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POSITIVE POLYNOMIALS AND TIME DEPENDENT
INTEGER-VALUED RANDOM VARIABLES

B. M. BAKER AND D. E. HANDELMAN

Let { P;} be a sequence of real (Laurent) polynomials each of which has no negative
coefficients, and suppose that f is a real polynomial. Consider the problem of deciding
whether
) for all integers k, there exists N such that the product of polynomials
Pyt - Piyo - -+ - Prewn - f has no negative coefficients.

This corresponds to a random walk problem for time dependent integer-valued random
variables; as we shall see, it leads to questions involving strong local flatness on the sums
of the random variables. Very special cases of this problem were studied by Poincaré [Po]
in 1883, Meissner [Me] in 1911, Polya [P1] in 1928, and Hardy, Littlewood and Polya
[HLP] in 1934. Poincaré [Po] was interested in minimizing the number of sign changes—
given f with & real negative roots, find a polynomial P with no negative coefficients such
that the product P - f has exactly k sign changes among its coefficients, the minimum
number possible. Meissner and Pélya dealt with special cases of the problem in several
variables, where P; = 1 +x + y + xy (Meissner) or P; = 1 +x + y (Pdlya) for all i. Our
interest in this class of problems arose from the study of actions of rotation groups on a
class of C*-algebras (e.g., [HR1, HR2, P]). In fact, this problem is equivalent to that of
determining the positive cone of the equivariant Ky-group associated with this class of
operator algebras.

An obvious necessary condition on f in order that (*) hold is that its restriction to
the positive reals, f](0, 00), be strictly positive. We say the sequence { P;} is strongly
positive if this condition is also sufficient for (*) to have an affirmative solution. There is
an equivalent statement for the corresponding random walk. The correspondence be-
tween P in the set of nonzero Laurent polynomials having no negative coefficients,
Rlx,x ']*\ {0}, and the random variable X is as follows. Let (P, ') denote the coeffi-
cient of ¥ in P. Then

(P,X)/ P(1) = Pr(X = j).
The polynomial P or its corresponding random variable X is said to be e-convex (for
0<e <2)if
for all integersj, Pr(X=j+1)+Pr(X=j—1)> (2 —¢)Pr(X =).
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Let {X;} be a sequence of (independent) integer-valued random variables of finite
support with corresponding Laurent polynomials { P;}. For integers N and k, define
Svk = YN, Xiu, and PM* = [TV, Pyy,. Then {P;} is strongly positive if and only
if

for all e > 0 and all integers k, there exists N so that Sy« is e-convex.

One direction is easy to see—just setf = x~! —(2—¢)+x and work out the conditions on
the coefficients of P which guarantee that the product Pf has no negative coefficients. The
other implication follows from Corollary 1.13. This eventual € -convexity is a particularly
strong form of local flatness in the distributions of the sums of the random variables. In
any event, we say that { X;} is strongly positive when it occurs.

Our results concern necessary and sufficient conditions for strong positivity of se-
quences { P;}. As a consequence, we determine all pure (extremal) [0, co]-valued har-
monic functions on the random walk in the strongly positive case, as well some other
representative instances. There is a natural one-parameter family of these harmonic func-
tions arising as evaluations at points of [0, co]; we investigate purity of such evaluations.
We show (2.5) that evaluation at 1 (the most natural of the harmonic functions, and usu-
ally the only bounded one) is pure if and only if the conclusion of Mineka’s theorem [Mi]
holds:

(*%) lim ) |Pr(Syx =j) —Pr(Snx=j+1)| =0 for all integers k.
N—oo jEZ

We say P (or X) is unimodal if there is only one sign change in the coefficients of the
polynomial (1 — x)P; in other words, the coefficients are non-decreasing starting from
the left, then become non-increasing. The ratio of a unimodal P (or X) is defined via:

(P, xo*1) (P,xfo-')}

n(P) = max{ P (P

where i is a point at which the maximum occurs. We show that for unimodal { P;}, if
3 r(P;) diverges, then {P,-} is strongly positive (1.9). The converse holds when each P;
is strongly unimodal or if there is a bound on the total degree (2.3).

In the non-unimodal situation, there is a more elaborate criterion. If P is a Laurent
polynomial with no negative coefficients, let M (P) denote the set of local maxima, i.e.,
the integer iy belongs to M (P) if 0 # (P,x) > (P,x*!),(P,x°~"). (It is easy to con-
struct unimodal P for which M (P) contains non-contiguous points.) Set

(P,xi°+1) (P,Xio—l)
(P,xi0) * (P,xio) |~

C(P)= min max
iheM(P)
Then { P;} is strongly positive if ¥ ((P;) = oo (1.11). This immediately yields the
following analogue of Mineka’s criterion. Suppose { X;} is a sequence of independent,
finitely supported integer-valued random variables, and X; is ¢;-convex. Then { X;} is
strongly positive if
> Q2 —e) diverges (1.13).
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The converse is true if telescoping (blocking) is permitted (precisely as in Mineka’s The-
orem).

There are classes of strongly positive sequences to which these numerical criteria
cannot be applied directly. To construct examples illustrating this phenomenon, let 3 be
a positive real number, and define the sequence { P;} (depending on 3) via

‘ #Hifj=0
P, ¥)y=1<1 if 1 <|j| <[i%]
0 if |j] > [i®].

The bulk of the mass is at 0, and the rest is distributed uniformly over a very wide range.
The ratio of the i-th polynomial is 1/ i**!, and their sum converges. As a result of this,
the aforementioned strong positivity criteria do not apply. Since each P; is symmetric
and unimodal, it will follow (Section 3) that to check for strong positivity, it is sufficient
to decide if for all integers k,

Pr(Syx = 1)

oM E Dy N — 0.
PrSni=0) a0

For a large class of similar distributions (symmetric and unimodal), we perform the nec-
essary calculations. An unexpected transition phenomenon is observed. For example, if
B < 2, the sequence given above is strongly positive, while if 3 > 2, it is not (3.9(c)).
If instead, the support grows exponentially, similar results are obtained (3.9(e)). For ex-
ample, if K is a real number exceeding 1, define { P;} via

' K ifj=0
(P, ¥)=q1 ifl1 <[j] <[K]
0 if]j| > [K'].

Then { P;} is strongly positive if K < 3 and is not strongly positive if K > 3. The
status of the sequence is unknown if K = 3. Two formulas (3.4 and 3.7) give sufficient
conditions for strong positivity of large classes of sequences of symmetric unimodal
polynomials.

Turning now to harmonic functions, for each point r in R** = R*\ {0}, we can
define a harmonic function #,:Z X N — R* by the formula h,(m, i) = r’"/ Py-P,-
-+ - Py(r). We call this a point evaluation at r. We remark that this is unbounded unless
r = 1. On restriction to appropriate subsets of Z x N (depending on the supports of the
X;), we may consider limit points of these “point evaluations”; these are [0, co]-valued
harmonic functions, and yield evaluation at 0 or oco. If { P;} is strongly positive, then
all pure (extremal) [0, 0o]-valued harmonic functions are indeed point evaluations (if we
include 0 and o0), and all such point evaluations are pure. Theorem 2.1 indicates why
the converse fails.

This yields two types of obstructions to strong positivity: either a point evaluation
is not pure, or there exists a pure harmonic function that is not a point evaluation. We
investigate purity of individual point evaluations. For example (2.5), evaluation at r = 1
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is pure if and only if mass cancellation occurs (as in the conclusion of Mineka’s theo-
rem (**)). Purity of evaluations at other points can be decided by reparameterizing the
polynomials. When a point evaluation is not pure, it decomposes into other harmonic
functions which are not point evaluations. If the polynomials are all unimodal, then a
converse to Mineka’s theorem that does not require blocking is valid for all reparame-
terizations of the polynomials (2.6). The outcome is that there is a simple necessary and
sufficient test of purity for every point evaluation. If the polynomials are additionally
symmetric (that is, (P,x¥') = (P,x7) for all j), then except for evaluation at 1, either
the point evaluation is pure or a convergence phenomenon (described below) leads to a
discrete decomposition.

An extreme case of impurity occurs when the infinite product of suitably normalized
Laurent polynomials [T P;(z) / Pi(1) converges on an annulus in the plane. If r is a positive
real number within the region of convergence, not only is 4, impure, but it can be decom-
posed into a (discrete) family of harmonic functions that arise from the Laurent series
expansion of the infinite product. Other point evaluations may decompose if the normal-
ization is altered. Unusual examples are constructed; the set { r € R** | h, is pure} can
be the set of all positive reals, the empty set, a finite set, all but a single point, or even
a union of open or half-open intervals, among others. On the other hand, if the distribu-
tions are symmetric and unimodal, then this set can only be the complement of an open
or closed interval (symmetric with respect to r+— r~1) (2.7).

ACKNOWLEDGEMENT. We would like to thank David R. McDonald for help with the
probabilistic aspects of this work, and for numerous useful conversations. Alan Kelm was
very helpful in proofreading the manuscript, as well as correcting errors, both mathemat-
ical and typographical.

1. Strong positivity. In this section, we prove results on strong positivity of the
following type. For an appropriate numerical invariant, z(P), of polynomials P, diver-
gence of 3 z(P;) entails that the sequence { P;} be strongly positive (1.8, 1.9, 1.11, 1.13).
If each polynomial in the sequence { P;} is unimodal and ¥ r(P;) diverges, then { P;}
is strongly positive. The converse holds if either all the P; are strongly unimodal (log-
concave) or if there is a bound on the degrees of the polynomials. For polynomials which
are not necessarily unimodal, divergence of 3~ C(P;) is sufficient for strong positivity.
There is a precise analogue to Mineka’s theorem (1.13). If each P; is €;-convex (see the
Introduction for the definitions), then (2 — ¢;) = oo is sufficient for strong positivity.

Initially, we wish to show that if each P; is unimodal and the sum of the ratios (def-
inition given in the Introduction), 3 r(P;), diverges, then { P;} is strongly positive. We
begin with linear polynomials, that is, P; = a; + b;x (equivalently, the random variables
X; have two-point contiguous support). If the P; are all equal (the “stationary” case), the
result can be found in [Me]. If inf; min{ a;/ b;, b;/ a;} > 0, a careful convergence argu-
ment permits reduction to the stationary case. An argument involving both superposition
and blocking (telescoping) allows us to prove the complete result in the linear situation,
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and another application of superposition yields the most general result of this section
(1.11).
The real algebra of Laurent polynomials is defined as

R[x,x“] = {Za,-xi | i € Z,a; € R, and a; = 0 for almost all i}
The set of Laurent polynomials with no negative coefficients will be denoted R[x, x~']*.
For f in R[x,x~'], we let (f,x) denote the coefficient of X appearing in f, and set

Logf={j€Z]| (f.¥) # 0}.

Recall that a sequence of Laurent polynomials (having no negative coefficients) { P;} is
strongly positive if
for any real Laurent polynomial, f, such that the restriction satisfies f](0, 0o) > 0,
then for any integer k, there exists an integer N so that the product

PiPiy o Py f

has no negative coefficients.

We remark that the condition on f (as a function on (0, 00)) is obviously necessary.

For P a (nonzero) Laurent polynomial with no negative coefficients, we define its
contiguity coefficient, c¢(P), as follows. First, for a linear polynomial, L = a + bx (with
both coefficients strictly greater than 0), define d(L) = ab/ (a+ b)?. Then define

e(P) = sup{inf{d(Ly | P = S hiLi, hi € Rix.x™' 1"},

where the L; are linear with positive coefficients and the supremum is over all such de-
compositions, P = ¥; h;L;. Clearly, ¢c(P> + P2) > min{ ¢(Py), ¢(P2)} if both P; have no
negative coefficients. For example, if L is linear, then d(L) = ¢(L). If P = 2+ Ax+ n
(where A and p are strictly positive real numbers), then P = x(x + A / 2)+ (A x/ 2+ ),
so that

¢(P) > min /2 Ap/2 }

L+X+A2/4" p2+xp+22/4

In general, c(P) is awkward to compute. It is a useful tool, but will be replaced later by
a much more convenient invariant, namely C(P) (defined in the Introduction.)

If P (or its corresponding random variable X) is a unimodal Laurent polynomial (with
no negative coefficients), we define r(P) (r(X)) to be the ratio of the second largest coef-
ficient (mass at a point) to the largest. In particular, if there is a tie for largest coefficient,
then r(P) = 1. Note that the second largest coefficient must occur at one of the two
points adjacent to the maximum.
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LEMMA 1.1. If P is unimodal, then

4
oP) = % r(P).

PROOF. We may assume that the peak coefficient occurs at O and the second largest
coefficient occurs at 1 (rather than —1). Write P = ¥ _j<i<n Aix', withm > 2 and assume
for now that / > 1. Consider the following polynomials:

Am (45042 423+ 4 xm), A (b4 +ax )
Ot =) (F+3x 47442 0 Qg = A (§+ 3+ 4 x7h)
(A — /\2) (% + %X) A — )\_2)(% + %x’l) .

Notethat 0 < A\, < A < - <X > XX > X > - > ), > 0. Form the
sum of these polynomials, and subtract this from P. Almost everything telescopes, and
the remainder is @ = JAjx+ Ao — (A1 + A_y) + 3A_1x~'. The c-values for each of
the polynomials in the list is at least that of (% + x), i.e., 4/25. It is readily verified that
Q) > (4/25)(\/ Xo) = (4] 25)r(P).

As P is the sum of the listed polynomials together with Q, it follows that c(P) is at
least as large as that of the minimum of the c-values of these polynomials, hence the
desired result is obtained in this case. If / = 0, the same argument will work. ]

Alan Kelm has shown that 4/25 can be replaced by 2/9 in Lemma 1.1, and this
is sharp. The following is a consequence of [H3; Appendix C], but we provide a short
and easy proof for this special case. A Laurent polynomial P is gapless if for integers
i < j <k, (P,xX)(P,x*)# 0implies that (P,x') # 0.

LEMMA 1.2.  Suppose { P;} is a sequence of gapless Laurent polynomials with no
negative coefficients such that

(o) |LogP;| > 1;

(i) LogP; = Log P, forall i;

(ii) sup{(P;,x¥) | i €N, j € Log P} < oo;

(iii) inf{ (P;,,¥) | i € N, j € LogP,} > 0.
Iff is an element of R[x,x '] such that f|(0,00) > 0, there exists an integer M so that
PP, ... Py - f has no negative coefficients.

PROOF. We may assume that P;(1) = 1 for all i, without altering the rest of the hy-
potheses. Regard elements of R[x,x™'] as elements of ['(Z); that is, assign the norm
3" | )j| to the polynomial g = Y~ A;¥. If g has no negative coefficients, then ||g|| = g(1).
Clearly { P;} contains a subsequence converging to a Laurent polynomial P in this norm.
By (i) and the boundedness below hypotheses, P is gapless and Log P = Log P;.

By [H1; V.1(b)], there exists an integer m so that P"'f has no negative coefficients.
An easy consequence is the existence of an integer N > m so that PVf is additionally
gapless (as P itself is gapless). It follows (by considering the endpoints), that Log PVf =
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NLogP + Logjf (adopting the convention that the sum of two sets of integers is the set
of sums). Define
e = inf{(P"f,¥) | j € Log(P"f)}.
There exists a finite subset S (having N elements) of N such that forallj in S, || P;—P|| <
/ (NIFI)- Then
P~ (1121 <111 11

< IFINe/ (NIFIL) = .

Clearly N Log P+ Logf contains Log(ITs P;) - f, and as (PVf,x*) > ¢ for k in the former
set, it follows that ((Hs P)) ‘f,xj‘) > 0 for all such k. Now M = max{i € S} willdo. =
The following Superposition Lemma is elementary but extremely useful.

LEMMA 1.3 (SUPERPOSITION LEMMA). Let { P;} be a sequence of Laurent polyno-
mials each having no negative coefficients, and let f be in R[x, x™']. Suppose that for all
i, there exist positive integers M(i), and A;; and T;; in R[x, x ' for 0 < j < M(), such
that

Pi= % Nl
0<j<M(i)
Suppose in addition that for all sequences k = (k(1),k(2),...) (with0 < k(i) < M(i)),
there exists i (depending on the sequence k) so that

Tinyg - Tuy2 -+ - Twii-f  has no negative coefficients.

Then there exists N so that Py - P, - - - - - Py - f has no negative coefficients.

PROOF. For each i, define the set K; = {0, 1,2,...,M()}, and let K denote the
cartesian product of the K;’s, with the product topology. Given k in K and i = i (i
depending on k) as hypothesized, form the clopen set

Uy = {K € K| kK'(j) = k(j) for all j < it }.

As k varies over K, we obtain an open covering; by the compactness of K, there exists a
finite set { kD, k@, ... k'} of elements of K, so that

s

I}

U = K.
J

Note that there are integers { iV, ¥, ..., i} so that if ¥’ belongs to Ugn (1 <t < m),

then "
(H] T/d(n,/) -f

has no negative coefficients. Upon setting N = max{ i },<,,, we find that for all choices
{k(O), k(1),..., k(N)} (with k(i) € K;), the product Tk(l),l . Tk(z),z """ Tk(N),N - f has no
negative coefficients. However, Py - Py - - -+ - Py -f is an R[x, x~!]*-combination of such
terms, so has no negative coefficients. =
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PROPOSITION 1.4. Let { P;} be a sequence of Laurent polynomials with no nega-
tive coefficients, such that { c(P;)} is bounded below away from zero. Then given f in
Rlx,x7'] satisfying f|(0,00) > 0, there exists an integer N so that Py - Py - - - Py - f
has no negative coefficients.

PROOF. Decompose each P; as in 1.3 (using the definition of ¢(P)) in order to apply
1.2 along each path. u
The polynomial P or its corresponding Z-valued random variable X is strongly uni-
modal (also known as log concave—the former term is used in probability, the latter in
combinatorics) if it is gapless and for all j, (P,x')? > (P, ¥*!) - (P,x¥!). By Ibragimov’s
theorem ([Ib]) applied to discrete random variables, strong unimodality is equivalent to:

For all unimodal polynomials Q, the product PQ is unimodal.

It follows that if P and P’ are strongly unimodal, then so is their product PP’.
Let X be a positive real number. We can reparameterize a polynomial P or its random
variable X by A\ on setting

NPrX =)

A) o
Pr(XM = j) = SO P = )

so P is replaced by P()-), i.e., P(Ax). The next result includes a proof of Ibragimov’s
theorem in this special case of discrete distributions (this is very well known; see the
recent survey article by Stanley [S]); by refining the mesh, one can obtain Ibragimov’s
theorem in general.

PROPOSITION 1.5. Let P be any Laurent polynomial with no negative coefficients.
The following are equivalent:
(i) P is strongly unimodal;
(ii) P(r-) is unimodal for all strictly positive real r;
(iii) PQ is unimodal for all unimodal Q in R[x,x ']*.

PROOF THAT (i) IMPLIES (ii). We observe that for a strongly unimodal polynomial, the
set of quotients of consecutive coefficients {(P,¥)/(P,¥ ')}, is monotone
decreasing—in fact this characterizes strong unimodality. Hence P(r-) is strongly uni-
modal and a fortiori unimodal.

PROOF THAT (ii) IMPLIES (i). Suppose that (P, ¥)> < (P,x¥*') - (P,x"!) for some j.
This entails that both (P, x*!) and (P, ¥ ') be strictly greater than zero. Select r so that

(P, X)) < 1 (P, )
(P, 1 r (P, X))

Then we quickly see that the coefficients j— 1, j, and j+ 1 of P(r-) decrease then increase,
violating unimodality of P(r-).
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PROOF THAT (i) IMPLIES (iii). To prove (iii), we show that (1 — x)PQ has exactly one
sign change among its coefficients. Write (as we may, by shifting)

d .
P=>"ax, a;>0; ag,as> 0.
i=0

Then a? > ajy1ai-1. As (1—x)Q has just one sign change, we may write (after multiplying
Q by a suitable monomial) (1 —x)Q = Ag+Ajx + - - -+ A, x" — BixX™! — ... — B, xX"™*™,
where A;, B; > 0; Ag > 0; B; > 0; and B,, > 0. Clearly, if 1 < n, the coefficient of X’ in
(1 — x)PQ is nonnegative, and if t > n + d + 1, its coefficient is not positive. Hence to
show exactly one sign change occurs in (1 — x)PQ, it suffices to prove:

If forn < t < n +d, the coefficient of x' in (1 — x)PQ is strictly negative, then so
is that of x*1.

Say t = n+k (with 1 <k < d), and the coefficient of x' is negative. It is given by the
formula:

AgAn—dsk + 4 1An_dsiar + -+ QA — g By — ag_2By — - - - — aopBy.

Delete the ayA,—g.x term, multiply the rest by a4 / ay, and subtract the outcome from
the coefficient of x*!. This yields

An-arin|@a = (ag-10k1 | @] + An—arinal@a—1 — (@a-2aie1 [ @)l
1 + o+ A ilaw — (ag,,/ a)l + A, -0

— Bilak — (ak—1ak41 [ a)] — Bolax— — (@x—ay41/ ar)]

— -+ — Bila; — (aoak+1/ ax)] — Biriag

Strong unimodality yields
afap > arfar>azfa;>---.

For k < d, this gives agax < ay—1ax+1, and also ax_;ax > ax—;—1ax+1. Hence every single
term in (1) is not positive. Thus if ¢; is the coefficient of ' in (1 — x)PQ, we have

i1 — (arer [ ai)(cr — agAn—gi) < 0.

As ¢; < 0, we deduce ¢,y < 0 as desired. Thus (1 — x)PQ has exactly one sign change
among its coefficients, so that PQ is unimodal.

PROOF THAT (iii) IMPLIES (i). Let P = Z;LO aix’ (with a; > 0; ag, az > 0) be a
polynomial with no negative coefficients that is not strongly unimodal. If P has a gap in
its coefficients, then it is not unimodal itself; otherwise there exists k so that a;q / ay >
ar/ ak—1. If a1/ ax > 1, choose a real number R > 1 such thatag. /ax > R/ (R—1) >

a / a—1. Select n > d, and define the unimodal polynomial

Q=1l+x+x+ -+x""+Rx".
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Then (1 —x)Q = 1+ (R — 1)x* — R¥"*!. Computing the coefficients of x**"~! x**" and
K4+ in (1—x)QP, we find that there are at least two sign changes among the coefficients.
Hence QP is not unimodal.

If 1 > ay1/ ax, replace P by x/P(x™"), find Q, as in the preceding paragraph, and set
0(x) = Oi1(x ). .

One (of several) obstructions to extending our results to several variables is that as
far as we know, there is no notion of strongly unimodal (and a corresponding defini-
tion of unimodal) for which Proposition 1.5 would hold, even assuming that the same
monomials appear in P and Q.

Let P be a normalized Laurent polynomial with positive coefficients, with correspond-
ing random variable, X. We define the fluctuation of P or X, via

i = dis
ﬂmzzlpm”,

where P = 3 A\ix'. This is also just the /'-norm of (1 — x)P/ P(1), and in the unimodal
case, it is simply 2 max A;/ P(1).

Recall from the introduction that PN = I | P;; XM is similarly defined. The fol-
lowing is a translation of Mineka’s Theorem to our notation.

THEOREM 1.6 (MINEKA’S THEOREM [MI]). Let { P;} be a sequence of Laurent poly-
nomials with no negative coefficients. If

22— F(P)) = oo,

then for all integers t, F(PN') tends to zero as N tends to infinity.

LEMMA 1.7. (a) If P is a strongly unimodal Laurent polynomial with P(1) = 1 and
maximum coefficient a, then

a>(1—1(P)/(1+1(P)).

(b) Suppose that {Pi} is a sequence of strongly unimodal polynomials such that
S 1(P;) = 00. Then forallt > 0,

(P, Py - Puy)—1as N— oo.

PROOF. (a) Without loss of generality, we may assume (P,x°) = a. From strong
unimodality,
(P (Px)
(P, X1y = (P,x) ~

Thus the total mass to the right of O is bounded above by the geometric series

r(P)

AP P)? PP+ V=g —L
a-{rPy+r(Py>+r(Py’+---} =a (l—r(P))
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Combining this with the left side of the distribution, we obtain
1+ r(P
a - (__.(_.)l 2 1
(1-rP)

(b) As ¥i>; r(P;) = oo for any ¢, we may assume that ¢ is 1. By part (a), it suffices to
show max{ (PM%,x') | i € Z} tends to zero as N becomes arbitrarily large. By Mineka’s
theorem, 1.6, it suffices to show Y42 — F(P;)) = 0o. Suppose P is strongly unimodal,
P(1) = 1, and a = max{(P,x))} (so F(P) = 2a). By the preceding,

1—a>rP)/(1+71(P).

Now since 0 < r(P) < 1,

1 r(P;) 1
S 2 —-FPE)) >S5S —— > S r(P).
22( ¥ ))_Z(1+r(P,«))_2 )
This yields the result. L]
Now consider the case that P; = a; + bix (a;,b; > 0). Then PO = P, - Py - - Py

is a product of strongly unimodal Laurent polynomials, and by 1.5, is itself strongly
unimodal. We may assume «; + b; = 1; then ¢(P;) = a;(1 — a;). Moreover, r(P;) =
min{ a;/ (1 — a;),(1 — a;)/ a;}. Thus if © ¢(P;) diverges, so does 3 r(P;). On the other
hand, if ¥~ r(P;) diverges, we may assume a; < 1 — qg; for all i (by taking a suitable di-
vergent subsequence and interchanging x and x" throughout if necessary). Then ¢(P;) >
%T(P,-), so that 3” r(P;) diverges if and only if 3. ¢(P;) does. Suppose that 3 c(P;) di-
verges. By 1.7, given ¢, there exists n(¢) such that 7(Pu1 - Pz - -+ - Pringn) = % Thus
we may telescope (block) the P;’s, via

Q1 =P -Py- -+ - Pyy,
02 = Pyys1 - -+ - Pres
Or = Pug—1y+1* " Prisy,

to satisfy the following conditions:
(i) 7(Q) >3 forallt,

(i1) each @ is strongly unimodal.

By 1.1, ¢(Q,) > 2/ 25 forall 1. Hence { Q,} satisfies the hypotheses of 1.4, and thus is
strongly positive, This obviously implies that the original sequence { P;} is also strongly
positive. We thereby have deduced:

If P; = a; + bix, with a;, b; > 0 and

a,-b,- _
(1) > @ibpE =™

then { P;} is strongly positive.
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Now we apply the Superposition Lemma (1.3). Let { P;} satisfy ¥ ¢(P;) = 00. De-
compose P; according to the definition of c. On choosing any path & (in K, see the proof
of 1.3), the sum of the C(T(kU)J))’S along that path—that is, PlI<j<oo c(T(k(,)J))—diverges.
Here we have taken the 7T’s as the linear terms arising in decompositions of P; (from the
definition of ¢(P;)) for example so that

min{ ¢(T;;) | 0 <j < M(i)} > %C(Pi)'

Then (}) yields via 1.3:

THEOREM 1.8. Let { P;} be a sequence of Laurent polynomials with no negative
coefficients. If - ¢(P;) = 00, then { P;} is strongly positive.

The converse is not quite true: Set Py; = x> + x + 1 and Py;y; = X + x> + 1 for all
i. Then c(P;) = 0; however, the sequence is strongly positive, because Q; = P;Pay) 1S
gapless and Y° ¢(Q;) = oo.

It is routine to show that if { P;} is strongly positive, then there is a blocking (tele-
scoping) of the P;’s, { O}, so that ¥ ¢(Q;) = 00, and the ¢(Q,) are arbitrarily close to
1/4 (in any case, c(P) < 1/4). However, this is not particularly useful, as it is usually
quite difficult to find the right blocking.

COROLLARY 1.9. Suppose { P;} is a sequence of unimodal Laurent polynomials
such that 3~ r(P;) = 0o. Then { P;} is strongly positive.

PROOF. By 1.1, ¢(P;) > (4/ 25)r(P;) so ¥ ¢(P;) = co; now 1.8 applies. m

The converse of 1.9 does not hold in general, but will hold if the P; are either all
strongly unimodal or of bounded total degrees, as we shall see in Section 2. Here is an
easy example, previewing (rather coarsely) some of the subtle phenomena associated
with symmetric unimodal polynomials which will be studied in Section 3.

EXAMPLE 1.10. Let d: N — N be a function, and define a sequence of polynomials,

{Pi},
Pi=i+ > (¢+x).
1<j<d(i)

Then r(P;) = 1/ i?, so that " r(P;) converges (as does ¥ ¢(P;)). First consider the case
that d(i) = 3. Set Q; = P; - P»;,1; we see that each Q; is still unimodal (the product
of symmetric unimodal polynomials is also unimodal), and r(Q;) is approximately 1/ 2i.
By Corollary 1.9, { O;} is strongly positive, and therefore so is { P;}. In Section 3, we
shall see that d(i) = i* can be replaced by d(i) = i, and the sequence of P;’s will still
be strongly positive, but this will fail if d(i) is asymptotic to i/ 3. In the case of d(i) = i,
there is no obvious telescoping (as there is with d(i) = i*) that will yield a sequence
which is easily seen to be strongly positive. n

Corollary 1.9 extends via the Superposition Lemma to sequences of random variables
which need not be unimodal. Let M (P) denote the set of local maxima; that is, the integer
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io belongs to M (P) if (P, x") is greater than or equal both (P, x*') and (P, x~!). Set

(P, xo*1y (P, xo~1)
(P,xiv) * (P,xi0) [’

C(P) = min max
iye M (P)

For example, if

1
P=1+3x+2x+5¢ +x4+x5+§x6,

then C(P) = min{max{ 1/3,2/3},max{2/5,1/5} ,max{1,1/2} } =2/5.

If we apply the definition of C(P) and use the decomposition method occurring in the
proof of 1.1, together with 1.3 (the Superposition Lemma), we see that 1.9 yields that
¥ C(P;) = oo is sufficient for strong positivity. We record this more general criterion.

THEOREM 1.11. Let { P;} be a sequence of positive Laurent polynomials such that
> C(P;) diverges. Then { P;} is strongly positive.

In general, it is quite difficult to calculate ¢(P) (although rough estimates are usually
sufficient), but C(P) is readily determined. Moreover, 3 ¢(P;) = oo implies - C(P;) =
00. To see this, regard the polynomial as a chain of increasing and decreasing sequences
of its coefficients; use Lemma 1.1 for the local monotone sequences and show there
is a K for which KC(P) > ¢(P) for all P. The converse, that > C(P;) = oo implies
¥ ¢(P;) = 09, is also true, having been proved by Alan Kelm, one of our students (DH).

If each P; is unimodal, then 3> C(P;), 3 ¢(P;), and 3_ r(P;) simultaneously diverge or
converge. In 1.10, we saw some examples of sequences { P;} of unimodal polynomials
which are strongly positive, but for which 3= C(P;) converges. However, those sequences
for which the sum diverges possess a peculiar stability property under a wide range of
perturbations. Let A denote an infinite sequence (indexed by Z), A = (A(j)) such that
A@j) > Ofor all j, and A(j) = 1 for all but a finite number of j. We define the transforma-
tion induced by A, to be the transformation that sends a Laurent polynomial P = ¥~ o/
to P = ¥ A(j)ex' . Define the index of A to be p(A) = inf{ A(j)/ Ak) | j,k € Z}.

COROLLARY 1.12.  Supposethat { P;} is a sequence of positive Laurent polynomials
withY C(P;) = 00, and that { A;} is a collection of sequences, each as described above,
with p(A)) = pi. If T piC(P;) = 00, and if { P} is obtained from the transformation
induced by A; on Py, then { P}} is also strongly positive (and satisfies 3~ C(P})) = 00).
In particular, this holds if { p;} is bounded below.

PROOF. It is an immediate consequence of the definitions that C(P}) > p;C(P;). =

Not all strongly positive sequences are insensitive to this type of perturbation. We
shall see in Section 3 that if P; = i® + Y1 <j<i(¥ +x77), then { P;} is strongly positive but
the sequence { P} defined via

Pi=3+ 3 (d+x7)
1<j<i

(obtained from the sequence A; = A, where A(0) = 3, and A(j) = 1 for all other values
of j) is not (3.9(c)). Thus sequences which are strongly positive because - C(P;) = 0o
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can be perturbed in quite drastic ways without losing strong positivity; sequences which
are strongly positive may in general lose this property even under mild perturbations.

In the Introduction, we defined a polynomial P or its corresponding X to be e -convex
(for a positive real number £ < 2) if

for all integersj, Pr(X=j+1)+Pr(X=j—1)> 2 —¢)Pr(X =).

If {X;} is the sequence of random variables corresponding to { P;}, then we defined
{Xi} tobe strongly positive if for all integers k and positive real numbers ¢, there exists N
so that the sum of N consecutive random variables beginning with X;,; (denoted Sy ), is
e-convex. This is a particularly strong form of local flatness. Now we prove the analogue
of Mineka’s criterion in the context of strong positivity. A consequence of the following
is that { X;} is strongly positive if and only if the corresponding sequence of polynomials
is strongly positive.

COROLLARY 1.13.  Let { P;} be a sequence of Laurent polynomials with no negative
coefficients and { £;}, such that each P; is €;-convex. Then { P;} is strongly positive if

> (2—¢) diverges.

PROOF. We show that C(P;) > %(2 — &), so that 1.11 will apply. Let j be an ele-
ment of M(P;) (the set of local maxima), and write P; = S aixk. Then ajj—y +ajj >
(2 — €))aij, so at least one of the ratios a;j_; / Qij, Qjj+1 / a;j must be at least as large as
1
-(2 - 6,‘). ]
2

2. Harmonic functions, states, and dimension groups. In this section, we dis-
cuss harmonic functions and their relatives, primarily as obstructions to strong positiv-
ity. There is a natural one-parameter family of harmonic functions on the random walk
{X;}, consisting of “point evaluations”, corresponding to points in R*U { 0o} . For strong
positivity to occur, it is necessary (but not sufficient) that all of the point evaluations be
pure (extreme), and that all pure harmonic functions arise as point evaluations. (We ac-
tually work with a slight generalization, called [0, oo]-valued harmonic functions.) The
most natural point evaluation is that at 1, and this is pure if and only if the conclusion
of Mineka’s theorem holds (2.5). By means of reparameterization, Mineka’s theorem
gives rise to a method to decide whether an individual point evaluation is pure (as in the
Examples following 2.5). In general, the criterion only determines sufficient conditions.
However, if X; are all unimodal, Mineka’s criterion also gives necessary conditions, even
though the reparameterized random variables need not be unimodal themselves.

When a point evaluation is not pure, by definition, it can be decomposed into a com-
bination of other harmonic functions (which are not point evaluations). One extreme
situation arises when there exists a sequence of positive real numbers { o;} so that the
infinite product IT°, Pi(z)/ a; converges (in the usual sense of infinite products) on an
annulus or disk in C. Let F denote the limit function. Each coefficient of its Laurent
series expansion (about the origin), gives rise to a harmonic function, yielding a family
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of harmonic functions indexed by Z or N (the latter for convergence on a disk). If F(r)
exists for a fixed positive real number r, the point evaluation at r decomposes into a con-
vex linear combination of members of this discrete family. In some cases (e.g., if the P;
are strongly unimodal or unimodal of bounded total degree, and ¥ r(P;) < 00)), this
single discrete family constitutes all of the pure harmonic functions (4.4). In other cases,
the pure harmonic functions include numerous discrete families in addition to all of the
point evaluations. Of particular interest is the fairly sharp dichotomy in the symmetric
unimodal case (2.7).

For our purposes, a (space-time) harmonic function on the random walk arising from
{X;} is a nonzero function #: Z x N — R* satisfying the compatibility conditions:

1) h(,n) = > h(j+k,n+ 1) Pr(X,s = k)
keZ

(formally, h(j,n) = [z h(j + k,n + 1)dX,,,(k)). We usually insist that A(j,1) > O for
some j in the support of X;, and then normalize (dividing by a scalar) so that 1 =
Y h(k, 1) Pr(X; = k). For each positive real number r, there is a naturally occurring
harmonic function, given via the formula

;
1Py o P

h(j,n) = P

This arises from evaluating the rational function ¥ / Py-Py- ----P,atr, hence the name
“point evaluation”. These are often known as “space-time” harmonic functions; since we
are not assuming the process is stationary (X; equal to each other), there is little likelihood
of confusion with spatial harmonic functions. This interpretation will be more concrete
when we define the dimension groups associated to the random walk. Point evaluations
are automatically normalized, and we may let  tend to O or to co. In this case, the limit
functions are not everywhere defined, and this motivates the following definition.

We say h: Z x N— R*U {00} is a [0, co]-valued harmonic function if (i) it satisfies
(1), (i1) for all j in the support of S, o, we have A(j, n) < 00, and (iii) for at least one such
J> we have h(j,n) > 0. These can be thought of as harmonic functions finite on a suitable
cone in Z X N. We usually normalize as for harmonic functions. Typical examples (and
in the strongly positive case, the only pure examples) which are not harmonic functions
are “evaluation at 0”, and “evaluation at 0c0”, given respectively by

y
ho(j,n) = li d
0l>m) AP, P, - e Po(P) an
y
hoo(j, n) = i .
oo/, 1) ,L‘E.Lpl.pz. c Py(r)

(These pick out the coefficients of the terms of lowest and highest degrees in
Py-Py- - - P, and are finite on the cone {(j,n) | j € LogP; - ---- P,}.) Finally,
there is the notion of an extended [0, 0o]-valued harmonic function: h satisfies (1), and
there exists j in the support of S, such that 0 < A(j,n) < oo. This is used only in one
result, a formal characterization of strongly positive sequences (2.1).
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All of these concepts translate to the theory of dimension groups and Choquet theory.
Regard the algebra of Laurent polynomials, R[x,x'], as a partially ordered (real) vector
space with positive cone

Rlx,x ']" = {P € Rlx,x '] | P has no negative coefficients} .

Then multiplication by any P in R[x, x~']* is a homomorphism between partially ordered
vector spaces. If { P;} is a sequence of elements from R[x, x~']*, we may take the direct
limit, as ordered vector spaces,

SEPY}) = limRix,x ' 120R0x x 125R 1 125

:{f/Pl'PZ' 'PnleR[x,xfl]},

and with the latter realization (as a vector space of certain rational functions), the positive
cone is given by

S{PI ={f/P Py Py|f Py Py €Rlx,x"]" for some k > n.}

Of critical importance is a certain ordered subspace of S({ P;}), called R({ P;}). This
consists of the rational functions that are bounded by a multiple of the constant function,
with respect to the relative ordering:

R{Pi})= {f/PI‘PZ' <+ +P,| Logf CLogP;-Py- -+ -P,}
RE P} =R{P})NSE P}

It is routine to verify that the constant function u = 1 satisfies:

For all elements g of R({ P;} ), there exists an integer M so that —Mu < g < Mu.

An element of a partially ordered vector space (or abelian group) with this property is
called an order unit. A state on a partially ordered vector space is a nonzero real-valued
group homomorphism sending the positive cone into R*. If the ordered vector space ad-
mits an order unit u, we may normalize the state ¥ by replacing ¥ by ¥/ (u). A state is
pure (or extremal) if it cannot be expressed as a non-trivial positive linear combination
of distinct states; if the state is normalized, “convex linear” replaces “positive linear”.
Similar definitions apply to harmonic functions, as well as [0, oo]-valued harmonic func-
tions.

As S({ P;}) is a limit of lattice ordered abelian groups, and R({ P;}) is an order ideal
therein, they are dimension groups [El], [EHS]. We shall use a characterization of purity
for states of dimension groups later (Theorem 2.5). For details, see any of the standard
reference works, e.g. [G], [Ef].

It is completely routine (using the Riesz interpolation property) to verify that there
is a natural correspondence between the states of S({ P;}) and the harmonic functions
associated to { X;}; they are related via

hGon) =Y/ Py Py- - - Py).
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The same correspondence holds between (normalized) [0, oo]-valued harmonic functions
and states on R({ P;}), normalized at u = 1. In both cases, purity is preserved by this
identification of functions with states.

A convex directed subgroup of a partially ordered abelian group or vector space is
called an order ideal of the larger object. Then the extended [0, oo]-valued harmonic
functions correspond with states on order ideals of R({ P;}).

As there is a great deal known about states on vector spaces (see for example, [A],
[AE], etc.), we shall deal almost entirely with states rather than harmonic functions and
their generalizations. However, the correspondence above is complete, so the reader may
freely translate between the two notions.

The states corresponding to point evaluations are given simply by evaluation of the
rational function at the indicated point, i.e.,

YA/ Pr-Pye - - Py)=(f[Pr-Py- -+ - Pp)(1),

and the states, Yo and Yo on R({ P;}), are precisely the two limiting states. We note
that these two states are always pure (for arbitrary { X;}). However, point evaluations
need not be pure, and we shall give necessary and sufficient conditions for their purity.
Theorem 2.1 below is a straightforward consequence of [EHS, 1.4].

A Laurent polynomial P is projectively faithful if the set of differences Log P—Log P
generates the standard copy of Z in R as an abelian group. A sequence { P;} is projec-
tively faithful if for all k,

U (Log P — Log P”k) =17
As was pointed out by Alan Kelm, this is strictly stronger than requiring only a telescop-
ing so that every term is projectively faithful (which was our original definition).

THEOREM 2.1.  Let { P;} be a sequence of Laurent polynomials with no negative co-
efficients. If { P;} is strongly positive, then every pure extended [0, 0o]-valued harmonic
function is a point evaluation or a limit (restricted to the appropriate domain) of such,
and all of these are pure. Conversely, if the sequence is projectively faithful and every
pure extended [0, ool-valued harmonic function is a point evaluation or a limit of such,
then { P;} is strongly positive.

In particular, if { P;} is strongly positive, then all point evaluations are pure, and all
pure states (pure [0, co]-valued harmonic functions) are point evaluations. These condi-
tions are not sufficient for strong positivity: consider the case that P; = P = 1 +x +x°
for all i; then all pure states on R({ P;}) are point evaluations and all point evaluations
are pure, but the sequence is not strongly positive, because (1 +x+x?)" - (1 — x+x7) has
a negative coefficient for all m.

On the other hand, if the P; are unimodal, then sufficient for strong positivity is that
all pure harmonic functions be point evaluations (no “[0, 0o]” is necessary).
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In any event, the presence of pure states (of R({ P;})) that are not point evaluations is
an obstruction to strong positivity. One particularly interesting source of these obstruc-
tions arises from a possible convergence of ratios phenomenon, which we now inves-
tigate. We can obviously replace each P; by a scalar multiple of itself, P;/ «; (typically
a; = P;(1)), or multiply each P; by a monomial in x, say x*. Any sequence of such mod-
ifications of { P;} is called a regularizing process. Abbreviate P = Py - Py - --- - P,
to P, Suppose that for all j, after a possible regularization,

im (P™, ¥
nsto (PO, X0

exists and equals o;.

Define a formal (Laurent) power series

Fz)=3 aj7.
Jj€L
For each j such that q; is not zero, we may define a state or states on R({ P;}) by tele-
scoping the Ps and then setting

. f ) (f . Pm,n’xj)
=] = —_—
! ( ) B (P, )

Without a suitable telescoping, the limit need not exist. Now suppose that the Laurent
series F converges on the annulus ry < |z| < Ry, where either inequality may be weak-
ened to less than or equal and 0 < ry < Ry < oo. Then ¥/ has the simpler and explicit
form (not requiring telescoping)

(hF,x)

J —
Y (h) = F.)

forh € R({ P;})

(The inner product notation is extended to power series.) By the standard Laurent series
representation, for positive real r within the annulus of convergence, hF(r) =
S(F,x)PY/(h), and so if the state given by point evaluation at r is denoted ¥,, we deduce

_« FX)
Y= “Foy V.

This expresses ¥, as a o -convex combination of the states /. It is routine to verify that if
F actually converges, then none of the ¥/ can be point evaluations (except when j = 0).
Thus we have deduced:

LEMMA 2.2.  If the formal Laurent series F converges on an annulus containing r,
then the state corresponding to point evaluation at r is a o-convex combination of the
states Y/ arising from F. In particular, point evaluation at r is not a pure state.

There may be several or even arbitrarily many Laurent series associated to a single se-
quence { P;} (different regularizations may be used), with disjointannuli of convergence.
If each P; is strongly unimodal, the convergence phenomenon is very well behaved; this
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remark is also valid if the sequence of total degrees of the P;’s is bounded; we define the
total degree of a Laurent polynomial P or its corresponding random variable X as

max{j € Z | Pr(X = j) # 0} —min{j € Z | Pr(X = j) # 0}.

LEMMA2.3A. Let { P;} be a sequence of Laurent polynomials for which there is a
bound on the total degrees. Suppose that after some regularization, 1 P;(2) converges
(absolutely) in a disk (in the complex plane) containing a positive real number. Then
convergence occurs on all of C \ {0}. In particular; no point evaluations are pure.

PROOF. Suppose that convergence occurs in a disk of radius 6 containing the pos-
itive real number ry. By reparameterizing, we may assume that ro = 1 (with ¢ dilated
accordingly). Let d; denote the minimal exponent occurring in P;, and D; the maximal
one. So sup { D; — d;} is bounded. If convergence occurs, we claim that both {d;} and
{D;} must be bounded. To see this, we may first suppose that P;(1) = 1, so for real
z> 1, Piz) > 2% (if d; > 0). Hence | P;(z) — 1| > z% — 1 > 0. We conclude {d;} must
be bounded above.

Hence D = sup{D;} and d = inf{d;} exist. Set e = D — d, and observe that
the norm || ||s on R® given by (ry,ra,..., 1) — sup{| ¥ rj—1:+47| | lz—1] < §/2}
is equivalent to the I' norm (because all norms are equivalent). Hence there exists a
positive number K such that = | r;| < K||(r;)|ls. It follows immediately from the uniform
convergence of 3~ | P;(z) — 1] (on a small disk) that the sums of the individual coefficients
converge as well—but this forces convergence of 32 |P;(z) — I| onall of C\ {0}. =

For P a Laurent polynomial with no negative coefficients and A a positive real number,
recall the definition of the reparameterization of P at X, P(\-), obtained by replacing ¥
by (AxY. We say that P is unimodal at )\ if P()-) is unimodal. This is equivalent to

P 1 (P
(P, x) o (P,x=Hy [~

)\¢U{(X€R
X

By 1.5, P is unimodal at all A if and only if P is strongly unimodal. If { P;} is a se-
quence of Laurent polynomials with no negative coefficients, we say that it has a common
interval of unimodality if there exist positive real numbers @ < b such that for all A in
the interval [a, b], each P; is unimodal at ). For each such A, 7 (P;(\-)) is defined.

LEMMA 2.3B. Ler { P;} be a sequence of Laurent polynomials admitting a common
interval of unimodality [a, b]. Suppose that 3. 1 (P(A-)) < oo for one value of A in the
open interval (a, b). Then there exists a sequence of integers { n(i)} so thatif Q; = x*VP,,

Qi(\z)
II

———"—  converges uniformly on the disk a < |z| < b.
(02 ges uniformly &

PROOF. By reparameterizing, we may assume that A = 1, sothata < 1 < b. On
multiplyingeach P; by a power of x depending on i/, we may assume that (P, x%) > (P, x%)
for all k—this defines n(i). Since 3" r(P;) < 00, it follows that for all but finitely many
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values of i, 7(P;) < min{1/b,a}. Discard those P; for which r(P;) > min{1/b,a}.
We note that (P;,x ')/ b < (P;,x°) > b(P;,x"), so that a local maximum occurs at 0
for P;(b-). Since the latter is unimodal, the maximum occurs at 0. Hence for k > O,
(Pi, X)bk < (P, xX*"1bk=! < - < (P, x")b. Thus (P;, x*) < b'%(P;,x"). Similarly for
k<0, (P,x" <a*'(P,x").

For z a complex number,

PQ =@ <3 (14/0) (P )+ 5 (1l 0)! (Ror ).

Now divide by (P;, x°); note that (P;, x*")/ (P;,x°) < r(P;). If |z /b < 1and |z|/a > |
(thatis, a < |z| < b), we deduce

Pi(2) /
— 1| < (K+K)r(P;
(P, x%) ) ( )
where K and K’ are constants (and |z] is fixed). As - r(P;) < 00, the infinite product
converges. "

COROLLARY 2.3C.  Let { P;} be a sequence of Laurent polynomials admitting a com-
mon interval of unimodality [a, b]. Then { P;} is strongly positive if and only if for one
(hence any) value of X in the open interval (a,b), 3 1 (Pi()\+)) = oo.

If there is only a single point A at which all the P; are unimodal, then we may assume
that all the P; are already unimodal, by the obvious reparameterization. Proposition 2.6
gives a result about the pure states in this case.

Now we give some examples. After the purity criterion is established (2.5), we shall
discuss more fully the purity of point evaluation harmonic functions.

EXAMPLES 2.4.

(a) Set P; = i>+x+---+x'. Then [T P;/ i converges on the open unit disk; nowhere
else is there even a regularization under which the infinite product will converge.
It follows that for 0 < r < 1, point evaluation at r is not pure. Purity of the other
point evaluations will be discussed prior to 2.6.

(b) Set P; = i> +x +---+x'. This time, [I P; / i3 converges on the closed unit disk,
and so the point evaluations in the interval (0, 1] are not pure.

(¢) Let P = 1+ fx+ x> +x%; then o = lim(P™,x")/ (P™,x") exists (and equals
7r2/ 6), but ay, a3, ... do not exist. Consequently, there is no Laurent series ex-
pansion. Nevertheless, o) does yield a state; it is pure and not a point evaluation.
In this example, all the point evaluations are pure, as we shall show later.

(d) Suppose that P; = i+ +(x+ x> + - + x) 4+ x2(1 + i2x). We note that for
|z] < 1, T1Pi(z)/ i converges absolutely, whereas for [z| > 1, the same holds
for [T1(z"*~")Pi(z)/ i*. Hence all point evaluations except that at 1 are not pure
(we are excluding the evaluations at 0 and oo from this discussion).

(e) Set P; = 1+x/i*+i'x'(1+ix). The formal Laurent (power) series F(z) = >0 o
exists but does not converge anywhere. We see that for j a fixed positive integer,

(P("),xj)/ (P(’l)’ XO)
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converges (as n increases), because only finitely many of the large coefficients
contribute to the numerator. Thus we can define 7/ as we did earlier (formally),
and it is routine to verify that none of them can be a point evaluation (except
79, which is point evaluation at 0). It is easy to check directly that F converges
nowhere; this will also follow once we prove all point evaluations are pure.

(f) SetP; =1 2 ,sothat P = 14+ x+---+x2" 1 As every monomial in P is
attained by a unique product of terms, itis straightforward to see that the pure har-
monic functions are in natural bijection with the Boolean space {0, 1} N. There
is no convergence of infinite products here and none of the point evaluations can
be pure.

We now obtain the relevant purity criterion for point evaluations. We shall show that
point evaluation at 1 is pure if and only if the flatness condition from the conclusion of
Mineka’s theorem holds. A necessary and sufficient criterion for purity of the other point
evaluations then follows from reparameterization. As for evaluation at 0 or oo, it is easy
to verify that they are always pure.

Recall the definition of F(P) from Section 1. It is immediate that F(P) =
[l(1 —x)P||/ P(1) (using the [' norm), and that F (P) can also be computed as twice the
sum of the local maxima (among the coefficients of P) less twice the sum of the local min-
ima. Let P = Y \¢ and suppose that P(1) = 1; then define I;(P) = ¥ min {\;, \js1}.
Clearly, 21;(P)+ F(P) = 2. Similarly, define [t(P) = ¥ min { A;, \j+« }, and observe that
2I(P) > 2 — kF(P).

THEOREM 2.5. Let { P;} be a sequence of Laurent polynomials with no negative
coefficients. Suppose that

2) A}im FPY =0 for all positive integers k.
—00

Then point evaluation at 1 is a pure state of R({ P;} ) and of S({ P;}), and the correspond-
ing harmonic function is pure, even when viewed as a [0, oo]-valued harmonic function.
Conversely, if the sequence { P;} is projectively faithful, then purity of point evaluation
at I entails that (2) hold.

PROOF. Since R({ P;}) is a dimension group admitting an order unit (the constant
function 1), by [GH, 3.1(b)], a normalized state is pure if and only if

For all @ and b in R({ P;})* and for all ¢ > 0, there exists z in R({ P;})*

® such thatz < a, z < b,andY(z) > min{7Y(a),Y(b)} —¢.

We proceed to verify the criterion when Y is point evaluation at 1. Obviously, we may
assume that P,(1) = 1 for all i. Given a and b as indicated, we may also assume that
Y(a) = Y(b): if A = W(b)/’Y(a) > 1, find the z corresponding to the pair a and b/ A
the same z works for a and b.

Now we may assume a(1) = b(1) = 1 and P (1) = 1 for all k. There exists an integer
ksothata = f/ P and b = g/ P, where f and g belong to R[x,x']*, and each of
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Logf and Log g is contained in Log P®_Since PP(1) = 1, we have thatf(1) = g(1) = 1.
Write

=57, g="> where A; > 0 and p; > 0.
Since ¥ A\; = ¥ p;, applying Riesz decomposition over the real numbers, we may find

non-negative real numbers )\, (withj and m in Log P¥') such that

forallj, A=) Ajm and forallm, pm =" Ajm.
m J

Select ¢ > 0. For a pair (j, m), define elements of R({ P;})*, a; = ¥/ P® and a,, =
x™ [ P®). Their values at 1 are 1. We shall find zj,, in R({ P;})* so that 0 < zj, < a;, am
and Y(gjm) > 1 — €.

Suppose that j < m. Choose M (depending on j and m) so large that for all N > M,
(m— j)F(PM*) < 2e. Define a polynomial ¢,

cm = y_min [PV ), (" PV, ) X

teZ

for some N exceeding M. Then c;, has no negative coefficients. Obviously, within the
ordered vector space S({ P;}), ¢jm < ¥PN* and ¢j, < X"PVK. Let 73 = cjm/ P™. Since
j and m belong to Log P, z;,, belongs to R({ P;})*, and obviously 0 < z;, < a;, a. It
remains to show that z;,(1) > 1 — ¢, or equivalently, ¢;,(1) > 1 — €.

Thus we must show

> min {(xJPN'k,x’),()K"PN‘k,x’)} >1—c¢.

teZ

The sum is simply 1,,_j(P"*); by the earlier comments,

1
Inj(P™) 2 1 = S(m = ) F(PY)
>1—e.
Thus z;,(1) > 1 — . Now define

z= 2 ZjmAjim
{(meLog POXLog P jm)

Then we have:
= Z ij>\jm
Jj.m
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Similarly z < b. Obviously, z belongs to R({ P;})*, so it remains to show that z(1) >
1 — . We observe:

(1) = Zzzjm(l))\]m
moj
> (1 —E)EZ/\J-,,,
moj
=(l—-e)d N=1—¢.
J

The criterion having been satisfied, evaluation at 1 is a pure state of R({ P;}). Since
R({ P;}) is an order ideal in S({ P;} ) and point evaluation extends to a state on the latter,
it routinely follows that the point evaluation state is also pure on S({ P; } ).

Now we prove the converse. Assume that evaluation at 1 is a pure state of R({ P;}),
and that the sequence { P;} is projectively faithful; by telescoping and multiplying the
P; by monomials, we may assume that for all i, (P;,x°) and (P;, x") are greater than zero.
Then for any fixed k, the rational functions ap = 1/P* and a; = x/ PV belong to
R({ P;})*. From (}), for some N > k, there exists z = f/ P™ in R({ P;})* such that

0<z<apa and z(1)>1—e¢.

As usual, we may assume that f has no negative coefficients and Logf C LogP™.
From f/ PV < 1/ P®, we deduce that for some M > N, f - PM / pN < pM) | pk)
as computed with respect to R[x,x"!]*. Similarly, f - PM /P™M < x . p# /pk_Ag
R[x,x" '] is a lattice with respect to the usual ordering, the infimum of the two Laurent
polynomials P™ / P®) and x - PM / P® exists and is given by

dor = > min {(P(M)/ PO Xy, xP™ ) P(k),x’)} x.
i€z
By the lattice property, f - P™ / PN < P / po_xp) | p&) computed with respect to
the ordering in R[x,x~']. On dividing by P™, we obtain (with respect to the ordering
on S({Pi})), z < doi/ P™ < ay, a;. In particular, it follows that dy; / P™ belongs to
R({ P;})*. Evaluating this inequality at x = 1, we deduce

1—e < Y min{(PM/ PP ¥, cP™ PP )} < 1.

tel

The middle term is 7;(P™ / PW), so that F(P™ / PW) < 2e. .

This criterion for purity of evaluation at 1 can be modified to obtain a criterion for
purity of any point evaluation. To test for purity of evaluation at r on the sequence { P;},
define the reparameterized polynomials P;(r- ) by P;(r-x) = P;(rx). Then point evaluation
at 1 is pure for { P,(r-)} if and only if point evaluation at r is pure for the original
sequence. Mineka’s criterion is the standard test for sufficiency. While in general it is not
necessary that 32 — F(P;) diverge, this is the case when all the P; are unimodal (as we
shall see after completing our discussion of the examples).
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EXAMPLES (REVISITED). (See 2.4)

(a) Itremains toconsider pointevaluations at r > 1. The normalized reparameterized
polynomials are (i2 + Yj<i xjﬂ) / (i2 + Yj<i ﬂ). With r fixed, for almost all i, the
maximal coefficients occur at j = 0,i and the only minimal coefficient occurs
atj = 1. A simple computation reveals that at r = 1, we have that 2 — F(P))
behaves as 1/ i, so the sum diverges, while for r > 1, we find that 2 — T(Pi(r'))
behaves as 1/ r and again divergence occurs. By Mineka’s criterion, the point
evaluation states are pure for r > 1. We have already seen that they are impure
forO < r< 1.

(b) Essentially the same computations as in (a) yield that for r > 1, the point eval-
uations are pure. We already knew that the point evaluations were not pure for
0 < r < 1. In both cases (a) and (b), it turned out that if 32 — F(Pi(r-)) < oo,
then point evaluation at r is not pure; that is, the converse to Mineka’s criterion
holds. This is no coincidence—in both cases, the P; are all unimodal (although
of course, their reparameterizations are not).

(c) Here F(Pi(r-)) behaves as 2/ (3r), so that all point evaluations are pure.

(d) We saw earlier that all point evaluations except possibly that at 1 are not pure.
To test the remaining point evaluation, we compute F(P;)) = 2 —2/(i + 1), so
Mineka’s criterion yields purity.

(e) For all sufficiently large i, F (P;(r- )) behaves as 2 — 2 / (ri), so that for all r, the
point evaluation at r is pure.

As promised, the strongest possible converse to Mineka’s theorem holds when { P;}
consists of unimodal polynomials; however, the converse does not hold in general—
consider the sequence defined by means of Py; = 1 + x2 and Py = 1 +x°).

PROPOSITION 2.6. (A converse to Mineka’s Theorem, without blocking.) Let { P;}
consist of unimodal polynomials. For r a positive real number, the state given by point
evaluation at r is pure if and only if

either )2 — T(Pi(r)) diverges or Y r(P;) diverges.

PROOF. If the sum of the ratios diverges, then { P;} is strongly positive, and so all
point evaluations are pure. If the other sum diverges, purity of the point evaluation at r
follows from Mineka’s theorem and 2.5. So assume that both sums converge for some
r. We shall show that evaluation at r is not pure. In particular, 7(P;) tends to zero, and
we may assume that the maximum coefficient occurs at 0, that is, (P;,x") is the largest
coefficient. It follows that for almost all i, the constant coefficient is a local maximum
among the coefficients of P;(r- ). We now argue in the case that r > 1 (if r < 1, repeat
the argument below with P;(x~") replacing P;(x)).

Let P = ¥_,<j<aBj¥ be unimodal with the constant term being its maximal coef-
ficient. The local maxima among the coefficients of P(r- ) occur at those j such that
Bi/Bi-1 > 1/r > Bj.1/ B;, and local minima occur when the inequalities are reversed.
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Denote by M = M,(P) the set of local maxima, and by m = m,(P), the set of local
minima. If j belongs to M,(P), it contributes 2[3]#/ P(r) to F(P(r-)); if it belongs to
m,(P), its contribution is —28;# / P(r). For j > 0, 8_; > f3;, so that 8;_#~' > 18,/
When j < 0, replace j — 1 by j + 1. In any event,

23, H+25 A
R L P;) Tjenf)
>12j7£05j'j
—r P

_ 1PN —=fo
r P

Thus convergence of -2 — F(P;(r-)) entails that 3 MP'—”‘O) converges. This permits
us to conclude that the infinite product, [ % converges—meanmg that it converges
to a nonzero number. However, the coefficient of x° in
Py(r-) - Py(r-)- -+ - Pn(r)
Py(r) - Py(r) - -+ - Pn(r)

is always greater than this number. This obviously contradicts F(P(r- ) Pao(r-)- -+ -
Pn(r-))—0. ]

If we specialize further, we can obtain sharper results. Let us additionally assume that
each P; is increasing at r; say each P; is increasing on the interval I = (ry,r). (Note
that P; is unimodal and its maximum coefficient is the constant term, so this condition
is not automatically satisfied.) For example, if P is symmetric about the origin (that is,
(P,¥) = (P,x7/) for all j), then P is monotone increasing to the right of 1. Suppose
that -2 — F(Pi(r- )) converges. From the proof, this forces 3 M to converge.

Then for any / in I, we have that & M also converges. If the complex number z
belongs to the open annulus centred at the orlgm with radii | and r, it easily follows that

Pi(z) = (Pi,x°)

D

converges. From this, we deduce that the infinite product [1P;(z)/ Pi(r) converges on a
disk containing /. In particular, the point evaluations in / are all impure. If P; are all
decreasing, then the corresponding interval of convergence is to the right of r.

When each P; is symmetric unimodal, the polynomials are monotone decreasing going
to the left from 1 and monotone increasing to the right. Thus if  # 1 and evaluation at
r is not pure, then (i) all the point evaluations in the open interval with endpoints 1/ r
and r are not pure, and (ii) for every point in the interior, the infinite product converges.
So there is an annulus of convergence for the infinite product, F; the annulus is centred
at the origin and has 1/ r and r as its inner and outer radii (from the invariance of the
polynomials under the involution x — x~'). We summarize this discussion:
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PROPOSITION 2.7. Let { P;} be a sequence of symmetric unimodal polynomials. If
the set
D({P;}) = {r€R"| v, isnot a pure state of R{ P;} )}

is neither empty nor all of R, then it must be of the form (1/ r,r) or [1/ r,r] for some
real number r > 1. Moreover, the infinite product T] Pi(z) / Pi(1) converges on the centred
annulus containing this interval, and on no bigger annulus.

All of the possibilities discussed in 2.7 can be obtained. For this purpose (and also for
Section 3), we define a T-function to be a symmetric unimodal polynomial of the form P

where
h ifj=0
(P,xi)={1 if 1 <|j| <d
if |j| > d

for some integer d and positive real number 4. The distribution of the coefficients has the
shape of an inverted letter T. The number d is called the semi-width of P, and h = 1 / r(P)
is called the height. Any positive scalar multiple will also be called a T-function.

Let { P;} be a sequence of T-functions, with corresponding semi-widths { d(i)} and
heights { h(i)} . We observe that

> 2— F(P) converges iff Z h—(—; converges

P20
52— F(Pi(r)) converges iff Z — converges (forr > 1).

(In the latter case, note there are generically just two local maxima in the coefficients
of P;(r- )—at O and the right endpoint of the support, d(i).) By 2.7, the formulas above
permit us to decide whether a given point evaluation is pure.

EXAMPLE 2.8. We fix h(i) = i* and choose d(i) so that the corresponding sequence
of T-functions { P;} will have the indicated intervals of impure point evaluation states.
Brackets ([ ]) will denote the greatest integer function.

(a) D{ P;}) = R. Select d(i) to satisfy d(i) = o(logi) (e.g., d(i) = 1). Then both
sums converge, the latter for all » > 1, so the infinite product converges on the
whole punctured plane.

(b) D{P;}) = ll/r r] for some r > 1. Set d(i) = [log, i — 2 log, log, i]; one easily
computes that 3 2o converges at’ > lifand onlyif ¥ <r.

(¢) D P}) = (l/r r) for some r > 1. Set d(i) = [log, i]; the computation is
straightforward.

(d) D{P;}) = {1}. Define d(i) so that for some ¢ > 0, (Ini)!** < d(i) <
i/ (Ini)"*¢. Then the second sum diverges for all » > 1, and all point evalua-
tions at r # 1 are pure. However, the first sum is bounded by ¥ 1/ i(Ini)'*¢ and
SO converges.

(e) D({P;}) is empty. One might conjecture that in the (very special) case of sym-
metric unimodal polynomials, if all point evaluations are pure, then the sequence
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is strongly positive. If we consider two closely related choices for d(i), namely
d(i) = iand d(i) = [i/Ini], we see immediately that all point evaluations are
pure. However, in the first case, the sequence is strongly positive (3.9(c)), while
in the second, it is not (3.9(b))! These results come from the strong positivity cri-
teria (applicable more generally to symmetric unimodal polynomials) developed
in the next section. In fact, there is an extra family of pure states in the latter
example, arising from limiting ratios not equal to 1.

3. Strong positivity criteria for symmetric unimodal polynomials. In this sec-
tion, we give sufficient (as well as some necessary) criteria for a sequence of symmetric
unimodal Laurent polynomials, { P;}, to be strongly positive. In the first section, we
saw that for general unimodal polynomials, divergence of 3_ r(P;) is sufficient, but not
necessary. Here we assume that 3~ r(P;) converges, and derive some numerical criteria
which will guarantee strong positivity. In the case of T-functions (defined at the end of
Section 2), some sharp criteria can be given.

We present a reasonably effective criterion (3.4) for strong positivity of sequences of
symmetric unimodal polynomials. This criterion is considerably improved in 3.6. In 3.8,
we obtain necessary conditions for a sequence of T-functions to be strongly positive—
these involve functions of the heights and semi-widths. In this case, we modify the dis-
tribution (beyond the origin), and show that after multiplying the modified polynomials,
the resulting ratio of the product is dominated by the ratio of the original product.

Let P be a symmetric unimodal polynomial (with no negative coefficients). For a
(small) positive real number 6, define § (P) to be the polynomial obtained from P by
multiplying everything but the constant coefficient by 1 — §, and leaving the constant
term untouched; in other words,

i (1 =8)P,X) ifi#£0
0 (P),x) = {(P,x") ifi = 0.

Define the following property for a sequence { P;} (of symmetric unimodal polyno-
mials):

. H:'V:|(Pi9x0) _
® MM Py

It is true in special cases that if { P;} satisfies (1), then it is strongly positive, and
we believe it is true in general. Although we cannot prove this, the “6” version of it is
true (see Proposition 3.2), and in view of our subsequent computations, this is enough to
obtain large classes of strongly positive sequences.

For a symmetric unimodal polynomial P (not necessarily a T-function), let d(P) denote
the semi-width of P, that is, max{i € N | (P,x’) # 0}, and h(P) will be the height, that
is, 1/ r(P).
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LEMMA3.1. Suppose that the sequence of symmetric unimodal polynomials { P;} fV: |
satisfies the following two conditions, where d(i) = d(P;):

(a) Viewed as a map on a finite set of integers, d is strictly monotone.

(b) There exists a > 0 such that for all i and for 1 < j < d(i), (Pi, ¥ > a (P, ¥).

07, P (P31 1—¢
If ey <€ then ey 2 /e

PROOF. Form the finite measure space K(i) = {—d(i),...,—1,0,1,...,d(i)}, with
measure obtained from the polynomial P,—that is, the measure of {;} is (P;, ). Let
K be the cartesian product of the first N of the K(i)’s. The product measure on K is
determined by p({k}) = TI(P;,x**?), for k = (k(l ), k(2), ... ,k(N)). Let S:K — Z
denote the addition map, S(k) = Y k(i). Then

PP = 3 kb =ns D

kes~{j} ‘
Set kp = (0,0,...,0), and let ' = S7'{0} \ {ko}, and for an integer 1, let S, =
S7'({t}). Define amap ¢_; with domain in$_, and range in §’. Choose k in S_; such that
if i is the smallest integer for which k(i) = max{k(j) | 1 <j < N},then0 < k(i) < d(i).
Define ¢_ (k) in S’ by replacing k(i) by k(i) + 1. Since the P; are unimodal with maximal
coefficient at the origin, u({¢—1(k)}) < u({k}); it follows that the measure of the
domain of ¢_; is at least as large as the measure of its range.

The elements of §’ not in the range of ¢_; are precisely those k in S’ for which the
cardinality of {i | k(i) = max;<n k(j)} exceeds one. Define ¢; on a subset of $; as
follows. Select k in S; such that {i | k(i) = max k(j)} contains just one element, and in
addition the maximal value of k(j) exceeds one. If i is the unique integer for which k(i)
is maximal, replace it by k(i) — 1. This yields ¢,(k) in §’, and by (b), ap({ ¢1(k)}) <
pn({k}). Hence p(range ¢;) < o~ 'p(dom ).

We claim that $' = range ¢, U range ¢ ;. If k is an element of ' and k(i|) = k(i) =
max k(j), then k(i;) > 0 and by (a), either k(i;) < d(iy) or k(i) < d(i»). Select i such
that k(i) = k(i;) and k(i) < d(i) and replace k(i) by k(i) + 1. This yields k; in S; and in
the domain of ¢, such that ¢,(k;) = k.

Thus u(8') < p(range ¢p)+a ' p(range ¢_1) < (I+a =" )u(S)). Since (1—e)u(Sp) <
1(S") by hypothesis, we deduce (PM, x")/ (P™,x%) > (1 —¢€)/ (1 +1/ ), as desired. =

That the following was likely to be true with § = 0 was suggested by an anonymous
probabilist. We do not know if this is the case, although it obviously follows when the
hypotheses of 3.1 hold on setting N = oo. Even when it is true, we cannot eliminate the
€ term that appears in 3.6 and 3.7.

PROPOSITION 3.2.  Suppose that { P;} is a sequence of symmetric unimodal poly-
nomials such that for some § > 0, {§(P)} satisfies (1) (see page 29). Then { P;} is
strongly positive.

PROOF. To begin with, we show that (1) persists when finitely many terms are
deleted from the sequence. We define for integers ny < n,

H:'l:'lu (Pi’ x())
Paet - Pagsz - -+ - Ppo2%)

f(n()v n) = (
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We claim that if £(0,n) — 0 as n — o0, then for all ng, f(ng, n) — 0 as n — oo.
To see this, we observe that

(0.2)

T = 70, 0) (o] P 0 (P, )

£(0,n).

For symmetric unimodal polynomials P and Q, it is immediate that (PQ, xo) <
0(1) (P.x°). Setting P = P /P and Q = P, we have that f(ng,n) < Kf(0,n)
where K depends only on ny.

This permits us to delete any finite number of terms from the sequence.

Now let P be any symmetric unimodal polynomial, and write P = §(P) +
8 Yj>0(P,¥)(¥ + x7/). We alter P to a symmetric unimodal polynomial P’ satisfying
various properties; the idea is that the original sequence { P;} will be transformed into
another one { P!} which satisfies the hypotheses of the previous lemma. The polynomial
will satisfy:

(i) Given an integer M > d(P), d(P) € {M,M + 1};
(ii) P satisfies condition (b) of the preceding lemma, with @ = 6§/ 2;
(iii) for all i, (P, x') > (§(P),x'); moreover, if d(P) < |i| < d(P'), then (P, x) <
§ - (P,x")/ 2*=4P) for some k < d(P).

Set P’ = §(P) and find the smallest integer i with 1 < i < d(P) for which (P°, ) <
(P%,xi=1)/ 2. Alter P° by adding min {%(P,x' ), %(Po,xj’l)} to the coefficients of X and
x~'; then add exactly half this amount to the coefficients of x*(*!. Label the resulting
polynomial P° and observe that it is still unimodal and the ratio of consecutive coef-
ficients (P°, )/ (P°, %~ ') is at least § /2 for 1 < j < i + 1. In the new P° find the
smallest integer i exceeding the previous i such that (P°,x))/ (P°,x¥~") < 1/2. Add
min {E%T(P,x'), %(Po,x"‘l)} to the coefficients of x' and x~* and add exactly half this
amount to the coefficients of x**!, Iterate this procedure until the resulting polynomial
has degree M or M + 1, and call it P'.

It is an easy verification that all of (i), (ii), and (iii) hold. What we have done is to
redistribute some of the extra mass accruing from § - (P, x') of P over § (P).

Now suppose that {§(P;)} satisfies (}). Let M|, M, ... be a sequence of positive
integers with the property that M; > M,,,,d(P;) for all i. Using these as the integers
“M”, construct P with the process above. We note that the degrees of the P} are strictly
increasing, so in particular are distinct; moreover, each Pf satisfies condition (b) of the
previous lemma.

Now we show (in order): { P} satisfies (1); { Pi} is strongly positive; strong positiv-
ity of { P} implies that of { P;}.

We check that { P/} satisfies () as a consequence of {§(P;)} satisfying it. We note
that P; = § (P;)+Z; where Z; has no negative coefficients, is symmetric, and Z:,x% = 0.
A simple computation yields that for all symmetric unimodal polynomials Q, we have
(Pi0,x°) > (6(P)Q,x°). It follows that ([TP.,x°) > (116 (P;),x°). Since (P,,x°) =
6 (P;),x), (1) follows.
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By the previous lemma, there exists an integer N so that [TY_; P/ has ratio at least § / 4.
By the first paragraph of this proof, we may delete the first N terms from the sequence
and repeat the process described above; hence there is a telescoping of { P.} such that
each term has ratio § / 4. By Corollary 1.9, { P/} is strongly positive.

Now we show strong positivity of { P/} entails that of { P;}. Suppose that T and U
are symmetric unimodal polynomials with no negative coefficients such that

T=U-—eUx")x"+x")— ' (U, 5 + x5+ "(U,XHE +x7h),

where ¢” < /2. (Note that P’ can be obtained from P by a sequence of such operations,
with suitable choices of parameters.) We show that r(TQ) < r(UQ) if the latter is less
than 1/4. We calculate

(TQ,x") = (UQ,x°) — 2 (U, x")(Q,x") — 2¢"(U, ¥ )(Q, X*) + 2" (U, X' )(Q, x)
(TQ,x") = (UQ,x") — e(U,x")(Q,x°) + (0, X)) — €' (U, ") ((@, ¥ + (0. 7)
+e"(U, (@4 +(@,x7h)
<(UQ,x") — %(U.x')((Q,x") +(0, %) — £'(U, Q.2 7).

Thus r(TQ) < %8%;,%‘; and b < 4a. Thus the former is bounded above by the expression
UQ.x")/ (UQ.x") = r(UQ).

Iterating, we find that if Q is such that 7(PQ) < 1/ 4, then r(P’Q) < r(PQ). If { P;}
were not strongly positive, after removing finitely many terms from the sequence, we
could assume that for all N, r(P; P, - -- Py) < 1/4. Thus

1
3 2 T(P1Pyo--Py) 2 1((P1P2 - Py_1)Py)
> 1((P\Py- - PyaP\)Py_y) > -+ 2 1(P) -+ - Py).
As { P} is strongly positive, there exists N so that r(P} - - - Pj) exceeds 1/ 4; this is

a contradiction. ™
We now show that the converse of 3.2 also holds.

PROPOSITION 3.3.  Suppose that { P;} is a strongly positive sequence of symmetric
unimodal polynomials. Then it satisfies (1).

PROOF. We show that if
ML, (Pix’)
limsup ————% >0
ot (P, 0)

then { P;} is not strongly positive. We first note that (P‘"*”,xo) > (P,,+| ,xo) . (P(’”,x”);
it follows that f(0, n) > f(0,n+1), where f is defined in Proposition 3.2. Thus the lim sup
condition can be replaced by f(0,n) > é for all n.
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If { P;} were a strongly positive sequence, there would be a telescoping
Q=P -Py- - - Pmy,
02 = Puys1+ * - Py,

so that 7(Qy) > 6 for all k, for some & > 0 (we can make 8 as close to 1 as we wish,
but this is not important). To see this, note that any telescoping consists of symmetric
unimodal polynomials. As remarked in the introduction, e-convexity is a consequence
of the eventual nonnegativity of the product with a polynomial of the form x+x~! —(2—¢).
This ensures that we can make the telescoped polynomials e -convex for arbitrarily small
¢. This translates to a ratio arbitarily close to 1 (look at the coefficients of x*! and the
constant term). We may thus write Oy = (Qk,xo) (1 +0 - (x +x“)) + R, where Ry is a
symmetric polynomial having no negative coefficients. It is immediate that

(ff0) 2 [l (@) (1+02(%)).

M
However, (H Qk,x0> = (P(’"(M)),xo), and

=1

=~

m(M)

ﬁ (Qk,xo) — ﬁ (P(m(k))/P(m(k—l))’XO) > H (Pi,x()) .
k=1 i

i=1

x~

Therefore (I, Ok x°) < (ML, (Qw.x")) / 6. We arrive at a contradiction if we

choose M large enough that 1/6 < 1+67%(%). .
For a sequence of symmetric unimodal polynomials { P;}, let D(N) = Ef’:l d(i) (re-

call that d(i) = d(P;) is the semi-width of P;). We obtain a crude but useful criterion.

PROPOSITION 3.4. Let { P;} be a sequence of symmetric unimodal polynomials nor-
malized so that P;(1) = 1 for which there exists § > 0 such that
N 1—(Pix%)
e (1+0—8) 580
(1) — 00 asN—oo.

D(N)
Then { P;} is strongly positive.

PROOF. We verify the criterion of Proposition 3.2. Note that ([T6(P;),x") >

[16 (P;)(1)/ D(N) (the crudest possible estimate!), and (gé’;‘f;ﬁo)) = [_58(_’;"5)5(,)%). Sub-
stitute these into the reciprocal of the expression in (} ), and we are done. n

In order to use the criterion of 3.4, it is sometimes necessary to truncate the polynomi-
als, and this is permissible as a result of the superposition principal. This idea is refined
in the proof of Theorem 3.6. If we restrict ourselves to sequences of T-functions (with
semi-widths d(i) and heights h(i)) for the moment, the criterion amounts to deciding if
for some € > 0,

1) I—I?/:l(l-|-(2_5)%)—>oo as N — oo.

D(N)
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Since point evaluation at 1 must be pure, a necessary condition for strong positivity
is that 3= d(i)/ h(i) diverge. If d(i)/ h(i) > O(1) (see Example 3.9(e), where d(i) grows
at least exponentially), then the criterion in 3.4 is sharp. If d(i)/ h(i) = O(1/i) (see
Example 3.9(c) where d(i) grows polynomially), the criterion is useful but not sharp.
In order to refine Proposition 3.4, we obtain estimates on the mass over certain large
intervals.

Let { P;} be a sequence of polynomials with semi-widths d(i). For an integer k, define
DN — N by Dy(N) = Y% ) d(N — i) for N > k.

PROPOSITION 3.5.  Let { P;} be a sequence of symmetric unimodal polynomials with
semi-widths d(i), arranged so that d: N — N is monotone nondecreasing. Then

q ' q _ B 0 (]) )
Pf(lj:Zl&lSDk@))Zjljl(l (=)

PROOF. Fix g and renormalize all the P; so that P;(1) = 1. Let Q (depending on g, but
this will be suppressed in the notation) be the polynomial defined by (Q, x') = (P9, ')
if |i| < Di(¢) and (Q,x)) = 0 otherwise. Thus Q(1) is the expression on the left. We
estimate the total mass of QP in the interval [—Di(g + 1), Di(g + 1)], by getting an
upper bound for the mass outside this interval.

Since all the polynomials are symmetric unimodal and since Dy(q) < Di(g + 1), the
constant coefficient of P, does not contribute to the mass beyond Dy (g+1) in the product
QP,,. Similarly, since d(q + 1) < Di(q + 1), neither does the constant coefficient of Q.
Hence the amount outside the interval is bounded above by

20(1)((1 = (Pgs1,x)/ 2d(g + 1)2Di(q))

times the mass obtained by convolving two indicator functions of intervals of length
dig+1)—Di(g+ 1)+ Di(q) <d(g—k+ 1)+ 1. (The “2” in the numerator comes from
having to also keep track of the negative exponents, and the rest of the terms are obtained
by assuming the worst possible cases for the distributions of coefficients, absolutely flat,
except for the constant term of P.) Let M9 denote Pr(|2§z’f XJ| < Dk(q)).

Then 201 0 s
(11 — (Pyer 2%) (d(qg — k+ 1) + 1)
M(q+l)> l _ q
=00 = =+ D@ 2
d 1
ZQ(I)(l—(l—(Pqn,xo))'4(—;}(1—))).

Since M@ = Q(1), we telescope this inequality, and obtain the desired lower bound. =

THEOREM 3.6. Let { P;} be a sequence of symmetric unimodal Laurent polynomials
having semi-widths {d(i)}, and with P(1) = 1 for all i. Suppose {d(i)} is monotone
non-decreasing and 1imj_, d(j)/ d(j — 1) = 1. Then { P;} is strongly positive if there
exists a positive real number € such that

Y, (1 +(1 - )l >)
d(N)

— OQ.

https://doi.org/10.4153/CJM-1992-001-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-001-6

POSITIVE POLYNOMIALS 35

PROOF. We use Proposition 3.5 to apply Proposition 3.2. Let N be a large integer.
For any 6 (to be chosen later), the mass in the interval [—Dy(N), Dy(N)] of the product
polynomial Hf’: 1 0(P)/ 6(P)(1) is at least as large as

N (P, x%) d(j) o
,»1:—[. (1 T +6(Px0) 4Dy — 1)> = 10 —g;-b).

J=1

This serves to define a;j and b;. (The expression involving & arose from renormaliz-
ing 6 (P;) so that its mass is 1.) Thus, the mass at the origin is at least as large as
(TI(1 — a; - b))/ DN). To simplify computations, we note that if (1 + c)(1 — a) = 1,
then (1 +¢)(1 — ab) = 1 +c(1 — b) (this defines ¢; = a;/ (1 — a;)). Hence

8(P)
l(é(P)(l)’xo) < Di(N) H}il(l —aj)
5(P)_ N S
(HN_] 5(}(3)()1)sx0) Hj=l(1 —a] b!)

J=
Di(N)
HJN=|(1 +¢j- (1 —b]))

However, b; = d(j)/ 4Dy(j — 1). For all sufficiently large j, d(j) < 2d(j — k). Thus
1 —b; > 1—1/(2k). Also, ¢; works out to (1 — 5)(1 — (Pj,xo))/ (Pj,xo). Choose k large
enough and § small enough so that (1 —6)(1 — 1/ (2k)) > 1 — €. Since Dy(N) < kd(N),
3.2 applies. ]

For T-functions, 3.6 immediately yields:
PROPOSITION 3.7. Let { P;} be a sequence of T-functions with semi-widths { d(i)}
and heights { h(i) = 1/ r(P;)} such that limj_ d(j)/ d(j — 1) = 1 and {d(i)} is mono-

tone non-decreasing. Then { P;} is strongly positive if there exists a positive real number

€ such that N 0
e, (1+Q2— o)) e
d(N)

Before giving examples, we establish necessary conditions for strong positivity of a
sequence of T-functions. The formula in 3.8 is unwieldy in appearance but is not difficult
to compute with.

PROPOSITION 3.8.  Let { P;} be a sequence of T-functions having semi-widths { d(i)}
and heights { h(i)}. If { P;} is strongly positive, then

oo, TEZE (14 240)

i=1 h(i)
PR

PROOF. We estimate the ratio, 7(P?) in terms of its predecessors, and use an additive
(rather than multiplicative) telescoping. Write P~V = ag+3 a;(¥’ +x7/), where the sum
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of the coefficients is 1. Writing P, = h+ Z;’: 1(¢ +x77) (s0 d(n) and h(n) are abbreviated
d and h respectively), direct computation yields (with a; = 0 if |j| > Yt d(i):

(P(”),xl) _ a|h+22‘|’aj+(ad+1 +ag—a; —ay)

Py — _
i ) (P(") )CO) a0h+22‘f a;
_a1h+2 Zda]+(2—-2§;)Z‘11aj+(ad+l—ad)+a0—a1
ach+2 %4 ach+2%¢ a;

< ap+2 5% a;

1
+ <Py + —
“a a0h+22‘,’aj_ ¢ ) aph

Thus

1
3) r(P") — r(P" ) < —-.
a()h
This inequality telescopes. Moreover, ag is simply (P"~1, x%), and since P~ has al-
ready been normalized, ay > 1'['1“l h(i)/ (h(i) + 2d(i)). Employing the telescoped version
of (3), we obtain (after replacing n by N — k)

N+k (1 + AQ)
PNk h(i)
r(PM*) < h(k) Z ———)

If { P;} is strongly positive, for all choices of k, there exists N such that r(PV*) is at least
1. It follows that

must diverge. .

EXAMPLES 3.9. In this set of examples, the polynomials P; will be T-functions, with
semi-widths d(i) > 1 and heights h(i) > 1, so the sequences { P;} are specified simply
by the sequences of semi-widths and heights. The letters C and 3 will denote positive
real numbers, which may be viewed as parameters of the sequences, and [ ] will be the
greatest integer function.

(a) If =1/ k(i) diverges, the sequence is strongly positive, regardless of the choice

of semi-widths. Obviously, 7(P;) = 1/ h(i), and strong positivity follows from
1.6.
(b) (Very slow growth.) If d(i)/ h(i) = C/ (ilogi), we note that
N

I1(1+@—e)C/(ilogi)

i=1

is asymptotic to (log N)>~¢)C_ If we apply the criterion in 3.7, we see that strong
positivity will result if h(i) = O(i(logi)?~9)¢~"). Explicitly, if d(i) = [logi] and
h(i) < (2 — ¢)i(logi)* for some £ > 0, then strong positivity results. However,
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if instead, h(i) = (2 + €)i(logi)* and we apply the criterion of 3.8, we see that
strong positivity fails. If d(i) = [Ci/ logi] and h(i) = i, then strong positivity
fails regardless of the choice of C, again by 3.8. Note that the test in 3.4 is useless
in these examples.

(c) (Slow growth.) Suppose that d(i) = [Ci®] and h(i) = i**'. (These sequences are
referred to in the Introduction.) Then d(i)/ h(i) ~ C/ i, and 3.7 and 3.8 together
yield that { P;} is strongly positive if 3 < 2C and is not strongly positive if
B > 2C. This provides an example of the phenomenon noted after 1.11. Note
that the criterion of 3.4 only yields strong positivity if 3 < 2C — 1, so that test
is useful but not optimal in this case. The status of the sequence for 3 = 2C'is
unknown.

(d) (Subexponential growth.) If d(i)/ h(i) is asymptotic to 1/ /i, then the numerator
of the expression in 3.7 (the product) is approximately v/N exp((2—&)v/N). Thus
the sequence will be strongly positive if the growth of d is at most exp((2 —
£)vV/N)—in particular, if the growth of d is at most polynomial. On the other
hand, the sequence will fail to be strongly positive if the growth is exponential,
by 3.8.

(e) (Exponential growth.) Suppose d(i)/ h(i) tends to the constant C. Here the cri-
terion of 3.4 can be used. The product expression is approximately (2C + 1)V,
so that if d(i) < (2C + 1 — €)', the sequence will be strongly positive by 3.4.
Notice that the exponential growth rate precludes the applicability of 3.7. On the
other hand, if d(i) > (2C + 1 + €)'/, strong positivity fails by 3.8. In particular, if
d(i) = h(i) = [K'] for some constant K, strong positivity occurs if K < 3, it fails
if K > 3, and its status is unknown if K = 3.

(f) (Superexponential growth.) Set A(i) = i! and d(i) = i!i®. Then the numerator in
the expression () is asymptotic to 2V(N!), so that when C > 1, the sequence
is strongly positive. If C < 1, we apply the criterion of 3.8; it follows that the
sequence is not strongly positive.

Cases (c), (e), and (f) above exhibited a phenomenon analoguous to phase transition,
in the parameter C. In the super-exponential situation, even the status at the critical point
could be determined (although if A(i) = i! and d(i) = [Ci!i], we do not know what
happens at the critical point, C = 1/2). This is interesting, but what is more interesting
is that our methods could detect these transitions. For example, the argument in 3.8 uses
extremely crude estimates, and both 3.4 and 3.6 employ a lower bound for the mass at
the origin obtained by taking the average mass over a very large interval.

In the cases discussed above wherein Strong positivity fails, what is the obstruction?
All the point evaluation states are pure (this requires only that ¥ d(i)/ h(i) diverge). One
observation is that the ratios of PN cannot go to 1 for all k. The states defined in Section
2 from the ratios «; cannot be point evaluations (because the «; are not all one). We find
that the mass at the origin (and every other point) goes to zero as N increases but the
ratios around the origin do not tend to 1.
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4. Harmonic functions and eventual positivity for strongly unimodal sequences.
In this section, we consider sequences of Laurent polynomials { P;} where either each
P; is strongly unimodal or each is unimodal and there is a bound on the total degrees.
We have seen (1.9) that 3" r(P;) = oo is sufficient for strong positivity, and otherwise
no point evaluation is pure. We show that in this non-strongly positive case, the pure
harmonic functions are precisely those obtained from the Laurent series expansion of
the infinite product. This is achieved by means of a positivity theorem that decides when
a polynomial f is eventually positive with respect to the sequence { P;}. The following
is an immediate consequence of 2.3A or 2.3C:

THEOREM 4.1.  Suppose that { P;} is a sequence of Laurent polynomials and either
every P; is strongly unimodal, or the P; are unimodal with a bound on the total degree.
Then the following are equivalent:

(a) {P:} is not strongly positive;

(b) Tr(P;) < 00;

(c) After a suitable regularization, T] Pi(z) converges in C\ {0} ;

(d) For all positive real numbers r, evaluation at r is not a pure state;

(e) There exists a positive real number r whose corresponding point evaluation is

not pure;
(f) Evaluation at 1 is not a pure state.

LEMMA 4.2. Let { P;} satisfy the hypotheses and the equivalent properties of The-
orem 4.1. Suppose F denotes the infinite product, I1 P;(z), and j is a fixed integer. On
forming the Laurent series expansion of F/ P9(z) = & ¥, we have

. Oyl O
lim =0 and lim ——

k—oo k—oo Ok

=0

(adopting the convention that 0/ 0 = 0), and moreover, there are no gaps in the coeffi-
cients of F (that is, (F,x'), (F,x*) > O for integers i < j < k implies (F,x¥) > 0).

PROOF. This is routine once we observe that it suffices to prove the result for F
itself. [

If I is a closed bounded subset of R, then we define d./ to be the two point set con-
sisting of its infimum and supremum.

PROPOSITION 4.3.  Let { P;} be a sequence of Laurent polynomials with no negative
coefficients such that Pi(1) = 1 for all i, and T] Pi(z) converges absolutely on C\ {0}
to F which has no gaps. Suppose additionally that for each j = 0, 1,2, ..., the Laurent
expansion F / PY(2) = ¥ oyt satisfies

A1

L Qg .
lim = 0 and lim
k—oo Ol k—oo O_g

=0
Suppose that f in R[x,x~!] satisfies

(i) For some j, Log PY D Logf D 9. Log PY;
(ii) lim—o(f/ PO)(1) > 0, and limy—_oo(f / PP)(#) > O;
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(iii) There exists § > 0 so that for all k, ((F N/ P@,x") > §(F,x5).
Then there exists an integer N so that Pj.1 - Pjyp- -+ - - Pj.n-f has no negative coefficients.

PROOF. By fixing j and multiplying by an appropriate power of x (once only), we
may assume that f = Zﬁ rix’ where ro and r; are nonzero. From (ii), both endpoint
coefficients must be positive. Write P / PO = ¥~ p, ,x'. From the uniform convergence
(on compact subsets of C\ { 0} ) of the products, we have that { p,,} — (F, x") uniformly
in ¢, and the no gaps condition of 4.2 ensures that

lim 2 —0  ifr<0

n Dnt+l
im2 — o0 ifr>0
n Dng
(0/ 0is interpreted as 0). For k > d and p,x—q > 0,

d
£ P PO Y =5 rippei
i=0
= Pnk—d (rd Fr 2 pn—k) .
Pnk—d Pnk—d

Since r4 > 0 and the fractions in the big parentheses all go to zero as n — 00, there
exists Ny such that n > Ny entails (P9 / PV - f,xk) > 0 for all k > dy = max{d,
min{i | pn; > 0} }. (If the latter set is empty, the inequality comes for free.) Similarly,
there exists &’ < 0 and N’ such that n > N’ entails (P / PV - f, x*) > O forallk < d'.
By (iii), for each integer d < s < dy, there exists an integer N, such that n > Nj
implies (P™ / PO - f,x*) > 16 ((F/ P?),x*) > 0. Set N = max { No, N', N, } . For all k,
((P‘N*j)/ PY) ‘f,x") > 0; in other words, (P(N”f)/ PU)) -f has no negative coefficients. m
In the following, if o; = O fori = —1,—2,..., then 70 is seen to be evaluation at 0.

COROLLARY 4.4. If { P;} are as hypothesized in Theorem 4.1, then the pure states
of R P;}) are precisely:

{7v'|i€Z, a;# 0} U/{ evaluationat 0} U { evaluation at oo}
where Yi(h) = ﬁ $h-F/ 7% dz for hin R({ P;}) (vide Section 2).

PROOF. Let X denote the set of states listed in the statement of this result. It is not
hard to show that if &; # O for infinitely many i < 0, then lim; .7’ is evaluation at
0, and similarly, the limit in the opposite direction is evaluation at co, and moreover, no
other limit points exist. Thus X is compact.

Now we observe that if f/ P*' = h where h in R({ P;}) satisfies Y(h) > & for all Y
in X, then h satisfies the hypotheses of 4.3; hence it is positive. It follows immediately
from this and the compactness of X that the pure state space is included in X.

To show that every point in X is pure is now straightforward (since a non-pure '
would have to be a o-linear combination of the others). [

After this paper had been accepted, Professor S. V. Kerov of the University of
Leningrad pointed out to us that he had obtained similar results in the case that P, =
1 + a,x where 3" a, < oo [K]. He also discussed some of the states arising in the situa-
tion that P, = 1 + nx.
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PROPOSITION 4.5.  Let { P;} satisfy the hypotheses of 4.2, and let f be an element of
R[x,x~"). Then there exists N so that P\ - P, - --- - Py - f has no negative coefficients if
and only if there exists 6 > 0, so that for all i,

(f-F.x')>6(Py-F,x)
where Py = Y, ¥/, the sum taken over cvx Logf N Z.

PROOF. Form R({Py,P;,Ps,... }); then f/ Py satisfies (i),(ii),(iii) of 4.3, as an ele-
ment of that ordered group; by 4.3, it lies in the positive cone. However, this means that
there exists N so that P; - P, - --- - Py - f has no negative coefficients (note that P is
strongly unimodal, so its presence will not affect the hypotheses of 4.3). The converse
follows from f/ P being an order unit in R({ P;} ). =
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