A, ).

Proof. First, we show the result for o.
According to [5, Lemma 3.8], there exists 8 > 0 such that for any n > 0 and any affine
hyperplane L C R”, we have

vo(NV(L, ) <r nP. (A.16)

For A € A(T") and for ¢ € R, let A; be the unit speed geodesic ray from o to A. It follows
from the shadow lemma for v, (see [35, Theorem 2], also [33, Theorem 3.2]) that for any
n > 0, we have

VO(BO()\, n)) >r nsre(k()tflog ) —8r)d (01— 10g n)’

where k(A_ 1og ;) is the rank of the cusp containing A_ jo¢ 5, (see §3.2). It follows from the
fact that k(A 105 y) > 0 and d(0, A—10g5) < — log 1, that

Vo (Bo(h, ) > .

Since v, is Federer (by Theorem A.2), using (A.l), we arrive at the same bound for
Euclidean balls (with the implied constant changing):

vo(B(A, 1) 1 n™r. (A17)
Note that by the definition of ||d|lv,,B(1.9)
B(x, n) Nsupp vo C N (L, ldLllvy,B0.n)-
It then follows from (A.16) and (A.17) that

" < (ldLllv,.50.m)"

Hence,

L llvy B >T 17T 7P. (A.18)
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According to Theorem A.2, the PS density is friendly. In particular, it is decaying and
non-planar, so there exists @ > 0 such that forall A € A(I'), 0 < <1, £ > 0, an affine
hyperplane L C R", and B = B(A, n), we have

Vo(N(L, ElldLllp) N B) K §%vo(B). (A.19)

The claim now follows for o from (A.18) and (A.19) by taking 6 = 26r/8.
Second, we show the result for a general w € H". Note that

e—Srd((),w) <r e—BrﬂA(u),o) Lr eSpd(n,w).

Thus, using this and the fact that {v,},cm» is a conformal density satisfying (10), we

arrive at
VoL, §n") 0BG, m) <1 MO, (N (L, 1) 0BG )
< TIOWEN, (B, 1))
< 2rdOWESy, (B, ).
Last, note that by taking £ = nl’g, we conclude that 0 > 1. O

PROPOSITION A.l1l. Let I" be geometrically finite and Zariski dense. There exist constants
a=al) >0, w=w)>0,and 6 =0(") > «a satisfying the following: for any x €
G/T with xT € AT), and for every & > 0 and 0 < n K e~ "€ we have that for
every hyperplane L,

o

wES VUL, &) N By () <r e heigh“”n—guiswu(n)).

Proof. Leta = a(I'), 0 = 6(T") > O satisfy the conclusion of Theorem A.10, and ¢’ > 1
satisfy the conclusion of Corollary A.4. Fix g € G which satisfies x = gI" and height(x) =
d(7(Co), 7(8))-

By the same argument as in the proof of Corollary A.8 to bound the Busemann function
when n < 1, we obtain

o9 height(x) Vo (Prg- (W'(L, £)x N By (n)x))

<r WESWI(L, &) N By@) = / " Pl 1D Gy (ueg) ™)
teN'(L.£)NBy (1)

< & Dy (Pr (N(L, £)x N By (n)x)).

Thus, for n <r e~ height(x) (so that cedlom (x))n < 1 in the following, and we stay within
the injectivity radius at x, using (22)), we have that

1y Ny (L, €) N By ()
< € Oy (P (N(L, §) N By (1))

&« T Pt ), (AL ced 0T gy N B(gT, ce® @D y)) by Corollary 9.5
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g_—(cea'(o,n(x)))l—G

«r eer height(x) ( -

o
> Vvo(B(g™, ce?@™ )y by Theorem 9.10
n

. g(ed(o,n(x)))lfe
«r eSr height(x) ( n0

d(o,m(x))\1-0\ @
< height(x)(é(e . ) )
n
20Ty, (B(gT, ¢ led©@T X)) by Corollary 9.4

o
) 10Ty, (B(g ™. ) by Lemma 9.6

. _ £\
&r eZ(Sr height(x)+(o +(1-0)a)d (0,7 (x)) (? //LES(BU )

o
& er+o+(1-0)a) height(x) (f_e) 1% (By ()

o

«r ea} height(x) FH’ES(BU (77))7

where

w=max{28r +o + (1 — ), 0}, 6 =0a. O

A.3. Absolute friendliness of the PS measure. When all cusps are of maximal rank,
the PS measure is absolutely friendly, and stronger results hold. Note that if I" is convex
cocompact, then there are no cusps, so this additional assumption is vacuously true.

Definition A.12. Let u be a measure defined on R™.

(1) p is called absolutely decaying (respectively globally absolutely decaying) if
there exist o, co > 0 such that for all v € supp u, all 0 < § < n < 1 (respectively
0 < £ < 1), and every affine hyperplane L C R”,

uN(L, &) N B(v, n)) < cz(%) w(B(v, n)).

(2) p is called absolutely friendly (respectively globally friendly) if it is Federer
(respectively doubling) and absolutely decaying (respectively globally absolutely
decaying).

It is easy to see that if a measure u is globally friendly, then it is also absolutely friendly.
According to [34, Theorem 2], if I" is convex cocompact or [S, Theorem 1.12], if " is
geometrically finite, v, is absolutely friendly if and only if all cusps have maximal rank.

THEOREM A.13. Assume that T is Zariski dense and either convex cocompact or geomet-
rically finite with all cusps having maximal rank. Then the PS measures {MES} x—eA(T) are
globally friendly, and the constants in Definition A.12 only depend on T (in particular, they
do not depend on x).

This follows by a flowing argument, similar to the doubling results for x € supp mB®MS

proven before. The key difference is observed by contrasting Definition A.12(1) with
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Theorem A.10: when the powers of &€, n match, a flowing argument may be used for BMS
points. When they do not match, one introduces a power corresponding to how far one
flows with a_;.

COROLLARY A.14. Assume that T is Zariski dense and either convex cocompact or
geometrically finite with all cusps having maximal rank. There exists 0 <o = a(I') < 1
such that for any x € supp mBMS, T > 0, and 0 < & < T, we have

pe By (T +6)) <s )
LR | = .
WSByy)

T
Proof. Let ¢y =c1(I'),c2 =c2(I') > 0 and o = a(I") > 0 satisfy the conclusion of
Definition A.12 for uPS and k = 2.

It follows from the geometry of By (§ + n)x — By (n)x that there exist Ly, . .., Ly,
where m only depends on 7, such that

By (€ + T)x — By(T)x < | Nu(L;, 28).
i=1
Then, by Definition A.12, we have
WEByE+T) > BuE+T) = By(T)
1S (By(T)) uES(By(T))

<s )“MES(BU(E + 7))
mo\ = | —sc———
T)  pPS(By(T))

mcc<§>a
2\ 7 ) - O
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